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Preface

This book is an introduction to the theory of stochastic evolution equations with
Lévy noise. The theory extends several results known for stochastic partial dif-
ferential equations (SPDEs) driven by Wiener processes. We develop a general
framework and discuss several classes of examples both with general Lévy noise
and with Wiener noise. Our approach is functional analytic and, as in Da Prato and
Zabczyk (1992a), SPDE:s are treated as ordinary differential equations in infinite-
dimensional spaces with irregular coefficients. In many respects the Lévy noise
theory is similar to that for Wiener noise, especially when the driving Lévy pro-
cess is a square integrable martingale. The general case reduces to this, owing to
the Lévy—Khinchin decomposition. The functional analytic approach also allows
us to treat equations with a so-called cylindrical Lévy noise and implies, almost
automatically, that solutions to equations with Lévy noise are Markovian. In some
important cases, however, a cadlag version of the solution does not exist.

An important role in our approach is played by a generalization of the concept
of the reproducing kernel Hilbert space to non-Gaussian random variables, and
its independence of the space in which the random variable takes values. In some
cases it proves useful to treat Poissonian random measures, with respect to which
many SPDEs have been studied, as Lévy processes properly defined in appropriate
state spaces.

The majority of the results appear here for the first time in book form, and
the book presents several completely new results not published previously, in
particular, for equations driven by homogeneous noise and for dissipative systems.

Several monographs have been devoted to stochastic ordinary differential equa-
tions driven by discontinuous noise: see Métivier (1982), Protter (2005),
Applebaum (2005) and Cont and Tankov (2004), the last two of which are de-
voted entirely to the case of Lévy noise.

X



X Preface

To the best of our knowledge the only monograph devoted to SPDEs with gen-
eral noise is Kallianpur and Xiong (1995), which covers mainly linear equations.

The papers by Chojnowska-Michalik (1987) on Ornstein—Uhlenbeck processes
and by Kallianpur and Pérez-Abreu (1988) were the first to discuss SPDEs with
Lévy noise. Then, after a period of 10 years, articles on the subject started to
appear again; see e.g. Albeverio, Wu and Zhang (1998), Applebaum and Wu
(2000), Bo and Wang (2006), Fournier (2000, 2001), Fuhrman and Réckner (2000),
Hausenblas (2005), Mueller (1998), Mytnik (2002), Knoche (2004), Saint Loubert
Bié (1998), Stolze (2005) and Peszat and Zabczyk (2006).

Infinite-dimensional calculus, but not SPDEs, with Lévy noise in a disguised
form appeared in the late 1990s, in papers on mathematical finance devoted to the
bond market; see Bjork et al. (1997), Bjork, Kabanov and Runggaldier (1997) and
Eberlein and Raible (1999). This list is certainly not exhaustive.

The book starts with an introductory chapter outlining the interplay between
stochastic dynamical systems, Markov processes and stochastic equations with
Lévy noise. It turns out that all discrete-time stochastic dynamical systems on
arbitrary linear Polish spaces can be represented as solutions to stochastic dif-
ference equations, in which the noise, of random-walk type, enters the equation
linearly. An analogous situation occurs for continuous-time stochastic dynamical
systems on R“. Here the noise is a Lévy process and the stochastic difference
equation is replaced by a stochastic equation of It6 type. To some extent this is
also true in infinite dimensions. That is why stochastic evolution equations with
Lévy noise are of particular interest.

Chapters 2 and 3 are devoted respectively to analytic and probabilistic pre-
liminaries. Basic definitions related to differential operators and function spaces
are recalled, together with fundamental concepts from the theory of stochastic
processes in finite- and infinite-dimensional spaces.

Lévy processes in infinite-dimensional spaces are studied in Chapter 4. The
chapter starts with explicit constructions of Wiener and Poisson processes. Then
it deals with the Lévy—Khinchin decomposition and the Lévy—Khinchin formula.
Integrability properties are also studied.

In Chapter 5 transition semigroups of Lévy processes are considered and, in
particular, their generators.

The important concept of a Poisson random measure is discussed in Chapter 6.
An application to the construction of Lévy processes is given as well. Some moment
estimates are derived.

In Chapter 7 we introduce the concept of the reproducing kernel Hilbert space
(RKHS) of a square integrable Lévy process. Then we study so-called cylindrical
processes and calculate their reproducing kernels. It is also shown that Poisson
random measures can be treated as Lévy processes with values in sufficiently
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large Hilbert spaces. This identification is behind the majority of the results in this
book. It is also shown that cylindrical processes are distributional derivatives of
Lévy sheets.

Chapter 8 concerns stochastic integration, first with respect to square integrable
Hilbert-space-valued martingales and, as an application, with respect to general
Lévy processes. The construction of the operator angle bracket is explained and a
class of integrands is characterized. The final sections are devoted to integration
with respect to a Poisson measure and integration in L”-spaces.

Part II of the book deals with the existence of solutions and their regularity.
Chapter 9 starts with a semigroup treatment of the Cauchy problem for determin-
istic evolution equations. Next, weak solutions and mild solutions to stochastic
equations are introduced and their equivalence is established. The existence of
weak solutions to linear equations is proven as well. If the noise evolves in the
state space then cadlag regularity of the solution is proved, using the Kotelenez
maximal inequality and, in parallel, a dilation theorem, as in Hausenblas and Sei-
dler (2006). We provide an example which shows that the solutions are not cadlag
in general. Finally, the existence of weak solutions is established and their Markov
property is proved.

In Chapter 10 we show that in some cases the Lipschitz assumption can be
relaxed.

Chapter 11 is devoted to the so-called factorization method, introduced in Da
Prato, Kwapien and Zabczyk (1987). The method allows us, in particular, to prove
the continuity of the stochastic convolution of an arbitrary semigroup with a Wiener
process.

In Chapters 12 and 13, the general theory of the previous chapters is applied
to stochastic parabolic problems and to stochastic wave, delay and transport equa-
tions. Lévy noise is then treated as a Lévy process in extended, Sobolev-type,
spaces. Parabolic equations of a similar type were dealt with in, for example,
Albeverio, Wu and Zhang (1998), Saint Loubert Bié¢ (1998) and Applebaum and
Wu (2000). They are discussed here in a unified way and for general partial differen-
tial operators. Sharp regularity results for the Wiener noise, using the factorization
method, are obtained as well. Stochastic wave equations driven by Lévy processes
have not been studied previously in the literature.

In Chapter 14 we develop a theory of stochastic equations with spatially ho-
mogenous Lévy noise of both parabolic and hyperbolic type on R?. Results known
already for Wiener noise are extended to this more involved case.

The final chapter of the second part of the book, Chapter 15, is devoted to
equations in which the noise enters through the boundary.

Part I1I is devoted to selected applications. Our aim is to show the applicability
of the theory to specific models of physical and economic character. In particular,
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models in statistical mechanics, fluid dynamics and finance are studied in greater
detail. In Chapter 16 we give a self-contained treatment of invariant measures for
dissipative systems with Lévy noise and in Chapter 17 we consider lattice systems.
The Burgers equation is studied in Chapter 18, and, after a brief discussion of a
model for environmental pollution in Chapter 19, in Chapter 20 we present some
applications of stochastic infinite-dimensional analysis to mathematical models of
the bond market.

In Appendix A we give proofs of some results on linear operators often used
in the text. In Appendix B we gather basic results on the theory of Cy-semigroups
and provide important results on specific semigroups used in the book. Special
attention is paid to semigroups with non-local generators. This allows us to ex-
tend the results proved for equations with differential operators. However, owing
to space limitations, stochastic equations with non-local linear parts are not dis-
cussed in this book. In Appendix C the existence of cadlag versions of Markov
processes is proved. This leads to a simple proof of the existence of a cadlag ver-
sion of an arbitrary Lévy process. In Appendix D we recall the 1td6 formulae for
semimartingales.

A list of symbols is given before the Index.

This book grew out of lectures and papers presented by the authors. We have
used some material from Peszat and Zabczyk (2004) as well as many unpublished
notes.

Acknowledgements We thank J. Jakubowski, J. Noble, and J. Trzeciak for read-
ing some parts of the manuscript and for indicating several mistakes and misprints.
We also thank J. K. Kowalski for typing several sections of the text and the anony-
mous referees for useful remarks and comments. Finally, we would like to thank
S. Parkinson and the Cambridge University Press staff for all their work on the
typescript.

Financial support from the Polish Ministry of Education and Science via grant
1 PO3A 034 29 is gratefully acknowledged. The authors are also thankful for very
good working conditions at their home institution, the Institute of Mathematics,
in the Polish Academy of Sciences.
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Foundations






1

Why equations with Lévy noise?

The book is devoted to stochastic evolution equations with Lévy noise. Such equa-
tions are important because, roughly speaking, stochastic dynamical systems, or
equivalently Markov processes, can be represented as solutions to such equations.
In this introductory chapter, it is shown how that is the case. To motivate bet-
ter the construction of the associated stochastic equations, the chapter starts with
discrete-time systems.

1.1 Discrete-time dynamical systems

A deterministic discrete-time dynamical system consists of a set E, usually
equipped with a o-field £ of subsets of itself, and a mapping F, usually mea-
surable, acting from E into E. If the position of the system at time t =0, 1, ...,
is denoted by X(¢) then by definition X(r + 1) = F(X(¢)),t =0, 1, ... The se-
quences (X(t), t =0, 1, ...) are the so-called trajectories or paths of the dynami-
cal system, and their asymptotic properties are of prime interest in the theory. The
set E is called the state space and the transformation F determines the dynamics
of the system.

If the present state x determines only the probability P(x, I') that at the next
moment the system will be in the set I then one says that the system is stochastic.
Thus a stochastic dynamical system consists of the state space E, a o-field £ and
a function P = P(x,I"), x € E, " € £, such that, foreach I" € £, P(-,I") is a
measurable function and, for each x € E, P(x, -) is a probability measure. We
call P the transition function or transition probability. A deterministic system is
a particular case of a stochastic system with P(x, -) = 6r(y), where §, denotes
the Dirac measure at . We define, by induction, the probability of visiting sets
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I'y,...,[yattimes 1,..., k, starting from x by
P, I',....,T) = / P(x,dx)P(xy, I, ..., ).
ry

The stochastic analogue of the trajectory of a deterministic dynamical system is
called a Markov chain.

Definition 1.1 A Markov chain X with transition probability P starting from x €
Eisasequence (X(t), t =0, 1, ...)of E-valued random variables on a probability
space (€2, F, P), such that

1) X(0) =x, P-a.s.,
(ii) IP’(X(j)eFj, Jj= l,...,k):P(x,l"l,...,Fk), vVIy,...,.Ty€é.

Let P be a transition probability on a Polish space! E. By the Kolmogorov exis-
tence theorem (see Theorem 3.7), there is a probability space and a Markov chain
with transition probability P. It turns out that an arbitrary stochastic dynamical
system on a Polish space can be regarded as a solution of the stochastic difference
equation

X(0) = x, Xt+1)=FX@®),Z(t+ 1)), t=0,1,..., (1.1)

where Z(1), Z(2), ... is a sequence of independent identically distributed random
variables (i.i.d.s). In the engineering literature, a sequence of this type is called
discrete-time white noise. We have the following representation result.

Theorem 1.2 Let E be a Polish space, and let £ = B(E) be the family of its Borel
sets. Then, for any transition probability P, there exists a measurable mapping
F: E x [0, 1] — E such that, for any sequence of independent random variables
Z(1), Z(2), ... with uniform distribution on [0, 1] and for any x € E, the process
X given by (1.1) is a Markov chain with transition probability P.

Proof We follow Kifer (1986). First we construct F' in the case where E is
a countable set and E =R. Let £ = {1,2,...} = N and let p,,, = P(n, {1}) +
<o+ P(n,{m}), n,m € N. Define F(n,r) =m for r € [pyym—1, Pnjm). Measur-
ability is obvious. If Z has a uniform distribution on [0, 1] then P({w :
F(n, Z(w)) = m}) = P(n, {m}), as required.

If E = R then we first define Fy(x, a) := P(x,(—00,a]) for x € R, a € R,
and set F(x,r) :=infla: r < Fy(x,a)}, r € [0, 1]. It is clear that if Z has a uni-
form distribution on [0, 1] then P{w: F(x, Z(w)) € T'}) = P(x,T") for x e R
and I' € B(R). By the so-called Borel isomorphism theorem, actually due to K.
Kuratowski (see Kuratowski 1934, Dynkin and Yushkevich 1978 or Srivastava

! That is, a separable metric space that is complete with respect to some equivalent metric.
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1998), any uncountable Polish space is measurably isomorphic to R and the result
follows. 0

Remark 1.3  The result is a version of the famous Skorokhod embedding theo-
rem. A similar theorem, but for controlled stochastic dynamical systems, can be
found in Zabczyk (1996), pp. 26-7.

Once the result is proved for complete separable metric spaces E, it can be
generalized to all spaces E that are measurably isomorphic to such spaces, that is,
to all Borel spaces.

If E is a linear space it is convenient to reformulate (1.1) slightly; namely, we
write

dX() = X)) = Xt — 1),  Y(@):=Z()+---+ Z(@),
dY(t) ;== Y(1) = Y(t — 1)

and change the function F to I::(x, r):= —x + F(x,r). Then
dX(t) = F(X(t — 1), dY (1))

Considering an embedding r +— §, of the interval [0, 1] into the space of all finite
measures on [0, 1], we arrive at an equation in which the noise enters linearly.
Namely, we set G(x)A := f|0,1] F(x, r)(dr) and 2@) =0z, L(t) = 2(1) +
<.+ Z(t), dL(t) := Z(t). Then

dX () = G(X(t — 1))dL(z), t=1,2,..., (1.2)

and the increments of L are independent. Thus the diffusion operator G acts on the
increments of the noise in a linear way. An analogous result holds for continuous-
time stochastic dynamical systems with values in R?; see Section 1.5. The main
ideas come from It6 (1951).

1.2 Deterministic continuous-time systems

Deterministic continuous-time dynamical systems are families (F;, t > 0) of trans-
formations from a given state space E into E satisfying the semigroup property
F,Fy = Fiy,t, s > 0. The trajectory starting from x is the mapping X (¢) = F;(x)
of the parameter 7. Are the dynamical systems always solutions of differential equa-
tions? The answer is obviously no! Differential equations are well defined only
on rather special state spaces. Even if we assume that the state space is E = R?
and that the transformation (¢, x) +— F;(x) is continuous, there are still dynamical
systems not defined by differential equations, as the following example shows.
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Example 1.4  Consider a continuous but nowhere differentiable function
f: R+ R and define

. x4t
Ft(y>_<f(x+t)+y_f(x)>’ t>0, x,yeR

Then the trajectories of F; are nowhere differentiable and consequently (F;) cannot
be a solution to an equation of the form d F; (z)/dt = A(F,(z)), where A: R? > R2.

However, if E = R? and all trajectories of a given dynamical system are contin-
uously differentiable then they are solutions of the ordinary differential equation
dX(t)/dt = A(X(1)), where A(x) := lim, o(1/1)(F;(x) — x).

If E is an infinite-dimensional space then the answer can again be positive
provided that the flow is not too pathological.

Example 1.5 Assume that E is a Banach space and that, for each # > 0, F;
is a continuous linear transformation on E and, for each x € E, t +— Fy(x)is a
continuous mapping. Then in a proper sense dF;(x)/dt = A(F;(x)), t > 0,
where A is usually an unbounded linear operator on E. In fact (F;) is a Cp-
semigroup and A is its generator; see Chapter 9 and Appendix B. Often we write
F, = e,

Example 1.6 Assume that E is a Hilbert space, that the transformations F; are
contractions, i.e. |F;(x) — F;(y)] < |x — y| fort > 0 and x, y € E, and that, for
each x, t — F;(x) is a continuous function. Then dF;(x)/dt = A(F;(x)), t > O,
where A is a so-called dissipative, usually unbounded and non-linear, operator;
see Chapter 10.

A differential equation does not always uniquely determine the flow of its
solutions. There are many subtleties here and interesting results; see for instance
Hartman (1964).

1.3 Stochastic continuous-time systems

In analogy to discrete-time dynamical systems, a stochastic continuous-time dy-
namical system is a family ( P;) of stochastic kernels P;(x, "), > 0,x € E,T" € £.
We interpret P;(x, I') as the probability that the system will be in a set I" at time
t, provided that its initial position is x. More precisely, we have the following
definition.

Definition 1.7 A family of probability measures P;(x, -) on E is said to be a
transition probability if:
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(i) foreach x € E, Py(x, -) = dy;
(i) forallT" € £ and ¢t > 0, the function E > x — P,;(x,I") € R is measurable;
(iii) the family satisfies the Chapman—Kolmogorov equation

Pf+S(x7F)=f Pt(xadY)Ps(y,F), VI»SZO, Vreg'
E

Note that the transition function of a deterministic dynamical system is given
by P:(x, -) = &F,(x). The transition function defines the Markov or transition semi-
group of operators acting on the space B (E) of all bounded measurable functions
on E by the formula

Pp(x) :=/ Pi(x, dy)o(y), xeE, t>0, g€ By(E). (1.3)
E

Often the transition function and transition semigroups will be denoted in the
same way, by (P;). Note that the semigroup property P, Py = P4, t,5s > 0,is a
consequence of the Chapman—Kolmogorov equation.

A stochastic realization of a transition function is a stochastic process (X(¢),
t > 0), with values in £ and defined on a fixed probability space (€2, F, P), such
that

P{w: X(w,1;) €T, j=1,....k}) = P""x,Ty,.... T,

where, similarly to the discrete-time case,

The process X is Markov with transition function (P;); see also Definition 3.22. As
in the discrete-time case, if E is a Polish space then, by the Kolmogorov existence
theorem, for any transition function (7;) there is a stochastic realization.

Following the discrete-time case, one can ask whether a stochastic realization
of a given transition probability can be constructed as a solution of the stochastic
equation

dX () = G(X(t—))dL(2), t >0, X(0)=x, (1.4)

understood as the integral equation

X(t)y=x +/ G(X(t—))dL(1), t >0,
0

where L is a process with independent increments and G is a transformation
from the noise space into the state space. The answer was given in It (1951)
and is, basically, yes! Since the noise enters linearly we can expect that, as in the
discrete-time case, the noise space will be rather large and, in general, will be an
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infinite-dimensional space of measures. The process L might have jumps and this
is why it is necessary to consider the left limit X (#—) in the equation rather than
X (). This is also required for solvability of the equation; see subsection 9.2.1.

1.4 Courrege’s theorem

Assume now that E = RY. Then we have the following theorem from Courrége
(1965/66). In its formulation Co(R¢) and C, e (R?) denote, respectively, the space of
continuous functions vanishing at infinity> and the space of infinitely differentiable
functions vanishing at infinity with all their derivatives. We denote by M (d x d)
the space of all symmetric non-negative-definite d x d matrices and by D and
Tr the Fréchet derivative (i.e. the gradient) and the trace operators, respectively.
We denote by xr the indicator function of a set I" and by (-, -) the scalar product
on R?, with corresponding norm | - |. Finally, a A b denotes the minimum of two
numbers a and b; see Section 2.1.

Theorem 1.8 (Courrege) Let P be a transition semigroup such that, for ¢ €
CoRY), P € Co(RY) and Pyp — ¢ uniformly as t — 0. In addition, for all
NS C(‘)’O(Rd) andx € RY, let the functiont — P,@(x) be differentiable. Then there
existtransformationsa: R — R%and Q: R? — M (d x d)andafamilyv(x, -),
x € RY, of measures concentrated on R? \ {0} and satisfying

/ (|y|2 A l)v(x, dy) < o0, Vx e RY,
R4

such that for all ¢ € C(‘)’C(Rd) and x € R?

o Pp) = (x)
Ap(x): = 1}{51 —

= (a(x), De(x)) + 1Tr Q(x)D*p(x)
- fR ) ((x +3) — 0(x) — xp0.1(IyD{y, Dp(x)))v(x, dy).

In subsection 5.2.4 we will prove the Courrege theorem in the particular case
of a translation-invariant semigroup (F,), that is, for the so-called Lévy semigroup.
Namely, we will show in Theorems 4.27 and 5.3 that if

P(x,T)=P(x+hT+h) Vx,heR? Vi>0, VI € BR?)

then the functions a and Q are constant and all the measures v(x, -) are identically
equal to a certain measure v. The process corresponding to the triple (a, Q, v) is

2 That is, having the limit 0 at infinity.



1.5 Ito’s approach 9

a Lévy process. It can be represented in the following way:
X(t)=ta+ Q*W)+Zt), t>0,

where W is a Wiener process with covariance I and Z is an independent discon-
tinuous process. Moreover, if a set I' has a positive distance from O then
v(D)=E > xr(Z(t) — Z(t-)).
1<l

For a modern treatment of Courrege’s work we refer the reader to Jacob (2001).

1.5 1t6’s approach

Courrege gave in 1965 a precise analytical description of all sufficiently regular
Markov semigroups on R?. It had been discovered by Itd in the 1950s, however, that
a large class of Markov processes can be constructed as solutions of appropriately
formulated stochastic equations.

Let us consider first a special case, where the operator A is given by

Ap(x) = /E (0(x + ) — pCO(x, dy). (15)

Here the v(x, ), x € E, are finite measures on a linear space E. In this case,
the construction of the corresponding Markov process is easy for those familiar
with compound Poisson processes, discussed in detail in Section 4.3. Namely, the
process with generator A is constructed as a solution of (1.4), with L a compound
Poisson process on a properly chosen linear space U. The situation is described in
the following propositions, 1.9 and 1.10.

Proposition 1.9  Let E and U be linear spaces, and let L be a compound
Poisson process on U with jump intensity v. For every family (G(x), x € E) of
measurable linear transformations between U and E, (1.4) has a unique solution
(X(t, x), t = 0). Let (P,) be the transition function corresponding to X. Then, for
every bounded measurable function ¢,

. Piop(x) — p(x)
m--—-
t}0 t

= /E(w(x +y) — o(x)v(x, dy),
where

vix, -)=Gx)ov:i=v ((G(x))_') (1.6)
is the image of the measure v under the linear transformation G(x).

Proof Let0=r1) <71 <71 <--- be the jump times of the process L and let
Zy, Z,, ... be the consecutive jumps. Then (1.4) can be solved separately on each
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interval [7;, 7;11), j =0, 1, ..., and the existence and uniqueness of the solution
follow. Moreover, X (¢) = x fort € [0, 1) and X(t) = x + G(x)Z, fort € [y, Tp).

Let (I1(z), t > 0) be a Poisson process (see subsection 4.2.1) with jump times
171, Tz, ... Then the intensity of IT is equal to a := v(U) and the distribution of
each Z; is equal to v/a. We have

(X)) = e x =0 + (x + G(X)Z1) xm=1) + (O x(m10)=1}»

where ¢ is a random variable. Consequently,

Pio(x) = o(x)P(II(1) = 0) + Ep(x + G(x)Z)P(T1(x) = 1)
+E o) xines1

1
= p(x)e™ + - / e(x + Gx)yw(dy)e “at + E o) xinw>1y-
E

However,

P((1) > 1)

. 1 )
limsup = |E (¢(O)x(ne=1)| < limsup [l¢|lc 0,
1ot 110

where ||¢||« 1S the supremum norm of ¢; see Section 2.1. Therefore

—at

i P~ 0) )+ Lo+ Goomman
E

Ii
110 t

= ¢(x) (ltifg
= —ag(x) +/ P(x + G)y)v(dy),
E

as required. O

In order to finish the construction of the process whose generator A is given
by (1.5) we need to prove that the family v(x, -), x € E, can be represented as in
(1.6). We will show this under the assumption that v is a transition probability.

Proposition 1.10  Assume that v(x, -), x € E, is a transition probability on
a Polish space E. Then there exist a linear space U and linear transformations
G(x): U — E such that (1.6) holds true.

Proof Define U to be the linear space of finite measures on [0, 1]. Let ¢;
be Lebesgue measure on [0, 1]. By Theorem 1.2 there exists a transformation
F: E x[0,1] —~ E such that v(x,:) = F(x,-)of;, x € E. Let j: [0,1] » U
be the embedding given by x — §,. Then one obtains the desired representation
with v := j o £; and G(x)A := f[o,l] F(x, y)A(dy) for A € U. O

In general a Markov process X on R can be constructed starting from a uniform
movement L(t) =t, ¢t > 0, a standard® Wiener process L,(t) = W(t), t > 0, on

3 The covariance of W(1) is the identity matrix /.
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R? and a Lévy process L3, the so-called Cauchy process (see also Example 4.37)
with Lévy measure v3(dx) = |x|=4=1 dx. More precisely, the infinitesimal gener-
ator Az of L3 is given by

Azp(x) = / (p(x +¥) — p(x)v3(dy).
R

The process Lz determines a family 7 (¢, '), t > 0, I" € B(R? \ {0}), of Poisson
processes with intensity v3(I"); see subsection 4.2.1. Namely, let

w(t, 1) =Y xr(Ls(s) — La(s—)),

s<t

where L3(s—) denotes the left limit at s, and let 7(¢, ') := 7 (¢, ") — v3(I') ¢,
t > 0. Under mild conditions on the family v(x, -), one can select functions @ and
F in such way that the generator A appearing in Theorem 1.8 has the form

Ag(x) = (a(x), De(x)) + ATr Q(x)D*p(x)
+/Rd(90(x + F(x,y)) — o)
—x0,1(UyD{F(x, ), Do(x)))v3(dy).

Essentially F should be a regular function such that, for each x € R?, v(x, -) is
the image of v3 under the transformation F(x, -). Under appropriate regularity
conditions on a@, Q and F there exists a solution X to the stochastic differential
equation

dX(t) = a(X(0)dr + QV2(X())dW(r) + / F(X(t—), y)m(dt, dy)

{lyl=1)
+ / F(X(t—), y)7(dz, dy),
{yl<1)
X(0) = x.

Moreover, X is a Markov process with transition function (P,). The above stochas-
tic equation should be understood as the integral equation

X)) =x+ / a(X(s)ds + / 0'2(X(s))dW(s)
0 0
+// F(X(s—), y)m(ds, dy)
0 J{lyl=1}

+ / / F(X(s—), y)w(ds, dy),
0 Jiyi<n

the integrals on the right-hand side being respectively Lebesgue, Itd and Poisso-
nian. Stochastic integrals were introduced by K. It6.
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One can treat the random measures 7, 7 as measure-valued Lévy processes, set-
ting Zo(t, ) = 7 (t, -), Z,(t, -) = 7(t, -). If we define the noise process as the Lévy
process L = ((t, W), Zo(t), Z,(2)), t > 0) and, for each x € R?, the transforma-
tion G(x, -) acting on each component as, respectively, multiplication by d(x), the
linear mapping Q'/?(x) and integration of the function F (x, -), the above stochastic
equation can be written, similarly to the discrete-time case, in the form of (1.4).

For a modern and detailed treatment of the 1t6 approach we refer the reader to
Stroock (2003).

1.6 Infinite-dimensional case

One may expect that a similar result to the Courrege theorem holds true in the case
when the state space for the equation is infinite-dimensional, but to the best of our
knowledge the proof is still missing. The reason is that in the infinite-dimensional
case the situation is much more complex. The difficulties grow to the same extent
as when going from ordinary to partial differential equations. In addition, examples
show that noise may enter through the boundary conditions. Such highly irregular
equations will also be considered in the present book.
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Analytic preliminaries

In this chapter Sobolev and Holder spaces are introduced. Then Aronson estimates
for Green functions are formulated. First, though, we present some notation.

2.1 Notation

Leta, b € R. Weadoptthenotationa A b := min{a, b},a Vv b := max{a, b},a™:=
av0,a”:=(—a)VvO0.Clearlya = at —a~,a € R. Wesetd, , = 0ifa # band
8a.a = 1.

Throughout the book (B, | - |g) denotes a Banach space. On B we consider
the o-field B(B) of Borel sets. We denote by C,(B) the space of all bounded
continuous functions ¢ on B equipped with the supremum norm

l@lloo := sup |@(x)].
xeB

Usually U and H stand for Hilbert spaces. In this book, unless otherwise in-
dicated, all Banach and Hilbert spaces are real and separable. Let (E, £) be a
measurable space. We denote by B, (E) the space of all bounded measurable func-
tions on E.

2.2 Sobolev and Holder spaces

Letn € Nand p > 1andlet O C R be a possibly unbounded open set. We denote
by WP (O) the Sobolev space of functions p-integrable with all derivatives up to
order n. Recall that W"-? () consists of all locally summable functions ¥ : O +— R
such that, for each multi-index @ with || < n, the weak derivative! 9%y /3£

! That is, in the sense of the theory of distributions.

13
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belongs to L?(O) := LP(O, B(O), d&§). Then W"?(QO) equipped with the norm

p 1/p
1 llwero) = ( / Z d&)

|at\<n

is a Banach space. We denote by Wg "?(O) the subspace of W"?(0) that is the
completion of the space C!(O) of compactly supported functions having contin-
uous derivatives up to order n with respect to the W"?(O)-norm. We denote by
C;°(0O) the class of functions having bounded derivatives of all orders.

Assume now that O is a bounded domain. Given y € (0, 1) we denote by C? (O)
the space of all Holder continuous functions v : @ +— R with H6lder exponent y .
On C?(0O) we consider the norm

85“

1€ — vl
I¥llcr) ==sup|¥(E) + sup ——————.
£cO ene0,e2n & —nl”
Finally, let C"*7(O) be the space of all functions v having all derivatives of order
< n Holder continuous with exponent y. We set

aloly

19 llcrrioy = D sup P

la|<n §€0

(S)‘

85& \oz\ n Cr(0)

Assume now that O is a bounded domain in R¢ with boundary of class C'. We
recall the classical Sobolev embedding theorem. For its proof we refer the reader
to Evans (1998) or Gilbarg and Trudinger (1998).

Theorem 2.1 Letp > 1,neN.

(i) Assume thatn < d/p. Let q be such that 1/q + 1/p = 1. Then W"?(O) is
continuously embedded into L1(O).

(i1) Assume thatn > d/p. Lety = [d/pl+ 1 —d/p, ifd/p is not an integer,
and let y be an arbitrary strictly positive number < 1 if d/ p is an integer.
Then W"P(O) is continuously embedded into C"~14/P1=1+v (),

Later we will need the Poincaré inequality; see e.g. Gilbarg and Trudinger (1998).
For brevity we denote by | - |.» the norm on L”(Q) and by w, the volume of the
unit ball in R?.

Theorem 2.2 (Poincaré) Foru € Wol’p (O)and 1 < p < 0,

1/d

lulLr < (w7 €a(0)) " |Dulps.
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2.3 L?-and C,-spaces

In this book we denote by £, or d& Lebesgue measure on R?. Where it will not
lead to confusion we will write L? instead of L?(O). In the case of equations on
O = R?, it will be useful to consider weighted L”-spaces. In fact we will consider
two classes of weights.

Exponential weights  Given p € R, let ¥, € C*®(R?) be such that

() V& e R, 9,(6) > 0and 9,(§) = 9,(—£),
(i) VE: [§] =1, 0,(6) =e 7kl

We will assume that, for all p and &, ¥_,(§) = (19,,(5))_1. We also assume that
Do(E) =1 for & e R?.

Define L) := LP(R?, BR?), 97 (§)d§), p € [1,00), p € R. In the definition
of L} we introduce the weight #) instead of the more natural ¥, in order to ensure
that the semigroups generated by elliptic operators transform L} into L? for all
P, q and p; see appendix section B.2. This would not have been the case if we had
defined L) as LP(RY, B(R?), 9 ,(§) d§).

Clearly, if p < p’ then Lj is continuously embedded into L”,. Moreover,
LP(RY) = L(’)’ and constant functions belong to an arbitrary L5-space with p > 0.

Let C, be the space of all continuous functions v such that |y (§)|d,
x (§) — O as |§] — oo. We equip C,, with the weighted supremum norm

Wlc, == ¥ Psllec = sup [¥(E)|F,(E).

EeRd

Polynomial weights Forp € Rlet6,(£) := (1 +|£?)",& € R%,andlet £} :=
LP(R?, BRY), 65 (&) d&). Obviously L{ = L2, and if p < p’ then £}, is continu-
ously embedded into Eﬁ,. Note that non-zero constant functions belong to £ if
and only if pp > d/2.

For polynomial weights, an analogue of C, is the C,-space of all continuous
functions ¢ such that [y (£)|6,(§) — 0 as |£| — oo. The space C, is equipped
with the norm [¥[¢, := [[¥0, || co-

Remark 2.3 For some problems (see e.g. Capiriski and Peszat 2001), it is neces-
sary to consider polynomial rather than exponential weights. Polynomial weights
have the advantage that one can construct (for example using wavelets) an or-
thonormal basis of ﬁf) which is simultaneously a Schauder basis of all £5-spaces,
p > 2, and the corresponding Sobolev weighted spaces; see Garcia-Cuerva and
Kazarian (1985) and Capinski and Peszat (2001).
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2.4 Lipschitz functions and composition operators

Most of our existence results will hold true under various Lipschitz and linear-
growth conditions imposed on non-linear components. Given a normed space
(E, |- |g) we denote by Lip (E) the space of all Lipschitz continuous functions
¥ : E +— R equipped with the norm ||/ ||loo + [|¥[|Lip, Where ||/ | is the supre-
mum norm (see Section 2.1) and

[V (x) — )l

¥ [ILip := sup
xXF#y |)C - Y|E

is the smallest Lipschitz constant of .
For our further purposes it will be convenient to introduce the following defini-
tions. Here we assume that A is a non-negative measure on the measurable space

(S, S).

Definition 2.4 Let p € [1, co). We denote by Lip (p, S, 1) the class of all func-
tions f: S x R +— R such that

| f(o, w)| < ¢p(o) + K]ul, | flo,u)— f(o,v)] < Klu—v|
with a constant K < oo and a function ¢ € L?(S, S, 1).

We will consider equations with non-linear mappings of the so-called compo-
sition or Nemytskii type. Namely, given f: O x R+ R we denote by N the
operator that associates with a function ¥/ : O — R the function

(Nyy)(E) := f(&, ¥(§)), £e€0. 2.1

The following lemma deals with the Lipschitz property of composition opera-
tors. Its easy verification is left to the reader.

Lemma 2.5

(i) Assume that O € B(R?). Then for every f € Lip (p, O, £;) the composition

operator Ny is a Lipschitz mapping from LP(O) to L?(O).

(ii) If f € Lip(p, RY, 95 (&) d&) then Ny is a Lipschitz mapping from LY to LY.

(iii) If f € Lip(p, R?, 6) (&) d§) then N is a Lipschitz mapping from L}, to L}.

(iv) Assume that f: R +— R is a Lipschitz-continuous function. Then, for all
p = land p > 0 Ny is a Lipschitz mapping on LY. If p < 0 then Nyisa
Lipschitz mapping on L% if and only if £(0) = 0.

(v) Assume that f: R +— R is a Lipschitz continuous function. If pp > d /2
then N is Lipschitz on L5. If pp < d/2 then N is Lipschitz on L} if and
only if £(0)=0.
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Composition operators form an important class of mappings arising in non-
linear analysis. In this book we shall be concerned mostly with their Lipschitz
property. Conditions for their continuity or differentiability can be obtained but
using less simple arguments. For a more complete presentation we refer the reader
to Ambrosetti and Prodi (1995).

2.5 Differential operators

Let

glel
A=AE D)= ) a®y, £€0, 2.2)

b
la|<2m &

be an elliptic differential operator of order 2m. We will consider A either on
O = R? or on a bounded domain O.
If O is bounded then A is considered together with boundary operators
glel )
Bj=B;¢. D)= ) bia®)gg:  §€90. j=1..om,

le|<r;
of orders not greater than 2m — 1. We assume that:

(i) 90 is of class C*"t7 for some y > 0;
(ii) {a«} C C3°(O) and A is uniformly elliptic on O, that is, there exists a § > 0
such that

d
D" Y au@®[]vf < -8, €0, veRY,

|la|=2m i=1

(iii)) 0 <r; <2m —1and {b;,} C C* 117 (30) foray > 0;
(iv) the system {B;} fulfils uniformly the complementarity condition on 0O (see
Solonnikov 1965, Eidelman 1969 or Eidelman and Zhitarashu 1998).

Owing to limitations of space we do not give the definition of the complementar-
ity condition mentioned in (iv). The hypothesis of (iv) is satisfied by the so-called
system of Dirichlet conditions B; = E)j/an, j=0,1,...,m — 1, where n is the
normal interior to the boundary.

We will frequently employ some properties of the Green function G for the
system {4, By, ..., B,,}. Namely, there is a function G : (0, +00) x O x O — R,
continuously differentiable with respect to the first variable and having continuous
derivatives of orders less than or equal to 2m with respect to the second variable,
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such that for every n € O

(% - A) Gty =0 on (0, +00) x O,
B;G(-,-,n) =0 on (0, +00) x 00

and
iim [ Ge.&mvman=v©.  vEO. Yy <G, 0)

In the case @ = R? we assume, as for a bounded domain, that A is uniformly
elliptic (on R?) and has coefficients of class C boo(Rd). Obviously in this case we
do not need to impose any boundary conditions. In fact, the decay at infinity of a
solution to the equation for .4 is implied by the integrability assumptions. As in
the case of a bounded region there is a continuous function G: (0, 400) x RY x
R? > R, continuously differentiable with respect to the first variable and having
continuous derivatives of orders less than or equal to 2m with respect to the second
variable, such that

(%_A> GG, =0 on (0, +00) x RY, ¥y e RY,

lim /R G E YAy = E),  VEER! VY € G,

As in the case of a bounded domain, we call G the Green function for the operator
A.

Assume that G is the Green function either for the system (A, {B;}) onabounded
region O or for an A considered on © = R?. In our future considerations, an
important role will be played by so-called parabolic semigroups, that is, by families
of operators S = (S(¢), t > 0) defined by setting S(0) equal to the identity operator
and

SOy () = fog(t,é,n)lﬂ(n)dn, t>0. 2.3)

In fact, S is the Cp-semigroup generated by a proper realization of A; see
Appendix B. In appendix section B.2 we derive some regularity properties of
S from the following classical Aronson estimate.

Theorem 2.6 (Aronson) Foreach T > 0 there exist constants K|, K, > 0 such
that

alelg _
‘ < Kit71VC@mg, (Kot |& — 1)),

T (&, m)
Vte(0,T], VE,ne O, Ya: |a| <2m, (24)
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where
(2, 1) = 179/ exp {— (ferm)‘/“’”’”} . t>0,r>0 (25
It is worth noting that the above theorem provides the same upper estimates for

a Green kernel considered on a bounded region and one considered on the whole
space. For the proof we refer the reader to Eidelman (1969) or Solonnikov (1969).
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Probabilistic preliminaries

In this chapter we set up the notation for, and present infinite-dimensional ana-
logues of, classical probabilistic concepts. We recall, mostly without proof, basic
results on real-valued martingales. We define the expectation and conditional ex-
pectation of a random variable with values in a Banach space and introduce the
concept of Gaussian measure on an infinite-dimensional space. Then we deal with
various classes of stochastic processes taking values in a Banach space.

3.1 Basic definitions

Throughout the book (2, F, P) denotes a complete' probability space.

Many arguments in the theory of stochastic processes depend on Dynkin’s w—A
theorem; see Dynkin (1965) and Theorem 3.2 below. This theorem is concerned
with the smallest o-field o () containing all elements of a family /.

Definition 3.1 A collection /C of subsets of €2 is said to be a w-system if it is
closed under the formation of finite intersections. A collection M of subsets of 2
is a A-system if it contains €2 and is closed under the formation of complements
and of countable disjoint unions.

Theorem 3.2 (Dynkin) If a A-system M contains a w-system K then M D
o (K).

Proof Denote by Ky the smallest A-system containing K. This is equal to the
intersection of all A-systems containing IC. Then [Cy C o (K). To prove the opposite
inclusion we first show that Ky is a w-system. Let A € Ky and define K4 =
{B: BeKpand AN B € Ky}. It is easy to check that K, is closed under the

! Thatis, A € F, B C A and P(A) = 0 imply that B € F.

20
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formation of complements and countable disjoint unions and that if A € I then
K4 D K. Thus, for A € I, K4 = Ky and we have shown thatif A € K and B € K
then A N B € K. But this implies that Kz D K and, consequently, that p = Ky
for any B € K. It is now an easy exercise to show that if a w-system is closed
under the formation of complements and countable disjoint unions then it is a
o-field. This completes the proof. O

Let (E, £) be a measurable space. Any measurable mapping X: Q > E is
called an E-valued random variable, a random element in E or a random variable
in E. We denote by L(X)(I') :=P(w € 2: X(w) € "), T € &, the law of X, i.e.
the distribution of the random element X in E.

Let I be a time interval. In fact, I is the set of non-negative real numbers R,
or a finite interval [0, T] or, in the discrete-time case, a subset of non-negative
integers Z, = {0, 1, ...}. On I we consider the Borel o-field B(/). Any family
X = (X(t), t € I) of random elements in E is called a stochastic process in E or
an E-valued stochastic process.

A filtration is any non-decreasing family of o-fields 7, C F,t € I. If

Fi=Fu=(\F Viel
s>t
then the filtration (F;) is called right-continuous. Note that for an arbitrary filtration
(F7), the filtration (F;4) is also right-continuous. The quadruple (2, F, (F;), P)
is called a filtered probability space. We say that an E-valued stochastic process
X is adapted to the filtration (F;) if, for every t € I, X(t) is F;-measurable.

Definition 3.3 An E-valued stochastic process X is measurable if it is a measur-
able mapping from I x 2 to E, where the product o-field B(I) x F is considered
onl x Q.

Let P; denote the o-field of predictable sets, that is, the smallest o -field of
subsets of I x €2 containing all sets of the form (s, ] NI x A, where s,t € I,
s < tand A € F. For simplicity we write P instead of Pg ).

Definition 3.4 A stochastic process X taking values in a measurable space (E, &)
is called predictable if it is a measurable mapping from I x Q to E, where the
o-field P; is considered on I x Q.

Definition 3.5 Let (X(¢), t € I) be an E-valued stochastic process defined on
(2, F,P). An E-valued process (Y(¢), t € I) is said to be a modification of X if
P(X(t)=Y(t)) = 1foreacht € I.

It is clear that a modification Y of X has the same finite-dimensional distri-
butions as X. If there exists a modification Y of X which has, P-a.s., continuous
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trajectories then we say that X has a continuous modification. If there exists a mea-
surable or predictable modification Y of X then we say that X has a measurable
or predictable modification Y .

Definition 3.6 Let (2, F, (F;), P) be a filtered probability space. We say that
7: Q — [0, +00] is a stopping time (with respect to (F;)) if, for every t € I,
{t <t} eF.

Let 7 be a stopping time. We denote by F; the collection of events A € F such
that AN{t <t} e F, forall r € I. It is easy to verify that F; is a o-field, the
so-called o -field of events prior to T, and that 7 is F;-measurable.

Given an E-valued stochastic process X we denote by (]-"tX) the filtration gen-
erated by X. Thatis, forevery t € I, .7-',X =0 (X(s): s € I, s <t)is the smallest
o-field under which all random elements X(s), s € I, s < t, are measurable. We
denote by ?_tx the smallest o -field containing X and all sets from F of P-measure

zero. Note that the filtration (]_-",XJr) is right-continuous and that each ?,XJF contains
all sets of F of P-measure 0. In fact, in this book we will usually take it for granted
that (F;) is a right-continuous filtration such that every J; contains all sets of F
of P-measure 0. We will then say that (F,) satisfies the usual conditions.

3.2 Kolmogorov existence theorem

Let (E, £) be a measurable space. A stochastic process X is usually described in
terms of the measures it induces on products of E; namely, if (X(¢), t € I)is an
E-valued process then, for each sequence (11, ,, . . ., #;) of distinct elements of 7,
(X(t1), ..., X(t;)) is arandom vector with values in the product £ X E X --- X E
equipped with the product o-field £ x £ x - - - x £. The probability measures on
E* given by Aya = L(X(1), ..., X(t)) are called finite-dimensional distribu-
tions of X. Note that the finite-dimensional distributions of a stochastic process
(X(2), t € I) satisfy two consistency conditions.

(i) For arbitrary A; € £,i = 1,2, ..., k, and for any permutation 7 of
{1’27-“,]{},)\‘[1 tk(Al X"'XAk)z)‘tﬂl ,,,, lﬂk(Anl X"'XAﬂk).
(ii) For arbitrary A; € £,i = 1,2, ...,k — 1L Ay, 4 (A1 X -+ - X Apy) =

(Al X oo X Agy X E).

.....

Theorem 3.7 (Kolmogorov) Assume that E is a separable complete metric
,,,,, 4 is a family of distributions on Ek, k € N, satisfying (i) and
(ii). Then on some probability space (2, F, P) there exists a stochastic process
(X(t), t € 1) having the A, as its finite-dimensional distributions.

space and [,
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Kolmogorov’s theorem is an easy consequence of the following results, due to
C. Carathéodory (1918) and S. Ulam (see Oxtoby and Ulam 1939), which are of
independent interest.

Definition 3.8 A collection & of subsets of E is said to be a field or algebra
if E € &, A € &) for every A € & and | J;_, Ay € & for arbitrary Ay, ..., A,
€ 50.

Theorem 3.9 (Carathéodory) Assume that )\ is a non-negative function on a
field & such that, for any sequence {A;} C & satisfying Ai N A; =0 fori # j
and Ui Ai (S 50,

A (G Ai> = iA(A,»).
i=1 i=1

Then there exists a unique extension of A to a finite measure on the o -field generated
by 50.

Theorem 3.10 (Ulam) Assume that ) is a probability measure on a separable
complete metric space. Then for any € > 0 there exists a compact set K C E such
that \(K)>1—e.

3.3 Random elements in Banach spaces

We have the following basic inequality due to Lévy and Ottaviani, the proof of
which can be found in Kwapien and Woyczynski (1992).

Proposition 3.11 (Lévy—Ottaviani) IfX(1), ..., X(n) are independent random
variables with values in a (not necessarily separable) Banach space B then, for
anyr > 0,

P <rlglgx X1+ -+ X(k)|g > r>

=3 maxP (1X()+-++ X(Olp > 5).
The following corollary to the Lévy—Ottaviani inequality is part of the [td—Nisio

theorem; see Itd6 and Nisio (1968) or Kwapieni and Woyczyiiski (1992).

Corollary 3.12 If(X(n), n € N) are independent random variables in B such
that Z:’zl X, converges in probability as N 1 oo then ZN X, converges P-a.s.

n=1

A B-valued random variable X is integrable if

E|X|z :=/ 1X ()] 5 P(dw) < oo.
Q
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If E|X|% < oo then X is called square integrable. Since B is separable, for any
B-valued random variable the real-valued function w +— |X(w)|p is measurable.
Given an integrable B-valued random variable, we define its expectation

EX:/X(a))P(da))
Q

as a Bochner integral. Let us recall that the Bochner integral is initially defined
for simple random variables

X=3 xjXa, 3.1
j=1
where n € N, {x;} C B and {A;} C F, by the formula

IEX:ij]P’(Aj).
j=1

Clearly, for any simple random variable,
|EX|p < E|X]5. (3.2

Now, let X be an arbitrary integrable random variable. Then there is a sequence
(X;) of simple random variables such that for any o the sequence (| X,,(w) —
X(w)|p) decreases to 0. Indeed, let By = {uy, u,, ...} be a countable dense subset
of B. Write X,,(w) := uy, ), ® € 2, m € N, where

k(@) := min {k < m: |X(w) - ulp = min{| X(w) — les}} .

Then (X,,) has the desired property. We define E X as the limit of E X,,. Note
that E X does not depend on the choice of the approximating sequence and that
(3.2) holds. An integrable B-valued random variable is said to be of mean zero if
EX =0.

Proposition 3.13  LetV be a sub-o-field of F and let X be a B-valued integrable
random variable. Then, up to a set of P-measure 0, there is a unique integrable
V-measurable B-valued random variable E (X |V) such that

fX(a))IP’(du)):/E(XIV)(a))IP’(da)), VAeV.
A A

Proof Assume first that X is a simple random variable given by (3.1). Set

EX|V) = a;P(A;V).
j=1

J
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Here IP(A;|V) denotes the classical conditional probability; see e.g. Kallenberg
(2002). Next, for an integrable X define E (X|V) as the L'(2, V, P; B)-limit of
E(X,,|V), where (X,,) is a sequence of simple random variables appearing in the
construction of the Bochner integral. O

Definition 3.14  We call E (X|V) the conditional expectation of X given V.

Recall that a sequence X (n) of random variables in B is called uniformly inte-
grable if
lim sup/ |X(n)|pdP = 0.
{IX(m)|p=r}

r—>00 ,

In the proposition below we gather some basic properties of the conditional
expectation of B-valued random variables. These results are well known for real-
valued random variables, so we leave their easy verification to the reader.

Proposition 3.15 Let X, Y be integrable random elements in B, let a,b € R
and letV be a sub-o-field F. Then the following hold.

1) E@X+bY|V)=aEX|V)+bEX|V), P-a.s.
(i) If T is a continuous linear operator from B to a real separable Banach
space By then E(TX|V) =T E (X|V), P-a.s.
(iii) If X is V-measurable and ¢ is a real-valued integrable random variable
such that ¢ X is integrable then E (¢ X|V) = XE(¢|V), P-a.s.
@iv) If U is a sub-o -field of V then E (X|U) = E(E (X|V) |U), P-a.s.
(v) If X is independent of V then E(X|V) = E X, P-a.s.
i) If f: R — R is a convex function such that f (|X|p) is integrable then
FUEXIW)Ip) = E(f(XIp)IV), P-a.s.
(vii) Let (X (n)) be a sequence of uniformly integrable random variables in B
such that X(n) converges P-a.s. to X. Then E(X(n)|V) — E (X|V), P-a.s.
(viii) Assume that (V,, n € N) is an increasing family of o -fields such that
YV =0 (V,: n €N), that is, that V is the smallest o -field containing each
V. Then E(X|V,) — E(X|V), P-a.s.

3.4 Stochastic processes in Banach spaces

In this section we present basic definitions concerning stochastic processes taking
values in a separable Banach space B.

A B-valued stochastic process X = (X(¢), t € I) is integrable (square inte-
grable) if the random variables | X ()|, t € I, are integrable (square integrable).
A process X has mean zero if the random elements X(¢), t € I, have mean zero.
The definition below deals with different aspects of continuity.
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Definition 3.16 A B-valued stochastic process X is right-continuous if

X(t+):= lim X(s)= X(t), Vtel.
sit,sel

If, furthermore,

X(t)= lim X(s), Vtel,

s—t,sel
then X is called continuous. We say that X is cadlag (continu a droite et limites a
gauche) if X is right-continuous and has left limits, that is, if for every ¢ € I the
limit limyges g4 X(s) =: X (t—) exists.

The simple proof of the following result is left to the reader.

Proposition 3.17  Assume that (X(t), t > 0) and (Y(¢), t > 0) are cadlag pro-
cesses defined on the same probability space (2, F, P) and that X is a modification
of Y. Then there is a set Qo € F of P-measure 1 such that X(t, w) = Y (t, ) for
all (t, w) € [0, 00) x Q.

Definition 3.18 A B-valued stochastic process X = (X(¢), t € I) is stochasti-
cally continuous or continuous in probability if

lim P(X()~X(5)ls>e)=0, Ve>0, Viel
s—1,5€

Note that if / C R is compact then any stochastically continuous process X is
uniformly stochastically continuous, that is,

Ve>0,36>0:Vt,sel:|t—s| <6, P(X(@) — X(s)|g > ¢) <.

Definition 3.19 A B-valued square integrable stochastic process X is mean-
square continuous if

lim_ E[X() - X($)% =0, Viel.

s—t, s€

The theorem below, combining results of A. N. Kolmogorov, M. Loeve and
N. N. Chentsov, provides a simple moment condition for the existence of a Holder-
continuous version of a random field on R?. For its proof we refer the reader to
Kallenberg (2002). A more general version of this result can be found in Walsh
(1986).

Theorem 3.20 (Kolmogorov-Loeve—Chentsov) Let (E, p) be a complete met-
ric space, and let (X ), ve Rd) be a family of E-valued random variables.
Assume that there exist a, b, ¢ > 0 such that

E(o(X(v), X@))* < clu —v|**?, u,velR.

Then X has a modification that is locally Holder continuous with exponent o €
0,b/a).
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Proposition 3.21  Any measurable stochastically continuous (F;)-adapted B-
valued process (X(t), t > 0) has a predictable modification.

Proof From the stochastic continuity there is a partition0 = #,, 0 < t;,,] < --- <
tm,n(m) = m such that, fort e (tm,ka tm,k-&-l]’

P(IX(twi) — X(0)]p >27") <27, k=0,1,...,n(m) — 1.
Define

n(m)—1

Xn(@, 1) = x(OX@, 0+ Y Xttt (DX (@, t ).
k=0

Then X,, is predictable. Denote by A the set of all (w, t) €  x [0, T'] for which

the sequence (X, (w, t)) converges. Then A is a predictable set, and the process X
defined by

X(@.1) = xa(@,1) lim Xp(,1)
m— 00
is predictable. We now show that X is a modification of X. By the Borel-Canteli

lemma, for each ¢ € [0, T'] there is a set 2, € F of P-measure 1 such that for
w € 2, there is an m( € N such that

| Xm(w,1) — X(w,)|p <277, Ym > my.
Therefore {t} x ©, C A, and X(w, ) = X(w, t) for w € ;. O

Let Pi(x,I"),t > 0,x € E,T" € B(E), be atransition function on a metric space
E (see Definition 1.7), let (7,) be the corresponding transition semigroup, given
by (1.3), and let (F;) be a filtration on (2, F, IP).

Definition 3.22 An E-valued (F;)-adapted process X = (X(¢), ¢t > 0)issaid to
be Markov with respect to (F;) and (P;) if, for every t, h > O and ¢ € B,(E),

E(p(X(t + h)|F) = Pup(X(0)),  P-as.
Often F; = o(X(s), s < t).If X is a process such that, for ¢, & € [0, 00),
E(p(X(r + h)|o(X(s), s < 1)) = E(e(X(t + )]0 (X))

then X is called general Markov.
The following result comes from Kinney (1953). For the convenience of the
reader the proof is presented in Appendix C.

Theorem 3.23 (Kinney) If X is Markov with respect to (P;) and
limsup P,(x, B°(x,r)) =0, Vr >0, 3.3)

10 xeE

then X has a cadlag modification.
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The definition below extends the concept of a martingale to a class of processes
taking values in a separable Banach space.

Definition 3.24 A family (X(¢), ¢t € I),of integrable B-valued random variables
is said to be a B-valued martingale with respect to a filtration (F;), or simply a
martingale, if it is (F;)-adapted and satisfies

E(X(0)|F) =X(s), Visel, t=s.
As a direct consequence of Proposition 3.15(v) we have the following result.

Proposition 3.25 Let X be a B-valued integrable process. Assume that, for all
t,s € I, t > s, the random variable X(t) — X (s) is independent of F;. Then the
process Y (t) := X(t) —E X(¢), t € I, is a martingale.

Definition 3.26 A B-valued process (X(¢), t > 0) is said to be a B-valued local
martingale with respect to a filtration (F,), or simply a local martingale, if it is
(F;)-adapted and there exists a sequence of (F;) stopping times 7, 1 0o such that
the processes X ™ := (X (ATt > 0) are martingales.

Definition 3.27 An adapted process (V (¢), ¢t > 0) is said to be of finite variation
if there exists arandom variable V', whose values are B-valued measures on [0, 00),
such that V() = V ([0, t]) for t > 0.

Definition 3.28 An adapted process (V(¢), t > 0) is said to be of local finite
variation if there exists a sequence of (F;) stopping times t, 1 oo such that the
processes V% 1= (V(t ATy), t > O) are of finite variation.

Definition 3.29 A B-valued (F;)-adapted process (X(¢), ¢ > 0) is said to be
a B-valued semimartingale with respect to the filtration (F;), or simply a semi-
martingale,if X(t) = M(t) + V(¢),t € [0, 00), where M is a local martingale and
V is an adapted process with locally finite variation.

3.5 Gaussian measures on Hilbert spaces

A measure 1 on (R?, B(R?)) is Gaussian if and only if its characteristic functional
is given by

/ v (dE) = exp {i(n. m)y — 1(On, n)u}, neR’,
RY

where m = (m1, ..., myg) € R and Q = [¢i,j1 € M} (d x d). Such a measure is
denoted by AN (m, Q). Moreover, m and Q are respectively its mean and
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covariance:
mi= [ &N 00 s = [ &= me; —mn, 0

If m = 0 then A is said to be centered. Assume that Q is invertible. Then N'(m, Q)
has density

Jdet 01

Qnyir P {=3({07" € —m).& —m)}.

Definition 3.30 A random variable X with values in a Hilbert space U is
Gaussian (centered Gaussian) if, for all x € U, the real-valued random variable
(X, x)y has a Gaussian (centered Gaussian) distribution. A random process X
taking values in U is Gaussian if, forall ¢, ..., t,,(X(t)), . .., X(¢,)) is a Gaussian
random element in U".

The definitions of the mean vector and the covariance matrix can be extended
to the infinite-dimensional case, thanks to the following theorem.

Theorem 3.31 Assume that X is a centered Gaussian random variable with
values in a Hilbert space U. Then E |X|%, < 00. Moreover,

1 1

e’ X1t < Vs < 5
J1=2sE|XP 2B X[y

(3.4)

Proof Assume first that X is a random variable in (R”, (-, -)) with the law u =
N(0, Q). Take an orthonormal basis of R” consisting of eigenvectors of Q. Let
{v;} be the corresponding eigenvalues, that is, Qe; = yje;, j =1,...,n. Then
X = Z;:I(X, ej)ej,{X,ej),j =1,...,n,areindependent and the law of (X, ¢;)
is M(0, y;). Consequently,

> & 2 1
Eesx_zEexp{ (X, ej) } Ee'Xe) = | | ———
; l_[ Ve 2sy;
_ 1 - 1
VO =2sp) T =2sy,) ~ JT=25(i +-F 1)
Since E |X|?> = y; + - - + ¥, we have (3.4).
Let us now choose an arbitrary orthonormal basis {e,} of U. Then X =}
(X,e,)ye, and X =lim,_ o X,, X, = Z;ZI(X, ej)uey. Since X, is an n-
dimensional Gaussian random variable, applying (3.4) for s = —1 we obtain

1

J1+2E[X]?

E 67|X11‘%/ <
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Note that | X, |7, 1 |X|7,, so that E |X,|?, 1 E|X|?, and therefore
1

JI+2E[X]3

If E |X|?, were equal to oo then | X |?, would equal co with probability 1, which is
not the case, so E|X|?, < oo.

Ee—|x|%1 S

Now let s < (2E|X |%,)_l, and let {X,} be the finite-dimensional projections
of X defined as above. Then E |X,|?, < E|X|;,. Hence, for any n,

1 1

Ee'Xli < < .
\/1 — % E(X, [ \/1 —2sE (X[

Letting n 1 oo gives

1

J1=25E[X]3

Eef\Xﬁ/ S

O

A (non-trivial) generalization of Theorem 3.31 to Gaussian random variables
taking values in a Banach space is due to M. X. Fernique; see Fernique (1970) or
e.g. Kuo (1975).

It follows from the theorem that for every centered Gaussian random variable
X there exists a trace-class non-negative operator Q: U +— U (see Appendix A),
called the covariance operator of X, such that

E<X’X)U<Xv y)U = (Qx’ y)U

It is easy to see that Tr @ = E |X|?,. More generally, if E X = m then the covari-
ance operator of X is the covariance operator of X — m.

It is easy to see that if X = (Xy,..., X;) is Gaussian in R? then the ran-
dom variables X1, ..., X, are independent if and only if the covariance matrix is
diagonal.

3.6 Gaussian measures on topological spaces

Let E be a topological vector space. Denote by E* the dual space and by (-, -) the
canonical bilinear form on E x E*. On E we consider the o-field B(E) of Borel
sets. For any finite subset {xi, ..., x,} of E* we denote by 1, . the mapping
Esyr— ((v,x1),...,(y,x,)) e R".

.....
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Definition 3.32 A measure A on (E, B(E)) is Gaussian if for any finite sub-
set {x1,...,x,} of E* the transport measure X o rx_ll
measure A is centered or equivalently has mean zero or is symmetric, if, for any
{x1,...,xx}, Ao T has mean zero.

is Gaussian on R”. The

.....

Clearly any Gaussian measure on E is a probability measure. To check that A
is Gaussian it is sufficient to show that, for every x € E*, Aot~ I is Gaussian.
Indeed, since finite-dimensional Gaussian measures are characterized by their
Fourier transforms, a finite-dimensional measure A o 7, 1 is Gaussian if and
only if X o r,]]lw..ﬂnxn is Gaussian for any vector (¢, ..., 1,) € R".

We say thatan E-valued random variable is Gaussian if its law £(X) is Gaussian.

Definition 3.33 Let X be a centered Gaussian random variable in E. Then its
covariance form is the bilinear mapping K : E* x E* — R given by

K(x,y)= /(x, 2)(y, 2)A(dz), x,y € E*.
E

Givenm € E we denote by T, the translation operator; thatis, T,,(x) = m + x,
x € E. Note that if there is an m € E such that Ao T, ! is a centered Gaussian
measure then

(m,x) = /(y,x)k(dy), VxeE*
E

Thus, if it exists, m is uniquely determined and is called the mean of A. If A is a
Gaussian measure with mean m and if A o 7! has covariance Q then we write

A =N(@m, Q).

3.7 Submartingales

We now recall the classical concepts of the submartingale and supermartingale.
Let I C [0, 00).

Definition 3.34 A real-valued integrable process (X(¢), t € I) is a submartin-
gale with respect to the filtration (F;) if it is (F;)-adapted and

E(X ()| Fs) = X(s), P-as., Vs <t, s, tel.
X is called a supermartingale if —X is a submartingale.

Theorem 3.35 Let p > 1 and let (X(t), t € I) be a B-valued martingale.
IfE |X(t)|g < oo fort € I then the process (|X(t)|%, t € I) is a submartingale.
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Proof The function f(a) = l|a|”, a € R, is convex and therefore by Proposi-
tion 3.15(vi), fort > s,

XI5 = [E(XO|F)|5 < [E(1X0)1s]F)|" < E(1XO15|F).

3.7.1 Doob optional-sampling theorem

The following Doob optional-sampling theorems in discrete and continuous time
are of fundamental importance in the theory of submartingales. For their proofs
we refer the reader to e.g. Kallenberg (2002).

Theorem 3.36 (Doob optional sampling) Let (X(n), n=1,...,k) be a sub-

martingale (supermartingale, martingale) relative to (F,). Let Ty, ..., T, be an
increasing sequence of (F,)-stopping times with values in the set {1, ..., k}. Then
the sequence (X(t;), i = 1,...,m) is also a submartingale (supermartingale,

martingale) with respect to (F7,).

From the discrete-time result Theorem 3.36 one can deduce the following
continuous-time result.

Theorem 3.37 (Doob optional sampling) Let (X(¢), t € [0, T]) be a right-
continuous submartingale (supermartingale, martingale) relative to (F;). Let
Ti, ..., Ty be an increasing sequence of stopping times with values in [0, T].
Then the sequence (X(t;), i = 1,...,m) is also a submartingale (supermartin-
gale, martingale) with respect to (Fz,).

3.7.2 Doob submartingale inequality

The following fundamental result is called the Doob submartingale inequality.
Recall that X (T') is the positive part of X(T') (see Section 2.1).

Theorem 3.38 (Doob inequality) Assume that (X(t), t > 0) is a right-

continuous submartingale. Then

rP[ sup X(t) >r | <EXT(T), Vr>0,VT >0.
t€l0,T]

The theorem is an easy consequence of its discrete-time version.

Proposition 3.39 Let (X(n), n =1, ..., k) be a submartingale. Then

rP(maxX(n)zr)gJEX+(k), Vr > 0.
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Proof Note that A = {max, X(n) > r} = |

n=1

Ay ={X(D) <rin---N{Xn - D <rin{X(m)>r}, n=2,... k.

An, A; = {X(1) > r} and

We have A,, € F,, and X(n) > r on A,,. Therefore
E(X(K)xa,) =E(BXK) | F)xa,) = E(X()xa,) = rP(A,).
Consequently,
rP(A) <E(X(k)xa) <EX"(k).
0

Proof of Theorem 3.38 To prove this theorem we choose an increasing sequence
(Qr) of finite subsets of [0, T'], containing 7 and such that Q = Uk QO is dense
in [0, T']. For every ¢ € (0, r),

{ sup X(t)zr} CU{mng(t)Zr—s}.
7 teQy

1€[0,T]
Consequently,
! +
P{ sup X(®)=>r )| < ——EX™(T).
1€[0,T] r—e
Taking ¢ | 0 we obtain the required result. O

The following Doob regularity theorem states a condition under which a (real-
valued) submartingale has a cadlag modification. It holds for submartingales and
thus also for supermartingales; it has been successfully applied also to wide classes
of stochastic processes, implying the existence of their cadlag versions (see e.g.
Theorem 3.41 below). A proof of the Doob theorem can be found in e.g. Rogers
and Williams (2000).

Theorem 3.40 (Doob regularity) Any stochastically continuous submartingale
(X(t), t € I) has a cadlag modification.

As a corollary to Theorems 3.38 and 3.40 we will derive the following result.

Theorem 3.41 Let (M(t), t > 0) be a stochastically continuous square inte-
grable martingale taking values in a Hilbert space (U, (-, -)y). Then M has a
cadlag modification (denoted also by M) satisfying

2
)SEWgM

P( sup M)y = r , VT >0, Vr>0. (3.5)

t€[0,T]
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Moreover,

2 «
E sup MG < —— (BEIM(T))™, VT >0,Vae©2). (3.6)
1€[0,T] 2—«a

Proof Let {e;} be an orthonormal basis of U and let

n

Mu(0) =) (M), exver,  neN. 1=0.
k=1
Then each M, is a martingale. Since each (M, e;)y is a stochastically continuous
real-valued martingale, and hence a submartingale, it has a cadlag version. Hence
each M, has a cadlag version. Clearly ZZ’ZH L1 {M(@), ek)%}, t > 0, is a submartin-
gale. Hence, by Doob’s submartingale inequality,

In,m =P sup |Mn(t) - Mm(t)|U >r
tel0,T]

m

=IP>< sup D (M(D), ey = r2) <LE D (M), ey,
tel0.T] gy U S|

and hence [, ,, — 0 as n,m — oco. By a standard application of the Borel-
Canteli lemma, we can find a subsequence M,,, [ = 1,2, ..., which P-a.s. con-
verges uniformly to a cadlag process, a modification of M. Moreover, again by
Doob’s submartingale inequality, we have (3.5). To prove (3.6), note that, for
Y :=sup, oy MDY and b := E |M(T)|3,

00 00 00
EY = E/ X[(),Y](V)d}’ = / EX[(),Y](V)dr = / P(Y > r)dr
0 0 0

< b2 +/ P(Y >r)dr <b**+E |M(T)|?,/ ro dr
bo/2 be/2

)2 ) (o/2)(=2/a+1) 2 5 )2
<b E|\M(T = E|M(T .
< FEHEIMMDNG —7— 57— (BIMDIy)

3.7.3 Doob-Meyer decomposition

Given a filtration (F;) and a T € [0, co0), we denote by X0 r; the family of all
stopping times t satisfying P(z < T) = 1.

Definition 3.42 A right-continuous submartingale X = (X (¢), ¢ > 0) with re-
spect to (F;) belongs to the class (DL) if for any T € [0, co) the random variables
(X(7), T € Zyo,77) are uniformly integrable.
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We present the following fundamental result. For its proof we refer the reader
to Kallenberg (2002), Rogers and Williams (2000) or Jakubowski (2006).

Theorem 3.43 (Doob-Meyer) A cadlag submartingale X of class (D L) admits
a unique decomposition X(t) = N(t) + A(t), t > 0, where N is a martingale and
A is a predictable process starting from Q with increasing trajectories.

We will apply the Doob—Meyer theorem to (|M 03, t > O), where M is a
square integrable martingale taking values in B. To this end we need the following
lemmas. The first is a consequence of Proposition 3.15(vi).

Lemma 3.44 [f M is a B-valued martingale with respect to (F;) then the pro-
cess (|M(t)|g, t = 0) is a real-valued submartingale. If ¥ : R — R is a convex
Sfunction and E |y (|M(t)|g)| < oo fort > O then the process (W(|M(t)|3), t > O)
is a submartingale.

Lemma 3.45 Let M be a square integrable B-valued right-continuous mar-
tingale. Then the process |M|% = (|M %, t > O) is a submartingale of class
(DL).

Proof By Lemma 3.44 (see also Theorem 3.35), |M |% is a submartingale. Let
T < oo be fixed, and let T € Xy r}. Then, applying Doob’s optional sampling
theorem (Theorem 3.37), we obtain |[M(1)|3 < E(|M(T)|%|F;). Hence

lim sup / IM(1)|3dP < lim sup / |M(T)|3, dP.
(IM(D)3=r} " (IM(D)3>r}

I~ reXom I TS
Since
E[M(T)J3
sup P(M(D)J; = r) < ———2,
TEE[OJ‘] r
the lemma follows. a

We denote by M?(B) the class of all square integrable B-valued martingales
M = (M(t), t > 0) with respect to (F;) such that (|M(¢)|5, t > 0) is cadlag. Note
that if M is stochastically continuous then by the Doob regularization theorem
the submartingale |M|% has a cadlag modification. If B is a Hilbert space then,
by Theorem 3.41, M has a cadlag modification. In fact, in the Hilbert case we
will always assume that the elements of M?(B) are cadlag. Now, if M € M?*(B)
then by the Doob—Meyer decomposition theorem there is a unique increasing
predictable process ({(M, M),, t > 0), called the angle bracket or predictable-
variation process of M, such that (M, M), = 0 and |M(t)|% — (M, M);, t >0,
is a martingale. Given M, N € M?(B) we define

(M,N):=3((M+N,M+N)—(M—N,M—N)).
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For simplicity we will write M? instead of M?(R).
Remark 3.46 Since, for M, N € M2,
M@ON@) =1 (IM®) + NOP — M) — N®)IP) .,

the process M(t)N(t) — (M, N),, t > 0, is a martingale. More generally, if
(U, (-, -)y)is aHilbert space and M, N € M?(U)then (M(t), N(t))y — (M, N),,
t > 0, is a martingale.

3.8 Semimartingales

Generally, if (X(¢), t > 0)isaprocess and 7 is a stopping time, we denote by X* the
process (X(t A T), t > 0). Given any class X’ of processes (e.g. martingales, sub-
martingales or supermartingales), we denote by X}, the class of processes such that
there is a sequence of stopping times 7, 1 oo for which X™ € X forevery n € N.

We call the elements of Mj..(B) and Mlzoc(B ) local martingales and local
square integrable martingales, respectively.

Let BV be the class of all real-valued adapted cadlag processes with trajectories
of bounded variation on every finite time interval.

Definition 3.47 We say that a real-valued process X is a semimartingale if it is
cadlag, adapted and can be written in the form X = M + A, where M € M? and
A € BV. A process X is a local semimartingale if X = M + A, where M € M3
and A € BV,

We need the concept of the quadratic variation process [M, M] of a martingale
M. Its definition and properties are provided by the theorem below. For its proof
we refer the reader to Métivier (1982), Theorem 18.6.

Theorem 3.48  For every M € M? there exists an increasing adapted cadlag
process [M, M], called the quadratic variation of M, having the following
properties.

(1) For every sequence m, = (0 <ty <t <--- ) of partitions of [0, 0o) such

n 3 n n
that tf — oo as k — 00 and lim,,_, «, sup; (tj+1 —t

j) =0, one has

(M, M, = lim 3~ (M (1, A1) = M(1] 1),
J

where the limit is in L'(Q2, F, P).
(i) M? —[M, M] is a martingale.
(iii) If M has continuous trajectories then (M, M) = [M, M].
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We define [M, N1, M, N € M?, by polarization:
[M,N]:={(IM+N,M+ N]—[M —N,M— N]).

Note that

[M,N)e = lim > (M (] A1) = M(t] AD)(N(tf A1) = N(t] A1)
j

3.9 Burkholder-Davies—Gundy inequalities

Certain basic inequalities for semimartingales involve the quadratic variation and
are known as the Burkholder—Davis—Gundy (BDG) inequalities. First we consider
the case of martingales with continuous trajectories. Recall (see Theorem 3.48(iii))
that in this case (M, M) = [M, M].

Theorem 3.49 (Burkholder-Davis—Gundy) Forevery p > Qthereisa constant
C, € (0, 00) such that for any real-valued continuous martingale M with My = 0,
and for any T > 0,
C'E(M, M)}* <E sup |M,|" < C,E(M, M)}/>.
1€[0,T]
The next result is an extension of the BDG inequality to the class of discontin-
uous martingales.

Theorem 3.50 (Burkholder-Davis—-Gundy) Forevery p > 1thereisa constant

C, € (0, 00) such that for any real-valued square integrable cadlag martingale
M with My = 0, and for any T > 0,

C,'E[M, MI}> <E sup |M,|" < C,E[M, M)}/>.
tel0,7T]

For the proofs of the above theorems we refer the reader to Kallenberg (2002),
Theorems 17.7 and 26.12.
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Lévy processes

The main theme of this book concerns stochastic equations driven by processes
with stationary independent increments. This chapter is devoted to the properties
of such processes. Their structure is determined by the Lévy—Khinchin formula.
The chapter starts with general facts on the regularity of trajectories and expo-
nential integrability. Then the building blocks, Poisson and Wiener processes, are
introduced, the Lévy—Khinchin decomposition and formula are proved and the
properties of square integrable Lévy processes are investigated.

4.1 Basic properties

Processes with independent increments can be defined in any linear space E
equipped with a o-field £ such that the addition and subtraction operations are
measurable. The most important cases are when E is the real line, or R? or a
Banach space. We start with the general case, however.

Definition 4.1 A stochastic process L = (L(t), t > 0) taking values in E has
independent increments if, forany 0 < fy < t; < --- < t,, the (E, £)-valued ran-
dom variables L(t;) — L(ty), L(t,) — L(t1), ..., L(t,) — L(t,—) are independent.
If the law L(L(t) — L(s)) of L(t) — L(s) depends only on the difference ¢t — s
then we say that L has stationary, or time-homogeneous, independent increments.
If in addition E is a Banach space, L(0) = 0 and the process L is stochastically
continuous then L is called a Lévy process.

Lévy processes with values in the space of tempered distributions are studied
separately, in Chapter 14.

Let L be a Lévy process on a Banach space E and let u, be the law of the
random variable L(¢). Then, denoting by u * v the convolution of the measures p
and v, we have

38
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(i) po = do and py45 = i, * s forall £, s > 0,
(i) p({x: |x|g <r}) = last | Oforevery r > 0.

Note that (ii) is equivalent to the statement
(iii) p, converges weakly to ég as ¢ | 0.

Definition 4.2  The family (u,) of measures satisfying the above conditions is
called a convolution semigroup of measures or, sometimes, an infinitely divisible
Sfamily. Sometimes ] is called an infinitely divisible measure.

Note that every Lévy process is also Markov with transition probability (see
Definition 1.7) P;(x, ") = u,(' —x),t >0, " € B(E), x € E, and that the cor-
responding semigroup is given by

Pip(x) = /Ew(x + y) n(dy). 4.1

By the Kolmogorov theorem for each convolution semigroup of measures (i)
there exists a Lévy process having the distribution p, at time ¢. Explicit construc-
tions of Lévy processes will be given in Section 4.5 and also in Section 6.3, where
we discuss the concept of random measures. The following basic results will be
used often.

Theorem 4.3  Every Lévy process has a cadlag modification.

Proof If B(x,r) denotes the ball in E with its center at x and with radius r then
Py (x, B(x, 1)) = pu, (B0, r)) and

llifgl sgp P (x, B(x,r)) = 1}3)1 we (B0, r)) = 0.
By Theorem 3.23 the result follows. O

Given a cadlag process L we define the process of jumps of L by AL(t) :=
L(t) — L(t—), t > 0. The following result of De Acosta (1980) is a special case
of a more general theorem of Rosinski (1995).

Theorem 4.4 (De Acosta) Assume that (L(t), t > 0)is a cadlag Lévy process in
a Banach space B with jumps bounded by a fixed number c > 0; thatis, |[AL(t)|p <
c foreveryt > 0. Then, forany B > 0 andt > 0,

EeflLOlr < . 4.2)

Proof We give here a short proof of a weaker result of Kruglov (1972), that (4.2)
holds for some B > 0. This will be sufficient for our purposes. Our considerations



40 Lévy processes

are based on Protter (2005). Write 7o = 0 and
Tpy1 = inf{t > 7,0 |L(t) — L(7)|p = c}, n=0,1,...

Since L has independent and stationary increments, the random variables
(ty41 — Ty, n =0, 1, ...) are independent and have the same distribution. Conse-
quently, forn =1,2,...,

Ee ™ = Ee @ t-D++@i—1) — li[Ee_(fj_fj—l) — (E e—fl)" = (a)"'
j=1
By Chebyshev’s inequality,
P(IL(t)|p > 2nc) <P(1, <1) < e’(a)".
Note that @ € (0, 1). Let y € (0,log 1/«). Then
P(exp {21|L(t)|3} > e < e (a)",
c

and hence

E exp {210|L(t)|3} = /OOOP (exp {210|L(:)|B} > s) ds

[o¢]
=Y P(exp [ LIl > )
n=0
o0
<e ’“’Z ae” < 00

O

In this book we are concerned mainly with the case when E is a Hilbert space
(U, {-, -)v) and & is the o -field of Borel sets B(U).

4.2 Two building blocks — Poisson and Wiener processes

The real-valued Poisson and Wiener processes play a fundamental role in the theory
of Lévy processes. In fact any Lévy process can be built from them in a constructive
way. The following subsections are concerned with the direct constructions and
basic properties of Poisson and Wiener processes.

4.2.1 Poisson processes

A Lévy process with valuesin Z, = {0, 1, ...}, which is increasing and has a finite
number of jumps on any finite interval, each jump equalling 1, is called a Poisson
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process; see Proposition 4.9 and Definition 4.8 below. We will construct a Poisson
process using random variables with an exponential distribution.

Proposition 4.5  Assume that Z is a positive random variable such that, for all
t,s >0, ]P’(Z >t+s|Z > t) = IP’(Z > s). Then Z has an exponential distribu-
tion with parameter a, that is, there exists a constant a > 0 such that ]P’(Z > t) =
e forr > 0.

Proof LetG(s):= IE”(Z > s),s > 0.Then G(t + 5) = G(s)G(¢) forallt, s > 0.
The function G is right-continuous and positive, so the functional equation has a
unique solution of the required form. O

Let ¢y, &2, . . . be a sequence of independent random variables such that P(¢, =
D=pand P(§, =0)=1—p, n e N. Let Z=1inf{n: {, = 1}. Then ¢ has a
geometric distribution with parameter p, thatis, P(Z = k) = (1 — p)* " 'p, k =
1,2,...

Lemma 4.6 Leta > 0, and let Z,, have a geometric distribution with parameter
pn = o/n. Let A, be the distribution of Z,/n. Then (A,) converges weakly to an
exponential distribution with parameter o.

Proof The characteristic functional of Z,, /n is

~ izZ, > izk a\k-1 a
)\‘n =K —_— = — 1 — — _
@=Eep ] =D e | (1)

. . -1
— g elz/n (1 _ (1 _ z) e]Z/ll) , zeR.
n n

Then, (z) converges to the characteristic functional of the exponential distribution

0o o
a/ e e dr = —, z€R,
0 a — 127
and the result follows. d

Given a € [0, +o0] we denote by P(a) the Poisson distribution with param-
eter a; that is, P(+00)({+00}) = 1 and, for a < oo, P(a)({k}) = (a*/k!)e?,
k=0, 1, ... Weleave to the reader the proof of the following well-known lemma.

Lemma 4.7 Assume that (X,,) is a sequence of independent random variables
with Poisson distributions P(a,). Then X = Y X, has Poisson distribution P(a),
with a = Y_ a,. Moreover, the Laplace transform of P(a) is equal to

o k

Yo P@k) =Y e e =eplale — 1)}, r>0.

|
k=0 k=1 k!

ifa <ooand0ifa = oo.
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Definition 4.8 A Poisson process with intensity a is a Lévy process IT = (I1(¢),
t > 0) such that, for every r > 0, I1(¢) has the Poisson distribution P(at).

The following proposition provides the construction and main properties of the
Poisson process.

Proposition 4.9

(1) Let (Z,) be a sequence of independent exponentially distributed random
variables with parameter a. Then the formula

0 l’ft<Zl,

4.3
k if‘te[Z]+"’+Zk’Zl+"'+Zk+])7 ( )

() = {
defines a Poisson process with intensity a.

(i) Conversely, given a Poisson process with intensity a defined on a probability
space (2, F,P), there exists a sequence (Z,) of independent random
variables defined on (2, F, P) having an exponential distribution with
parameter a such that formula (4.3) holds.

(iii) If I1 is a Poisson process with intensity a then, for all 7 € C and t > 0,
E e = exp {at(e* — 1)}
@iv) If I is a Poisson process then it has only jumps of size 1, that is,

P(ATI(r) := T1(t) — T1(t—) € {0, 1}) = 1, t>0. 4.4)

Conversely, any Z., -valued Lévy process T1 satisfying (4.4) is a Poisson
process.

Proof of (i) Let A denote the exponential distribution with parameter a, and
let (X;) be a sequence of independent random variables having exponential dis-
tributions with parameter a. Then the distribution of Z| 4 --- 4+ Z, is A™ :=
A% Ak - - - % A, where * is the convolution operator. For n > 1 the measure A*" has
the density

(ar)”*l

(n—1)!

—ar

e v, r>0.

gn(r)=a
Note that, fork =1,2, ...,
P(H([):k):P(Zl++Zk§[<Zl++Zk+1)

t ( ) ak t 1
= | ga@e " dr = e’“’/ r*ldr
/0 (k —1)! 0

(@t
Tk '
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This proves that the law of I1(z) is P(at). We now prove that IT has stationary
independent increments. Fix 0 < # < --- < f;. For each n e N, let ¢, ¢, ...
be a sequence of independent random variables such that [P (;“n’; = 1) =a/n and
P (;’,’1 = 0) =1—a/nform=1,2...Let [1"(m) be the number of “successes”
(occurrences of 1) in the sequence &', &5, ..., ¢. Define mj := [nt;], where [s]
denotes the integer part of s. By definition, for each n, the random variables
" (m’l’), 1" (mg) —I1" (m’l’), R (m}:) — I (qu) are independent. By a
straightforward generalization of Lemma 4.6, the laws of I1" (m’l’) " (mg) —

1" (m’f) oL, I (m’,Z) — H"(m’,zfl) converge weakly as n — oo to the law of
I1(ty), TI(tr) — I1(ty), ..., TI(t) — H(tk_l) and the required independence
follows. O

Proof of (ii) Note that the law of IT is uniquely determined by its finite-
dimensional distributions. Thus it is the same as the law of the process given
in the first part of the proposition by (4.3). Thus, in particular, (4.4) holds true
and the random variables Z; can be defined as follows: Z; = inf{z: T1(t) = 1},
Zi+ -+ Z, = inf{t: TI(t) = n}. O

Proof of (iii) 'This follows from (ii). Indeed,

N (at)k
Eei® = Ze’kP M) =k) =) e“e*

k=0 k=0

o0 4
(ate?)
=e E =e_“'exp{atez}.
=0

O

Proof of (iv) We have already shown that every Poisson process satisfies (4.4).
Let T be a Z,-valued Lévy process satisfying (4.4). Note that IT has a finite
number of jumps on any finite interval, that its jumps are equal to 1 and that IT is
constant between jumps. We have to show that there exists an « > 0 such that, for
anyt >s>0andk=0,1,...,

e—ali=s) (a(t — S))k

k!
Without any loss of generality we can assume that s = 0. Consider the increasing
sequence ((z, ..., %)), tf = (k/2")t,k =0, 1, ..., 2" of dyadic partitions of the
interval [0, ¢] and define ¢ := T1(1", ) — (k), ;k = AL fork=0,1,...,
2" —1.If A, = {3k <2" —1: { > 1} then A, D A,4;. Since I is a cadlag
process,

P(I1(r) — T(s) = k) =

lim P(A,) =P (ﬂ A”) =
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Consequently, forallk =0, 1, ...,
P(I(1) = k) = lim PG + -+ + 55, = k)

2" pk ”
= i — (1 - n 2 s
"l’HOlO(k)(l —pn)"( Pa)
where p, = ]P’(El" = 1) =P = 1).Butl — p, = ]P’(I'I(t2‘”) = O). Excluding
the trivial case P(I1(z) = 0) = 1, which corresponds to o« = 0, we can assume
that 0 < P(IT(t) =0) =y < 1. But y = (1 — p,)*" and (2” — j)pn = (2” - j)
(1 - yl/zn) — —logy for j =0, ...,k — 1. Therefore

P(I(1) = k) = %(—log ),

and the proof is completed by setting e ™" = y. O

The random variables Z,, appearing in (4.3) can be interpreted as waiting times
for the consecutive occurrences of events such as the arrival of the next customer
in a queue, the next car accident or the next call to a telephone exchange. The
property articulated in the proposition attributes a lack of memory to the waiting-
time mechanism. The value I(¢) is the number of events that have occurred before
or at time ¢.

4.2.2 Wiener processes

Definition 4.10 Let ¢ > 0. A real-valued mean-zero Gaussian process W =
(W(t), t = 0) with continuous trajectories and covariance function

EW@HOW(s)=(t As)q, t,s >0,

is called a Wiener process with diffusion q. If the diffusion is equal to 1 then W is
called standard.

Definition 4.11  Assume that (2, F, (F;), P) is a filtered probability space and
that W is a Wiener process in R¢ adapted to (F;). Then W is a Wiener process with
respect to (F;) or an (F;)-Wiener process if, forall t,h > 0, W(t + h) — W(t) is
independent of F;.

We have the following classical Lévy characterization of a Wiener process; see
e.g. Kallenberg (2002).

Theorem 4.12 (Lévy) A real-valued continuous process W is a standard Wiener
process if and only if the process (Wz(t) —t,t> O) is a martingale with respect
to its own filtration.
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Itis well known (see Kallenberg (2002) or Remark 4.21 below) that any Wiener
process has locally Holder continuous trajectories for any exponent @ < 1/2. One
can show, however, that it does not admit a Hélder continuous modification for an
exponent o > 1/2. In particular, it is not differentiable at any point.

We now pass to the construction of a Wiener process. The first rigorous proof
of the existence of such a process was given by Wiener (1923). It was based
on Daniell’s method (see Daniell 1918) of constructing measures on infinite-
dimensional spaces. In Paley and Wiener (1987) the Wiener process is constructed
using Fourier series expansions and assuming only the existence of a sequence of
independent, identically distributed, Gaussian random variables. Below we present
a similar and elegant construction due to P. Lévy and Z. Ciesielski; see Lévy (1948)
and Ciesielski (1961).

In the Lévy—Ciesielski construction, an essential role is played by the Haar
system connected with a dyadic partition of the interval [0, 1]. Namely, set iy = 1
and, for 2" < k < 2"t1 set

k—2" k—2" 1
2n/2 if <t< —+ —,
2n 2n+1
hi(1) = " n
_2”/2 lfk_z + 1 <I<E+i
on 2n+l — on on ’
hi(1) = 0.

The system (hy, kK = 0, 1, ...) forms an orthonormal basis of L?(0, 1).

Theorem 4.13  Let (X, k =0, 1,...) be a sequence of independent random
variables with distribution N'(0, 1) defined on a probability space (2, F, P). Then,
P-a.s., the series

ZXk(a))/ h(s)ds, 1 e[0,1],
k=0 0

converges uniformly on [0, 1] and defines a Wiener process on [0, 1].

4.3 Compound Poisson processes in a Hilbert space

Definition 4.14 Let v be a finite measure on a Hilbert space U such that v({0}) =
0. A compound Poisson process with the Lévy measure (also called the jump
intensity measure) v is a cadlag Lévy process L satisfying

[o.¢]

k
PLt) eT) =S Lvkr),  ¥i=0, T eB). 4.5)

= k!
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In the formula above, we use the convention that v° is equal to the unit measure
concentrated at {0}, that is, v° = §;.

The theorem below provides the construction of a compound Poisson process
with given v.

Theorem 4.15 Let v be a finite measure supportedon U \ {0}, andleta = v(U).

(1) Let Zy, Z», . .. be independent random variables with identical laws equal
to a~'v. In addition, let (I1(t), t > 0) be a Poisson process with intensity a,
independent of Z, Z», ... Then

@)

Liy=) Z, (4.6)
j=1

is a compound Poisson process with jump intensity measure v.

(i1) Given a compound Poisson process L with jump intensity measure v, one
can find a sequence of independent random variables Z,, Z,, . . . with
identical laws equal to a~" and a Poisson process (I1(t), t > 0) with
intensity a, independent of Z, Z,, . .., such that (4.6) holds.

(iii) Forz e C,t > 0andx € U,

E e LOu — exp {—t/ (1 _ ez<x,)‘>u) v(dy)} .
U

Proof Let L be given by (4.6). Then L has stationary independent increments,
since IT does. To see that (4.5) holds, note that

P(L(t) e ") =P(L(t) € I" and I1(t) = 0) + Z}P’(L(t) e " and I1(¢) = k).
k=1
Thus

P(L(t) € T) = e “§;0y(T") + ZP(ZI +---+Zy €eTand II(7) = k)
=1

— e_‘”ﬁ{o}(r) + Z]P(Zl +---4+Zrel) P(H(l) = k)
k=1

—at = —k %k —at (at)k
=e 3{0}(F) + kgzl v™M)e T
0k )
_—at *
=e kz_o Hv ).

Since the law of L(0) is equal to v° = 8y, it follows that L(0) = 0. The process L
is cadlag by (4.6).
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The proof of the second part of the theorem uses arguments from the proof
of Proposition 4.9. Since L is right-continuous, its law is determined by finite-
dimensional distributions. Thus we define IT by

[1(t) :=#{s <t: AL(s) = L(s) — L(s—) # 0}.

By Proposition 4.9, IT is given by (4.3) with a properly chosen sequence (X,,) of
independent exponentially distributed random variables. Let 7, = X + - - - + X;.
Then (4.3) can be written equivalently in the form IT() = ), 8., ([0, ¢]) fort > 0.
Note that the sequence (Z) of random variables givenby Z; := L(1y), ..., Z; :=
L(t;) — L(tr—1) has the desired properties.

The last part of the theorem can be shown using arguments from the proof of
Proposition 4.9(iii). The details are left to the reader. d

Let AL(t) := L(t) — L(t—). We define the Poisson random measure corre-
sponding to L by the formula

7([0,¢], ) :=#{s <t: AL(s) € T'}, I e B(U \ {0}).

Note that

(1)

70,1, T) =Y 8, = > 8D
n=1

n: Zy++Zy<t

Later (see Definition 6.1) we will introduce the concept of a Poisson random mea-
sure on an arbitrary measurable space (E, £) with intensity measure 1. According
to this general definition, the identity above means that 7 is a Poisson random
measure on [0, co) x U with intensity measure dzv(dx). The process

is called the compensated Poisson random measure. We have the following result.
Proposition 4.16

(1) ForeachT" € B(U \ {0}), (([0,¢],T), t > 0) is a Poisson process with
intensity v(I').
(ii) If sets 'y, ..., I'y are disjoint then the random variables 7 ([0, t], T";),
j=1,..., M, are independent.
(iii) For eachT" € B(U \ {0}), the process (7 ([0, t], "), t > 0) is a martingale
with respect to the filtration (7‘;1) where

Fr=o{n(0,s].,T):s <1, T € BU)}.
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Proof By Proposition 4.9(iii), the proof of the first two parts is complete if we
can show that, forall r > 0, zy, ..., zy € C and disjoint Borel sets I'y, ..., 'y,

M M
E exp :szn([O, 11, r,)} = exp :Z (T j)t(e" — 1)} .
j=1 j=1

We can assume that {I";} is a partition of U \ {0}. Let a = v(U). We have

M ne M
]Eexp{szTr([O, t],rj)} =Eexp{ZZz]82 (I, )}

j=1 n=1 j

. k
=+ ) P(M() = k) (E exp {Zzﬁznm)})
k=1

=
Z (at)k (i g% _U(Fj)>k
=1 =1 a ’

which gives the desired conclusion. Since (7 ([0, ¢], I'), ¢ > 0) is a cadlag process
with independent increments and E 7 ([0, ¢], T") = tv(I"), statement (iii) follows
from Proposition 3.25. a

Remark 4.17 The proposition is true for the jump intensity measure of an arbi-
trary Lévy process and sets I" that are separated from the origin, that is, satisfying
C'N{y: |yly <r} =0 for r sufficiently small.

Proposition 4.18 Let L be the compound Poisson process with jump intensity
measure V.

(i) The process L is integrable if and only if
/U lylyv(dy) < oo. 4.7
Moreover, if (4.7) holds then
EL(t) = t/va(dy) 4.8)

and the compensated compound process Z(t) =L#t)—EL@l),t>0,isa
martingale with respect to (J_-—tL+
(ii) Forallz € C,t > 0and x € U,

E ettt L — exp {—t/ (1 — et y)u) v(dy)} )
U
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(iii) The process L, and hence L, is square integrable if and only if
/ Iylpv(y) < oo 4.9)
U
Moreover E |z(t)|f} = th |y|%/v(dy) and, forall x,x € U andt > 0,

E (L), x), (L), 5), =1 /U (Mol Y)ovdy).

Proof Leta = v(U). Then

k

2.7

j=1

- (at)k

E|L®)ly = ZE X

V(dyl) cv(dy) e ™ —

52 /|y|UU(dy)ak t-ar /|y|uv(dY)
k=1

Since
EILOo 2 E(1Z1ly Xwwron) = E|Zily e ar = 1e~ / Iy lov(dy),
U

we have the desired equivalence. In the same way we obtain

o0 k k
EL(r)=Z/ / (Zy,-) v(dm)---v(dyk)e*“f%
k=1 YU U \j=1 :
o0 k
=2k f WA e
k
—Z / yryale o = /U y(dy).

The martingale property of L and (iii) follows from Proposition 3.25 and
Theorem 4.15. In order to compute the second moment note that

00 k
- (at)
E |L(1)? =ZE Z !
i k E(Z;, Z) —m(at)k
i Z) k!

»-
Il

1=l
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Now
1
E|Z;l} = - f I3 v(dy),
a Ju

and if j £ [ then

2
E{Z;,Z)v =(EZ; EZ))y = —

yv(dy)
U

/ yv(dy)
U

E(L(t), x)y (L), ¥y = ) Y BAZi,x)u(Z;, D)y e™

k=1 ji=1

_ z/U<y,x>U<y,fc>Uv<dy)

k
Zk(k—l) / / (v, ) (3, By v(dy)v(dy) — —%

U

Hence
2

E |L@®)3 =t/ |z|Fv(dy) + 2
U

U
Letx, X € U. Then

(at)
&k

f (3, X)u (v, Bovdy) + 72 / | x5 Bovanman).
Hence, from (4.8),
E(L(t). x), (L), %), = E(L(t), x)y (L(6), B)y — E(L(1), x)y E (L(1), ¥2)y
=th<y,X>U(y,5€)Uv(dy)-

4.4 Wiener processes in a Hilbert space
It is convenient to start with the following general definition.

Definition 4.19 A mean-zero Lévy process W with continuous trajectories in
U is called a Wiener process.

The following theorem gathers basic properties of Wiener processes taking
values in a Hilbert space.

Theorem 4.20 Let W be a Wiener process in U. Then W is Gaussian and square
integrable. Moreover, forallty, ..., t, > 0andx, ..., x, € U, the random vector
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((W(tl), XU, .-, (W(t), xn)U) has a normal distribution N (0, [gi,j]), where
qi,j = (& N0, X))y, i,j=1,...,n, (4.10)

and Q is the covariance operator of W. Moreover, let {e,} be the orthonormal
basis of U consisting of eigenvectors of the covariance operator Q of W, and let
{yn} be the corresponding eigenvalues. Then

W)=Y Wi, t=0, 4.11)

where the real-valued Wiener processes
W,(t) = (W), en)u, neN, 4.12)
are independent and have covariances
EW,0O)W,(s) = ( AS) Y, (4.13)
and the series (4.11) converges P-a.s. and in LX(Q, F,P;U).

Proof By Theorem 4.12 and Definition 3.30, W is Gaussian. Hence, by
Theorem 3.31 it is square integrable, and its covariance operator Q is non-negative
and of trace class;' thus (4.11) follows. Let W, be given by (4.12). Then

E W, ()Wi(s) = (t As)(Qen, emdu = VuSum(t A S).

Convergence P-a.s. follows from the identity x = ), (x, e,)ye,. To show conver-
gence in L3(Q, F,P; U), note that

N 2
E > Wi)e,
n=k

N
=Zykt—>0 ask, N — oo.
U n=k

O

Remark 4.21  Assume that Q belongs to the class LT (U) of non-negative trace-
class operators on U. Then, using (4.11)—(4.13), we can construct a Gaussian
process with covariance Q. In order to show that any such process has a continuous
modification we will prove that for every m there is a constant C,, such that
E |W(h)|%,’" < C,h™ for h > 0. By the Kolmogorov criterion this guarantees that
W has Holder-continuous trajectories with an arbitrary exponent o < 1/2. To this
end we fix m. We have

E|W(t) — W2 =E|W( —s)|2" =K (Z W2(r — s)) ,
k

! Briefly, Q € LT(U); see Appendix A.
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where W (¢) = (W(¢), ex)y and {e;} is an orthonormal basis consisting of eigen-
vectors of 0. Let {y,} be the corresponding sequence of eigenvalues. Since Wy = 0
for y, = 0, we can assume that y; # 0 for all k. Then

E|W®m|" = lim E (Z sz(h))
n—0oQ
k=1
= lim ]‘[; / Xn:gkz exp —ig—kz d&; - - - d§,
n=oo \ iy V2myih | Jre \ i = 2vkh
oo k=1 V21 | Jre \io =1 <Yk

=n"E[WDI".

Since Theorem 3.31 gives E |W(1)|%]’” < oo for m € N, we arrive at the desired
estimate.

Remark 4.22 The reasoning above leads to the scaling property of a Wiener
process; namely, for all ¢, 1 > 0, the laws of W (¢h) and t'/>W (h) are identical.

Since (W(t), x)y has the distribution A (0, £(Qx, x)y), we have

EelWOu — exp{ (Qx,x)U}, t>0, xeU. (4.14)

t
2

4.5 Lévy—Khinchin decomposition

Assume that L is a cadlag Lévy process on a Hilbert space U. Given a Borel set
A separated from O (see Remark 4.17), write

ma(t) =Y xa(AL(s)),  1>0.
s<t
Note that the cadlag property of L implies that w4 is Z.-valued. Clearly it is a
Lévy process with jumps of size 1. Thus, by Proposition 4.9(iv), 4 is a Poisson
process. Note that E w4 (t) = t Ema(1) = tv(A), where v is a measure that is finite
on sets separated from 0. Write

La(t) =Y xa(AL(s)AL(s).

s<t

Then L 4 is a well-defined Lévy process. Our aim is to prove the following Lévy—
Khinchin decomposition.
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Theorem 4.23 (Lévy—Khinchin decomposition)

(1) Ifv is a jump intensity measure corresponding to a Lévy process then
/ (Iy15 A1) v(dy) < oco. (4.15)
U

(ii) Every Lévy process has the following representation:

Lt)=at+W()+ Z (LAk(t) - t/ yv(dy)) + L, (1),
Ag

k=1
where Ay .= {x: |x|ly = ro}, Ar :={x: 1 < x|y < ri_1}, () isan
arbitrary sequence decreasing to 0, W is a Wiener process, all members of
the representation are independent processes and the series converges P-a.s.
uniformly on each bounded subinterval of [0, 00).

It follows from the proof, given below, that the processes

L,(t) := Ly, (2) —t/ yv(dy), t >0, (4.16)

An
are independent compensated compound Poisson processes. Hence we have the
decomposition

oo
L) =at+ W)+ Y L)+ Lo(t), 120, (4.17)
n=1
of the Lévy process L, where the processes W, L,,n > 0, and L are independent,
W is a Wiener process, L is acompound Poisson process with jump intensity mea-
SUTe X{|y|y>r}(¥)v(dy) and each L, is a compensated compound Poisson process
with jump intensity measure

X{fn+|S\,V|U<fn}(y)v(dy)~

A similar representation theorem holds not only for Hilbert spaces but also
for Banach spaces (see Kruglov 1984, Linde 1986, Tortrat 1967, 1968 and Sec-
tion 4.10) and for some topological linear spaces such as the space of tempered
distributions on Euclidean spaces; see Ustunel (1984). In Section 14.2 we will in-
vestigate basic properties of Lévy processes on the space of tempered distributions.

The proof of Theorem 4.23 follows Gikhman and Skorokhod (1974), Vol. 1I,
and requires several lemmas. The proof of the first is found in Appendix F.

Lemma 4.24  For any disjoint Borel sets Ay, ..., A,, separated from zero, the
processes La,,...,La,,L —Lua,,...,L — Ly, areindependent Lévy.

m

Lemma 4.25  For every Borel set A separated from O and for allu € U,

Eexp{i(u, La(t))y} =exp {—t/ (1 — ei<u,x>u) v(dx)} )
A
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Proof By an easy limiting argument we can see that A is bounded. Given § > 0
letAy, ..., A, bedisjoint sets of diameters less than § and such that A = UZ;I Ag.
In addition let x;, € Ay, k=1, ..., m. Then

La(t)— mekm

<Y | La ) — xma )],
k=1

\ME

7 (1) = S7a(t),

and therefore

D xma(t) > La(),

k=1

P-a.s., as 8 — 0. Consequently,

Eexp {i(y, La())y }:gi_l)%]Eexp{i<y, ZxkﬂAk(f)> }
k=1 U
— }ii%gnzexp {10y, x)uma, (0}

- gr(l)g exp {—1v(A)(1 — 0 00))

_ 1 _ . _ ally.a)
—(%E}I(l)exp{ IZ(I e kU)v(Ak)}

k=1

= exp {—t/ (1- ei<y'x>”)v(dx)} .
A

Assume now that L,, n € N, is given by (4.16).

Lemma 4.26 If assumption (4.15) is satisfied then the series in (4.17) converges
P-a.s. uniformly on each bounded interval [0, T].

Proof By Proposition 4.18(iii) and assumption (4.15),

Z Lkm = T/ y[5v(dy)
{rn+15|y‘U<rn()}

=ngq
< Tf Y Ev(dy) < oc.
1yl <rag)
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Since L, k € N, is a martingale,
2
9 t Z 01

> L)

k=n()

an,n(t) =

U
is a submartingale. Note that Z,, ,, is cadlag. Thus, by Doob’s inequality,

EZyw(T) T
Pl sup Z,nm(t)>e) < —"—= = —/ ly[3v(dy).
t€[0,T] & € {rn+lf‘y|U<rnU}

Therefore, the series converges in probability uniformly on [0, T]. Since the

Ly, k=1,2,..., are independent random elements in the space of all cadlag
functions with the supremum norm, the desired [P-a.s. convergence follows from
Corollary 3.12. O

Proof of Theorem 4.23  We show first that condition (4.15) is satisfied. The Lévy
process L = L — L has jumps bounded by 1 and therefore, by Theorem 4.4, the
process L has finite second moments. Let A;, k = 1, ..., n, be the sets appearing
in the formulation of the theorem. Then for each n the processes

Lay=Y La@. Y La). >0,
k=1 k=1

are independent (Lévy) processes. Consequently, setting

L,(1):= (i(t) -3 LW)) ~E (Z(t) -3 LAk(t)) :
k=1 k=1

we obtain

n 2

D La)—EY  Lat)

k=1 k=1

E|L) - EL®|;, =E|L.0)|; +E

U

Therefore, for every n € N,

/ YEv(dy) = E
{rar1=<lylu <ro}

<E|L0)-ELO[, < oo,

2
n

(L, (1) = EL4, (1))
=1

U

and the first part of the theorem follows.
We now proceed to the proof of part (ii) of the theorem. The convergence of
the series is a consequence of Lemma 4.26. Define

o0

W =L~ (LAka) ny / yv(dy)) —Lay®,  t=0.
A

k=1
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Then W is a Lévy process with continuous trajectories. Thus a := EW(1) is finite
and W(t) := W(t) — at, t > 0, is a mean-zero Lévy process with continuous tra-
jectories. In particular, for each vector u € U the process ((u, W(t))y, t > 0) has
continuous trajectories and therefore, by the Lévy characterization of real-valued
Wiener processes, it is a Wiener process. Consequently, by the definition of the
infinite-dimensional Gaussian distribution, W is a Gaussian Lévy process. O

4.6 Lévy-Khinchin formula

The following result is a direct consequence of the Lévy—Khinchin decomposition.
For a different proof see e.g. Parthasarathy (1967) or Linde (1986).

Theorem 4.27 (Lévy—Khinchin formula)

(i) Givena e U, Q € LT(U ) and a non-negative measure v concentrated on
U \ {0} satisfying (4.15), there is a convolution semigroup (i;) of measures
such that

/ eV (dy) = eV, (4.18)
U
where

Y(x) = —ila, x)y + 3(0x, x)y

+ / (1= @20 4y - Oite Mo)udy). (@419
U

(i1) Conversely, for each convolution semigroup (i1;) of measures, there exist
acU, Qe LT(U ) and a non-negative measure v concentrated on U \ {0}
satisfying (4.15) in such a way that (4.18) holds with v defined by (4.19).

Definition 4.28  Let L be a Lévy process and let («;) be the family of its
distributions. We call the measure v appearing in (4.19) the Lévy measure or the
Jjump intensity measure of L or (u,). We call the triple (a, Q, v) the characteristics
of L.

The Lévy—Khinchin formula gives the characteristic function of a Lévy pro-
cess. It turns out that it is also useful for computing characteristic functionals
of stochastic integrals. As an example of a simple application, we present the
following result.

Corollary 4.29  Let L be a real-valued Lévy process with exponent v, and
let f: R+ R. Assume that the Riemann—Stieltjes integrals fot f(s)dL(s) and
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fot ¥ (xf(s))ds exist. Then

E exp {ix/ f(s)dL(s)} =exp{—/ Iﬂ(xf(s))ds}, x € R.
0 0

Proof Let (s;.’), j=0,...k,, n € N, be a sequence of partitions on [0, 7] satis-
fying standard assumptions. Then

Eexp {ix /z f(s) dL(s)}
0

n—

ko—1

= lingOIEexp {ix Z f(S?)(L(S;lH) - L(S;l))}
=0

k,—1

= nlln;o l:!) E exp {ixf(s;') (L(S?Jrl) - L(s;l))}

eXp{—/O klf(Xf(S))dS}-
0

The assumptions on Riemann—Stieltjes integrability can be relaxed. This, how-
ever, requires some knowledge of stochastic integration; see Theorem 6.6.

4.7 Laplace transforms of convolution semigroups

In some situations it is more convenient to determine convolution semigroups of
measures in terms of Laplace rather than Fourier transforms.

Theorem 4.30 Let (i) be a convolution semigroup of measures on a Hilbert
space U, with exponent given by (4.18) and (4.19).

(i) Let x € U. Then the Laplace transform fU e~ Yy, (dy) is finite for some
t > 0 (equivalently for all t > 0) if and only if

/ e Uy(dy) < oo. (4.20)
{Iylu=1}
(i) If (4.20) holds then

/ ey (dy) = e V), Vi >0,
U
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where
¥ (x) = (a, x)y — 5(0x, X)y + Po(x),
Yolx) = / (1 —e ™ — (e, M uxqylp<ny) vAy).
U

Proof Let L be a Lévy process with distributions u;, ¢ > 0. Note thatif X and Y
are independent random variables then Ee *~Y = Ee *Ee~! and the left-hand
side is finite if and only if both terms on the right-hand side are finite. Thus we
can assume that, in the Lévy—Khinchin decomposition of L, a =0 and W = 0.
Denote by vy the restriction of v to the set Ag :={y € U: |y|ly > ro}. Let (1),
(Ay) and (L4,) be as in Theorem 4.23. Then, by (4.5),

00 [k k
Ee ol = =@ N T ([ et yydy)
= k' \Ju

= exp {—tf (1 — e_("’-V)U) vo(dy)}
U

and, since vo(U) < oo, Ee~ ™ L™ < soifand only if (4.20) holds. The fact that

Eexp{—<x, Z(LAk(t)—f/ yv(dy))> } < 0
k=1 Ag U

follows directly from Theorem 4.4. We prefer to give a self-contained proof for
the reader’s convenience. Namely, for every ¥ € U,

N
Eexp[—<5c, Z(LAk(t)—th yv(dy))> }
k=1 k U

=exp{—r /U (1 —e 9 — (&, Y)Y X (1¥]0)) v(dy)}. 4.21)

Since f{vlu<ro} |y|%1v(dy) < 00, the right-hand side of (4.21) tends to the (finite)
quantity

exp {—t/ (1—e ™ —(x, y)y) v(dy)} ~
{Iylu<ro}

Therefore, by Fatou’s lemma,

Eexp{—<fc, (LAkm—r / yv(dy>>> }
k=1 Ag U

< exp {—z/ (1—e V0 — (%, y)y) v(dy)} <o00. (422
{Iylu<ro}
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In particular, (4.22) holds for ¥ = yx, y > 1, which implies that the random vari-

ables
N
exp{—<x, Z(LAk(t)—t/ yv(dy)>> } N e N,
k=1 Ax U

are uniformly integrable. Therefore

Eexp{—<x, Z(LAk(t)_t/ yv(dy)>> }
k=1 Ak U
N
= lim Eexp[—<x, Z(LAk(Z)_t/ yv(dy)>> }
N—o00 =1 Ay U

= exp {—ff (1- et (x, Y)U X{Iyly<ro}) V(d)’)} < 00,
U
which completes the proof. O

If A is a measure on R then we denote its Laplace transform by

+00

i = [ ertae
—00

for those values of r for which the integral is finite. In particular, if A has support

on [0, +00) then X(r) is defined at least for r > 0.

The theorem below can be proved in a similar way to the Lévy—Khinchin
formula. A different and much shorter proof, based on the theory of Cy-semigroups,
is given in Appendix E. The semigroup-theoretic method can also be used to prove
the Lévy—Khinchin formula on R?; see Zabczyk (2003).

Theorem 4.31 A family (\.,;) of measures on [0, +00) is a convolution semigroup
of measures if and only if their Laplace transforms \; are of the form

~ ~ —+00
M)y =e O gy =yr+ / (I—e")vs), r>0,
0

where y is a positive constant and v is a non-negative measure on (0, +00) satis-

fying
1 +o00
/ Ev(d§) < oo, / v(dé) < oo.
0 1
The family (),) described in this theorem is called a subordinator. The theorem

is concerned with measures on the half line [0, +00); it is, however, possible to
find Laplace transforms of some important families on R.
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Theorem 4.32  Assume that v is a measure on (0, +00) satisfying the following
conditions:

1 +00
f £2v(dE) < oo and / Ev(dE) < oo.
0 1

Then there exists a convolution semigroup (,) of measures on R such that

/ e (dg) =e ", reR,
R

where the Lévy exponent is given by

+00 .
v (r) =/ (1—e" +irg)u(dg), reR.
0
Moreover, forallr > 0 and t > 0, fR e "¢, (d) < oo and

/ e " p(dg) = e,
R

where

~ +o00
w(r)Z/O (1 —e™"® —rg) v(de).

Proof The first part follows directly from the general Lévy—Khinchin theorem.
Since

+oo
f (I —e™" —r&)v(de)
’ +o0

+oo )
=f (1—e® —réx-1.n8)) v(dé)—r/ £v(dg),
0 1
the second part follows from Theorem 4.30. 0

Remark 4.33 Clearly any Lévy process L corresponding to a convolution semi-
group of measures (A,) with support in [0, +00) has increasing trajectories. The
process L corresponding to the semigroup constructed in Theorem 4.32 has only
positive jumps but, owing to a drift, it takes strictly negative values with positive
probability.

4.7.1 Examples

We present some specific examples of convolution semigroups of measures im-
portant in applications.

Example 4.34 (Stable families of order 8 € (0, 1)) We are in the framework of
Theorem 4.31. Assume that y =0 and v(d&) =&-'"#dé for B € (0,1).
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Then

~ +00 o dE
W(F)ZA (l_e E)g:l_Jrﬁ’ r > 0.

For o > 0, the change of variable n = r& gives

~ +00 d +00 ﬁd -
Fn=[ - = [ a-em S =i

Integrating by parts we obtain w(l) =(1/8)Ir(1 — B).
If B = 1/2 then there exists an explicit formula for the density of X, (see Feller
1971):

A (dE) = e /25 gg |

1
f
Example 4.35 (Stable families of order 8 € (1,2)) Assume that 8 € (1,2) and

~ +00 " E
w(r)zfo (1—e" —r&)glﬂg, r>0.

Then, in the same way as in Example 4.34, we obtain J(r) = rﬂIZ(l), r>0,
where ¥(1) = —[1/8(8 — DIT'(2 — B).

Here are examples of convolution semigroups of measures on R?.

Example 4.36 («-stable families) Assume that a =0, Q = 0 and the Lévy
measure v on R? is of the form v(d§) = cd&/|£|%*®, where ¢ > 0, @ € (0, 2).
Then (4.15) is satisfied. In this case the exponent v is given by (&) = ¢|£]°,
£ € R?, where ¢ is a positive constant. This follows by considering

cdn
w(s>—/ (1= cos(e, ) o

It is clear that v is invariant under rotation around 0. Moreover, if r > 0 then

cdn o
Y(g)= | (I —cos(§,rn) —— =r"y(&).
R 71
The semigroups (infinitely divisible families) described above are called a-stable
rotationally invariant families.

Example 4.37 (Symmetric Cauchy family on R¢)  This is the a-stable family
with parameter « = 1. Then (see Feller 1971),

I'((d + 1)/2) tde
g d+1)/2 (|§|2 + t2)(d+1)/2 .

Ai(d§) =
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We finish this section by describing how one can produce new convolution
semigroups of measures on Hilbert spaces using subordinators. Namely, assume
that (&, t > 0) is a convolution semigroup of measures on a Hilbert space U
with exponent ¢, that is, [, ™ ¢,(dy) = e™"*™). Let (1,) be a convolution
semigroup of measures on [0, +-00) such that f0+oo e "6 A,(d€) = e~V ™). Then,
by direct computation, the family

+00
é‘z()w) :Z/ gs k,(ds), > 07
0

is a convolution semigroup of measures with exponent @(x) = J (p(x),x € U.

Example 4.38 Leto(x) = %(Qx, X)u,x € U, where Q is a non-negative trace-
class operator. The corresponding infinitely divisible family corresponds to a
Wiener process on U. It follows from the preceding arguments that for arbitrary
o € (0, 1) the function ¥ (x) = %(Qx, x){;, x € U, is the exponent of an infinitely
divisible family. It could be regarded as an infinite-dimensional version of a stable
family.

4.8 Expansion with respect to an orthonormal basis

Let L be a Lévy process in U. Assume that {e,} is an orthonormal basis of U.
Then

L) =Y (L), enlven = Y Lu(ten, 1 =0. (4.23)

n

It is clear that the processes L, are real-valued cadlag Lévy processes.

Theorem 4.39  The series in (4.23) converges, in probability, uniformly in t on
any compact interval [0, T].

Proof Letus fix a finite time interval [0, T']. If L is a compound Poisson process
then its trajectories are piecewise constant and right-continuous and each takes only
a finite number of values. Thus the result is true in this case. By Theorem 4.23
we can therefore assume that L is a square integrable martingale in U. Define
M (t) = Zfl:l L,(t)e,. For any k > [, the process (My(t) — M;(t), t > 0) is a
square integrable martingale and thus the process (|Mk ) — M;0)3, t > 0) is a
submartingale. By Doob’s submartingale inequality,

1
P( sup |My(1) — Mi(D)|y = C) < c_2E|M"(T) — M(D)I,-

0<t<T
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Let (L,) be a sequence of real-valued Lévy processes. Then the series in (4.23)
converges [P-a.s. in U if and only if

Y IL@P <o, Pas. (4.24)

If (4.24) holds for all ¢+ > 0 then Zn L,(t)e,, t > 0, defines a process with in-
dependent increments. If it is stochastically continuous at O then it has a cadlag
modification.

4.8.1 Expansion with independent terms

Assume now that the L, are independent real-valued Lévy processes. Each has
the Lévy—Khinchin representation

E el — =1, >0, £ eR. (4.25)

For simplicity we assume that the L, are pure jump processes in the sense that

Un(®) = /R (1= &5 & g (2)iE2) va(d2). (4.26)

The following theorem gives if and only if conditions under which the process
L := (Y, Lu(t)ey, t > 0) takes values in U. The theorem also states that if the
process does take values in U then its Lévy measure is concentrated on the union
of the axes.

Theorem 4.40

(i) Assume that a U-valued Lévy process L is given by (4.23) with independent
Lévy processes L, having the representation (4.25), (4.26). Then

Z/(Izl2 A1) vy(dz) < o0 4.27)
— Jr

Moreover, L is square integrable if and only if

Zf |2 vn(d2) < oo
IR

(i1) Conversely, if (4.25)—(4.27) hold and the L, are independent Lévy processes
then (4.23) defines a Lévy process on U. Moreover, the series in (4.23)
converges, P-a.s., uniformly in t on any compact interval.

Proof WecanassumethatU = I?andthate; = (1,0, ...),e; =(0,1,0,...),...
Let M,(t) = (Ll(t), R L,,(t)), t > 0. Then M, is a Lévy process on R".
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Moreover, for x = (x1, x2, ..., X,),

n n
ol Ma(0) l_[e*”/fk(xk) = exp {—t Z I/Ik(Xk)} :
k=1 k=1

Consequently, the Lévy exponent W, of M, is given by
W, (xp, ..., %) = Z/ (1- et 4 Xl <1y 1%k 2x) ve(dze).
k=1

Therefore the Lévy measure of M, is concentrated on the axes of R”, and on the
k-axis it is exactly vx. The jump measure v for the process L is concentrated on
the axes as well. Note that

flz(|x|,22 A1) v(dx) = ZfR(mz A 1)v,(d2),
n=l1

and the first part follows by the Lévy—Khinchin theorem. The square integrability
condition can be shown in a similar way. Convergence P-a.s. follows from the
Lévy—Ottaviani inequality. O

The following examples are of some importance in mathematical finance; see
Cont and Tankov (2004).

Example 4.41 (One-sided exponentially tempered stable coordinates) As
the Lévy measure v, of L,, we take

efﬁnr
Vu(dr) = ¢, ’Ta” X[O,oo)(r) dr.

Then L =), Lye, is U-valued and square integrable if and only if

o0 C o0
— — n — — —
o0 > E cnf e Prpl=ondr = E —— / e r@e=l gy
n 0 n " 0

=Y TR - a).

In particular, if o, = o € (0, 2) then the condition for square integrability reads

> /B < o0.

Example 4.42 (Two-sided exponentially tempered stable coordinates) In this
case
dv,
dz

— Bt
Pzl

_ - —B7 1z +
(@) =c, [T e Plly o0)(2) + ) e X(0,400)(2)-
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Thus if o, =, =« € (0,2) then the process L is a square integrable Lévy
process with values in U if and only if

Z( c; N long )<oo
— \ (B> (B> .

4.8.2 Expansion with uncorrelated terms

Assume now that a certain Lévy process L is square integrable with mean zero
and covariance operator Q; see Definition 4.45 below. If L has an expansion
(4.23) with independent Lévy processes L, then Qe,, = A,e,, where A, = E Lﬁ(l),
n=1,2,... Thus the e, are eigenvectors of the operator Q. Conversely, as-
sume that Q is the covariance operator of L with eigenvectors and eigenval-
ues {e,} and {X,}. If L has an expansion (4.23) then the Lévy processes L,
are in general not independent but only uncorrelated, that is, KL, (¢)L,,(s) =
Oif n#m and EL,(¢t)L,(s) = A,|t — s|. One can easily calculate the Lévy—
Khinchin exponent v, of L, in terms of the Lévy exponent i of L. In particular,
if

Y(x) = 1(0Ox, x), —i—f (1 — @) p(dy)

U

then v,,(z) = ¥ (ze,) and the measure v, corresponding to L, is the image of v
under the projection y > (e, ¥)u-

4.9 Square integrable Lévy processes

Let L be a Lévy process in U defined on a filtered probability space satisfying the
usual conditions. We assume that for # > s the increment L(#) — L(s) is indepen-
dent of F;.

Remark 4.43 Clearly, for all t > s, L(t) — L(s) is independent of 7—"? If Lis
right-continuous then the increment L(¢) — L(s) is independent of .7-'3,L+.

If L is integrable and of mean zero then, by Proposition 3.25, L is a martingale
with respect to (F;).

Assume that L is square integrable. Our first result provides exact forms for
the mean and covariance of L. We denote by L{ (U) the class of all symmetric
non-negative-definite nuclear operators on U; see Appendix A.
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Theorem 4.44  There exist an m € U and a linear operator Q € LT(U ) such
that, forallt,s > 0and x,y € U,
E(L@®), x)v = (m,x)ut,
E(L(t) — mt, x)y(L(s) —ms, y)y =t As{Qx, y)u, (4.28)
E|L(t) —mt]} =t Tr Q.

Proof Since

E(L( +5), x)y = E(L( +5) — L(s), x)u + E(L(s), x)u
=E (L), x)y + E(L(s), x)u
and t — E (L(¢), x)y is measurable, there is a mapping m: U — R such that
E(L(),x)y =m(x)t for all x € U and ¢ > 0. Since x — m(x) is linear and
continuous, it has the desired form m(x) = (m, x)y, x € U.

We pass to the covariance of L. Replacing L(¢) by L(z) — mt, we may assume
that L is of mean zero. Let s > 0. Note that

UxU53(x,y) [x,ylr :=E(L(s), x)u{L(s), y)u

is a symmetric non-negative-definite continuous bilinear form on U. Thus there
is a symmetric non-negative-definite continuous linear operator Q(s) such that
(Q(s)x, y)u =[x, y]L for x, y € U. Since, for any orthonormal basis {e,} of U,

Y (0O)en, endy = Y E(L(s), e)y = E|L(S)F; < o0,

n

Q(s) is nuclear and Tr Q(s) = E |L(s)|%,. LetO <s <t,andletx,y € U. Then
E(L(#) — L(s), x)u (L(s), y)u = E(L(#) = L(s), x)u(L(s) — L(0), y)u
= E(L(1) — L(s), x)y E(L(s) — L(0), y)u
=0.

Hence

E(L(2), x)u{L(s), y)uv = E (L(s), x)u(L(s), y)uv = (Q(s)x, y)u,
and the proof is complete if we can show that Q(s) = s Q(1) for s € I. Since

(Q(s + h)x, y)u = E((L(s + h) — L(s) + L(s) — L(0), x)y
X (L(s + h) — L(s) + L(s) — L(0), y)u)
= E(L(s +h) — L(s), x)u (L(s + h) — L(s), y)u
+E (L(s) — L(0), x)u(L(s) — L(0), y)u
= (Q(h)x, y)u +(Q@)x, y)u,



4.9 Square integrable Lévy processes 67

we have Q(s + h) = Q(s) + Q(h). Since the functions s — (Q(s)x, x)y,x € U,
are increasing, they are measurable. Then, for all x, y € U, the function

s = (Q)x, Yy = 7({Q()x + ), x + ¥y = (Q()x = y), x = Y)v)

is measurable. Consequently (Q(s)x, y)y = s (Q(1)x, y)y forx, y € U, whichis
the desired conclusion. O

Definition 4.45 The vector m and the operator Q appearing in the theorem above
are called the mean and the covariance operator of the process L, respectively.

Remark 4.46 Note that the covariance operator of the process L is the same as
the covariance operator of L(1).

Theorem 4.47

(i) A Lévy process L on a Hilbert space U is square integrable if and only if its
Lévy measure satisfies

/ IyI5v(dy) < oo. (4.29)
U

(i1) Assume (4.29). Let L have the representation (4.17), let Q¢ be the
covariance operator of the Wiener part of L and let Q1 be the covariance
operator of the jump part. Then

(Qix,2)u = / (x, v (z, y)uv(dy), x,z€U,
U

EL@®) = (a +f yv(dy)> t,
{lylu=ro}

and the covariance Q of L is equal to Q¢ + Q.

Proof Since the elements appearing in the decomposition (4.17) are independent,
W is square integrable (see Theorem 4.20) and, since

00
DL
n=1

the process L is square integrable if and only if the compound Poisson process
Ly with jump intensity measure x(|y|,>r)V(dy) is square integrable. Hence, by
Proposition 4.18(iii), L is square integrable if and only if f{ly\u>ro} |y|%1v(dy) <

2
E =/ Y Ev(dy) < oo,
v JWlo<n)

00. Since f{|y|u<ro} | y|%1v(dy) < 00, we obtain the desired conclusion. In order
to compute the mean and the covariance operator of L we use (4.17) again.
Clearly the Wiener part has mean zero. The part Z:o: 1 La(2), t = 0, has mean
zero as it is the sum of compensated, and hence mean-zero, processes. Thus by
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Proposition 4.18(i)
EL(t) =at+ELy(t) = at + t/ yv(dy).
{Iylu=ro}

Let Zo(t) = Lo(t) — E Lo(¢). Since ZO and the L,, n =0, 1, ..., are mutually
independent compensated compound Poisson processes, we have

E <Zo<r) + ) L), x> <Zo(t> + 3 La(), y>
U U

n=1 n=1

[e¢]

=E(Lo(t). x), (Lo(®). y), + D_E(L,(0). x),, (La(0). y),-

n=1
and the desired identity follows from Proposition 4.18(iii). O
Remark 4.48 It follows from Theorem 4.47 that if a square integrable Lévy

process does not have a Wiener part then its covariance operator coincides with
the covariance of the jump intensity measure,

(QX, y)U Z/U(X,Z>U(y,Z>UV(dZ), X,y € U.

4.9.1 Martingale property

Let us recall that the Lévy process L is adapted to (F;) and, for ¢ > s, the increment
L(t) — L(s) is independent of F;. Below, x ® y(z) := (x, z)yy for x, y, z € U,
L,(U) denotes the space of all nuclear operators on U.

Theorem 4.49

(i) If L is an integrable Lévy process with mean zero then L is a martingale with
respect to (F;).

(i) If L is a mean-zero and square integrable process with covariance operator
Q then the processes |L(t)|%j —tTrQand L(t) ® L(t) —tQ, t € [0, 00),
are martingales with values in U and L,(U), respectively. Moreover, for all
x,y €U, (L,x)yand (L, y)y are square integrable martingales and

(L(t)sx)U(L(t)s y)U_t(Q-xa y)Ua IZO,
is a martingale.

Proof  The first part follows from Proposition 3.25. In order to show part (ii) note
that, forall u, v € U,
<L(t)v x>U<L(t)v y)U
= (L(1) — L(s), x)u (L(t) — L(s), y)u + (L(t) — L(s), x)u (L(s), y)u
+ (L(t) — L(s), y)u(L(s), x)u + (L(s), x)u (L(s), Y)u-
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Hence, as L(t) — L(s) is independent of F; and has mean zero,
E((L(1), x)u(L(), y)u — (L(s), x)u{L(s), y)u|Fy)
=E (L(#) — L(s), x)y (L(t) — L(s), y)u = (t —s){Qx, y)u-

Let {e,,} be an orthonormal basis of U. Then

LI =) _(LG), enu-

n

For every n, (L(2), en)%, —t{(Qey, en)u,t = 0,1is a martingale and therefore so is
L@ —t Y (Qew. ex)u = ILOI =t Tr Q.

O

Remark 4.50 Theorem 4.49(ii) saysthat (L, L), =t TrQand {({(L, L)), =10,
t >0, where (L, L) and ((L, L)) are the angle bracket and the operator angle
bracket and will be defined for general square integrable martingales in Section
8.1.

4.9.2 Covariance operators in L>(0)

In this subsection we give a condition under which an operator on L?(O) is nuclear,
symmetric and non-negative-definite and therefore can be the covariance of a
square integrable random element in L?(0).

Assume that Q is a symmetric non-negative-definite nuclear operator on the
space L2(0) = L*(O, B(0), d&), where O is a subset of R?. Since Q is compact,
then (see Appendix A) there is an orthonormal basis {e, } consisting of eigenvectors
of Q. Let {y,} be the corresponding set of eigenvalues. Then

Q' =" vl e open. ¥ € LH(O),

is the square root of Q. Since Tr Q = ), y,, < 00, the operator Q'/? is Hilbert—
Schmidt. Thus, by Proposition A.7, Q'/? is an integral operator. Let gy be the
kernel of Q'/2. Then

02y (&) = /O G, OWadn, £ €O, y e LXO),

and

f / lgo(n, &) d& dn < oo.
0JO

Since Q is non-negative-definite,

/O/O%(m Yy (§)dédn = 0, ¥ € LX),
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Proposition 4.51  Any symmetric non-negative-definite nuclear operator Q is
an integral operator with kernel

4(77’ %-) = /(;%(7% §)CI0(§" E)dgv %-’ ne 0.

Proof It is sufficient to show that, for each ¥ € L*(©), for almost all £ € O,

0v(E) = fo 4. v (n) dn.

Note that

0v(E) = fo d0(&. ) ( fo (. n)W(n)dn> .

Thus it is sufficient to justify the change in the order of integration. By the Schwarz
inequality, for almost all £ € O,

f / lg0(&, $)qo(¢, Ml (m)| dn dg
0JO

1/2 1/2
5/ W(n)l[(/ |qo<s,c>|2d¢) (/ |qo(c,n)|2d;> }dn
O O O
1/2 1/2 1/2
5( / |w<n>|2dn> ( / |qo(f,;)|2d;) ( / / s n)|2d§dn>
O O 0JO

< Q.

Thus the result follows. |

The kernel g can be interpreted as the spatial correlation of the process L. In
fact, for each r > 0, L(z, -) is a function-valued random variable. Thus L(z, &) is a
real-valued random variable for almost all £ € O. Moreover,

E(L(1), §) 20y (L(1), ¥) 120) = E </O L(t,«f)¢(€)dé> (/O Lz, myr(n) d’?) :

Reasoning as in the proof of Proposition 4.51, one can change the order of inte-
gration and expectation to obtain

OB, V)10 = fo /O (EL(t, E)L(t. )b (n) d .

Thus, for almost all §,n € O and all t > 0, g(§, n) = t~'EL(t, E)L(t, n).

The following theorem, whose proof can be found in Appendix A, gives a
sufficient condition for a function g of two variables to be the kernel of a symmetric
non-negative-definite nuclear operator on L2(0).
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We recall that a continuous function ¢: O x O — R is non-negative-definite
if, forany M e Nv; eR,j=1,...,M,and§; € O, j=1,..., M,

M

Z qéi, &)viv; > 0.

i,j=1
We say that g is symmetric if g(n, &) = q(&, n) forall &, n € O.
Theorem 4.52  Let O be a bounded closed subset of R?, and let q be a sym-

metric non-negative-definite continuous function on O x Q. Then the operator
Q: L*(O) — L*(O) given by

0v(E) = /@ g Emdn, e LXO), £ € O,

is nuclear, symmetric and non-negative-definite.

We now describe a general method of constructing kernels satisfying the as-
sumptions of Theorem 4.52. Assume that (Z &).§ € (9) is a family of real random
variables that have finite second moments and are mean-square continuous, that
is, lim, ¢ E|Z(§) — Z()|*for& € O.Thenq(£,n) =E Z(€)Z(n),£, n € O, has
the required properties. Indeed, its continuity follows from the identity

EZ(E)Z(n) — E Z(E0)Z(no)

=E(Z(§) — Z(%0) (Z(n) — Z(n0))
+ E Z(&0) (Z(n) — Z(80)) + E Z(no) (Z(§) — Z(n0)) -

To prove that g is positive-definite, take v; e Rand §; € O, j =1, ..., M. Then

M

M 2
> aGi &y =E (Z Z(sov,») > 0.
i=1

i,j=1
Example 4.53 Take O = [0, 7] and g(&,7n) :=& A n, &, n € [0, r]. Note that
q is the covariance of a standard Wiener process in R. Write

0x(&) :=/ q& mx(mdn,  x e L*0,n).
0

Then Q has eigenvectors e, (§) = +/2/7 sin ((n + %)E),E el0,7r],n=0,1,...,
and the corresponding eigenvalues are A, := (n + %)_2. Thus, by (4.23), any
square integrable Lévy process L on L?(0, i) with covariance Q has an expansion

> Z‘ﬂ 2 .
L&)=Y f? —sin ((n +3)§),

n=1 n 2
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where the L, are uncorrelated normalized Lévy processes. Note that
EL(@t EL(s,n)=tAsEAD.

If, in particular, L is a Wiener process then it is often called a Brownian sheet on
[0, +00) x [0, 7].

Necessary and sufficient conditions for the shift-invariant kernel

g, &) =¢E —n), £ neR (4.30)

to be continuous and non-negative-definite are given by the following theorem due
to S. Bochner; see e.g. Feller (1971).

Theorem 4.54 (Bochner) Assume that q is given by (4.30) for some ¢: R?
R. Then q is continuous and non-negative-definite if and only if ¢ is the Fourier
transform of a finite positive Borel measure on R.

As a consequence of Theorems 4.52 and 4.54 we have the following result. For
more details see Feller (1971).

Example 4.55 The functions

g, &) =e " 0<a <2,

sin{a, n — &)
a5 =1 an-g 7%
1, n==_g,
2 1—cos{a,n—¢§)
a5y =1af  m-er - 1TE
1, ’7:%_1

where a € R?, are kernels of non-negative-definite nuclear operators on L>(O).

4.10 Lévy processes on Banach spaces

We conclude this chapter with a few facts about Lévy processes about Banach
spaces. Let us start from the observation that if (i) is a convolution semigroup of
measures on a Banach space B then u = p; is infinitely divisible.

Assume that v is a finite measure on B. We denote by B* the dual space. Define

o0 v*n
7)) =e VB E —-
n!

n=0
Clearly, m(v) = w; for the convolution semigroup of measures of a compound
Poisson process with intensity v. We have the following simple result.
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Proposition 4.56
(1) The measure m(v) is infinitely divisible. Moreover, for all f € B*,

O () (dy) = e~ / 0 (d )n
/B T()(dx) =e Z( v(dx)

n=0

=exp {/ (eif(x) — 1)} v(dx).
B

(ii) Assume that [y |x|pv(dx) < oo. Let m := [, xv(dx) and let
7T(W) :=7m() *8_,,. Then

B B
Define
INES if [x|p <1,
| x/ixls, ifix]s > 1

Clearly, if v has supportin {x € B: |x|g > 1} then v o T~! is concentrated on the
sphere {x € B: |x|g = 1}. Let

K(f, x):=e/® — 1 —if(Tx), x € B.

Definition 4.57 A measure v concentrated on B \ {0} is called a Lévy measure
or a jump measure if

(1) v{x: |x|p > r} < oo forevery r > 0,
(ii) /{lxlgsl} f2(x)v(dx) < oo for every f € B*,
(i) exp { [, K(f, x)v(dx)}, f € B*, is a characteristic functional of a
probability measure (denoted by 7 (v)) on B.

Note that the integrals f 5 K( f, x)v(dx), f € B*, are well defined, since

/ K(f, x)v(dx) = / (™ — 1 —if(x)) v(dx).
|x|p=<1} {lx|p=<1}

Note that
1 zff

. |z* l2f Lz
e -1 Z|—Z ||Z(k+2)'_2 2k

k=

because 1/2k! > 1/(k + 2)!. Therefore |e* —z — 1| < 1|z|?eF! for every z € C,
and hence

|/ — 1 —if(0)] < 51PN,
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One can formulate an equivalent definition by putting

K(f, x) = eV — 1 —1f ) x(xlp<1)-

However, a normalization factor (such as i f(x) x{jx|,<1}) is important. The follow-
ing characterization of infinitely divisible measures is due to A. Tortrat; see Tortrat
(1967, 1969), Linde (1986) or Kruglov (1984).

Theorem 4.58 (Tortrat) A probability measure (1 on a Banach space is infinitely
divisible if and only if it is of the form u = 6, * N x w(v), where a € B, N is a
symmetric Gaussian measure on B and w(v) is a Lévy measure.

With the help of the [t6—Nisio theorem one can derive the following result.

Corollary 4.59  If (i;) is a convolution semigroup of measures on a Banach
space B and (11 = 8, * N *x 7w (v) then the corresponding Lévy process L is of the
form

o0
Lty =ta+ W)+ Y Ly(t) + Lo(t). (4.31)
n=1
where W is a Wiener process, the L, are compound Poisson martingales and L
is a compound Poisson process with jump measure supported on {x: |x|gp > 1}.
For each t the sum in (4.31) converges P-a.s.
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Lévy semigroups

This chapter is devoted to transition semigroups of Lévy processes and their gen-
erators. A family S = (S(¢), t > 0) of bounded linear operators on a Banach space
(B, | - |p) is called a Cy-semigroup if

(1) S(0) is the identity operator 1,
(i) S()S(s) = S + s) forall ¢, s > 0,
(>ii1) [0, 00) > t — S(t)z € B is continuous for each z € B.

Assume that S is a Cyp-semigroup on B. We say that an element z € B is in the
domain of the generator of § if lim, o 71 (8(t)z — z) =: Az exists. The set of all
such z is denoted by D(A) and Az, z € D(A), is then a linear operator called the
generator of S.

5.1 Basic properties

Let L be a Lévy process on a Hilbert space U, and let i, be the distribution of
L(t). Then (see Chapter 4) () is a convolution semigroup of measures and L is a
Markov process with transition function P;(x, I') = u,(I" — x). The corresponding
semigroup is given by

Pip(x) = /Uw(x + V) (dy). (5.1

Denote by C,(U) and U C,(U) the spaces of all bounded continuous functions
on U and all bounded and uniformly continuous functions on U, equipped with the
supremum norm. The following result is due to Tessitore and Zabczyk (2001b).

Theorem 5.1 Let (P;) be defined on Cyp(U) by (5.1). Then (Py) is a Cy-semigroup
on Cy(U) if and only if either (u,) is the convolution semigroup of measures of a
compound Poisson process or |1, = 8o, t > 0.

75
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Proof If (u;) corresponds to a compound Poisson process with intensity o > 0
and jump measure v then

= (e

Pp() =y — (/U P(x + y)v*"(dy)), xeU.

n=0
Hence

(o

Paplx) — ) = (7 — 1) )+ Y fU p(x + ) v (dy)
n=1 :

n

and therefore

00 )"
sup | Prg(x) — p(x)] < (1 —e™) lglloo + (e“"’ > %) l¢lloo-

xeU n=1

Consequently, || P, — ¢|lco = 0ast | 0.If Pip = ¢ then || P, — ¢|loo = 0.

Assume now that (u,) is not the convolution semigroup of any compound
Poisson process and that u; = §y does not hold. Let (x,,) be a sequence of elements
in U suchthat |x,, — x,,|y > 1,n # m.Fix ¢ € (0, 1). By the assumptions on (u,),
there is a sequence 7, | O such that p, ({x: x|y < 1}) > 1 —&. For each n,
one can find r, < % such that u, ({x: x|y < rn}) < e. Let ¢, be a continuous
function on U taking values in [0, 1] and such that ¢, (x,) = 1 and ¢,(x) = 0 if
|x — x|y = r,. Define

P =Y gu(x), xeU.
m=1

It is clear that ¢ € C,(U) and ¢(x,,) = 1 form = 1, 2, ... Moreover,

P, @(xn) = Pogn(xn) + Y P om(xy)
m#n
<y, (2 x|y < )+ o, ({50 x> 1)) < 2e.

Thus

sup | P, o(x) — 9(xX)| = | P, o(xn) — @(xn)| = |1 = Po(x,)| = 1 = 2e.
O

For each a € U define the translation 7,¢ of a function ¢ by the formula
T,9(x) =¢(x +a),acU,xeU.

Definition 5.2 A semigroup P of continuous linear operators on UCp(U) is
called translation invariant or spatially homogeneous if, foranya € U,t > 0 and
¢ € UCKL(U), Pi(149) = ta(Pr9).

The space U Cp,(U) is more convenient for treating the transition semigroups of
Lévy processes, as the following theorem shows.
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Theorem 5.3

(1) If (P;) is defined on UC,(U) by (5.1) then (P;) is a Cy-semigroup on
UC,(U).

(ii) A Markov semigroup' (P;) on UCy(U) is translation invariant if and only if
it is given by (5.1) for some convolution semigroup of measures.

Proof Assume that ¢ € UC,(U) and ¢t > 0. Then

| Pro(x) — Pip(2)| =

/ (p(x +y) — oz + ) ui(dy)
U

< /U 0(x + ) — 0z + M| @),

For every & > 0 there exists a § > 0 such that if |x —x'|y < § then |p(x) —
(x| < e. Thusif |x —z|]y < then |[(x + y) — (z + ¥)|ly < & and |p(x + y) —
¢(z + y)| < e. This gives | Pip(x) — Pyp(y)| < ¢ and consequently P,: UCy(U)
UC,(U). Let us observe now that for each ¢ > 0 there exists a § > 0 such that
lo(x + y) — @(x)| < ¢ for |y|y < 6 and all x. Therefore

Pip(x) — p(x)] < & /

1 (dy) + 200l / a(dy)
{lylu <8}

{lyly>4}

ey 2||¢||oo/ (@),
{lylu>6}

Since (i) converges weakly to &y as ¢ | 0, we have that P,¢p — ¢ uniformly.
To show the second part, note that if (5.1) is satisfied then

T (Prp)(x) = Pi(t,0)(x), Va,x €U, t 20, ¢ € UC,(U). (5.2)
If (5.2) holds then, foralla,x € U,t > 0,and ¢ € UC,(U),

/U oOP.(x + a, dy) = fU oy + ) Py(x, d)

and consequently

/Uw(y)P,(a,dy):/Uqa(y+a)P,(0, dy).

Hence it is sufficent to show that (P,(0, dy), t > 0) is a convolution semigroup
of measures. Clearly Py(0, -) = §p. The condition P,(0, -) x Py(0, -) = P;4(0, -)
follows from the semigroup property of (P;). Since (P;) is Co on UCp(U), Py(x, -)
converges weakly to §, as t — 0. Thus P;(0, -) converges weakly to §p, which is

! That is, a semigroup defined by a transition probability; see Definition 1.7.
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equivalent to

lim P,(0, {x: Ixly > r) =0, Vr>0.
t

5.2 Generators

In this section we derive the form of the generator (on regular functions) for an
arbitrary Lévy process on a Hilbert space U. However, we first consider some
special processes.

5.2.1 Compound Poisson process

We will show that the generator of a compound Poisson process L is given by

Ap(x) = /U (0 +3) — oy,  ¢eUGWU). (53

where v is the Lévy measure of L. Note that A is a bounded linear operator on
U Cy(U); see the proof of Theorem 5.3(i). Recall that the corresponding distribu-
tions u, are given by (4.5). To show that the operator A given by (5.3) is in fact
the generator of the process L, we have to show that, for every ¢ € UC,(U),

‘ Po—o — Ag ‘
1
= sulr]) / (p(x +y) — o(x)) (;Mz(dy) - v(dy))’ =J@#)—>0
X€E U

ast | 0. Since

—at o tnfl
50 + (efat _ 1)1) +efat Z V*n,
= n!

1 e
;M:‘VZ

t

we have

n=2

0 . n—1
J(@1) < 2ll¢llo (!e—“’ —1v@) +e ) t?v*"(U)) :

which gives the desired conclusion.

5.2.2 Uniform motion

Consider the deterministic process L(¢) = at, where a € U is a fixed parameter. It
is clearly a Lévy process and u, = §,,,¢ > 0. The generator A, acting on functions
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QE UCZ],(U), satisfies

1
Ap(x) = ltlfg T t+ta) — () = {a, Dp(x))y.

5.2.3 Wiener process

Consider a Wiener process W with covariance operator Q. Then u, = N(0, t Q),
t > 0. We will show that the domain of the generator contains U Cl%(U ) and that

Ag(x) = 1Tr 0 D*p(x), Vo e UCFU).

Indeed, let {e,} be an orthonormal basis of eigenvectors of Q and let {y,,} be the
corresponding eigenvalues. Let I = {n: y, # 0}. Since W lives in the space

V.= E Xpep - E x3<oo
nel nel

we can assume that U = V, that is, y, # 0 for every n. On the product space RY
consider the product measures

N, 10)dy) = @) e /@ dy 120,

1
2T Yt

1 i
NO, Ddy) = Q) =

where dy := dy; dy, - - -. Then, for every ¢ € UCZ(U),

Pip(x) —(x) = (x4 yuen) — 9(x)) N0, 1Q)(dy)
RN

_ /R o (x+ X2, Vantven) = ¢(0) N0, 1)(dy).

Let d;¢ := (Dg, ¢;)y and 3,/2,k90 := (D%¢ple;], ex)y. Then
o+ Wynen)—w(m:/l %w(x+szn\/)»7tynen) ds
=/0 <D¢X+SZ VYl ynen)s Y \/J/Tynen) ds
= Zfo 0jp(x +5 Y /¥al yuen)/¥;t y; ds
]
= Zaﬂp(x)\/ﬁyj

/ / ix® x+spz VYl Yn€n) Vit iN/Vil yis ds dp.
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Since
/N > 0,0(x) /vt yiN(©. I)(dy) =0,
R .
J
it follows that

Pip(x) —p(x) Y
1 - ,Zk/nw/o /0 aj,kw(”sp anynei>
X Vi ¥iv/ve e N(O, I)(dy)s ds dp,

which converges uniformly in x as t — 0 to

LY [ oy T N O Dan = £ Y8 oo,
J.k J

1Tr QD% p(x).

5.2.4 Arbitrary Lévy semigroup

Denote by U C,}(U ), U C,%(U ) the spaces of uniformly continuous bounded func-
tions together with all derivatives up to order 1 and up to order 2, respectively. We
have the following result.

Theorem 5.4  Assume that (P;) is the transition semigroup of a Lévy process L
on a Hilbert space U with Lévy exponent (4.19). If ¢ € UCg(U) then, for each,
xeU,

lim ;(Pﬂp(x) — p(x)) = Ap(x)
= (a, Dp(0))u + 5 Tr QD*p(x)
+/(<p(x+y)—s0(x)—X{|y\u<1}(y)<D<p(x), yhu)v(dy),
’ 5.4
where the convergence is uniform in x.
Proof Let (P}') be the semigroup corresponding to the process

X, () :=at + W)+ Z,(2),

where W is a Wiener process with covariance Q and Z, is a compound Poisson
process independent of W and with Lévy measure

V(dy) = X{1/n<iyly)v(Ay).
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The generator A, of (P") is given by
App(x) = {a, Do)y + 3Tr QD*p(x)

- /U (p(x +¥) — o(x) — (De(x), Y))va(dy), ¢ € UC,(U).
(5.5)

It is easily checked that, for ¢ € UCZ(U), P, and P!'¢ belong to UC2(U) and,
for each n,

Pl o(x) = o(x) + /0 AP o)(x)ds = o(x) + /0 Pl A0 ds.  (56)

It is sufficent to show that (5.6) also holds for (P;) and A, so that
t
Pip(x) = @(x) +/ Py(Ap(x))ds, t>0,xeU. (5.7)
0

Note that, for ¢ € UCZ(U),

1 1
o + ) = 0(x) + (De(x). Yo + / / o (D?0(x + asy)y. y)u do ds.
0 0

Therefore
Ap(x) = (a, De(x))y + 3Tr QD¢ (x)
/// (D*@(x + osy)y, y)y do ds v(dy). 5.8)

The integral in (5.8) is well defined and Ap € UC,(U).
Note that (5.8) also holds when A is replaced by the operator A,,. It follows that

A, (0) — Ap()| < 1| D] / jul?, v(dy)
{luly<1/n}

and A,¢ — Ag uniformly. It is therefore enough to show that for any sequence
(¢n) C UCp(U), converging uniformly to ¢ € UCy(U),

sup sup | P/'¢,(x) — Pyp(x)| — 0.

0<s<1 xeU

But

| Plon(x) — Pop(x)| < |E(en(x + Xu(5)) — @(x + Xu(5)))]
+ |E(p(x 4+ Xa(8)) — o(x + X(s))|
< I'(x,s) + I3 (x, s).

The sequence /]’ converges uniformly to 0, because the sequence (¢,) converges
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uniformly to ¢. By the Lévy—Khinchin decomposition,

sup | X, (s) — X(s)|ly — O, P-a.s.

s<t

Since ¢ is uniformly continuous the result follows. O

The idea of determining the generator of a Markov process by finite-dimensional
approximations, as described above, can be applied to solutions of equations with
Lévy noise. Note, however, that owing to the result of Nemirovskii and Semenov
(1973) we know that the space UC,%(U) is not dense in UC,(U) unless U is
finite-dimensional.
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Poisson random measures

In this chapter, the basic properties of Poisson random measures are established.
They are used for the construction and moment estimates of Lévy processes.

6.1 Introduction

Let Z+ ={0,1,2,..., 400} and let (E, £) be a measurable space. We denote by
Pz, (E) the space of all 7Z.,-valued measures on (E, £) and consider the measurable
space (Pz, (E), A), where A is the o -field generated by the mappings Pz, o2pH
oM eZ,, T ek.

Definition 6.1 Let) beao-finite measureon (E, £). A Poisson random measure
on E with intensity measure (or mean measure) ) is arandom element 7 in PZ (E)
such that for every I € £ the random variable 77 (I") has the Poisson distribution
P(A(I")) and for any disjoint I'y, . .., ['j; the random variables 7 (I"y), ..., m(I's)
are independent.

Definition 6.2 Let m be a Poisson random measure on (E, £) with inten-
sity measure A. Then we call 7 (d§) := 7 (d§) — A(d&) the compensated Poisson
measure. Note that 7(A) is well defined if L(A) < oo.

Clearly the intensity measure uniquely determines the law of a Poisson random
measure.

Remark 6.3 Since X is o-finite there is a disjoint partition E, € £ such that
ME,) <oo,neN. Let ,, ) =ATNE,),neN,T €&. Assume that 7,, n €
N, are independent Poisson random measures and that, for every n, r,, corresponds
to A,. Since the sum of a sequence of independent random variables with Pois-
son distributions also has a Poisson distribution, 7 = Zn 7, is a Poisson random
measure corresponding to A. Conversely, given = we can define 7, (I") = = (I' N
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E,), I € £ Then the m, are independent Poisson random measures, 7, corre-
sponds to A, and 7 = ) 7,,.

The following theorem ensures the existence of a Poisson random measure with
a given intensity.

Theorem 6.4 Let A be a o-finite measure on (E, £). Let E,, € £ be a partition
of E, indexed by a finite or countable set I, satisfying E =, E,, ME,) <
oo and E, N E, =0 for n # m. Let q, and A},, n € I, m € N, be sequences
of independent random variables such that q, € P(A(E,)) and P (A:’n € F) =
MO NE)/ME,) forneZandm e N.Thenw =Y, 7> or_, Sz is a Poisson

random measure on E with intensity measure A.

Proof Let (E,), (gn), (A}) and 7 be given as above. Following Remark 6.3,
we may assume that A is finite and #Z = 1. Thus (E,) = (E), (g») = (¢), and
(Al) = (Ay). It is sufficient to show that, for any disjoint I'y, ..., 'y, € £ and
ViyeoosYu >0,

M M
E exp {— ZWT(FI)} = exp {ZA(F;)(e‘y’ — 1)} )
=1 =1

Indeed, if this holds then the multivariate Laplace transform of the vector
(m(Ty),...,m([y)) is equal to the product of the Laplace transforms of
m(ly),...,7(Ty).Letl’ = E \ UzAi1 I';.Sinceg and A1, A,, . .. areindependent,

M M q
E exp {— Zy,n(r,)} =E exp {— > ZsAi(F,)}
=1 = =
) o MEY
=e ME);T { ZZ}I[SA (F])}

=1 i<k

k
o HE) Z A(E) (E exp !_ Z)’ISAI(FI)D
=1
k
_ M) )‘(E) y M) M)
= Z ; WE) T HE)
= exp {Z(e_” - 1)x(r,)} .
=1

|

Let us consider a Poisson random measure 7 on E = [0, 00) x S, where (S, S)
is ameasurable space. Assume that 7 is stationary in t, thatis, forall > Oand " €
B([0, 00)) x S the random variables 7 (I") and 7 (z;(I")) have the same law. Here
T(s,0)=(s+1t,0),t,s €[0,00) and o € S are translation operators. Clearly,
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7 is stationary in ¢ if and only if its intensity measure A is of the form A(d¢, do) =
dtv(do), where v is a non-negative o -additive measure on S. Assume for now that
v is finite. Then I1(¢) = 7 ([0, ¢] x ), t > 0, is a Poisson process with intensity
a = v(S). Let (;) be the sequence of jumps of IT. Letry = 71, 7j41 = Tj41 — 7.
Then the r; are independent random variables with exponential distribution P(r; >
ty=e“, j=1,...,t>0. This leads us to the following result.

Theorem 6.5 Let v be a o-finite measure on (S, S), let (S,) C S be a disjoint

partition of S such that v(S,)) < oo for all n and let (5;[) and (rj’-’) be sequences of

mutually independent random variables with distributions

v(ANS,)
v(Sy)

P " . . . .
Lett] =ri{+---+r]. Thenw = Zn!j 8(,}1,5}1) is a Poisson random measure with

, AeS, P(r! >t)=e " 1>0.

P € A)= ;

intensity measure dtv(do).

6.2 Stochastic integral of deterministic fields

Let 7w be a Poisson random measure on (E, £) with intensity measure A. Theo-
rems 6.4 and 6.5 suggest that 7 has the following structure:

T(A)@) =Y Sgw(d). weQ A€k,
j=1

for a properly chosen sequence (§;) of random elements in E. Thus 7 may be
identified with a random distribution of a countable number of points &; and 7 (A)
is equal to the number of points in the set A. We can also integrate with respect to
7. Assume that f is a real- or vector-valued function defined on E. We can write

/E fEmEE) = f(&),
j=1

provided that the series is convergent P-a.s. We can also define the integral using
the Bochner—Lebesgue scheme. Namely, let U be a Hilbert space. We say that
f: E — U is a simple function if it has the form

n
/= Z”j XAj»
Jj=1

where n € N, (u;) CU and (A;) C & are such that A; N Ay =0, j #k, and
m(A;) < oo, P-as., or equivalently A(A;) < co. Define

/Ef(S)JT(dE) = u;m(A)).
=1
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Note that

'/ f(&)m(d§) S/If(é)lun(dé) (6.1
E U E

and
IE/E|f($)|un<ds>=/E|f<s>|ux<ds) < 0.

By taking monotone limits, we define the integral first for all measurable real-
valued non-negative f and then for arbitrary real-valued f, by splitting it into
the difference of positive and negative parts. Having defined the integral of a real-
valued function and established estimate (6.1), we can extend the integral, by a stan-
dard limiting argument, to vector-valued functions satisfying | £ | fE)vAdE) <
oo. We will gather together basic properties of the integral in the following theorem.
Here f: E — U is a measurable mapping satisfying the above estimate.

Theorem 6.6

(1) If U = R and f is non-negative then, fort > 0,

E exp{—thf(g)n(dg)} :exp{—/E (1 —e’f@),\(dg)}.

(i) Forz € U,

Eexp{i<z,/ f(g)n(ds)> }:exp{—/ (1—ei<Z»f@>U)A(ds)}.
E U E

(i) E | [, f(g)n(dg)|u <ooandE [, f(€)7(dE) = 0.
(iv) If [ | f(E)IFM(dE) < oo then

2
E = f | f(E)TAE).
U E

f &) (d)
E

(V) If functions f1, f», ..., fu have disjoint supports then the random variables

[ [iEm(dE), ..., [, fu(E)7(dE) are independent.

Proof We prove only (i), since the proofs of the other parts of the theorem use
similar arguments. If f = Zjuzl aj xa;» Aj N Ar =0, j # k, then

M
[ exp {—t/Ef(x)n(dS)} =[]E exp{—ta;x(A))}
j=1

j=

o

~.
Il
_

exp {—A(A))(1 —e ")},
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and the formula holds. By monotone passage to the limit, the result follows for all
non-negative measurable functions. a

The theorem above gives a necessary and sufficient condition under which the
integral f i f(&)7(d&) is square integrable and also an evaluation of its second mo-
ment. Below, we formulate a sufficient condition for the existence of its moments
of order p > 2.

Proposition 6.7  For each p € N there exists a polynomial R, of p variables
such that, if f: E > [0, +00) is measurable and my := fE FRENAE) < oo,
k=1,...,p, then

P
E(/ f(%)N(d§)> = Ry(my.....m,).
E

Proof Letl := [, f(§)7(d§). Then

o) :=Ee™ =exp {—/ (1—ev®) A(dé)} = e v u>0.
E
By induction, for u > 0,
) . (de d“e
M(“) = ¢(u) Ry (a(u), cees w(“)) ,

where R; is a polynomial of k variables. Since

dk -
O =CIEF =R, ( [ e, i f"(é)/\(dé)>,
u E E

the desired formula follows. d

6.3 Application to construction of Lévy processes

As an application of the concept of the random measure we present a simple way of
constructing Lévy processes, as promised in Chapter 4. This will give an additional
interpretation of the Lévy—Khinchin formula. Let ¢ be the Lévy exponent of a
process. Recall (see (4.19) in Theorem 4.27) that

Y (x) = —ia, x)u + 3(0x, x)u + Yo(x),

where

= [ (1=

= it )y 62)
{Iylu<1}
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and the Lévy measure v is concentrated on U \ {0} and satisfies
/ y[5 vdy) +v{y: Iyly = 1} < oo
{lylv<1}

Theorem 6.8 Let  be a Poisson random measure on [0, 00) x U with intensity
measure dtv(dx).

(1) The formula

t
L(t)=/f yr(ds, dy)
0 Jlylu=1)

t
+ lim/ / y7(ds, dy), (6.3)
&0 Jo Jie<lyly<1)

where the limit is in L*(2, F, P, U), defines a process with independent
increments and exponent V.

(ii) The limit in (6.3) exists P-a.s. uniformly on any time interval [0, T] if ¢
tends to O sufficiently fast.

(iii) The process L has trajectories with bounded variation if and only if

/ [ylyv(dy) < oo.
{Iylu<1)

Proofof (i) Inthe proof, basically we follow Bertoin (1996). Consider the process

t
Ll(t)=// ym(ds, dy), t>0.
0 Hlylu=1}

It is well defined, provided that

t
/ / [ylym(ds, dy) < oo, P-a.s.
0 J{lyly=1}

This condition is justified as follows. Let
Q= {we Q:7([0,1] x {y: [yly = n})(w) =0}.

Since 7 ([0, ¢] x {y: |ylyv = 1}) < 00, Q = |J Q,. Thus the desired conclusion
follows from the fact that, for w € 2,

t
/ / [ylym(ds, dy)w) < nm ([0, ] x {y: |yly = 1}D(w) < oo.
0 JHHlylu=1}
Let0 =1ty <t; <--- < ty.Then

Ll(tj)_Ll(tjfl)z'/ ym(ds, dy),

-1t Ix{y: |ylu=1}
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and since the sets (¢;_1, ¢;]1 x {y: |yly = 1}, j =1, ..., M, are disjoint the incre-
ments L(¢;) — Li(tj-1), j = 1, ..., M, are independent. By Theorem 6.6(ii), for
zeU,

E exp {i(z, Li("))y} = E exp {i<z,/ / y(ds, dy)> }
0 Hiylu=1} U
= exp {—/ / (1 — ei<z’y>") v(dy) ds}
0 Hiylu=1}

= exp {—t/ (1- ei(z’y)”) V(dy)} .
{Iylo=1}

Write, for ¢ € (0, 1),

t
Ly (1) :=// y7(ds, dy), t>0.
0 Je<lylu<l}

One can show easily that the process L, . is well defined, has independent incre-
ments and is independent of L. Finally,

E exp {i(z, L2o(1))v} = exp {—tf (1= +i(z, y)y) v(dy)} .
{e

<Iylv<1}
Since, for0 < n <¢e < 1,
E|Lye(t) — Loy =1 f Iy v(dy),
n=<lylu <e}
convergence in L2(Q, F, P; U) follows.

Proof of (ii) It follows from Theorem 6.6(iii), (iv) that L, . is a square integrable
martingale. Thus by Doob’s inequality, for all 7 > 0 and ¢ > 0,

1
IP’( sup [Lae(t) — Lo y(Olu = C> = EE |L2,e(T) — Loy(T)ly
0<t<T

1
=~ (ElLoo(T) = Loy (D)

JT 12
_vr ( / |y|%/v<dy>> .
¢ n<lylv <e}

Consequently, there exist a process L, and a sequence &, | 0 such that

P ( lim sup |Ly,, (1) — Lo(®)|y = O) =1.

n—00 ()<<



90 Poisson random measures

Proof of (iii) Let AL, = L(t) — L(t—),t € (0, T]. Then

Eexp{— > |AL,|U} =Eexp{—/Ooofuf(z,x)n(dt,dx)},

0<t<T
where f(f, x) = xj0.r1(¢)|x|v. Consequently,
E exp {— Z |ALt|U} = exp {—T/ (1 — e"'”)v(dx)}
0<t<T Y
Thusif [,,(1 — e v)v(dx) = oo, orequivalently iff{|x\u<1} |x|yv(dx) = oo, then

ZO<I§T |AL;|y = oo, P-a.s. If fU(l — e Iluyp(@dx) < oo, or equivalently if
f{lx\u<1} |x|yv(dx) < oo, then

E Y ILduxiuonen =T [ jalovidn < oo,
0<t<T {lxluv=<M}

so L is of bounded variation. |

6.4 Moment estimates in Banach spaces

In this section we prove a simple sufficient condition under which a Lévy process
with representation (6.3) in a Hilbert space U takes values in a smaller Banach
space B.

Proposition 6.9 Ler L be a Lévy process on U with representation (6.3), and
let B be a Banach space continuously embedded into U. Assume that

/|X|l§;‘)(dx)<oo fork=1,...,n.
U

Then L is a Lévy process in B and I |L(t)|'y < oo for every t > 0.

Proof  Let be the Poisson measure corresponding to L. As |, y 1Xluv(dx) < oo,
we have

L(t):/ /xn(ds,dx)—}—t/ xv(dx).
0 Ju {Ixlu<1}

Thus, as 7 is a non-negative measure,

|L(r>|35//|x|3n<ds,dx>+r/ x| pu(d),
0 JuU {lxlu <}

and consequently [E [L(z)|); < oo by Proposition 6.7. What is left is the continuity
in probability of L in B. But, in fact, the arguments above show the continuity in
L"(Q2, F,P; B). u
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Cylindrical processes and reproducing kernels

In this chapter, the concept of the reproducing kernel space is introduced. Then
cylindrical Lévy processes are discussed and their reproducing kernel spaces are
calculated.

7.1 Reproducing kernel Hilbert space

In this book we are mainly developing the L>-theory of stochastic equations driven
by Lévy processes, and therefore solutions of the equations will be square inte-
grable processes in properly chosen state spaces. One can expect, therefore, that
the covariance operator of the noise should play a fundamental role. Instead of
the covariance, however, it is more convenient to study the reproducing kernel
Hilbert space (RKHS) of the noise; see Definition 7.2 below. The RKHS is a cer-
tain Hilbert subspace of the noise space. Unlike the covariance operator, the RKHS
is independent of the space on which the noise is considered; see Theorem 7.4. It
contains all the information on the noise necessary for developing the L>-theory.

We will define the RKHS of an arbitrary square integrable mean-zero random
variable, and the RKHS of a square integrable mean-zero Lévy process L is then
by definition the RKHS of L(1).

Let Z be a square integrable random variable with mean zero in a Hilbert space
U,andlet (-, -): U* x U > R be the duality form. Let

Rx,y) =E{x, Z)u(y, Z)u, x,yeU,
K(x,y):=E{x, Z){y, Z), x,yeU".

Finally, let Q be the covariance operator of Z. Since Q is a nuclear self-adjoint
operator on U, there is an orthonormal basis {e,} of U consisting of eigenvectors
of Q; see Theorem 4.44 and Appendix A. Then Qe, = y,e,, n € N, where y, is

91
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the eigenvalue corresponding to e,. Since Q is non-negative-definite, y, > 0 for
every n. The square root of Q is given by

Ql/zx = Z(x, en)Uynl/zen, xeU.

n

Generally, Q and Q'/? are not injective. However, we will denote by Q~'/? the
operator pseudo-inverse to Ql/z, that is, for i € Ql/z(U),

0"?y=x if Q"’x=y and |x|ly =inf{lylv: @'y =x}.
(7.1)

Proposition 7.1 Let (H, (-, -)n) be a Hilbert space continuously embedded into
U. Then the following conditions are equivalent.

() H=Q"*(U)and (x,y)n = (Q"?x, 07"*y)y, x,y € H.
(ii) For any orthonormal basis {h;} of H,

R, y) =Y (x,hduly. iy,  Vx,yeU.
k

(iii) For any orthonormal basis {h;} of H,

K@, y) =) (e, h)(y, b, ¥Yx,y e U*,
k

Proof  First we will prove the equivalence (ii) < (iii). To this end let j denote a
linear isomorphism between U and U*. Thus j: U +— U* and (jx, y) = (x, y)u,
x,y € U. Let {h;} be an orthonormal basis of H. Then, for x, y € U,

R(x,y)=E(x, Z)y(y, Z)v =E(jx, Z){jy. Z) = K(jx, jy)

and
D e hu v, hidu =Y (i, ki) (y, b,
k k
and hence
R(x, y) =Y (x, hidu(y, hidu
k
if and only if

K(ix, jy) =Y _(ix, )iy, he).
k

In order to show that (i) = (ii), take an arbitrary orthonormal basis {h;} of /. If
(i) holds then there is an orthonormal basis { f;} of U such that {Q'/% f,} U {0} =
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{h} U {0}. Consequently,

R(x,y) = (Qx. y)y = (0"x, 0'%y), = > _(0"2x, £i),(@"y. fi),
k
Z L0 fid, (v Q2 i)y = Y (k. By (. by
k

To show that (ii) = (i), assume that {/;} is an orthonormal basis of H such that

Rx,y) =) (v, h)uly, v, Vx,yeU.
k

Let {f1} be an orthonormal basis of U, and let B: U + H be a bounded linear
operator, uniquely determined by B f; = hy if dim H = oo and by

hy, k < di ,
Bfi=1" B %mH
0, k > dimH,

if dim’H < oo. Since H is continuously embedded into U one has B € L(U, U).
For, denote the embedding by i, then

2
Bzxkfk
k U

2

12
< lillzg1,v)

Zkafk
' 2
> ki
k

Clearly H = B(U) and (x, y)» = (B~ 'x, B"'y)y, x, y € H, where B~' stands
for the pseudo-inverse operator. For all x, y € U,

(0x,y)u = R(x,y) = Y _(x, hidu(y, by = D_{x, Bfidu(y, Bfi)u
k

k
= (B*x, B*y)y = (BB*x, y)u.

a2 2
=il e P57
k

H

2
=< ”l”L(H.U)

U

Thus BB* = Q and the desired conclusion follows from Douglas’s theorem (see
appendix section A.4). O

Definition 7.2 Let Z be a square integrable mean-zero random variable taking
values in a Hilbert space U, and let Q be the covariance of Z. Then H := Q'/?(U)
is called the reproducing kernel Hilbert space (RKHS) of Z. Let L be a square
integrable mean-zero Lévy process in U. Then its RKHS is the RKHS of L(1) and
therefore it is equal to Q'/2(U), where Q is the covariance operator of L.

Remark 7.3 Let Z be a square integrable mean-zero random variable in U,
and let H be its RKHS. Then, since Q is nuclear, Q'/? is Hilbert—-Schmidt.
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Consequently the embedding ‘H < U is Hilbert—Schmidt, that is, for an arbitrary
orthonormal basis {e,} of H one has ), |e, |%} < 00.

The next theorem shows that the RKHS of Z is independent of the space on
which the random element Z is considered. More precisely, let  and 7 be the
RKHSs of Z considered as a random variable on U and U, respectively; then

H="H.

Theorem 7.4 Assume that Z is a square integrable mean-zero random variable
in a Hilbert space U, continuously embedded in a Hilbert space U. Let Q be the
covariance operator of Z considered as a U-valued random variable, and let Q
be the covariance operator of Z, considered as a U-valued random variable. Then

0'2(U) = 0'(0).

Proof Tt is sufficient to show that H = 7{. By the definition of the RKHS this
immediately implies the identity of ranges of Q'/? and Q'/%.

Let {e,} be an orthonormal basis of . By Proposition 7.1, to prove that H = 7{
it is sufficient to show that, for all x, y € U,

EA(Z.x)g(Z.¥)o = »_(x.e)g{y. ex)o- (7.2)
k
We first show that (7.2) holds for x, y € U. To do this note that (-, -)77: U x U
R is a symmetric continuous bilinear form on U. Therefore there is a self-adjoint
operator B € L(U, U) such that (x, y)7 = (x, By)y for all x, y € U. Hence, for
allx,y e U,

E(Z, x)g(Z, )y = E(Z, Bx)u(Z, By)u.
Thus by Proposition 7.1(ii),

E(Z.x)p(Z.y)g = )_(Bx.e)u(By. ety = )_(x.e0)p(y. e)n
k k

By continuity (7.2) holds for all x, y in the closure U of U in UU. We have the
orthogonal decomposition U = U & U™ Since Z takes values in U and H cuU
we have (Z,x)y =0 and (x, ex)y =0 for all x € ﬁj' and k. Hence (7.2) holds
forallx,y € U. O

Example 7.5 Let Z =(Z,) be a sequence of independent square integrable
mean-zero random variables. Let a = ]EZ,%, n=1,2,...,and let U = 12 be

a weighted />-space with positive weight p = (p,). Then IE 1ZI3 =302 02 pn.
Thus if E|Z |%J < oo then the covariance operator Q of Z is given by Qx =
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(0,7 pnXn), X = (x,) € [5. Moreover,
H=0"U)={h=0""x:xel}} ={Ourn): () €I’}

and

o0

hl’l n
(h, g = (Q70/h, Q1) = 3 =3

2 b
n=1 Un

and we see explicitly that in the example the reproducing kernel is independent of
choice of weight.

The reproducing kernel has been defined thus far for square integrable ran-
dom variables. As the following example indicates, one can extend the concept
of the reproducing kernel to a non-square-integrable random variable Z taking
values in a Hilbert space U, provided that there is a bigger U <= U such that
E|Z|} < oo.

Example 7.6  There exists a mean-zero random variable Z taking values in lz,
for arbitrary positive weight p = (p,), such that

E |Z|12% < oo if and only if Z:o:] P < 00, H=1%

For, let Z = (Z,) be a sequence of independent real-valued random variables each
taking values in {a,, 0, —a,} and such that

P(Z,=a,)=P(Z,=—a,)=1ip,, P(Z,=0)=1-p,, n=1,...

Then E Z? = 6? := p,a>. Assume thato> =1, n=1,...,and Y o0, p, < oo.
By the Borel-Cantelli lemma, Z,, = 0, P-a.s., for n sufficiently large. Thus Z € lf)
for an arbitrary positive weight p. By Example 7.5, the reproducing kernel space
H = I%. It is also clear that E |Z|12% < ocifand onlyif Y02, p, < 0.

7.1.1 Determination of reproducing kernels

In the two propositions below, H and U are Hilbert spaces. We assume that
‘H is densely embedded into U. Then, under identification of H with H*, we
have U* — H* = H < U and we can treat U* as a subspace of H. We denote
by (-, -) the duality bilinear form on U* x U. Clearly (x, y) = (x, y)x, x € U*,
y e H.

Proposition 7.7 Let Z be a square integrable mean-zero random variable in
U. Assume that E (x, Z)(y, Z) = (x, y)n forall x, y € U*. Then 'H is the RKHS
of Z.
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Proof Let {e;} be an arbitrary orthonormal basis of H. Then, by the Parseval
identity,
(X, Y02 = ) _(x. exhnly. edn.
k
Since, for x, y € U™, (x, ex)y = (x, ex) and (y, ex)n = (¥, ex) we have
E(x, Z)(y, Z) = (x, ) = ) _(x, e (y, e,
k
which by Proposition 7.1 completes the proof. O

Example 7.8 Let X be a mean-zero real-valued random variable that is inde-
pendent of a random variable Y uniformly distributed in [0, 1]. Define Z := X §y.
Let U be the Sobolev space W, "2 dual to the Hilbert space Wol’2 of all absolutely
continuous functions x on [0, 1], such that x(0) = 0 and

| | ]
X .
Vl/ol'2

E dé‘ < Q.
The space U contains all Dirac measures §,, a € (0, 1). Note thatif x, y € Wol’2
then (x, Z) = Xx(Y) and

1
E(x. Z)(y. Z) = (EX) /0 (E)y(E) de.

Thus the space H is identical with the space of all square integrable functions on
[0, 1] with scalar product

1
oy = (EX?) fo H(E)(E) dE.

Proposition 7.9  Assume that the embedding H — U is Hilbert—Schmidt. Let
Z: H LA, F,P) be a linear operator such that E(Zx)* =c |x|§{ and
EZx =0 for x € H. Then there is a unique square integrable mean-zero
random variable Z in U such that

Zx = (x, 7), VxeU*. (7.3)
Moreover, H is the RKHS of Z.

Proof Let {e,} be an orthonormal basis of 7{. We assume that {e,} C U*. Such
a basis exists since U* is dense in H. Then
2

n+m n+m n+m
E|Y (Zepej| = > (BEZej Zey)lej exlu = Y (ej. exdn e, ey
j=n U J.k=n Jj.k=n
n+m

Zlejﬁj—)O asn,m — oQ.
j=n
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Thus the series Z,I(Zen)en converges in L*(Q2, F,P;U). We will show that its
limit Z has the desired properties. To this end note that, for any x € U*,

(x, Z) =Y (Ze)(x,e) = ) _(Zen)(x, en)n.

Since Z is a continuous linear operator on H,

> (Zen)ix e =27 (Z(en, x>Hen> = Zx

n

and hence (7.3) holds. The uniqueness of Z is obvious. The second part follows
directly from Proposition 7.7. O

Later we will identify Z with Z and write Z instead of Z.

Example 7.10 Given a square integrable mean-zero real-valued Lévy process
L, define Zx = fol x(£)dL(&), x € L*(0, 1). Then

1
IEIZJC|2=IEL2(1)/ x(©)I dg.
0

Thus, if U = W, 1.2 (see Example 7.8) then Z can be identified with the distribu-
tional derivative dL/d&.

7.1.2 Cylindrical Wiener process

Let (2, F,(F;),P) be a filtered probability space, and let H be a Hilbert
space.

Definition 7.11  An (F;)-adapted cylindrical Wiener process on 'H is a linear
(in the second variable) mapping W : [0, 00) x H — L*(R2, F, P) satisfying the
following conditions.

(i) Forallr > 0andx € H,E|W(t, x)|* =t |x|3,.
(i1) For each x € H, (W(¢, x), t > 0) is a real-valued (F;)-adapted Wiener
process.

Usually the filtration (F;) is specified and we just say that W is a cylindrical
Wiener process on H.

Lemma 7.12  If W is a cylindrical Wiener process then, for all t > s > 0 and
x,y €EH,EW@E x)W(s, y) = As)(x, y)n.
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Proof Assume thatt > s > 0. Then

EW(t, x)W(s, y) = EE(W(t, x) — W(s, y)W(s, y)| F)
+EW(s, x)W(s, y)
=EW(s,x)W(s,y)
= 1E((W(s, x) + W(s, y))* — (W(s, x) — W(s, )%
= TE((W(s, x + ) — (W(s, x — y))%)
=15 (Ix + ¥, — 1x — yl5) = s(x, )2

O

As in the previous section, let U be a Hilbert space such that the embedding
‘H — U is dense and Hilbert-Schmidt. We identify U* with a subspace of H
and denote by (-, -) the bilinear form on U* x U. Recall that (x, y) = (x, y)y for
x € U* and y € H. As a simple consequence of Propositions 7.7 and 7.9 we have
the following result.

Theorem 7.13

(1) If W is a cylindrical Wiener process on 'H then there is a U-valued Wiener
process, which we will denote also by W, such that

(x, W(t)) = W(t,x), >0, xeU*" (7.4)

Moreover, the RKHS of W is equal to 'H.
(i1) Conversely, if W is a Wiener process in U with RKHS equal to 'H then (7.4)
defines a cylindrical Wiener process on H.

Remark 7.14  Assume that W is a cylindrical Wiener process in H. Let {e,}
be an orthonormal basis of H. Let W, (¢) := W(¢, e;,). Then (W,) is a sequence
of independent standard real-valued Wiener processes. Let U be a Hilbert space
such that the embedding H — U is Hilbert—-Schmidt. Then W(r) = )", W,(t)e,,
t > 0, where the series converges in LX(Q, F,P;U).

The concept of a cylindrical Wiener process is closely related to that of space—
time white noise. Loosely speaking, the latter is the time derivative of a cylindrical
Wiener process; see Theorem 7.16 below. Assume that (E, £) is a measurable
space and that A is a o-finite measure on E. Write &, := {A € £: A(A) < oo}.

Definition 7.15  The mapping X: &, > L*(Q2, F, P) is called a (Gaussian)
white noise on E ifforall Ay, ..., A, € &, therandom vector (X(A1), ..., X(A,))
is Gaussian with mean zero and covariance matrix Q = [g; ;], where ¢; ; =
MA;NAp, i, j=1,...,n
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Given a domain © in R?, let E = O x [0, 00) and let A = d& dr. Then the
white noise on E is called space—time white noise on O. The following theorem
establishes a relation between the concepts of a cylindrical Wiener process on
L?(0) and a space—time white noise on E. In this theorem, we assume a knowledge
of stochastic integration with respect to a real-valued Wiener process.

Theorem 7.16 Let W be a cylindrical Wiener process on L*(O). Let {e,} be an
orthonormal basis of L*(O), and let W,(t) = W(t, e,). Then

2 =Y /0 /O YaE, Den@) dE AW, (1), A € Enn,

defines a space—time white noise on O.

Proof  Since the W, are independent and x 4 and e, are non-random, the stochastic
integrals

Xu(A) = /O </0 xal(t, E)&«(&)CE) AW, (), n €N,

are independent Gaussian random variables in R. Thus, for A, B € &gy,

BB =Y [ [ oe©d [ g

- f | rente nas ar
0 (@]

and the desired conclusion follows. |

Remark 7.17 By the theorem above, a space-time white noise on O can be
treated as a time derivative of a cylindrical Wiener process on L(O).

Remark 7.18 Note that a cylindrical Wiener process on U has covariance equal
to the identity operator, whereas every Wiener process taking values in U has a
nuclear covariance.

Remark 7.19  Assume that W is a cylindrical Wiener process on L2(0), where
O:={=(&1,...,860): & €[0,al}). Forany t > 0 and § € O, define

Wt &1, ..o ) == W(E, x(0.61xx10.61))-

Then W is a Gaussian random field on [0, co) x [0, a] x - -- x [0, a]. Note that it
is a real-valued Wiener process with respect to each parameter ¢, &, . .., £&; when
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the others are fixed. The field WV is usually called a Brownian sheet; see also
Example 4.53. Later (see Remark 7.25) we will introduce its Poissonian analogue,
the so-called Lévy sheet. Note that the process

W@, &1, ... &)
A& --- 08,

where the derivatives are taken in a distributional sense (see the lemma below) is
a cylindrical Wiener process.

t >0,

Lemma 7.20  Given a finite measure X on [0, al? write

F(sh""sd) :)"([O’él] X X [Ovéd])
Then, for every v € C([0, a]l) N Cx((0, a)h),

(W, ) = Ol Y&, ... E)AdEL, ..., dEy)
Bdl/f
:—ld/ —F ey d d .
O [ e g PG B da e by

Proof We have

a a ad
(. ) = (—1)‘1/ (f / —‘”(n)dn) A(dE)
[0,a]4 £ gd 87’}1 e and

ad
= (—1)d/ / X[sl,a](m)---X[gd,a](nd)—w(n)k(dé)dn
[0,a1 J0,al 0Ny ---9ng

ad
= (—1)d/ —w(’?))»([O, mlx - x [0, ng])dn.
[0.a) ON1 -+ 0N

7.2 Cylindrical Poisson processes

For a possibly unbounded domain @ C R?, consider a Poisson random measure
7 on [0, 00) x O x R with intensity measure dr A(d€)v(do), where A is a non-
negative Radon measure on O. Usually X is the Lebesgue measure £,. Let = be
defined on a probability space (2, F, P) with a filtration (F;). We assume that
7 is adapted to (F;), that is, ([0, ] x I') is (F;)-measurable for all + > 0 and
I' € B(O x R). Finally, we assume that 7 ((s, t] x ') is independent of F; for
all0 <s <randI" € B(O x R). We denote by P the o-field of predictable sets
in [0, 00) x 2. Generally v may be an infinite measure, but we will assume that
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v({0}) = 0 and that
/ o2 A lv(do) < oo. (7.5)
R

The restriction of v to each R \ [—a, a], a > 0, is a finite measure; the restriction
to [—a, a] may be infinite. Let 7 be a compensated Poisson measure. In this
book we consider stochastic PDEs driven by a measure-valued process Z defined,
informally, by

Z(t,d&) :=f / oﬁ(ds,dé,da)-i—/ / on(ds,dé,do)  (7.6)
0 Jlo|<1} 0 J{lo|=1}
or, if
/ azv(da) < 00, 7.7)
R

by

Z(t, d&) :=/ /aﬁ(ds,ds,do), t>0. (7.8)
0 R

Given a compactly supported continuous function ¢, written ¢ € C.(O), we define
(see Proposition 7.21 below) the real-valued process

Z(t, ¢) = /Ofiﬁ(E)Z(t,dS)-

Then (see Proposition 7.21 and Theorem 7.22) Z(-, ¢) is a Lévy process such that

Eel?"% = exp {—t [ [ / (1 —€7?® +io x0.16(8)) v(da):| A(dé)}.
O R

To simplify the exposition we will assume (7.7) and (7.8). The assumption of (7.7)
does not exclude the possibility that

f//|¢(x)||0|ds)»(d$)V(d0)=OO~
0 JOJR

Thus Z(t, ¢) may not be defined directly by Theorem 6.6(iii) as the stochastic
integral with respect to 7 of the deterministic integrand (¢, &, o) > ¢(&)o.
If 7 has representation 7w () = )__ _, 8,0, then, still informally,

T =t

Z(t,d§) = Zo,,&g”(dé) —t (/ ov(da)) A(dE).
T, <t R
We interpret o,, as the amount of energy introduced into the system at time t,,.
The random variables &, represent the sources of energy. More formally, we define
Z as a Lévy process in a Hilbert space U such that the embedding L*(d)) :=
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L*(O, B(O), M(d§)) — U is dense and Hilbert—Schmidt. We show that Z can be
regarded as a square integrable mean-zero Lévy process in U with RHKS L2(d).
Note that, forallz > 0, & > O and ¢ € C.(O),

/// lp(E)llo| ds A(d§)v(do) < oo.
0 Jo Jiolze)

Thus by Theorem 6.6 the stochastic integral

Z(t, @) 2=/ // p()o7(ds, d§, do)
0 JO J{lo|ze}

is well defined. Note that, forall 0 < n < ¢,

E|Z.(t,¢) — Z,(t, )| = rf

(n=lo|<e

o /O |6 PA(E).

Thus Z.(t, ¢) is a Cauchy sequence in L*(Q2, F,P) as ¢ | 0. We denote its
limit by Z(¢, ¢). In the proposition below we gather together the main proper-
ties of the process Z. The proof follows directly from the definition of Z and
Theorem 6.6.

Proposition 7.21

(1) Foreach ¢ € C.(O), (Z(t, @), t = 0) is a Lévy process with respect to (F;).
(ii) Forallt > 0and ¢ € C.(O), E Z(t, ¢) = 0 and

E|Z(t, ) =1 /R o?v(do) /0 |p(&)PA(d8).
(iii) Forallt > 0and ¢ € L*(dA), E exp {(iZ(t, ¢)} = exp {—1t W ()}, where
U(p) = / / (1 —e?®7 4 ig(&)o) A(dE)v(do). (7.9)
O JR

Proof The first two parts follows directly from the definition of Z and Theo-
rem 6.6. To see (iii) note that

Ee#"? = limE ¢4

el0
= limexp{—t/ f (1 —e?®7 +igE)o) A(dé)v(da)}.
&l0 0 J{lo|ze)

Since
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it follows that
/ /Do 7?7 — 1 —ig(&)o | A(dE)v(do)
0 Jo

<c / o2v(do) / IB(E)2A(dE) < oc.
R O
O

Clearly C.(O) 3 ¢ — Z(t, ) € L*(2, F, P)is linear and isometric if C.(Q) is
equipped with the norm |¢|, := a(r)|$|,2(x), Where a(t) = /1 [, 0?v(do). Thus,
as C.(0) is dense in L2(dA), Z(-, t) can be uniquely extended to a linear operator

acting from L?(dA) to L>(2, F, P). By Proposition 7.9 there is a unique U-valued
process, denoted also by Z, such that

Z(t,¢) = (9, Z(1)), Vo e U™ (7.10)
Thus we have the following consequence of Propositions 7.7 and 7.9.

Theorem 7.22  The process Z given by (7.10) is a square integrable Lévy mar-
tingale with RKHS equal to L*(d)).

Definition 7.23  We call Z an impulsive cylindrical process on L*(d)) with jump
size intensity v.

Definition 7.24  The time derivative! 3 Z/dt of the impulsive cylindrical process
Z on L*(d)) is called an impulsive white noise with jump position intensity ) and
jump size intensity v.

Remark 7.25 Let A = £, be Lebesgue measure on O := [0, al®.Fort > 0 and
& e O, define Z(t, &1, ..., &) = Z(¢, X{[O,EI]X"-X[O,&]})' Then

E eV 2(-81-80) — exp {—zsl -..gd/ (1—e¥ + iycr)v(da)} ,  yeR
R

Therefore, with respect to each parameter ¢, &1, . . ., §;, with the others fixed, the
process Z is, up to a multiplicative constant, a Lévy process with the same jump
measure v. This is why Z is called a Lévy sheet. For the Gaussian analogue of a
Lévy sheet see Remark 7.19. Note that

Z(t, &1, ..., E)
908

is an impulsive cylindrical process.

IZO’

! In a distributional sense; see Lemma 7.20.



104 Cylindrical processes and reproducing kernels

Example 7.26 The following stable white-noise process was introduced in
Mytnik (2002). We define the process using the framework that has just been
developed; see also Example 4.35. Given B € (1, 2) set

1
vg(do) := ) X[0,+00)(0) do.

Let g be a Poisson random measure on [0, +00) x O x [0, +00), with intensity
dr d& vg(do). Write

t +o00o
Zg(t, ) = / / om(ds, d&, do).
0 0

Note that, for every Borel set A C O with £,(A) < oo,

t —+00
Ee %A = limE exp {—oz / / / xa(E)o7T(ds, dE, do)}
0 JOJe

el0
t +00
zlimEexp{—a/ // XA(&)Jn(ds,dE,do)}
el0 0 JO Je
+00
X exp {atﬁd(A)/ avﬂ(do)}.
By Theorem 6.6(i),
t 400
Eexp{—aZs(t, A)} = limexp {—/ / / (1 — e~y 4 de vﬁ(da)}
el0 0 JO Je
+o0
X exp {atﬁd(A)/ ovﬁ(do)}
& .
= limexp {—zzd(A)/ (e — aa)vﬂ(d(,)}
+00
=exp {—tﬁd(A)/ (1—e% — aa)vﬂ(do)}.
0

By Example4.35, Ee %4 = exp{rfy(A)cgal},a > 0.Thus (Z4(t, A), t > 0)
is a B-stable process with positive jumps.

In Mueller (1998) an uncompensated §-stable impulsive white noise was intro-
duced for 8 € (0, 1).

Example 7.27 Letg € (0, 1). Let w be a Poisson random measure on [0, +00) x
O x [0, +00) with intensity dr d§ vg(do), where

vp(do) = 07 g 100y (0) do
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Define

t +00
Z(t, -)=f / on(ds,d&, do), ¢ > 0.
0 0

This quantity is again a measure-valued Lévy process. Using the results of Example
4.34 we obtain Ee*4"-4 = exp{—1£,(A)cpa’}, & > 0. Thus (Zs(z, A), t > 0)
is a B-stable increasing process. In particular, it O = [0, 1] then Zg(¢, &) :=
Zs(t, [0, £])) satisfies Ee™*%"5) = exp{—1£Cpal).

7.3 Compensated Poisson measure as a martingale

In this section we show that compensated Poisson measures can be treated as
infinite-dimensional martingales. Namely, let (E, £) be a measurable space, and
let 7 be a Poisson random measure on [0, 0c0) x E with intensity measure df p(d§).
In applications (see Chapter 12 and the previous section), £ = O x S, where O
is a region in RY.

Fort > 0and vy € LY (E, &, w) N L*X(E, &, ), write

Tt ¥) :=f0 /Elﬂ(é)ﬁ(ds,dé)-

By Theorem 6.6(iii), (iv) we have that (¢, ¥) is well defined and has mean zero
and that

E@, ¥)) =t V172560 (7.11)
By Theorem 6.6(v), it is a Lévy process and hence a Lévy square integrable
real-valued martingale. Let I'y, I'; € € be of finite w-measure. Then, again by
Theorem 6.6(iii), (v),
~ ~ ~ 2
E7 @, xr)7(, xr,) = E (T, xryar,)” =t (T N Ty)
= t{XT,» XT2) LB, &) (7.12)

See Section 8.7 for more details.

Using (7.12), we can extend the definition of 7 (z, ¥) to all ¢ € L*(E, &, ),
to obtain a family 7 (-, ¥) of square integrable Lévy martingales indexed by the
elements of L?(E, £, ). Moreover, by (7.12),

E7(t, y)7(t, ¢) = t{y, ) 2z.£.5 Vi, ¢ e LX(E,E, ).
The theorem below follows from this together with Propositions 7.7 and 7.9.

Theorem 7.28 The compensated Poisson random measure @ on [0, 00) x E can
be identified with a square integrable Lévy martingale (denoted also by ) in any
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Hilbert space U containing H := L*(E, £, u) with a Hilbert—Schmidt embedding.
Moreover, H is the RKHS of 7.

One should be aware that 7 is identified with a corresponding process by a
duality procedure. Note, in particular, that increasing the intensity measure [
decreases the RKHS of 7 and consequently increases the class of spaces on which
7 lives. In the limit u = 0o, we obtain H = {0}.



8

Stochastic integration

In this chapter the concept of the stochastic integral with respect to a Hilbert-
space-valued martingale is introduced and a fundamental isometric formula is
established. The space of integrands is determined in terms of the martingale co-
variance. Stochastic integrals of predictable fields with respect to Poisson measures
are treated as well.

Throughout this chapter (U, (-, -)y) is a Hilbert space and (2, F, (F;),P) is a
filtered probability space satisfying the usual conditions. The space of all cadlag
square integrable martingales in U with respect to (F;) is denoted by M?(U).

8.1 Operator-valued angle bracket process

Let M, N € M?(U). Denote by (M, N) the unique predictable process, with tra-
jectories having a locally bounded variation, for which

(M(t), Ny — (M, N);, 1 =0,

is a martingale. By the Doob—Meyer decomposition, the process (M, N) always
exists (see Remark 3.46) and is called the angle bracket.

In this section we introduce the so-called operator angle bracket ({M, N)), and
in Theorem 8.2 we will show the absolute continuity of the operator angle bracket
with respect to the angle bracket. The relevant density is called the martingale
covariance. It plays an important role in the construction of the stochastic integral
with respect to M. In particular it appears in the fundamental isometric formula.

Denote by L;(U) the space of all nuclear operators on U equipped with the
nuclear norm; see Appendix A. Then L;(U) is a separable Banach space. Recall
that, given x,y,z € U, x ® y(z) = (¥, z)u x. It is easy to show that x ® y €
L'(U)and ||x ® Yz, @) = x|y |yly. We denote by LT(U) the subspace of L(U)
consisting of all self-adjoint non-negative nuclear operators. If M € M?(U) then

107
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the process (M (1) ® M(t), t > 0) is an L(U)-valued right-continuous process
such that

EM1) ® MO)|,w) =EIMOIG <EIMT)G <oo, 120
We will need the following result.

Lemma 8.1 Assume that M, N € M?*(U). There exists a predictable process
(g(s), s > 0) such that

(M, N), =/0 q(s)d({M, M)s + (N, N);).

Proof LetT < oo.lItisenough to show that, almost surely, the measure on [0, 7]
corresponding to the process (M, N) of bounded variation is absolutely continuous
with respect to the sum of the measures induced by (M, M) and (N, N). For fixed
s € [0, T'] and an arbitrary real a, the process

(M +aN,M +aN), — (M +aN, M +aN);, tels, T]

is the angle bracket corresponding to (M(t) + aN(t), t € [s, T]). Consequently,
foralla € R,

(M +aN,M+aN); — (M +aN, M + aN),
=a’((N,N), — (N, N)) +2a({M,N), — (M, N))
+((M, M), — (M, M),) >0,

and hence
((M, NY, — (M, N),)* < ({M, M), — (M, M),)((N, N); — (N, N),)

or, equivalently,
(M, NY, — (M, N),| < ((M, M), — (M, M),)"*({N, N}, — (N, N),)'"%.
Hence
(M, N), — (M, N),| < 3(({M, M), + (N, N),) — ({M, M); + (N, N),)).

Thus we have shown that on each subinterval of [0, 7] the total variation of the
measure corresponding to (M, N) is smaller than the total variation corresponding
to (M, M) + (N, N). In particular, if a Borel set I' C [0, T'] is of measure zero
withrespecttod({M, M) + (N, N)),itis of measure zero withrespecttod(M, N,
and this implies the required absolute continuity.

To prove the predictability of g we use a real-analysis result. If x4 and v are
two finite non-negative measures on [0, co0) and u is absolutely continuous with
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respect to v then, for v-almost all 7 > 0,

1y = timint 21D,
dv rte o v((r, t])

where the limit is taken with respect to < ¢, r rational. Since the limit inferior of

predictable processes is predictable the result follows. O

We have the following basic result, mentioned in the introduction to this chapter,
from which the isometric formula follows.

Theorem 8.2  Let M € M?*(U). Then there is a unique right-continuous L}L(U )-
valued increasing predictable process (((M, M), t > 0) such that {({M, M))o =
0 and the process (M(t) Q M(t) — {({(M, M)),, t > O) is an L(U)-valued mar-
tingale. Moreover, there exists a predictable LT(U )-valued process (Q;, t > 0)
such that

(M, M}), =/l 0, d(M, M), Vi >0. 8.1)
0

Proof Let {e;} be an orthonormal basis of U. Then

M) =) (M), eyyer, 1 >0,
k

Write M*(¢) := (M(¢), e;)y. Since

EMOE =E Y (M'0) = Y E(M©)’ <00, 120,
k k

it follows that M* € M? for every k. Let (M*, M/} be the corresponding angle
bracket processes. As a candidate for an operator-valued angle bracket, we take

(M, M), == e ®e; (M MT),,  t=0. (8.2)
k.j

Thus the infinite matrix ({M*, M"),) is a representation of the operator ({(M, M)),
in the basis {eg}. The problem lies in the convergence of the series.

To see that (8.2) defines an LT(U )-valued process, we first prove that for all
tv k? j5

Mk, MYy, 1P < Mk, MYy (M MY,
To see this note that, for every a € R,
0 < (M'+aM’/, M* +aM’), = a*(M’, M?), + 2a(M’, M*), + (M*, M*),,

which gives the desired conclusion. We now show that the series on the right-hand
side of (8.2) converges in L'(Q2, F, P; Lgs(U, U)). The Hilbert—Schmidt norm
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of the right-hand side is equal to

2

k

o\ 172

1/2
= (Z(Mj, Mk),2>
J.k

D (MK M) e
J

U
172

< (Z(Mf, M%(MﬂM%) <> (M M),

Jk j

Since

E) (M, M/}, = EIM®)} < oo,
J

the LY(Q, F, P; Lus)(U, U))-convergence of the series follows. Thus
(M, M)) = (((M, M)),, t =0)

is a well-defined process taking values in the space of Hilbert—Schmidt operators
on U. It is symmetric and non-negative. Note that for 0 < s < ¢ < oo the operator
(M, M)), — ({(M, M)), is also non-negative. Consequently,

[ (M, MY)e = (M, M) ||, ) = Tr (UM, MDY, — (M, M)}
=Y (M), My, — (M7, M)
J
and
E (M, M), — (M, M),y = E(IMOIG = IM()]) < oo

This shows that ({M, M)) is an LT(U )-valued predictable increasing process. To
show that it is also right-continuous and can be represented in the form (8.2) we
will apply Lemma 8.1. Namely, it follows from the lemma that for any pair k, j
there exists a predictable process (¢*/(¢), r > 0) such that

<Mk,Mf>,=/ g"(s) d(M, M>s=/ q"/()d ) (M', M),
0 0 1
Thus

(M. M), = /0 0, d(M. M),.
where

Qs=zek®€jqk’l(s)7 s >0,
k,j

is a predictable process with values in L} (U). O
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Definition 8.3 We call the LT(U )-valued process Q satisfying (8.1) the martin-
gale covariance of M.

The main ingredient in the construction of the stochastic integral with respect
to a square integrable U -valued martingale is the following result.

Proposition 8.4 Let M € M*(U). Then, for any vectors x, y € U and any 0 <
Ss<t<u=<v<oo,

E((M (1) — M(s), x)u (M(1) = M(s), y)u | Fs)
=K <fvr(er, yVivd{M, M)r|fv)
and
E((M (1) = M(s), x)u (M(u) — M(v), y)y|F,) = 0.
Proof The first formula is obtained as follows:

E((M(t) — M(s), x)u(M(t) — M(s), y)u|Fs)
=E((M@), x)u (M), Y)u|F;) — (M(s), x)u (M(5), Y)u
=E((M(1) @ M(t)x, y)u|F;) — (M(s) ® M(s)x, y)u
= (E(M(t) ® M(t) — M(s) ® M(s)| F5)x, y),
= (E(((M, M)), — ((M, M));|F,)x, y),

:E</ (Qrx, y)U d(Mv M)r|»/fs> .

The second formula follows from the martingale property. O

8.2 Construction of the stochastic integral

To deal with stochastic equations one needs the concept of the stochastic integral,
IM(W) = fot W(s) dM(s), where M € M?*(U) and W(s, w) are operators from U
to another Hilbert space H. As for real-valued martingales, first we define the
stochastic integral for simple processes W. Then, in the next section, we extend the
class of integrands using the isometric formula (8.3) below. The isometric formula
in the general case appeared for the first time in Métivier and Pistone (1975). We
will denote by Q the martingale covariance of M introduced in Definition 8.3.

Definition 8.5 Let L(U, H) be the Banach space of continuous linear operators
from U into H. An L(U, H)-valued stochastic process W is said to be simple if there
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exist a sequence of non-negative numbers tp =0 < t; < --- < t,,, a sequence of
operators W; € L(U, H), j =1, ..., m, and a sequence of events A; € .7-",],, j=
0,...,m — 1, such that

m—1

W(s) = Z XA; Xt (W5 s > 0.
=0

We shall denote by S := S(U, H) the class of all simple processes with values
in L(U, H). For a simple process W, we set

m—1

W) =) xa, Wi (Mt A1 = M@t A D), = 0.
=0

Let Lgs)(U, H) be the space of all Hilbert—Schmidt operators from U into H
equipped with the Hilbert-Schmidt norm || - ||z, w.n). We prove the isometric
formula first for simple processes.

Proposition 8.6  For any simple process W,

t
E|ItM(\II)|Z:IE/O ||\IJ(s)Q§/2||:HS)(U’H)d(M, M), r>0. (83)

Proof By Definition 8.5,
2

m—1
Z XA/.\IJ]‘(M(Z‘J'_;,_] At)— M(fj A t))
=0

E[MW)[, =E

H
m—1

=E Z XacXa; K js
K.j=0

where

Ky = <x1:k (Mt A1) = M(t AD)), W5 (M(tin A1) — M(1j A t)))H.
By Proposition 8.4, if k > j then
E((M(tx1 A1) — Mt A1), x)y (M(tj A1) — M(t; A1), Y)u|Fy)
=0, (8.4)

and if k = j we have

E({(M(te1 A1) — Mt A1), X)u(M(tj41 A1) — M(t; A1), y)u|F,)

_E ([ 00k, Vud(M. M),

i

;5,) : (8.5)
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Let {¢;} be an orthonormal basis of H and k < j. We have

Liji := E((Wk(M (11 A1) — Mt A1), e),,
X (Wi(M(tj1 A1) — M(t; A D)), ), | F,)

= E(((M(t1 A1) = M(5c A1), e,
X ((M(t0 A1) — M(1; A1), Wher), | ) -

By (8.4) and (8.5), E Iyji x4, x4, = 0if k > j and

Ljt1
Eljjixa;, = E xa, / (qu}jel’ \I’;-kel)u d(M, M);,.
N

J

But (see Appendix A),

le(anp;e,, Ve, = Xl: 1012w |}, = [ 01w ||Z,m<H,U>-

172

Since || _1/2\11;? Hi(ﬁs)(H,U) = ||v; 0, Hium(U,H)’ the required identity follows by

elementary reasoning. O

Let T < oo. Equip the class of all simple processes S = S(U, H) with the
seminorm

T
2
19I5 =E fo (92,0 4M. M) (8.6)

We may identify W with @ if | W — ®|| 4.7 = 0. Let EIZW,T(H) be the completion of
(S, | - lsr.7)- In the next section we give an explicit construction of E%LT(H ). The
norm on L3, ;(H) will be denoted by || - ||a.7- Let £3, 7 ,,(H) be the class of all
L(U, H)-valued processes belonging to ‘C%l/I,T(H)' Note that for ¥ € Lﬁ,,IU(H)
the ,CIZW’T(H)—norm is given by (8.6).

Theorem 8.7

(i) Foranyt € [0, T, there is a unique extension of IZM to a continuous linear
operator, denoted also by IM, from (E%,LT(H), I - [la,7) into
L*(Q, F.P; H). Moreover, for any ¥ € L3, ;(H), E |1}”(\11)|§{ = 1¥]3,.7-
(ii) Forall ¥V € LIZVLT(H) and 0 <s <t < T, we have xnV¥ € ’C%VI,T(H)
and

2
E 1MW) — 1MW), = Ixen® s < 19137

(iii) For any ® € LI%W,T(H), (ItM(CD), t €10, T]) is an H-valued martingale. It
is square integrable and mean-square continuous, and Ié” (w)=0.
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@iv) Forany ®, ¥ € ‘C%\/I,T,U(H) andanyt € [0, T],

(1), 1"(®)), = fo (V)02 ©()0,), 1y M. M);.
and
(1(w), 1V (W), = /0 W($) 0, W(s)* d(M, M),.

(v) Let A be a bounded linear operator from H into a Hilbert space V. Then,
for every ® € L3, ((H), A® € L3, (V) and AI™(®) = IM(AD).

Proof  The first two assertions follow from the linearity of / on S and from (8.3)
in Proposition 8.6 for W € S. Clearly, /" (W) is square integrable and 1}/ (¥) = 0.
In order to prove mean-square continuity, we need to show that

lim 1.0 % 1,7 = 0. (8.7)

To do this, consider the family of linear operators U(s): W — x(. ¥ from
L3y 7(H) into L3, (H). We have

sup ”U(S)”L(‘C%/I.T(H)'[’%/[_T(H)) <L
)

Thus, since (8.7) holds on a dense subspace, say S, it holds on the whole space by
a Banach—Steinhaus argument.

It is enough to check the martingale property and the identities in (iv) for
simple W, ®. By additivity it is sufficent to note, and we leave this to the reader,
that

E(xaW(M(t A1) = Mt A1) F) = xa¥ ((M(s A 12) = M(s A1)

foral0 <s <t <T,0<th <tpb <T,A e F,andV¥ € L(U, H). The last asser-
tion of the theorem clearly holds for simple & and therefore for all & by standard
limiting arguments. U

8.3 Space of integrands

The aim of this section is to characterize the space LIZW’T(H ) of admissible in-
tegrands. We assume that M is a U-valued right-continuous square integrable
martingale with martingale covariance (Qy, s > 0). We denote by Py | the o-
field of predictable sets in 2 x [0, T']. In the proof of the lemma below, we will use
the following classical selection theorem from Kuratowski and Ryll-Nardzewski
(1965); see also Dynkin and Yushkevich (1978) and Wagner (1977).
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Theorem 8.8 (Kuratowski—Ryll-Nardzewski) Assume that K is a compact
metric space. Let (Q, F, E”) be a probability space, and let y: K x Q + R be a
function such that, for every x € K, ¥ (x, -) is measurable and, for every & € 2,
V (-, @) is continuous. Then there exists a K -valued random variable & : Q +— K
such that

Y (E(®), @) = sup ¥ (x, @), Vo e .
K

xe

We need the following lemma.

Lemma 8.9  There are predictable real-valued processes y, = y,(t, w) and pre-
dictable U -valued processes g, = g,(t, w), n € N, such that

Q@) =Y (@, Dgn(@, N @ gu(@,1), 120, weQ,

and (g, (@, 1), gn(w, )y = Spmfort >0, w € QLandn, m € N.

Proof Given T < oo, we apply the Kuratowski—Ryll-Nardzewski theorem to
Q=Qx[0,T],F =PorandP=T"'"Pdt, tothesetK := {x € U: |x|y <
1} endowed with the weak topology and to the function

Vx, o, 1) =Yx,d) = (Qi(w)x, x)y.

Then there is a U-valued process g;(w, 1), t > 0, w € €, such that

(Qi(w)g1(w, 1), g1(w, 1))y = sup (Q(@)y, y)v = yi(w, 1).

[ylu=1

Using the random variables yy, ..., ¥, and g, ..., g, we repeat this procedure
for the operator-valued process

Qi) = Y yjl@,0g(@, 1) ® gj(w, 1).
=1

i
O

Let H be a Hilbert space with an orthonormal basis {e,}, and let T(w, ) be the
unique continuous linear operator from Q,1 / 2(a))U into H satisfying
T(w, ) yp(w, 1) gn(w, 1) = ey, neN.
On each space ([0, T] x 2, Po.r7), T > 0, we introduce a o -finite measure'

wy(dw, dt) = d(M, M), (w)P(dw).

! Called the Doléans measure of |M|%; see Métivier (1982).
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In this book we are concerned mostly with martingales that are Lévy processes.
In this case (M, M); = ct, and hence uy(dt, dw) = ¢ dt P(dw).

Theorem 8.10 For ¥ e LZ(Q x [0, T, ’P[(),T], s L(HS)(H, H)), it fOllOWS
that

Ly r(H)={VoT: Vel QxI[0,T], Por), im: Lusy(H, H)} (8.8)

and

T
7012
|woTl, = / / 1 (@, Oy 00,11y 1o (e, ). (8.9)
QJOo

Proof Let us denote by X the space defined by the right-hand side of (8.8). To
showthat S C X, take0 <s <t <T,d € L(U, H)and A € F;. We have to find
aVv e LZ(Q x [0, T, ’P[(),T], Wars L(HS)(H, H)) such that

XA X1 ® = WoTlyr=0.
By the definition of || - || .7,
Ixaxsn® —WoTl} ,
T
12 5 17212
=E /0 | xaxen®o @ =Wy o Tr)o Q2| - )y dM, M),
Note that W as defined by ¥ (w, r) = 0 for (w,r) & A x (s, t] and

Y(w, r)e, = +/Yu(w, r)Pg,(w, 1) for (w,r) € A x (s, 1]

has the desired properties. The fact that S is dense in A’ follows from Lemma 8.13
below. It will play an essential role in the proof of the stochastic Fubini theorem;
see Section 8.5.

We now prove (8.9). It suffices to note that

7 1/2
1l s = [ o T@.00 @), .1,

forW € L(H, H)and (w, t) € 2 x [0, T]. Since {g,(w, )} is an orthonormal basis
of U consisting of eigenvectors of Q,1 / 2(w),

[woT@ 000 @]}, 0.m= 2% o T@ Do 0 g D,

= Z |W o T(w, )y va(w, Hgu(w, t)!f,

2 2
= § Ve, = ”‘I/“L(HS)(H,H)'
n
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8.4 Local properties of stochastic integrals

Recall (see subsection 3.7.3) that 2o 7 denotes the class of all Markov stopping
times t such that P (v < 7') = 1. The following result plays an important role in
the investigation of local properties of stochastic integrals.

Proposition 8.11 Assume that iy (dw, dt) = d(M, M);(w)P(dw) is absolutely
continuous with respect to dt P(dw). Let X € ‘CIZ\/I,T(H )and A € Fr be such that
X=00n[0,T] x A. Then

/ X(s)dM(s)(w) =0, Vte[0,T], P-as. onA.
0

Proof By Theorem 8.7(v), (u, IM(X)),, = IM (X, u)y) for every u € H. We
may therefore assume that H = R. Since the process X can be approximated by
a sequence of bounded processes (X Am)V (—m), m =0, 1, ..., vanishing on
[0, T] x A we may assume that X is bounded. Now, any bounded process can be
approximated in E?Wj by processes with continuous trajectories,

t
X, = n/ X(s)ds, te[0,T].
(t—1/n)v0

Here we make use of the absolute continuity of ), with respect to df P(dw). Since
X, also vanishes on [0, T] x A, we have reduced the proof to the case of bounded
and continuous X. Note that

n
Y, :=XO0)xo + Z X(Tk/n)XT®k=1)/n,TK/n]> neN,
=0

is an approximation sequence of simple processes vanishing on [0, 7] x A. Since
for each Y,

/ Y, (s)dM(s)(w) = 0, V(t,w)yel0, T] x A,
0

the desired conclusion follows. d

Proposition 8.12  Assume that M(t) = 0on [0, T] x A for some A € Fr. Then,
forevery X € E%,LT(H),

f X(s)dM(s)(w) =0, vVt el0,T], P-as. onA.
0

Proof The result follows immediately for simple X. It therefore follows for all
X e C%,I’T(H ) by approximation. |
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8.5 Stochastic Fubini theorem

In this section, M is an U-valued square integrable martingale with respect to a
filtration (F;) and A is a finite positive measure on a measurable space (E, £).
Recall that py(dw, dt) = d{M, M),(w)P(dw) and (see Theorem 8.10) that

T
1o Tl = [ [ 1.0 @0, a0

for W € L*(Q x [0, T, Po. 11, ms Lasy(H, H)).
Lemma 8.13  Assume that
W e LY(E, & A LYQ %[0, T1, Pory. u Lisy(H. H))).
Then there is a sequence of mappings W, : Q x [0, T] x E +— Ls)y(U, H) of the
form

Jn n

Wy, 1, %)= a  Hjy) X, 10z, (),
1 1

e
=

~
Il
-
Il

j=1

where the aj ; are constants, the H; are Hilbert-Schmidt operators from U into
H, the Y are bounded real-valued £-measurable functions and the (s{ ;, t;,] are
subintervals of [0, T and F!; € Fy» , such that

lim / W, x)o T, )= W,(-, -, x)||M’T)L(dx) =0.
E

n—00

Proof Observe that

T
IC Ol =Y fg /0 Vin(@, D W (@, 1, X)ew|j (o, d).

Therefore, since

D (@, ) = 10:(@),w) < o0,

we may assume that there exist mo € N and M < oo such that ¥(w, ¢, x)e,, =0
for all m > mg and w, t, x and

mnfl

Z |V (w, 1, x)e;|3; < M, Yo,t,x.
j=1

Then W(w, t, x) o T(w, t) € Lusy(U, H) and

[¥@.t.x)0 @D}, . < M.
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In particular,
Vol eV:=L*(Qx[0,TIxE, Por x&, mu®Ar LusU, H)).

Denote the normon V by ||| - |||. Let { H;} be an orthonormal basis of Ly (U, H),
let { fi} be an orthonormal basis of LY(Q x [0, T], Pro. 71, m) and let {1} be an
orthonormal basis of L2(E, £, A). Clearly {H; f; ® v} is an orthonormal basis of
V. Then

lim |[|¥) —WoT||| =0,

n—0oQ
where
Wi, t,x) =Y b H; filw, )y (x)
Jil=1

and the b;; ; are the coefficients of W o T in the basis {H i fi ® Y}, Therefore
the proof of the lemma is complete as soon as we can show that each f; can be
approximated by a sequence of simple real-valued processes. To do this, denote
by & the class of all sets of the form

l
I' = (smvtm] X Fmv Fm GJ:SW'
=1

m

Since the linear combinations of the characteristic functions of sets from Py 7 are
dense in L2(Q x [0, T, Pro.17, m), we need to show only that for all A € Pjg 7
and ¢ > O thereisa " € & such that

pu((A\THIUT\ 4)) <e.

Let P71 be the class of all A € Po, 7 that can be approximated in the above sense
by elements from &. Then & C Pjo 71 C Ppo.r1 = 0(&). Hence it is sufficent to
observe that 75[01] is a o-field. This follows from the Dynkin w—A theorem (see
Theorem 3.2), because & is a w-system and 75[0,” is a A-system. d

We can now formulate the main result of the present section.
Theorem 8.14 (Stochastic Fubini) Assume that
WelLl'(E,E LR X0, T, Pory wu: Lisy(H. H))).

Then, P-a.s.,

T T
[ </ W(t, x)o T() dM(t)) Adx) = / </ U(t, x)o T(z)x(dx)) dM(1).
E 0 0 E
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Proof We recall arguments from Da Prato and Zabczyk (1992a). From Theo-
rem 8.10 it follows that for A-almost all x € E, the predictable process W(-, -, x) o
T(-, -) is integrable with respect to M. We have to show that there is an Fr x &-
measurable version of the integral

T
I(w, x) :=/ W(w,t,x)oTt)dM(w, 1),
0

that for P-almost all w € €2, the integral is Bochner integrable with respect to A
and that

T
/ I(w, x)M(dx) = / J(t, w)dM(w, t), P-a.s.,
E 0

where J is a predictable version of the Bochner integral
J(w, 1) := / U(w, t, x) o T()M(dx).
E

Let (,)) be the approximating sequence constructed in Lemma 8.13. The theorem
clearly holds for each W,. By standard use of Chebyshev’s inequality and the
Borel-Cantelli lemma, it follows from Lemma 8.13 that there is a set Ey € £
such that A(E \ Ep) = 0 and a subsequence (¥,,,) such that, for all x € E; and
m > m(x),

qu(7 © x) o T(’ ) - \I]n,,,('v '7 x)”M,T =< 2_m-

Consequently, if

T
I(w, x) := lim v, (w,t,x)dM(w, t)

m— 00 0

on the set where the limit exists and /(w, x) = 0 otherwise then, for any x € Ej,
I is an F7 x £-measurable modification of

T
/ Y(w, t,x)oT(w, t)dM(w, t).
0
Note that

E

T T
ff w(t,x)oT(t)dM(z),\(dx)—// W, (t, x) dM(t) A(dx)
E JO E JO H

<[k
E

S/E”‘I’(',',X)OT('w)—‘Ifnm(-,-,x)HM’T)L(dx)—>0,

T
/ (W(r,x) 0 T(t) — Wy, (1, x))dM (1)
0

A(dx)
H
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Moreover,

T T
]Ef /\D(t,x)oT(t)A(dx)dM(t)—f /llf,lm(t,x)dM(t)/\(dx)
0 E 0 E

H

T
=E / / (W, x) 0 T(1) — W, (¢, x)) A(dx) dM (1)
0 E

H

=<

/E (WC, 5 x) 0 T(, ) = Wy, G, -, x))A(dx)

M, T

=< / ”\'Ij(v ) x) o T(v ) - lpn,,,(.v * .X)HM’T)\.(dX),
E

and the result follows. g

8.6 Stochastic integral with respect to a Lévy process

This section is concerned with stochastic integration with respect to a Lévy process.
First we consider the L2-theory of stochastic integration with respect to square
integrable Lévy martingales, and then stochastic integration in L”-spaces. In the
latter case we first consider the stochastic integral with respect to a Wiener process.
The target space, where the stochastic integral takes values, will be a space of
the type LP(E, £, X)) with p > 2. For establishing the space—time regularity of
a solution to an SPDE driven by a Wiener process, the case of large p will be
of special interest. Finally, we consider the case of integration with respect to a
Poisson random measure, which can be treated as a Lévy process taking values
in a properly chosen Hilbert space. This is an impulsive analogue of space—time
Gaussian white noise. The fact that its quadratic variation process is a purely
atomic measure enables us to develop the theory of integration with a target space
of the type LP(E, £, X), p < 2. The fact that p is small will be an obstacle to
investigating the space regularity of a solution to the equation driven by a Poisson
random measure, but it will be very useful for establishing the existence of solutions
to SPDEs considered on a domain @ C R withd > 1.

8.6.1 Square integrable integrators

It is convenient to introduce a special class of martingales satisfying the following
condition:

IQeLi(U): ¥t =5=0, ((M,M)),— (M, M), <(—sQ. (810)
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By Theorem 8.2, (8.10) may be stated equivalently as follows: ({({M, M})),, s > 0)
is absolutely continuous and

d

d—((M, M))s < 0, Vs >0, P-as. (8.11)
s

The following lemma gives a motivation for the assumption in (8.11).

Qs =

Lemma 8.15  Assume that Q and R are non-negative operators on a Hilbert
space V and that R < Q. If ® is a linear operator from V into a Hilbert space H

then | ®R!/? <|e

“L(HS>(V,H) Q1/2 ”L(HS)(V,H)'

Proof Let {e;} and { f;} be orthonormal bases of V and H, respectively. Then

[R5, v < D |OR ey = 3[R0 il
k l

= > (R'20" /i, R'P0* ), 3 (RO* fi, ©" fi)y
) )
N Z<Q¢*ﬁ, (D*fl>v = ”(DQI/Z ”i(HS)(V,H)'

O

Let Q~'/? be the pseudo-inverse operator given by (7.1) and let us equip H :=
Q'72(U) with the scalar product (y, ¢) = ((Q~"*)¥, (Q~'?)g),,. Let

L}, ;= L*(Q x [0, T1, Po,ry, Pdt; Lius)(H, H)).
A straightforward application of Theorems 8.7 and 8.10 yields:

Proposition 8.16  Assume (8.10). Then L3, ; 2 L3, (H) and, for every
X € 12, ,(H),

2

t
E <E / IXOI2, .1 ds-
H 0

/ X(s)dM(s)
0

In the most important case, where M is a Lévy process, (Q;, ¢ > 0) does not
depend on ¢ and w, and (M, M), = ct. In fact, by Theorem 4.47 and Remark 7.3,
(M, M), =t TrQand ({M, M)), =1t Qfort > 0,yielding Q;, = Q/Tr Q, where
Q is the covariance operator of M. It follows that H as defined above is the
reproducing kernel Hilbert space of M. Note that 7'(w, t) = I, with I the identity
operator. Thus we have the following consequence of Theorems 8.7 and 8.10.

Corollary 8.17 If Q is constant then

L3y +(H) =13, 7(H) = L*(2 x [0, T, Pio.1), Pdt; L5 (H. H)).
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Moreover, for W € ‘Cﬁ/I,T(H ), the stochastic integral is a square integrable mar-
tingale with

T
E |17M(‘1’)|§1 - E_/O ||‘I’(s)||i(HS)(H’H) ds,
. 1), = [Cweworas e
0

(1" (w), IM(\IJ))Iz/(; Iy 0,11y 95 tel0,T].

8.6.2 General integrators

Recall (see Theorem 4.23) that an arbitrary Lévy process L taking values in a
Hilbert space U can be written in the form

L) =mt + M(t)+ P(1), t >0, (8.12)

where m € U, M is a square integrable martingale (and also a Lévy process) in
U and P is a compound (not necessarily square integrable) Poisson process with
Lévy measure pp.

We assume that M and P are defined on a filtered probability space (2, F, (F;),
P), M is a martingale with respect to the filtration (F;), P is (F;)-adapted and for all
t, h > 0 the increment P (¢t + h) — P(¢) is independent of F;. Finally, we assume
that uy(dw, dt) = d(M, M),(w)P(dw) is absolutely continuous with respect to
dr P(dw).

We consider a finite time interval [0, T']. The aim of this subsection is to define
the stochastic integral

t

1(t) :=/ CI>(s)ds+/ \Ill(s)dM(s)+/ U,(s)dP(s),  tel0,Tl,
0 0 0
(8.13)

where ®, W, W, are operator-valued processes. Clearly, this will cover, in par-
ticular, the definition of the stochastic integral fot W(s)dL(s) with respect to the
Lévy process given by (8.12).

Recall that P(t) = Z];[z(’f Z;, where the Z; are independent random variables
in V with distribution

)
(V)

and I is a Poisson process with intensity wp (V).

P(Z; €T)
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Assume that an increasing sequence (V,,) of bounded measurable subsets of V
is given. For any m > 0, we write

T, i=inf{t > 0: P(t) — Pt—) ¢ V,,} =inf{j eN: Z; ¢ V,,}.  (8.14)
We assume that the sequence (t,,) increases to co.
Lemma 8.18 [fV = | V,, then the above hypothesis holds true.
Proof The sequence (t,,) is clearly non-decreasing. It follows that

IP)(‘L—m>n)Z]P>(Zl EVm,ZZGVm»--',ZnEVm)
>P(Z,e V) — 1 asm 1 o0o.

Define Z" by Z" := Z; v, (Z;). Define P,,(t) := Y} Z". ¢ > 0. Then
Pit)= P,(t) on the set {r < 7,,}. (8.15)

Each P, is clearly a compound Poisson process in V with Lévy measure u,,(I") =
wup(I N'V,,). Moreover, each P, is square integrable, since it takes values in a
bounded set V,,. Let

Uy, :=/zum(dz)=/ zup(dz). (8.16)
14

Vin

Then the processes (M,,(t) := P, (t) — tu,, t = 0), m € N, are square integrable
mean-zero Lévy processes with covariances

Om = / 7 Q zup(dz), m € N. (8.17)
U
That is,

(Qmuv U)V - / <Zv u>V<Z7 M>V/,LP(dZ), u,v e V.

LetH,, = ,ln/ 2(V). Note that (H,,) is an increasing sequence. Recall that Lﬁ,,’T(H )
denotes the space of all processes W such that the stochastic integral fot W(s)dM(s),
t € [0, T, is square integrable in H.

We will define the stochastic integral (8.13) for integrands &, V| and W, satis-
fying the following conditions.

(H1) &: Q x [0, T] — H is measurable and

T
P (/ X10,5, (O P@)| dt < oo) =1, Vm e N.
0

(H2) Foreachm e N, W x0.5,] € ﬁ%,LT(H).
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(H3) Foreachm € N,

X0.eW2 € L*(Q x [0, T1, Pr, Pdt; Ligs)(Hm, H)),

(0, 1) = X10,5,()] (1) W2(t)u,, is measurable

and

T
P </ X010, 21O W2 (Dt | g dt < OO) =1
0

Note that (H1)—-(H3) imply that, for each m,
t
L) : = / X00,,1(8) (P(s) + Wals)uy,) ds
0
t
+ f Xiooes1 ()W (5) AM(s)
0

t
+/ X10,5,1(8)Wa(s) dM,, (s), te[0,T],
0

is a well-defined process having a cadlag modification. As usual, we take the cadlag
version of [,,. The following result is a simple consequence of Propositions 8.11
and 8.12.

Lemma 8.19 Let I,,, m € N be defined as above. Then, for everyt € [0, T] and
allm,n e Nwithn > m, (1,,(t) — I,(t)) x0.2,1(t) = 0, P-a.s.

By definition, the stochastic integral (8.13) is a uniquely determined cadlag pro-
cess satisfying I(w,t) = I,(w,t) for w e Q and f € [0, 7,(w) AT]. By
Lemma 8.19, the process I is well defined.

8.7 Integration with respect to a Poisson random measure

As in Section 7.3, consider a measurable space (E, £) and a Poisson random mea-
sure on [0, oo) x E with intensity measure df ;(d§). By Theorem 7.28, the com-
pensated measure 7 (see Definition 6.2) can be treated as a square integrable Lévy
martingale in any Hilbert space U containing H := L*(E, &£, j1) with a Hilbert—
Schmidt embedding. Moreover, H is the RKHS of 7.

In this section we are concerned with the so-called L?, p € [1, 2], theory of
integration with respect to 7. Starting with simple fields, we define the stochastic
integrals with respect to 7w and 7 of random fields X = X (¢, §) on [0, 00) x E. At
the end of the section, we will relate these concepts to the stochastic integral with
respect to Hilbert-space martingales.
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It is worth noting that in the application to SPDEs (see Chapter 12) we will be
concerned with the convolution-type integral

f f /G(t —s5,x,y)g(Y(s,y), 0)m(ds, dy, do).
0 JOJS

An extension to such types of integrand is provided in subsection 8.8.1.
First we define the integral of a simple field. To this end, let us denote by &y
the set of all A € £ such that u(A) < co. A field X is said to be simple if

k

X = XXt XA, (8.18)
j=0
where 0 =ty < -+ <t < fry1 <00, Ay, ..., Ay € sy and the X ; are bounded

and f,/. -measurable. We denote by L the set of all simple fields on [0, c0) x E.
For a simple field X, we set

' k
/ /X(s,g)n(ds,dg) = ijn((z, At tig At] X Aj).
0 E j=0
We will often write I (X) instead of fol [ X(s, &)m(ds, d€). Note that

k
EI7(X) = EZX_,-JT((I_,- At tig At] X Aj)
j=0
k
=Y EX;En((tj At ALl x Aj)
j=0
k
= ZEXj(t,i+l ANE—=1Li N I)M(A,)

=0
t
[ [ x6.od
0 JE
This yields the following result.

Lemma 8.20 If X is a simple field then
t
E |17 (X)| S]Elt”(lXI)=/ /EIX(S,E)IdSM(dE)-
0o JE

Let X be given by (8.18). Then, by definition,
k
I7(X) = ij (7 ((t; At tjr ATT X AG) = (1 AL —1; ADI(A))) .
Jj=0

We will often write I7(X) = fol [ X(s, &)m(ds, d§).
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Lemma 8.21  For a simple field X, the integral IIE(X), t > 0, is a martingale
having all moments finite and quadratic variation

[I7(X), IF(X)], = [[(X?), t=0.

Proof Let X be given by (8.18). We have to show that, forallt > r,E (I;A’(X)l}",.)
= If(X). Clearly it is sufficent to show this for r =¢;,i <k, and t = ;4. We
have

E (17, (0| F,) = 17 (X)

/381
k

VB ({1, 101 X Af) = (1 = 1)(A)) | F)

where

Rj = Xj(w((tj, tj1] X Aj) = (1751 — 1))1(A))).
Thus, it is sufficent to show that [E (Rj |-7:t,-) = 0fori < j. We have

E (le}—fi) =E (E (Rj|‘7:f.f) |]:’:)

=B (X;E( (@), 1711 x Aj) = (010 = (A7) | 7).
Since ((tj, tj4+1] x A;) is independent of]-'t,,i </,

E(m((t, tj41] x A}) = (tj41 — 1)m(A)|F)

=E (w (1), 1j41] X Aj) = (tj01 — 1)1(A ) =0,

which gives the desired conclusion. The integrability of the integral follows easily,
as the X ; are bounded random variables and all moments of 7w ((¢;, tj4+1] X A;) are
finite.

To prove the formula for the quadratic variation [/ T(X), I"(X)], we may assume
that X is of the form X = X x¢,..,jx4, where X is F;, -measurable. We have

IFX) = X (n((h At Al X A) = (0 At — 11 ADR(A)).

Let us take a partition {77} of [0, 0o) satisfying sup; (t;’Jrl — t;?) — 0asn 1 oo
and t;’ 4 oo. Let us fix ¢ and write

Avi=g((At At oAt At ] x A)—a((n At Al oAt AL x A).

Note that (7w ((0, t] x A), t > 0) is a Poisson process. It is therefore piecewise
constant with jumps of size 1. Thus, for every w € @ and n sufficiently large,
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A’ € {0, 1}. Hence
= T . n\2 : n
[0, 0], = Jim Y7 X7 (a7)" = X7 lim Y- 4
J

=Xin((h At At] x A) = IF(XP).

The following lemma is taken from Saint Loubert Bié (1998).

Lemma 8.22 Let p € [1,2]. Then there exists a constant ¢, such that, for an
arbitrary simple field X and T < oo,

T
E sup |1?(X)|”5c,,Ef /|X(r,s)|1’dru(ds).
0 E

te[0,T]

Proof By the Burkholder—Davies—Gundy inequality and Lemma 8.21,
E sup [I7(X)|) < ¢, E[I7(X), IT(X)]Y? = ¢, E (17 (X))
tel0,T]
Let X be given by (8.18). Then

k
IF(X?) = Z 7((tj AT, tj1 AT X A).

Note that, since p/2 < 1,

r/2
(Z it ) <D Gomp)? <y ) m;
J J J
for all (xy, ..., x;) € [0, 00) and (m,, ..., my) € Z’i. Thus since
JT((I_/'/\T,Ij+1AT]XAj)€Z+, j=1,...,k,

we have (17 (X2))"? < IF (1X|"). By Lemma 8.20,

T
E 7 (1X|7) =f /EIX(I,S)I”dtM(dE),
0o Js
and the required inequality follows. O

We will generalize these results to the class of predictable fields. Given T < oo,
we denote by Py, 7] the o-field of predictable sets in [0, T] x €. Write

Lh o =L"([0,T] x QX E, P ®E, dt Pu). (8.19)

We have proved that, for each p € [1, 2] and each ¢ > 0, the stochastic integral
Itﬁ: Lo+ LP(2, F;,P) is a bounded linear mapping if the class Ly of simple
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fields is equipped with the seminorm

t 1/p
ez, = ([ [ Exeorase)

p

The simple fields are dense in L 1,

Lemmas 8.20-8.22.

yielding the following consequence of

Theorem 8.23

(1) For p € [1,2]) and t € [0, T] there is a unique extension of the stochastic
integral If to a bounded linear operator, denoted also by Ilﬁ , from EZ,, into
LP(Q, F,, P).

(ii) There is a unique extension of the mapping
Lo X IT(X) e LY(2, F;, P) to a bounded linear operator from E,}L’,
into L\(Q, F;, P). The value of this operator at X is given by

//X(Sf)ﬂ(ds,dé),
o JE
denoted I (X).

(ii1) For X € LL,T and0 <s <t <T,

E|17(X) — 70| < ¢ / fE E|X(r, £)| drpu(d€)

and
E[17(X) - I7(X)| < / / E|X(r. £)| drpu(dg).
K E

Hence the processes | ﬁ(X ) and 1" (X)) admit predictable modifications.
(v) If X € Ei,T then (I,E(X), t €10, T]) is a square integrable martingale.
Moreover, for X, Y € Ei’T andt € [0, T], [IE(X), I’?(Y)]t = I7(XY).

As for the case of simple fields, we write fol [ X(s, §)m(ds, d§) instead of
If (X). In the majority of cases,

/ / X(s, &) (ds, d&) = / / X(s, £)7(ds. d&) + f / X(s, £)ds ().
0 E 0 E 0 E

8.7.1 Comparing two integrals

Assume that p = 2. We will show that the stochastic integral with respect to a
compensated Poisson measure, introduced above, can be regarded as a stochastic
integral with respect to a square integrable martingale, described in Section 8.2.
In fact, we will relate the integrand X € Li’T to X € E%’T in such a way that

IF(X) = [y X(s)d7(s).
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For this purpose we regard 77 (s, -) as a U-valued random variable for a properly
chosen Hilbert space U. Namely, we assume that U is a Hilbert space such that
the embedding of the RKHS space H = L*(E, £, u) < U is Hilbert-Schmidt.
Additionally we assume that H is dense in U. Then, under the identification of
‘H with its dual space, U* — H = H* < U. By Proposition 7.9, we identify
7 (t) with the family ((1//, 7)), ¥ € U*)), where (-, -) is the duality on U* x U.
In Section 7.3 we started the construction by defining (v, 7(¢)) as the stochastic
integral of the deterministic mapping. Thus, with the notation of Section 7.3,

W FWO) = Rt ) = /0 fE PERWs, dE), Y e,

Since
IFy) = f f ¥ (&) (ds, )
0 E

and, under the identification of v with an (H* = H)-valued process, (¥, T(t)) =
fot Y d7(s), it follows that, for a deterministic time-independent field X, Iﬁ W) =
Jy ¥(s)d7(s), where § € H* = Liys)(H, R) is given by

Vlel = (. o)n = /E ¥ (E)p()p(dE), ¢ €H.

Thus, for a simple field X, If(X) = fot X(s)d7(s), where X is a simple process
in Lgs)(H, R) given by

X(s)lg] = / X(s)(E)p(§)u(dg), peH,s=0. (8.20)
E
By approximation arguments we obtain the following result.

Proposition 8.24 Given X € Ei’T we denote by X the Ly s)(H, R)-valued pro-
cess defined by (8.20). Then X € ﬁ%T(R) and

1?(X)=/ X(s)d@(s),  tel0, Tl
0

From now on, we will not distinguish X from X notationally.

8.8 L7”-theory for vector-valued integrands

Assume that M is a square integrable Lévy martingale in a Hilbert space U with
RKHS 'H. So far, we have seen how to integrate processes with values in the space
of linear, possibly unbounded, operators from U or H into another Hilbert space
H. A special role is played by the space of Hilbert—Schmidt operators. One may
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ask whether it is possible to develop a similar theory of stochastic integration in
Banach spaces. Thus, given a Banach space B, we are looking for a subspace R of
the space of linear operators from U to B such that, for a simple R-valued process

W= Wi
n

where W; € R and ¢; is an F; -measurable real-valued bounded random variable,
we have

T q T
IE/ W(s)dM(s) gcT,qE/ [W(s)|%ds, T >0, (8.21)
0 B 0

for some positive ¢g. This, however, requires some geometrical properties of B; see
Brzezniak (1997) and Neidhardt (1978).

Let (E, £) be a measurable space and let A be a measure on (E, £). We will
establish some basic properties of stochastic integrals in the target space B =
LP(E, &, 1). We consider two cases, firstly where M is a compensated Poisson
measure and p € [1, 2] and secondly where M is a Wiener process. The latter
will be considered for p > 2. Our analysis of the first case will be based on
Theorem 8.23. In the second case we will use the Burkholder—Davies—Gundy
(BDG) inequality formulated in Theorem 3.49.

The results obtained here for a Wiener martingale W will be sufficient to study
the regularity properties of solutions to SPDEs driven by W.

Forbrevity,weset L? := LP(E, &, A).LetK: U* x U* + Rbethe covariance
form of M introduced in Section 7.1.

Let us denote by Ry o(H, L?) the class of all operators W: H +— L” given
by (Vy)(x) = (Qx), V), x € E, ¥ € 'H, where the kernel Q is a measurable
mapping from E to U* satisfying

o2 1/p
ANQ) = ( / K (Q(x). Q) A(dx)) < .
E

Note that Ry o(H, L?), equipped with [| W || g, o1, 1) 1= A,(Q), is anormed space.
Here @ is such that Wy (x) = (Q(x), ¥), A-almost surely, for every ¢ € H.
Clearly, || - |y (3,7 is a seminorm. It is also a norm as, by Proposition 7.1,

K(Qw), Q) = Y (Q(x), &)’
k

for any orthonormal basis {e;} of H. Thus K(Q(x), Q(x)) = 0 implies that
(Q(x), ex) = 0 for every k, and consequently the operator (on H) corresponding
to Q is equal to 0.

As in the case of stochastic integration in Hilbert spaces, we first define the
stochastic integral in L? for simple processes S (RU,O(H, L? )) and then extend
the integral to a properly chosen space of processes.
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Definition 8.25 An Ry o(H, L?)-valued stochastic process W is said to be sim-
ple if there exist a sequence of non-negative numbers 1o =0 <t < --- < t,, a

sequence of operators W; € Ry o(H, L?), j = 1,..., m and a sequence of events
Aj ef,j.,j:O,...,m— 1, such that
m—1
W) =D X, Xpy )Y, s =0.
j=0

We shall denote by S (RU,O(H, L”)) the class of all simple processes with
values in Ry o(H, L?). For simple processes W we set

m—1

M) = Z xa, Vi (Mt A1) — M(tj A 1)), t>0. (8.22)
j=0
Note that, since Ry o(H, L?) C L(U, L?) and M takes values in U, each term in
the definition above is a well-defined random element in L?”.

8.8.1 Poisson case

In this subsection, M = 7 is a compensated Poisson random measure. We denote
by £Z (L?) the space of all predictable processes W: Q x [0, T'] — Ry o(H, L)
such that

1/p

T
Wz ony = (E /0 ||\If<r)||§U,O(H,L,,)dr)

Theorem 8.26 Let p € [1, 2]. Then, for all t > 0, there is a unique continuous
extension of the stochastic integral Itﬁ to a continuous linear mapping acting from
LE (LP)into LP(Q, F;,P; L?). Moreover, for all T € (0, 00) and W € LE (L?),
the process (I,’A’ (W), t €0, T]) is continuous in probability and adapted and
therefore admits a predictable modification.”

Proof 1t is enough to show that there is a constant ¢ such that, for any simple
process W,

T
Bl < eB [ W01, 000

We will derive this estimate from Theorem 8.23. To this end we fix a simple
function W of the form given in Definition 8.25 and write

m—1

Qs, x, @) = Y x4, (@)Xt () Q;(x),

=0

2 We will always work with predictable versions of stochastic integral processes.
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where Q; is the kernel of W;. Then, by Proposition 8.24,

t
IF(W)(x) = / (s, x)dm(s).
0
It now follows from Theorem 8.23 that

E|I7 (¥)@)|" < C]E/ K (s, x), QCs, x))"" ds.
0
8.8.2 Wiener case

In this subsection M = W is a Wiener process. For the definitions of simple pro-
cesses with values in Ry o(H, L?) and the stochastic integral IZW(\IJ), W simple,
see Definition 8.25 and identity (8.22).

Lemma 8.27 Forany ¥ € S(Ry.o(H, LP)), the stochastic integral IV (V) is an
LP-valued (F;)-adapted mean-zero process with continuous trajectories. More-
over, there is a constant C such that

, ; p/2
1 <CE ( / ||‘P(S)II§U,U<H,LP>dS) ’
0

forallt € [0,00) and ¥V € S(Ry o(H, L?)).

E|1Y (W)

Proof Letusfixx € E. Then

m—1

LYW =Y xa (Qi (). Wt At)— Wity A1),
j=1

where Q; stands for the kernel of W;. Therefore (I,W(\I-')(x), t > O) is a square
integrable martingale with continuous trajectories. Moreover,

m—1
(I (@)@, 1Y (@)@), =D xa, K(Q(x). Q) (tjs1 At —1; At)
j=1

t
= / n(s, x)ds,
0

where (s, x) := xa, K(Q;(x), Q;(x)) for ¢ € (¢, j41]. Now using the BDG in-
equality (see Theorem 3.49), we obtain

E|1Y (W)@ < ¢, E(I" W)x), 1" (w)(x)"?

t r/2
SC,,E(A r;(s,x)ds) .
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Since
t p/2 t p/2
/ (f n(s,x)ds) A(dx) = ‘/ n(s,-)ds
E \Jo 0 L2
t p/2
< (/ [n(s, -)Imzd8>
0
t p/2
< ( | ||W<s>||§U‘U(H_L,,)ds) ,
0
we have
E1Y W)’ = IE/ |1 (¥)(x)|" A (dx)
E
t p/2
SCP]E/ (/ n(s,x)ds) A(dx)
E \Jo
t p/2
< C,,IE< f 1 ()1, 074 ) ds) ,
0
which is the desired estimate. d

Remark 8.28 Letu € U* and let {¢;} be an orthonormal basis of H. Then, for
every h € H,

2
(u, h)* = (Dh,ek)ﬂ(u,ek))

k

<Y (hey Y u, e = bl K (u, ).
k

k
Therefore, given ¥ € Ry o(H, L?) with kernel O,

190 = sup WAL, =  sup / (Q(x), h)PA(dx)
heH: |hly<1 heH: |hly<1JE
< sup / K(Q0), Q)" 1A dx)
heH: |hiy<1JE
<

P
M W Ry o0,

Let (R(H, LP), || - llg,27)) be the completion of (Ry,o(H, L), || - Il gy o+, 1)) tO
a Banach space. By the estimate above, the space R(H, L?) is continuously em-
bedded into L(H, LP?).

Let us denote by E{,’V,T(LP) the space of all predictable processes W: 2 x
[0, T] — R(H, L?) such that

T p/2
I1Wller, ey = |:E (/ ||‘I’(f)||%e(H,u)df) i| .
‘ 0
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Note the difference from the space £ ;(L”) defined in subsection 8.8.1. Since
simple processes are dense in L}, (L”) we have the following consequence of
Lemma 8.27.

Theorem 8.29 Let p € [2, 00). Then, forallt > 0, there is a unique continuous
extension of the stochastic integral I to a continuous linear mapping acting from
Ly, (LP) 1o LP(Q, F;, P; LP). Moreover, for all T € (0, 00) and W € L}, (L?),
the process (I,W(\Il), t € [0, T]) is continuous in probability and adapted and
therefore admits a predictable modification.

In the general case, when the target space B is not necessarily of L”-type, it
is useful to introduce the concept of so-called radonifying operators. To do this,
let us fix an orthonormal basis {e;} of H. Let (Bx) be a sequence of independent
real-valued random variables with distribution A/ (0, 1) defined on a probability
space (2, F, P).

Definition 8.30 A bounded linear operator W : H + B is called radonifying if
the series ) ;- Bc Ve, converges in L* (2, F, P; B).

One can show that this definition does not depend on the choice of orthonormal
basis {e;} or sequence (8;). We use SR(H, B) to denote the class of all radonifying
operators from H into B. Given a linear operator W from H into L?, write

Y Bive

k=1

2

W15, ) = lim sup &
" B
Then (see e.g. Neidhardt 1978) W is radonifying if and only if ||W|ls;3,p) is
finite. Note that SR(H, B) equipped with the norm || - ||z, ) is @ Banach space
and that if B is a Hilbert space then the spaces J3(H, B) and L5 (H, B) of the
radonifying and Hilbert—Schmidt operators are equal. In this setting, || - |, Lr),
which appears in the definition of ‘C[V)V,T(Lp ), and || - ||szex. Lry are different norms!
Using Remark 8.32 below they may be shown to be equivalent.
The lemma below provides a useful estimate for the radonifying norm of an
operator given by a kernel. It is a reformulation of BrzeZniak and Peszat (1999),
Proposition 2.1, and Peszat and Tindel (2007), Lemma 4.3.

Lemma 8.31 Let p € [2, 00). Then Ry o(H, LP) € R(H, LP). Moreover, there
is a constant C < oo such that, for an arbitrary ¥ € Ry o(H, L?),

Wl me,zry < CIHY N RyoH,LP)-

Proof Assume that W is given by a kernel Q. Since for each x the real-valued ran-
dom variable ) ;_, Bt (Q(x), e) is Gaussian, there exists a constant C; depending
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only on p such that

; 2\ P/2 ; p 2/pT P/
E)Y pvel | = E(/ 3 Bl Q), ) A(dx))
k=1 Lr E k=1
n p
<E [ |3 Qe el awo
E k=1
2 p/2

A(dx)

Sclf E
E
SCI/

E

D Q). &)
Therefore, by Proposition 7.1,

> B{Q), ex)
k=1

r/2
A(dx).

k=1

2
< CPAL(Q),

> BeVe

2 .
W57,y = limsupE
n k=1

LP
which is the desired conclusion. O

Remark 8.32 The lemma above provides an upper estimate for the radonifying
norm. In fact (see BrzeZniak 1997), one can show that on Ry o(H, L?) the norms
R(H, L?) and Ry o(H, L?) are equivalent.

Remark 8.33 In a general theory of stochastic integration in Banach spaces the
most suitable operator norm is the radonifying norm. Under a certain geometri-
cal assumption on B one obtains (8.21) for all ¢ > 2, whereas using the BDG
inequality we succeeded in obtaining (8.21) only for g = p.
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9

General existence and uniqueness results

This chapter is devoted to the existence and uniqueness of solutions to an abstract
stochastic evolution equation driven by a locally square integrable martingale. The
concepts of weak and mild solutions are introduced and their equivalence is shown.
Sufficient conditions for the existence and uniqueness of solutions are given. The
Markov property of solutions is proved. Linear equations are treated in some detail.

9.1 Deterministic linear equations

Let us start from an abstract situation. Let Ay be a densely defined linear operator
on a Banach space B. Denote by D the domain of Aj. Assume that the differential
equation

dy

5 = Aoy y(0) = yo € Dy, .1

has a unique solution y(#), ¢ > 0. Since the equation is linear the solution depends
linearly on yo: y(¢) = S(¢)yo, t > 0, where S(¢) is a linear transformation from D,
into B. One says that the Cauchy problem (9.1) is well posed on B if the operators
S(t), t > 0, have continuous extensions to B and, foreachz € B,t — S(f)zisa
continuous mapping. The mapping ¢ — S(¢)z defined now for all z € B is called
the generalized solution to (9.1). Clearly the operators S(¢), t > 0, satisfy the
following conditions:

(i) S(O) =1 and S()S(s) = S(t + s) forall ¢, s > 0O;
(ii) [0, 00) > ¢ — S(t)z € B is continuous for each z € B or, equivalently,
|S(t)z — zlp — Oast | Oforevery z € B.

Thus well-posed Cauchy problems lead to the concept of a Cp-semigroup,
introduced earlier in Chapter 4 on Lévy processes. For convenience we repeat the
definition here.

139
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Definition 9.1 A family S = (S(¢), t = 0) of bounded linear operators on a
Banach space (B, | - |p) is called a Cy-semigroup if the conditions formulated
above are satisfied.

Assume that S is a Cy-semigroup on B. One says that an element z € B is in the
domain of the generator of § if lim, o t~1 (8(t)z — 2) exists. The set of all such z
is denoted by D(A). The limit, denoted by A, is called the generator of S. Clearly,
in the case considered at the beginning of the section, D(A) D Dy and A is an
extension of Ag. Basic properties of semigroups are formulated in the following
theorem. For its proof we refer the reader to e.g. Davies (1980), Engel and Nagel
(2000), Pazy (1983), or Yosida (1965).

Theorem 9.2
@) If S is a Cy-semigroup on B then, for some w and M > 0,
IS(t)zlp < e M |z|p, Vze B, Vt>0.

(1) If a densely defined operator A generates a Cy-semigroup S then A is closed
and, for any z € D(A) andt > 0,

S(t)z € D(A) and %S(t)z = AS(t)z = S(t)Az.

The final part of the theorem shows that for yy € D(A) the function  — S(#)yy
is a solution to the equation

d
d—f(r) = Ay(D),  y(0) = yp.

Consider, finally, the following non-homogeneous evolution equation:

d
d—f(r) =AY+ (1), y0) =y e H, 9.2)

where 1 is an H-valued function. If y, is in the domain of A and v is continuously
differentiable then the unique solution of (9.2) is given by the so-called variation-
of-constants formula,

y(t) = S(t)yo +/ St — s)y(s)ds, t > 0. 9.3)
0

This expression has a meaning for less regular functions ¥, for example, for
¥ e Ll ([0, 00), B([0, 00)), £1; H). In this case y, given by (9.3), is called the

loc
mild solution or generalized solution to (9.2).



9.2 Mild solutions 141

A continuous function y is a weak solution to (9.2) if

(¥(®), hyn = (yo. ") n +/0 (y(s), A*h)y ds +/0 (W(s), h)y ds

for all + > 0 and & from the domain of the adjoint operator A*. One can show
that the mild solution y satisfies (9.2) in the weak sense. In Section 9.3 we
will show the equivalence of mild and weak solutions to more general stochastic
equations.

9.2 Mild solutions

We are concerned with the equation
dX = (AX + F(X))dt + G(X)dM, X(t0) = Xo, 94

where A, with domain D(A), is the generator of a Cy-semigroup S on a Hilbert
space H and M is a square integrable martingale taking values in a Hilbert space
U. We assume that M is defined on a filtered probability space (2, F, (F;):>0), P)
and satisfies (8.10), that is,

3QeL{(U):Vr=5>0, ((M,M)),— (M M) <(t—-50. (.5

We set H := Q'/(U). The space H is considered with an induced scalar product.
By Proposition 8.16 the space £2T, »(H) of integrable processes contains

L}, 7(H) == L* (2 x [0, T1, Pio,r1, Pdt; Ligs)(H, H)).

Moreover, in the case where M is aLévy process on H, one can take H as the RKHS
of M.Then L7, ,,(H) = L3, ;(H). The assumption of the square integrability of M
is rather restrictive and does not cover certain important cases. In particular, it does
not cover stochastic equations in finite dimensions driven by local martingales.
These equations have unique solutions under Lipschitz-type conditions. In the
important case where M is a Lévy process the square integrability condition can
be removed. For more details see Section 9.7.

We assume that X is an J; -measurable random variable in H. The non-linear
components of (9.4) are usually not continuous on H. Generally one should assume
that F and G are defined on some subspace (or even a subset) of H and take values
in A and Lo(H, H) respectively, where H contains H and Lo(H, H) is the space
of all (not necessarily continuous) operators from 7 into H. In order to cover the
most natural cases (see, however, Proposition 9.7), we assume that F: D(F) — H
and G: D(G) — L(H, H) satisty Lipschitz-type conditions:
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(F) D(F)is dense in H and there is a function a: (0, 0o) — (0, oo) satisfying

fOT a(t)dt < ooforall T < oo such that, forall t > 0 and x, y € D(F),
[SOFX)|g < a()(1 + |x|g),
ISOFx) — FODu < a@®)lx — ylu.

(G) D(G)is dense in H and there is a function b: (0, c0) > (0, 00) satisfying

fOT b%(t)dt < oo forall T < oo such that, forall # > 0 and x, y € D(G),
ISOG Lysyre.y < D@ A+ |x|1),
ISE(G(x) = GOD sty < b@) X = y|H-

We will occasionally need the following strengthening of (G):
(GI) Condition (G) holdsif S(r) =1,t > 0.

Remark 9.3 Since the domains D(F) and D(G) are dense in H, conditions (F)
and (G) imply that, for each t > 0, S(t)F and S(¢)G have unique extensions to
continuous mappings from H to H and from H to L(H, H), respectively. We also
denote these extensions by S(t)F and S(#)G. Clearly, forallt > Oand x,y € H,

ISOF ()| < alt) (1 + |x[n), ©9.6)
IS@)(F(x) = F) |n < a®)|x — ylu
and
ISG O Liysym.my < DO A+ |x[H),
1S (G(x) = GOV Ly r.rry < D) X = Yln-

Remark 9.4  The function ¢ — || S(#)|l () is bounded on any finite interval
[0, T]. Thus,if F: H+— Hand G: H — Lys(H, H) are Lipschitz continuous
then (F) and (G) are satisfied.

9.7

We are now able to formulate the precise definition of a solution to (9.4).

Definition 9.5  Let X, be a square integrable J;,-measurable random variable in
H. A predictable process X : [tg, 00) x Q +— H is called a mild solution to (9.4)
starting at time ty from X if
sup B |X(1)|3 < oo, VT € (ty, 00) 9.8)
1€lto,T1

and

X(t) =St —19)Xo +/ St —s)F(X(s))ds

fo

+/ St — s)G(X(s))dM(s), Vit > 1. 9.9

fo
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Of course, it is to be understood that (9.9) holds P-a.s., that is, for any fixed ¢
there is an €2, € F; of full P-measure such that (9.9) holds for all w € ;.

Remark 9.6  The integrals appearing in (9.9) are well defined. The first is the
Bochner integral introduced in Section 3.3. Recall that it is defined if the integrand
is measurable and

Ir (1) :=/ IS¢t — s)F(X(s))|pds < oo, YVt & (ty, 00).

Measurability follows from the continuity of S(¢ — s)F, while the estimate can be
shown in the following way:

Elr() < Ef at —s)(1+|X(s)|g)ds

fo

s€lto,t] to

< (1+ sup IElX(s)lH>/ a(t — s)ds < oo.

By Corollary 8.17, the stochastic integral is well defined provided that the integrand
is predictable and

I(t) := Eft 1S = HGX NI, 0.0, ds < 00. (9.10)

Predictability follows from the predictability of X and the continuity of
[to,t) X H 3 (s, x) = S(t —5)G(x) € Liysy(H, H),

whereas (9.10) can be derived from (G) and (9.8) in the following way:

I(1) < ]E/ bt —s)(1 4+ | X(s)])? ds

fo

s€lty,t] 0

<2 (1 + sup H«:|X(s)|§,)/ b*(s)ds < oo.

As we shall see, assumptions (F) and (G) allow us to prove the existence and
uniqueness of the solution to (9.4). They are satisfied in many interesting cases,
but in special situations they may be relaxed. In particular, consider the equation

dX = AXdr +dM,  X(0) = X,. ©.11)

Then, for (9.11), the assumption in (G) implies in particular that the reproducing
kernel of the noise is included in the state space. This assumption is not satisfied,
however, for a large class of linear equations having well-defined solutions. For
instance, assume (still for (9.11)) that A is a self-adjoint operator on a Hilbert
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space H. Assume that there exists an orthonormal and complete basis {e,} of H
such that

Aty = —nen, n=12 ... y2>0, yp 1 +00. (9.12)

Then we can identify H with /%> and A with the diagonal operator A(u,,) = (—y,it,,),
(u,) € I2. Let M = (M,), where M, n € N, are independent mean-zero Lévy
processes with exponents E M) = ¢=V»*) Here

10 =L+ [ (1=,
Equation (9.11) can be solved for each coordinate of X = (X,,) separately. Namely,
Xu(t) = e " X, (0) + /0 et dM,(s),  t=0.
To simplify the notation, we assume that X,(0) = 0 for all n. By Corollary 4.29,
E e X = exp {— /Ot Y (xe™7) ds} :
Let

Y (x) = Z/o Y (xne_y”s)ds, x = (x1,x2,...) €%
n=1

Then X takes values in H = {2 if and only if, for each ¢, e 7¥**") is the characteristic
function of a probability measure on /2. For x = (x|, x2,...) € [2,
n=1

[ t
/ gnxe 2st+2/ f(l — exp {ix,e 7y }) vu(dy) ds
o0
ZQH 1_e 2]/” yn +Z/ UCnV U (dy)v

n=1

Y (x)

I

where
vi([) = ‘/Ot v{y: e "y € I'}ds, I' € B[R).
Consequently (see also the proof of Theorem 4.13), v, is of the form
e = He0w e + [ (1= ) v, xel,

where

Q) =4 (1—e) Ly xeP nen,

n
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and v, is a measure concentrated on the axes; on the n-axis it is exactly v/ . Hence,
by the Lévy—Khinchin theorem, X (¢) takes values in 12 if and only if Q(z) is of
trace class and v’ is a measure on [? satisfying

/ (IzI* A 1) v'(dz) < oo.
12
Therefore, after standard manipulations we obtain the following result.

Proposition 9.7  The process X takes values in I if and only if

00 q t ens
3 [_” —i-/ (e_zy'”/ [y Pva(dy) + vafy: [y] > CW}) d5:| < 0.
0

n=1 Vn —erns

Note that the RKHS of M is contained in [? if and only if the sequence ¢, +
fJ:;O |y|>v,(dy) is bounded; see Example 7.5. This is a much stronger condition
than that required in Proposition 9.7.

9.2.1 Comments on the concept of solutions

Assume that F: R? > RY, G: RY — M(d x n)and that M is a square integrable
R”-valued martingale. In the classical theory of stochastic equations (see e.g.
Protter 2004), one looks for cadlag solutions to equations of the form

dy(t) = F(y(t—))dt + G(y(t—))dM (1), y0)=a,t€[0,T], (9.13)

in which the left limit y(z—) of the solution, rather than the solution y(z) itself,
enters into the coefficients. Note that if y is a cadlag solution to (9.13) then the
equation is well defined and the process (y(¢—), ¢ € [0, T]) is predictable.

The left limits in (9.13) may be replaced by the requirement of predictability,
provided that the angle bracket of the integrator is absolutely continuous with
respect to Lebesgue measure or, equivalently, (9.5) is satisfied. An example con-
structed in the section on linear equations shows that mild solutions are not in
general cadlag and therefore, in infinite dimensions, instead of considering equa-
tions with left limits on the right-hand side, we require only that the solution should
be predictable.

In the present section we discuss the relation between equations in R¢ with and
without left limits. Let v be a finite measure on [0, 7] that may also be random.
Set d = 1 and consider the equations

y(it)=a +/ G(y(s—))v(ds), tel0,T], 9.14)
0,17

y(it)=a +/ G(y(s))v(ds), tel0,T] 9.15)
0.1]
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Proposition 9.8  Assume that G is a Lipschitz function. Then we have the
following.

(1) Bounded solutions to (9.14) and (9.15), if they exist, are cadlag.
(i) Equation (9.14) always has a unique solution.
(iii) Equation (9.15) may have zero, one or many solutions.
(iv) Equations (9.14) and (9.15) may have unique but different solutions.

Proof 'We may assume that d = n = 1. To prove (i) assume that G(y(s—)) and
G(y(s)) are bounded functions of s € [0, T']. Given abounded function g: [0, T]+—
R write

Y (z) 2/ g(s)v(ds), t€[0,T]
©0,1]
Then, fort € [0, T)and h > Owitht +h < T,

/ g(s)v(ds)
(t,t+h]

Consequently, ¥ (¢t + h) — ¥ (¢) as h | 0 and right-continuity follows. If # > 0
and t — h > 0 then

Wt +h) =y = =v((r,t +h]) sup |g(s)I.

5€[0,T]

Y (1) :/ g(S)V(dS)+/ g(s)v(ds)
(0,1—h]

(t—h,t]

— Y —h)+ f g(s)v(ds) + gOv({1)).

(t—h,1)
Consequently, limy o ¥ (t — h) = ¥ (1) — g(t)v({}).

To show (ii), one considers G with Lipschitz constant K and an interval [0, 7]
such that Kv((0, T]) < 1. Then the transformation

JO)t) =a+ /O G(y(s—)v(ds), 1 €[0,T],
©.1]

is a contraction on the space of cadlag functions on [0, 7] equipped with the
supremum norm. Indeed,

(@) = J(M(@®)] = /(0 ](G(y(s—)) — G(3(s—))v(ds)

< K sup [y(s) — () v((0, T]).
5€[0,T1
Thus if Kv((0, T]) < 1 then the contraction property follows. We can use the clas-
sical argument; see Protter (2004). Consider times 7o =0 < T} < -+ - < Tj_| <
Ti = T such that Kv((T}, Tj41)) < 1. We first show that, on the interval (0, Ty),
(9.14) has a unique solution and the solution is bounded on [0, 7}). Existence and



9.2 Mild solutions 147

uniqueness follow from the contraction principle of J on [0, S] for every S < Tj.
Note that |G(x)| < |G(0)| + K|x| for x € R and, therefore, for t < T,

y()=a +/ G(y(s—)v(ds);
0.7]

consequently,

YOI = lal +1GO)((O, 11) + Kv((0, 1) sup [y(s)]
< la| + [GO)[v((O, T1]) + Kv((0, T1]) sup |y(s)].

s<t
Then, for § € (0, T),
sup [y(D)] =< la| + |GO)[v((0, T1)) + Kv((0, T1)) sup [y()|.
t<T1—8 t<T;—§8
Hence
lal + 1G(0)|v((0, T1))

su D < s
S YOI e, 1)

and so the required boundedness follows. Since y is uniformly bounded on (0, T7),
it follows that y(¢) has a finite limit as ¢ 1 77. At = T; the equation becomes

y(T) =a+ / G(y(s—)v(ds).

0,T1]

This defines y at time 7). One can repeat the reasoning for other intervals [7;, T; 4]
to obtain the unique solution on [0, T'].

To see (iii) take v = §; and @ = 0. Then any solution to (9.15) satisfies y(¢) = 0
for t < 7 and y(¢) = y(f) for ¢t > . Moreover, y(f) = G(y(%)). Now, if G(x) = x
then there are infinitely many solutions, whereas if G(x) = x + 1 there are no
solutions. Clearly there is a unique solution if the function G has a unique fixed
point.

To show (iv) we take v = k&;, where 7 € (0, T)is such that Kk < 1,anda = 0.
Then the solution y; to (9.14) satisfies y;(t) = 0 for ¢t < 7,

yi(@) =f ~GO)v(ds) =kG(0)
0.1

and y;(t) = kG(0) for ¢t > 7. The solution y, of (9.15) satisfies y,(t) = Ofort < 7
and

yz(?)=/ ~ G(a(s)v(ds) = kG(y2 (D).
©.7]

Since kK < 1 the equation x = kG (x) has a unique solution, which, in general,
is different from kG (0). O
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The following proposition shows that the absolute continuity assumption (9.5)
allows us to introduce the concept of predictable solutions, in a unique way, up to
modification.

Proposition 9.9  Assume that M is a square integrable martingale satisfying
(9.5). Let r and v be two predictable stochastically equivalent processes such
that

t
E[;@wnﬁw@m+uwmﬁw%m%h<w.
Then the stochastic integrals
t t
/,w@MM@L / FEAM(s), 120,
0 0

are also stochastically equivalent.

Proof Since

2 t
E <E f [v )= @15, 00m s
H 0 ‘

fo (W) — P(s)) dM(s)

and E [[/(s) — ()17, .z = O forall s € [0, T, the result follows. O

Proposition 9.10  Assume that transformation G: H — Ly (H, H) is Lips-
chitz and that (9.5) is satisfied. Let y be a cadlag solution to the equation

dy(r) = G(y(t—))dM (1), y0)=a.
Then y(t) := y(t—), t > 0, is equivalent to y and is a predictable solution to
dy(r) = G(y(1))dM (1), y(0) =a.

Proof Ttis sufficient to show the equivalence of y and ¥. But this follows because

t
ggEfnG@w—m@Mmﬂﬂazg

9.3 Equivalence of weak and mild solutions

This section is devoted to the concept of weak (in the sense of partial differential
equations) solutions to (9.4). Denote by D(A*) the domain of the adjoint operator
A*.
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Definition 9.11  Assume that (F) and (G) hold. Let 7y, > 0, and let X, be a
square integrable JF; -measurable random variable in H. We say that a predictable
H-valued process (X(¢), t > ty) is a weak solution to (9.4) if it satisfies (9.8) and,
foralla € D(A*) and t > 1,

(a, X)) = (a, Xo)n +/ (A%a, X(s))n ds

fo
t

+/ (a,F(X(s)))Hds+/ (G*(X(s))a, dM(s)),,.  (9.16)

fo fo
Remark 9.12  In the majority of specific cases the domain D(A*) is not given
explicitly; it is therefore important to realize that it is sufficient to verify (9.16) for
elements a from the so-called core of A*. A set D C D(A*)is a core of A*if itis
a linearly dense set in the space D(A*) equipped with the graph norm

)1/2

lallpas := (laly +1A%aly) ", a € D(A®).

Very useful sufficient criteria for a linear subset D of D(A*) to be a core are that
D is dense in H and invariant for the adjoint semigroup (S*(¢), ¢ > 0); see Davies
(1980).

To cope with unbounded operators A and, consequently, to treat the term
ft(t) AX(s)ds, one takes scalar products of (9.4) with elements of the domain of A*.
One then treats

<a, /AX(s)ds> as /(A*a, X(s))y ds.
fo H t

Since non-linear mappings may not be defined on the whole H, we need the
following lemma.

Lemma 9.13  Assume that (F) and (G) hold. Then for every a € D(A*) there is
a constant c(a) < oo such that

la, F(x)ul| < c(@) + |x|n), Vx € D(F), ©.17)
l{a, F(x) = F(»))ul < c(@)|x = ylu, Vx,y e D(F), '
IG*(x)aln < cla) (1 + |x|n), Vx € D(G), ©.18)

(G*(x) = G*(M)aln < c(@)|x — ylu, Vx,y € D(G).

Proof Since the semigroup S generated by A is Cy, there are real constants
y > 0and M > 1 such that ||S(t)| L. uy) < Me?" fort > 0. Let x € D(F). Then
the mapping ¢ e~ 2 S(t)F(x) is Bochner integrable over (0, oo) and

/w e W'S(t)F(x)ds = (—A+2y ) ' F(x).
0
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By (F),

/ e 2 S(t)F(x)|y dt

0
1 00

= / e 2 |S(H)F(x)|y dt + f e 2V |S()F(x)|y dt
0 1

<1+ Ixl) (/01 awar+ [ eI = Dl dm(l)) .
It follows that
|(—A+2yD7' F(x)|, <ci(1+ Ix|n),
where c¢; is a finite constant. Now let
a € D(A*) = D(—A* +2y1) = (—A* + 2y )"\ (H).

Thus there is a b € H such that a = (—A* 4 yI)~' b. Consequently, for all x €
D(F),

l{a, FOYul = (b, (A +y D™ F))ul < e 1blu (1 + x|a) -
In the same way one can show that
a, F(x) = F())ul < c1lblulx — ylu, Vx,y € D(F),

which proves (9.17). To show (9.18), note that by (G), forallu € U andx € D(H),

[o¢]
|(—A+2yD7' Goul, < / e NSO G O Ly, At ]3¢
0
< (L4 |x|m)lulp,
where c; is a finite constant. Let a := (—A* + 2y )~'b € D(A*). Then

|G*(x)al,, = sup |(u, G*(x)a)w]

Julp<1
= sup [(mA+2yD)"' Gx)u, b)y|
Julyn =<1

o |blg (14 |x|g).

”

IA

The proof of the second estimate in (9.18) follows in the same way. d

As a direct consequence of the lemma, we have the following result.

Corollary 9.14  Assume that (F) and (G) hold. Then for every a € D(A*) the
mappings

D(F)>x+ (a, Fx))g € R, DG)s>x+— G*"(x)aeH
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have unique continuous extensions to the mappings, denoted by (a, F(-))y and
G*(-)a, satisfying (9.17) and (9.18).

We will consider an integral of the form

/ G*(X(s))a dM(s)

4]

<a, / G(X(s)) dM(s)>
H

o

: / (G*(X(s)a, dM(5)),.

to
where a € D(A*). Using the identification Ls)(H, R) = H, we identify the
integrand with the Ly s)(H, R)-valued process

(G*(X(s))a) (z) := (G*(X(s))a, z),, z€H.

Let {e,} be an orthonormal basis of H. Then
’2

(G X6»a) ™|}, ooum = 2 [(G*(X(s)a) e,

Y (GHX(sDa. ey, = IGH(X(s)al,.

n

Theorem 9.15  Assume that (F) and (G) hold. Then X is a mild solution if and
only if X is a weak solution.

Proof We first show that the weak solution is mild. We will divide the proof of
this into two steps. We assume that X is a weak solution to (9.4). Without any loss
of generality, we may assume that zy = 0. Let a € D(A*), g € C'([0, 00); R) and

V(s) == F(X(s)), ¢(s) := G(X(s)). 9.19)

Step 1 Our goal is to show that, for any predictable process (z(s), s > 0) with
trajectories in C'([0, 0o); D(A*)),

(z(0), X(O)u = (2(0), Xo)u +/ {A*z(s) 4+ 2/(5), X(5)),, ds
0

+ / (z(s), Y(s))m ds + / (z(s), p(s)dM(s)yu. (9.20)
0 0

We prove (9.20) first for processes of the form z(t) = g(¢)a, where a € D(A*) and
g € CY([0, o0); R).
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Using the integration-by-parts formula to be established in Proposition 9.16
below, we obtain

d(z(s), X($))m = d(g(s)(a, X(s))n)
= g'(9){a, X(9))m ds + g(s)((A%a, X(s))u ds
+ (@, ¥(5))u ds + (a, ¢(s)dM(5)) i)
= (A%2(s) + 2/(s), X(s))m ds + (z(s), ¥(s)) u ds
+(2(5), ¢(s)dM () s -
Now, using the fact that, for any 7 > 0, mappings of the form g(s)a, s € [0, T],

where a € D(A*) and g € C'([0, T];R), are linearly dense in C'([0, T]; D(A*))
and passing to the limit, we obtain (9.20) for all z € C'([0, T]; D(A*)).

Step 2 Given t > 0 and a € D(A™), define z(s) := S*(t — s)a, s € [0, ].
Then 7/(s) = —A*z(s), s € [0, 7]. Hence

(@, X0V = (S"(a, Xo)u + / (S*(t — $)a, Y(s))u ds
0

+/0 (8*(t = $)a, ¢(s)dM(s))n.

Thus

(a, X())y = <a, S(1)Xo —l—/ St — s)¢(s)ds>
0

H

+<a, /S(t—s)¢(s)dM(s)> . 9.21)
0

H

Since (9.21) holds for any a from the dense set D(A*), it holds for any a € H.
Consequently,

t

X(t) = S@)Xo —i—/ St —s)Y(s)ds +/ St — s)p(s)dM(s).
0 0

We now prove that any mild solution is weak. We use the stochastic Fubini
theorem, applied to E = [0, T], Lebesgue measure and

V(. s) := X10.5)()S(s — )G (X (r)).

Assume for simplicity that

X(t) = / St —s)G(X(s))dM(s),
0
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and write ¢(s) := G(X(s)). Leta € D(A*). Then
/ (A*a, X(s))n ds = / <A*a, / X10,51(r)S(s — r)¢>(r)dM(r)> ds
0 0 0 H

and, by the stochastic Fubini theorem,

/ (A*a, X(s))g ds
0

=<A*a, f ( f X[o,s](r)S(S—i’)¢(r)dM(")>dS>
0 0 H
<A*a, f ( f X[o,s](r)S(S—F)ds)¢(r)dM(r)> .
0 0 H

Therefore

/0 X0.51P)S* (s —r)A*ads, ¢(r) dM(r)>
H

= /t </I S*(s —r)A*ads, o) dM(r)>
0 r H
</ (iS*(s - r)a) ds, ¢@r) dM(r)>
+ \ds H

:/ (S*(t —r)a—a, ¢>(r)dM(r)>H

= <a, /f St —r)p(r) dM(r)> — <a, ft o(r) dM(r)> .
0 H 0 H
It follows that

/(A*a,X(s))Hds:(a, X(t))H—<a, /¢(r)dM(r)> ,
0 0 H

(=}

yielding

t

(a, X(O)n =f0 (A*a,X(S))HdS+/ (a, p(s)dM(s))n-

0
O

In the first step of the proof of the equivalence theorem we used a stochastic
integration-by-parts formula. Its proof requires some facts about the Riemann—
Stieltjes integral.
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Proposition 9.16  Assume that g € C'([0, T1, R) and [ is a cadlag function on
[0, T]. Then the Riemann—Stieltjes integrals

T T
/ g(s)di(s), / g (®)I(s)ds
0 0

exist and

T

T
/ g(s)di(s) = g(THI(T) — g(0)I(0) — / g'()l(s)ds.
0 0
Before proving the proposition, we recall some properties of cadlag functions.
Lemma 9.17  Assume that [ is a cadlag function defined on [0, T]. Then

(i) the set{t € [0, T]): I(t—) # I(¢t) = l(t+)} is at most countable,
(ii) for each € > 0, there exists a finite partition0 =ty <t < --- <t, =T
such that, for arbitrary s, t € [tr—1, i), |I(t) — I(s)| < &.

Proof In order to demonstrate (i), it is sufficient to show that for each n the set
Sp=A{t €[0,T]: |l(t—) — ()] = 1/n}

is finite. If this is not the case then there is a sequence (s,,) converging to s such
that |[(s,,—) — I(s;,)| > 1/n. This leads to a contradiction, since / has left limits at
each point.

In order to prove (ii), fix an ¢ and denote by t the supremum of ¢ € [0, T']
for which there is a partition satisfying the desired property. Since /(0) = I(0+),
T must be strictly positive. Since /(t—) exists, the interval [0, t] has the desired
property and consequently t = T, as required. O

Proof of Proposition 9.16 Let 0=s) <ty <s <) <--- <sy_1 <ty_1 <
sy = T, and let

N-1 N N-1
o= gltUsiv) — 1))=Y Ls)glti-1) — Y 1s)g(t)
i=0 i=1 i=0
N—1

= — ) L)t — gtion) + Lsw)g(tn—1) — 1(s0)g(to).
i=1
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By the mean-value theorem, there exists a #; € [t;_1, ;] such that

N—1
I = —Zl(si)g’(ﬁ) (t: — 1 1) + Lsn)g(ty—1) — 1(50)g(to)

:—ZM, (#) (t — 1) + I(T)g(tn—1) — 1(0)g(10)
i=1

+ Z —1(t)) &' (7)) (t; — ti-1)
=1 +12+I3+14-

It is clear that as the mesh of the partition converges to zero, I, — [(T)g(T)
and I3 — —1(0)g(0). Moreover, by the first part of the lemma and the Lebesgue
dominated convergence theorem, I} — — f g I(s)g'(s) ds. Finally, by the second
part of the lemma I, — O. a

9.4 Linear equations
If (9.4) is linear, that is, if
dX = AXdt +dM, X (1) = Xo,
then its mild solution is given by the formula
X(t) =80t —1t9)Xo+Y(),

where

Y(t):/ St —s)dM(s),  t > 1.

fo

In this section, we are interested in the regularity properties of the stochastic
convolution Y. We will show that if M is a U-valued martingale and S is a semi-
group of contractions on U then the process Y has a cadlag version. We present two
proofs, one based on the Kotelenez maximal inequalities (see Kotelenez 1987) and
the other, due to Hausenblas and Seidler (2006), based on a dilation-type theorem.
We also show that, in general, the stochastic convolution may not have a cadlag
version even if condition (G) is satisfied.

In the final subsection we show the existence of a cadlag version of Y in the
case of an analytic semigroup S and an M taking values in the domain D ((—A)*)
of the generator.

The time continuity of solutions to equations driven by continuous martingales
(in particular Wiener processes) is studied separately in Chapter 11.
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9.4.1 The Kotelenez inequality

Let M € M?*(U). Assume that S(z, s), S(t, 5),¢ > s, are families of linear operators
on U such that S(s, s), S(s, s) are each equal to the identity operator I and

1S, Hllew.w <0, I8¢, lwv) < e, t>s,

where 8 > 0 is a constant. In addition, let S(-, -) be strongly continuous with
respect to each variable separately; that is, for all 7y, s and u,

lim S(s, to)u = S(sg, to)u, lim S(s, to)u = S(so, to)u,

S50 §—>S0

}im S(s0, Hu = S(so, to)u, }im S(so, tyu = S(so, to)u,
—1 —>1ly

where the limits are in the norm topology of U. Note that the process
fot S(t,s) dM(s), t > 0, is well defined in U. We will require that, for arbitrary
t>s5>0,

/s S@t,0)dM(o) = S(z, s)/s S(s,0)dM (o) = S(z, $)Y (s).
0 0

There are two important cases where the above identity holds. The first is where
S’(t, s) = S(¢, s) is an evolution operator, that is,

S(t,u) =S, s)S(s, u), t>s>u.

Note that if S is a semigroup then S(z, s) := S(t — s) defines an evolution operator.
The semigroup S satisfying [|S() ||l L, vy < ef’, t >0, is called a semigroup of
(generalized) contractions.

The second case is where S(t, s) is an evolution operator and S(z, s) = S(z, t)
for all s € (f, tx+1] and for an increasing sequence #;,. For more details on the
following result we refer the reader to Kotelenez (1982, 1984, 1987).

Proposition 9.18 (Kotelenez) Foranysequencety=0<t <--- <ty =T <
oo and for any constant ¢ > 0,

P{ max
1<k<K

Proof Write

/k S(ty, 0)dM(o)
0

1
> c) < S TR M.
U C

Y(t):= / S(t, s)dM(s), t>0.
0
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Then

P ( max |Y(t)|ly > c>
1<k<K

k—1
> (ﬂum,-)w <N {IY@ly > c})

1<k<k \j=I
1 k—1
2
<= Z E |Y(tk)|UX{|Y(tk)\U>C}l_[X[|Y(fj)|U§C} :
1<k<K j=1

Note that, for any &,

k—1
I, =E (|Y(tk)|%/X{Y(tk)|U>c} 1_[ X{Y(l/)U<C])

j=1

k—1
<E <|Y(tk)|%] HX{|Y(zj)U<c}) =: I;.
A

J

Next,

Y1) = S(tkatk—l)/ 7 S(tk—las)dM(S)+/ S(tk, s)dM(s)
0

L—1

— S0t 1) Y () + / S(tx. ) dM(s).

fi—1

Let i := ]_[];;} XY@,y <c}- By the martingale property of stochastic integrals,

J7)
J7)

because the expectations of the cross terms disappear. Consequently, setting J;_j:=
E (1Y (te—1)I% xx) we obtain

I =E (1Y t)5 xx)

E ((‘S(tk’ )Y (ti—1) + / S(tr, s)dM(s)

Ti—1

/ A S(te, s)dM(s)

f—1

=F <<|S(tk, r-DY (o), +

Iy < POt g 4 PPUtD | M(y) — M(tk_1)|f,-
Since Jy_; + I—; = 11—, we have

I < B (T + o)
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where oy 1= E |M(t;) — M(t;_1)|;, and B := e*P%~%-1_Thus, by iteration,

K
Z Iy < Bxak + B Px—10k—1 + -+ + BxBr -1+ Broy.
=1

Consequently,

K
Y=+ +ag) <TE MDD
k=1

and the proof is complete. O

Corollary 9.19 For any ¢ > 0 and a countable set @ C [0, T],

P (sup
teQ

/ S(t,0)dM (o)
0

1
> c) < S TR M.
U C

9.4.2 Regular modifications

The following result of Kotelenez (1987) is a direct consequence of
Proposition 9.18.

Theorem 9.20 Assume that M € M?*(U) andthat S(t, s),t > s > 0, is an evolu-
tion operator on [0,T] satisfying the generalized contraction principle
1S, Hlew,vy < eP=9 for all t > s. Then the process

Y(@):= / S, s)dM(s), tel0,T],
0

has a cadlag version in U. If, in addition, the martingale M has continuous paths
then Y has a continuous version.

Proof We restrict our considerations to the first assertion, as the other can be
proved in a similar way. We may assume without any loss of generality that 7 = 1.
Foreacho € (i/2%, (i + 1)/2¢],i =0,1,...,2"", set oy =i /2" and
t
Y5(r) =/ S(t, op)dM (o) :/ S(t, op)dM (o).
0 0,1]

Fort € (i/2%, (i + 1)/2],

i d j—1
Y () = / S (z, —) dM (o) + / S (r, —) dM(o)
(/2511 2 Z (G—1)/2%,j/241 2

oo w2 B e (4) (5]
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It is therefore clear that Y* is a cadlag process on the intervals (i /2%, (i + 1)/2%).
Moreover, for s = (i + 1)/2",

(o) o (R () (5]
B () ()] o) (5) ()

o) (] S ()0 ()

j=

Therefore Y*(s) = Y*(s+) and the process Y is cadlag. Assume thatm > k. Then,
for any o > 0, we have o,, > oy. It follows that S(¢, o}) = S(¢, 0,,)S(0oy, 0x) and

Y™ () — YE@) = fo t(S(t, om) — S(t, 01)) dM(0)
= /0 l S(t, o) — S(o, 01)) dM (o)
= /Ol S(t, 0,n) dM (o),
where M(s) = [i[I — S(0, 0x)] dM (). Without any loss of generality we may

assume that the trajectories of all processes Y are cadlag. Therefore, by the corol-
lary to the Kotelenez inequality, for all ¢ > 0,

IP’( sup |Y™(1) — Y*(0)|, > c> < 12 T E| M),
0<t<T c

Uossr [1 1212
< 5¢E | |7 = S oD Qi |11, .0y HM. M)
Recall that Q is an operator appearing in (9.5). Since

2 2 2
”(1 — S(0m, 1)) Q2 ||L(HS)(UaU) < H(I — S(on, Uk))”L(U’U) H Q'? ”L(HS)(U,U)

2
=1+ [0, w0
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and
. _ 172 2 .
Jim (7= S, 0000}, 0.0y =0
we have

lim IP’< sup |Y"(t) — Y*(D)|y > c> =0.
m,k— 00 0<t<T

By a standard application of the Borel-Cantelli lemma, one can find a subsequence
(Y"’) that P-a.s. converges uniformly to a cadlag modification of Y. O

9.4.3 Regularization from the dilation theorem

In this section we sketch a method for establishing the regularity of stochastic
convolutions based on the dilation theorem. We follow the ideas of Hausenblas
and Seidler (2006). We start with the dilation theorem.

Definition 9.21 A mapping S: R — L(U, U) is said to be positive-definite if,
forallty,...,ty e Randuy,...,uy € U,

N
(S(lj — tk)uj, uk)U > 0.
k=1
The following dilation theorem, due to S. Nagy, is of central importance in the

theory of one-parameter semigroups on Hilbert spaces. Its proof can be found in
Davies (1980) and Nagy and Foias (1970).

Theorem 9.22 (Nagy) If S is a positive-definite L(U, U)-valued mapping with
S(0) = I then there exists a Hilbert space U containing U and a group S: R +— U
such that P8(t) = S(t), t € R, where P is the orthogonal projection of U onto U.
Moreover, if S is strongly continuous then so is S.

We would like to apply the dilation theorem to the case where S is a semigroup.
The following result holds; see e.g. Davies (1980).

Theorem 9.23 I S is a Cy-semigroup of contractions on U and S(t) is defined
fort < 0by S(t) = S(—t)* then S is a positive-definite L(U, U)-valued mapping.

Assume that M € M>*(U) and that S is a Co-semigroup of contractions on U.
Let O = (Q;) be the martingale covariance of M and let ¥ be an L(U, U)-valued
process such that t — W(¢)u is predictable for every u € U and

t
B [ WO @5 <00, Vizo
0



9.4 Linear equations 161

Clearly, for each ¢, the process s > S(t — s)W(s) belongs to the space ﬁﬁ,,,t of
admissible integrands.

Theorem 9.24  The process
t

Y(@) = / St — s)W(s)dM(s), t >0,
0

has a cadlag modification in U and there is a constant k depending only on S such
that, forall T < oo and o € (0, 2),

T
K
P (,5[‘3% YOl = c> <5E /0 1) Ql17,,s .0y 45 (9.22)
and
2[{ T 2/01
E sup |Y(t)|‘£‘] < ZT<]E/ ||\Il(s)QX||i(HS)(U,U)ds) . (9.23)
1€[0,T] o 0

Proof By Theorems 9.22 and 9.23, there exist a Hilbert space U and a group S
of linear operators on U satisfying PS = S, where P is an orthogonal projection.
Hence Y (¢) = PS’(t)?(t), where

Y(@t) = / S(=s)W(s)dM(s).
0

Since s > S‘(—s)\ll(s)belongs to E%”(U)foreveryT < oo,wehave Y € M2(0)

and hence, by the Doob theorem, ¥ has a cadlag modification in U. Since S is
strongly continuous on U, Y also has a cadlag modification in U. Since $ is unitary
and P is a projection,

[YOly = [PSOY D)y < [YD)lg-
Hence, by Theorems 3.41 and 8.7(ii),

c2

( ) ( X ) E|P(T)J
P sup [Y(Dly =c) <P| sup YOIy =>c|<—Y

tel0,T] tel0,T]

1 LR )
< 5B [ IS0, 000
K T 5
= 2 E ||\II(S)QS”L(HS)(U,U) ds,
0
where /k is the norm of the inclusion j: U + U. This proves (9.22). Using argu-

ments from the proof of Theorem 3.41 one can derive (9.23) from
(9.22). O
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9.4.4 A counterexample

We show here that conditions (F) and (G) do not imply in general the existence of
a cadlag solution, even if Z is a Lévy process.

Proposition 9.25  There exist separable Hilbert spaces H and U, a generator A
of a Cy-semigroup S on H and a U -valued square integrable mean-zero compound
Poisson process T1 such that the coefficients of the equation

dX = AX dr +dII, X(0) =0, (9.24)

satisfy assumptions (F) and (G) but the solution to (9.24) does not have a cadlag
modification in H.

Proof  First of all note that IT € M?(U). Let H and U be infinite-dimensional
Hilbert spaces such that H is densely embedded into U. Assume that (S(¢), ¢ > 0)
is a Cyp-semigroup on H with the following properties:

@ Sy 1S3, . ds < ooforall T > 0;
(ii) for each r > 0, S(¢) has a continuous extension to U as an H-valued
operator;
(iii) 1%1 |IS@ulg =ocoforallu e U\ H.
t

Let Z be a U-valued square integrable mean-zero random variable with repro-
ducing kernel H and distribution v. Note that v (U \ H) = 1. If (I1(¢), t > 0)is a
compound Poisson process with jump measure v then the solution X of (9.24) is
given by the formula

t
X0 = / St = 0)dM(0) = ) St — 0)Z,
0 o<t
where o,, and Z,, are respectively the jump times and jump sizes of IT. It is clear
that

lim [X(#)|g =1lim |S(t — 01)Zi | = 00,
tlo) tlo)

and the result follows from Proposition 3.17. Taking into account Example 7.8, one
can choose H = L%(0, 1), U = W(;l’z, S equal to the heat semigroup on L%0, 1)
and Z = née. O

Remark 9.26  Note that if W is a cylindrical Wiener process in H = L0, 1),
that is, Hw = L?(0, 1) and S is the heat semigroup on L?(0, 1) then (see Da Prato
and Zabczyk 1992a or Chapter 11) the equation

dX = AXdtr +dwW
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has a solution with continuous trajectories in L%(0, 1). However, as was shown
above, the equation driven by a Poisson process having the same RKHS does not
have a cadlag version.

Remark 9.27 It is shown in Fuhrman and Rockner (2000) that for any linear
equation there exists a larger Hilbert space in which the solution has a cadlag
version.

9.4.5 The case of an analytic semigroup

Assume that the semigroup S generated by (A, D(A)) is analytic on a Banach
space (B, | - | 3). For the convenience of the reader we present in appendix subsec-
tion B.1.2 the definition and main properties of analytic semigroups. In particular,
we recall the concept of fractional powers of (—A).

Proposition 9.28  Assume that M is a square integrable martingale with cadlag
trajectories in D(—A)* for some a € [0, 1). Then

t
Y(@):= / St —s)dM(s), t >0,
0
has a cadlag version in B.

Proof Using integration by parts we obtain
Y(@t)=M(@)— /(;t(—A)S(t —$)M(s)ds := M(t) — 1(1),
provided that
a(t) := /Ot [((—A)S(t — s)M(s)|pds < o0.
Letl < p<1/(0l—a)andqg :=(p + 1)/p. Then

a(t) =/ [(—=A)' 7 St — 5) (—A)* M(s)|, ds
0

t 1/p
< ([ 1earsa=ol,.)
0

t 1/q
X </ [(—A)* M(s)|:]Ee ds) .
0

By subsection B.1.2 the function ¢ > ||(—A)' ™ S(t)||’Z(B’B) is locally integrable.
As (—A)* M has cadlag trajectories in B, a is locally bounded and, consequently,
P-a.s. the process Y has locally bounded trajectories in B and by an approximation
procedure it has a cadlag modification in B. O
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9.5 Existence of weak solutions

In this section we prove the following result. See Section 9.2 for conditions (F),
(G) and (GI).

Theorem 9.29 (1) Assume that conditions (F) and (G) are satisfied. Then the
following hold.

(1) Forall ty > 0 and an F;-measurable square integrable random variable X
in H there exists a unique (up to modification) solution X (-, ty, Xo) of (9.4).
() VO<ty<T <oo3dL < oo suchthatVx,,x, € H,
sup E [ X(t, to, x1) — X(t, to, x2)|3; < L|x1 — x2/3.
te[ty,T]
(i) YO <1ty <t, x € H, the law of X(t, ty, x) does not depend on the choice of
probability space or the process Z.

(2) If (F) and (GI) hold and S is a generalized contraction then the solution has a
cadlag version.

Proofof (1) Given0 < 1y < T < oo wedenote by X7 the space of all predictable
processes Y : [tg, T] x Q +— H such that

12
Y7 := ( sup E|Y(t)|§,> < 0.

telty, T

Given 8§ € Rand Y € Xy, write

172
1Yllrp:= ( sup e‘StIEIY(l)IZ) :

telty,T)
Clearly X7 withthenorm || - ||z = || - ||7,0 is a Banach space. Moreover, the norms

I - l7.5, B € R are equivalent.
Note that, from (F) and (G), for all Y € &7 and ¢ € [y, T] the integrals

Ir(Y)(@) :=/ S(t — s)F(Y(s))ds,
" (9.25)
Jo(Y)(1) = / S(t — $)G(Y (s)) dM(s)

)
are well defined. By Proposition 3.21 they have predictable versions since they are
adapted and stochastically continuous. To prove their predictability one can also
approximate the processes I(Y) and J5(Y) by S(1/n)Ir(Y) and S(1/n)J(Y).
From now on, we will always take predictable versions of /5(Y) and Js(Y). By
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the Banach fixed-point theorem it suffices to show that, for any 7 < oo, there are
B € R and a constant Kg 7 < 1 such that

HHr(Y)+ J(¥Y) = Ip(V) = Jc(W)lirs < Kp7llY — Vlr,s, Y,Z e Xr.
(9.26)
To this end, we fix Y, V € Xr. Then

Hr(Y)+ Jo(Y)—1p(V) — JG(V)||ZT,,3 <2|Ip(Y)— IF(V)H%ﬂ
+2[1J6(Y) = Jo(V)II7 5.

Next, by (F),

1r(Y) = Ir(V)|3 4
2
= sup e P E

t€ty,T]

/ St —5)(F(Y(s5)) — F(V(s))) ds

fo

H

: 2
< sup e‘gtE(/ a(t—s)|Y(s)—V(s)|Hds> )

t€(ty,T]
By the Schwarz inequality,

/ a(t —s)|Y(s) — V(s)|g ds

fo

T 172 T 1/2
5(/ a(s)ds) </ |Y(s)—V(s)|i,a(r—s)ds> )

Hence, putting ¢| := fmT a(s)ds, we obtain
t
11F(Y) — IF(V)||2T,3 <cp sup efﬂt/ a(t —s)E|Y(s) — V(s)|3; ds
' relto,T) fo

t
<c¢; sup e*ﬂ’/ a(t —s)ePe PR |Y(s) — V(s)|% ds

telty, T tp

t
<ci|lY = V7, sup /a(t—s)e*ﬂ“*”ds.
tE[l(),T] )

Thus
1r(Y) = Ir(V)I3 s < Crpr 1Y = VI,

with

T T
Cipr :/ a(s)ds/ a(s)e P ds.

fo fo
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Similarly, applying the isometric identity for stochastic integrals together with
condition (G),

176(Y) = Jo(V)II7 4

t 2
= sup e ¥'E / S(t — $)(G(Y () — G(V())dM(s)
t€lty,T] I H
= swp R f [5G = (G 6N = GV}, g0 ds

t
< sup e—ﬂ’/ bt — s)E|Y(s) — V(s)[% ds

telt,T] to

IA

T
Y — Vll%,ﬁf e P b2(s) ds.

fo

Thus (9.26) follows with

T 12
Kgr = <2 Cipr +2/ e P bz(s)ds)

1o
and for the existence it suffices to observe that, for sufficiently large 8, Kg 1 < 1,
which concludes the proof of (i).

In order to show (ii), note that, with the notation as above,

1XC, o, x1) = X, o, X213 7

<2 sup e P IS()(x — X))l
telty,T]

+2 [ IR(XC 10, x10)) + Ja(XC 10, x1)) = TF(XC x2)) = o, x))

- 2 2
<2 sup e P SO pplx1 — X2l
telty,T]

+2K5 1 1XC. 10, x1) — X 10, X2) |7 -
Choosing g large enough, we obtain ZKE,T < 1/2. Then

2 — 2 2
1 X, to, x1) — X(:, to, x2)“ﬁj <4 SEUPT]e A ”S(t)”L(H,H) |x1 — x2 H>
teln,

which gives the desired conclusion.

In order to show (iii) note, by the proof of (i), that the solution is a limit in
L¥(Q, F,P; H) of the sequences (X, (-, fo, x)), where Xo(, fo, x) = x and

X1 (£, 10, ) = S( — fo)x + / S(t — $)F(Xo(s. 19, )) ds

fo

+/ St —5)G(X(s, to, x))dM(s)

fo



9.6 Markov property 167

for n > 0. Thus the claim follows from the easily verified fact that if the joint laws
of (W, M) and (, M) are the same then the joint laws of

<ft\ll(s)dM(s), M@), t > 0), (ftgﬂ(s)dM(s), M@), t > 0)

Iy

are also the same. |

Proof of (2) Assume that X is a solution to (9.4) and define the process
t
N(t) := / G(X(s))dM(s), t>0.
0
Then
t 2
BINof, = 5| [ Goename)
0
t t
< Ef ”G(X(S))”%(HS)(H,H) ds < Ef bz(s)(l + |X(s)|H)2 ds
0 0

< 2/ b (s)(1 +E|X(s)[3) ds < oo,
0

by part (1) of the theorem. Therefore N is an H-valued square integrable martin-
gale and the regularization theorem 9.24 implies that the process

Y(t) = / St —s)dN(s) = / St — s)G(X(s))dM(s),
0 0
has a cadlag version. O

From now on we will write X (z, x) instead of X (¢, 0, x).

9.6 Markov property

In this section we will be concerned with the Markov property of solutions to (9.4);
see Section 3.4. Givenx € H,0 < s <t < 0o, we denote by X(¢, s, x) the value
at time ¢ of the solution to (9.4) starting at time s from x. Define

Py p(x) :=Eo(X(t,s,x)), t>s5s>0, peBy(H), xe H, (927)
and, forallt > s >0,x € HandI" € B(H),
P(s,x,t,T) = Py, xr(x) =P(X(#,s,x)el).

We call Py ,,0 < s <t the transition semigroup and P(s, x,t,T),0 <s <t,x €
H, T € B(H), the transition functions corresponding to (9.4).
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Theorem 9.30 Assume that (F) and (G) hold and in addition that M is a Lévy
process. Then, for all 0 <s <u <t, ¢ € By,(H) and any square integrable F-
measurable random variable ¢,

E(p(X(t, 5, )| Fu) = Pusp(X(u, 5, ¢)), P-a.s.

Proof Bytheuniqueness of solutions, X(¢, s, ¢) = X(¢, u, X(u, s, ¢)). Itis there-
fore enough to show that, for any F,-measurable square integrable random
variable 7,

E(o(X (2, u, n)|Fu) = Puip(), P-a.s. (9.28)

Note that it is sufficient to show (9.28) for any ¢ € C,(H). Indeed, if this is the
case then it holds in particular for ¢ = xr, where T is a closed subset of H. For
any probability measure & on a separable metric space E,

w(B) = sup (), B € B(E).
'=rcsn

It follows that (9.28) holds for the characteristic function of any measurable set
in H and, consequently, by a simple approximation argument, for any bounded
measurable ¢. Assume now that n is simple, that is, it takes only a finite number
of values, so that we can write n = 2721 Xjxr, where

N
(C1,....,Tn} C Fu, Urj =Q, [Ny =@ forj #k,
j=1
and {xy,...,xy} C H. Then
N
X(tou.m) =Y X(t.u,x))xr,
j=1

and consequently, since X (7, u, x;) is independent of ¥, and the functions xr, are
JF.-measurable, we have

E(p(X(t.u,m)|Fa) = DB (Xt x)xr, | Fu)

j=1

<
Il

(E‘p(X(t’ u?-xj))) Xl",v

1
M=

<
Il

I
M=

Py o(xj)xr; = Puo®m).

~.
Il

Now, if n is a square integrable ,-measurable random variable then there is a
sequence (1),) of simple random variables such thatE | — n, |z — Oasn — oo.



9.6 Markov property 169

Then

E(@(X(l‘, u, 7711)‘]:14) = Pu,t(p(nn)~

Since by Theorem 9.29 the solution depends continuously on the initial data and
since ¢ is bounded and continuous, we may pass to the limit and obtain the desired
conclusion. O

We have the following consequence of Theorem 9.30.

Proposition 9.31  For arbitrary ¢ € B,(H), ' e B(H), 0 <s <u <t <o0
and x € H,

Pv,u(Pu,t¢)(x) = Ps,t(p(x) (929)
and

P(s,x,t,I") = / P(s,x,u,dy)P(u, y,t,T). (9.30)
H

Proof Clearly (9.30) follows from (9.29) by taking ¢ = xr. To show (9.29) note
that

Py p(x) = Ep(X(t, 5, x) = EE(p(X(t, s, , x))|F)
=E Pip(X(u,s,x)) = Py u(Puip)x).

Since Z has stationary increments, we have the following result.
Proposition 9.32  Forall0 <s <t, P;;, = Py,—s. In particular,
P(s,x,t,T)= PO, x,t —s,T), Vx e H, VI € B(H).

Proof Ttissufficientto show thatforallz > Oandx € H theprocesses (X (4, 0, x),
h > 0)and (X(t + h, t, x), h > 0) have the same distribution. To see this note that

t+h
X(t+ht,x)= S(h)x—i—/ Sit+h—s)F(X(s,t,x))ds
t+h t
+ / St +h—s)G(X(s,t,x))dM(s)
h
= S(h)x +/ Sth—s)F(X(t+s,t,x))ds
0

h
+ f Sth —)G(X(t + 5,1, x))dM'(s),
0

where M'(s) = M(t + s) — M(¢t). Clearly M" and M have the same law. Thus, by
Theorem 9.29(iii), X(¢ + h, t, x) and X (k, 0, x) have the same law. O
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From now on, we write X(¢, x) instead of X(z, 0, x), P, instead of Py, and
P(t, x, I') instead of P(t, x, 0, I").

Remark 9.33 By Theorem 9.30, X (-, x),x € H is afamily of Markov processes
on the state space H with respect to the filtration (F;). The corresponding transition
semigroup is (P;) and the transition probabilities are P(¢,x,I"), x € H,t >0,
I' € B(H).By Theorem 9.29(ii), the semigroup (P;) is Feller, that is, forany t > 0,
P, transforms C,(H) into C,(H). In other words, (9.4) defines a homogeneous
Markov family satisfying the Feller property (a Feller family).

9.7 Equations with general Lévy processes

In this section, we discuss the existence of a solution to the equation obtained from
(9.4) by adding a Poissonian part that is not necessarily square integrable. Namely,
we consider the problem

dX =(AX + F(X))dt + G(X)dM + R(X)dP, X(t9) = Xo, (9.3

where (A, D(A)), M, F and G are as in (9.4). We assume that P is a compound
Poisson process on a Hilbert space V with (finite) Lévy measure u and that the
R(x), x € H, are linear operators, usually unbounded, from V to H.

As in subsection 8.6.2, we introduce a sequence of stopping times

Ty = inf{t >0: P(t) — P(t—) & Vu}, m e N,

where (V,,,) is an increasing sequence of bounded measurable subsets of V, such
that | J V,, = V. Note that t,, 1 co. Given m, define

Pu(t) := P(t A Ty) = ZXV,,, (P(s) = P(s—)) (P(s) — P(s—)).

s<t

Then P,, is a compound Poisson process with Lévy measure w,,, which is the
restriction of u to V,,. Let

Uy, :=/zum(dz)=/ zu(dz).
|4 |

m

Then (M,,,(¢) := P,(t) — tu,,, t > 0), m € N, are square integrable mean-zero
Lévy processes. Moreover, each X,, has covariance

Om =/ 7 ® zu(dz),

m
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that is,
(Qmu, v}y =/ (z, u)y({z, u)y u(dz), u,veV.
Vin
LetH,, = ,]n/ 2(V). Note that (H,,) is an increasing sequence.

We will assume that the nonlinear map R satisfies the following two conditions.

(R1) D(R)is dense in H, and for each m there is a function
by, 1 (0, 00) — (0, 0o) satisfying fOT b,zn(t) dr < oo for T < oo such that,
forallt > Oand x, y € D(R),

ISORCON L+ 1y < DA + |X] 1),
1S(t) (R(x) = RO Ly (Mo ) < D (@) X = V|1

(R2) For each m, there is a function a,, : (0, 00) — (0, 0o) satisfying
T
/ a,(t)dt < oo, VT < o0,
0

such that, for all # > 0 and x, y € D(R),

|S(t)(R(x)um)|H = am(t)(l + |x|H)7
|SO((R(xX) = RO )|, < am(@) |x — ¥l

Given m, we consider the problem

dX,, = (AXp + F(X,) + R(X,)u,) dt
+G(X,,)dM + R(X,,) dM,,
= (AX,, + F(X,,)))dt + G(X,,) M + R(X,,)dP,,  (9.32)
X (to) = Xo.

Note that the coefficients F(-) + R(-)u,, and G, R satisfy assumptions (F) and
(G) and hence that for each m there is a unique solution X,, to (9.32) satisfying
suple[O,T]Ele(t)ﬁi <ooforT < oo.

Theorem 9.34  For every t € [0, T] and all m < n, X,,(t) = X,,(¢t) P-a.s. on
{t < t,u}. Moreover the process X given by X(t) = X,,(¢t) for t < t,, is a weak
solution to (9.31).
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Proof We have

X=X, = [ S0 = $)(FXa(s) — F(Xy(s) ds
- [ S0 = $)(GO(5)) — G(X, () dM(s)
+ /0 S50 — ) (R(Kn()) — ROXy () AV ()
+ [ S0 — RO () Ay (5) — My(s)

+ / St — s)(R(Xm(s))um — R(X,,(s))u,,) ds.
0

Since on the set {t < 7,,} we have M,,(s) — M,,(s) = —(u,, — u,)s, s < t, Propo-
sition 8.11 yields

(X () — X0 () X (<10
_ /0 St = $)(F(Xu(9) — F(X,(5))) ds Xpi=r,)
+ / S(t = $)(G(Xn(s)) = G(X,(5)) AM($) 1=}
0
n / St — $)(R(Xn(5)) — R(Xn(5))) dMyu() Xps<r)
0

+_/0 St = $)(R(Xn(8)) = R(Xu(5))) st dS Xjr<,,)-

Ifs <tandt < 7, then s < 1,,. Consequently,

t t
Xir=e / S( - $)W(s)ds| < / S(t — )W) Ky, ds
0 H 0 H
and (see Proposition 8.11)
t t
Xir=,) / S(t —$)¥(s)dM(s)| < / S(t — $)W(5)X(s<r,) AM(5)
0 0

H H
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Thus
| Xin (1) = X (D)l 11 Xtr=e,)
< fo t |S(t = $)(F(Xu(8)) = F(Xu(s)] , Xis=r,) ds
+ ‘ /0 t St = $)(G(Xu(5)) = G(X,(5))) X(s<r,,) AM(s) ;
+ /0 50 — (R n(5)) — R () Xty AM(5) )
+ fo t |S(t = $)(R(X,u(5)) = R(Xn())) |y X571 45,
yielding

E X, (1) — X% Xii<o,)

t 2
<4E ( /0 1St = )(F(Xn(9) = FXa(D) | Xts=em ds>

2
+4E

f St = )(G(Xn(5)) = G(X,(5))) Xis<z,.) AM (5)
0

H
2

+4E

/0 St = $)(R(X,n(5)) = R(X, () X5 <5} AMn(s)

H

! 2
+4E ([0 |S(t — $)(R(X,u(5)) — R(X"(s)))um|HX{s§rm} ds) )

Let Y(s) :=E|X,,(s) — Xn(s)ﬁq X(s<z,}- Using assumptions (F), (G) and (H1),
(H2) we obtain, fort < T,

t 2
Y(1) < 4E ( / a(t = )| Xn(s) = Xn(S)| 1 Ko< ds)
0

t 2
+4E (/ am(t — )| Xn(s) — Xu($)|H Xis<t) dS)
0
+ 4/ (b7t — )+ b (t —5))Y(s)ds
0

t
< C/ c(t —s)Y(s)ds,
0
where

T
c— 4/ (1 + a(t) + an(t)) dr
0



174 General existence and uniqueness results

and c(t) = a(t) + an(t) + b*(t) + b2,(t). Consequently, for any g > 0,

supe P'Y (1) < Cp supe P'Y (1),

t<T t<T

where Cy:= C fOT c(t)e P dr. Since fOT c(t)dr < 00, Cy < 1forsufficiently large
B and consequently Y () = 0, ¢t € [0, T'], as required. Since the processes X, are
weak solutions of (9.31) on the intervals [0, T A t,,], X is also a weak solution of
(9.31). O

The following theorem may now be proved in a similar way to Theorem 9.30.

Theorem 9.35 Assume that M is a Lévy process and that P is independent of
M. Then the solution X to (9.31) is a Markov process on H.

9.8 Generators and a martingale problem

Let E be a Polish space, and let (P;) be a transition semigroup defined on B;(E).

Definition 9.36  We say that ¢ € C,(E) belongs to the domain D(A) of the weak
generator A of (P,) if for every x € E the limit

i Pip(x) — ¢p(x)
m-————-

im - = A¢p(x) (9.33)

exists, A¢p € C,(E) and

Po(x) = p(x) +/ P, Ap(x)ds, x € E. (9.34)

0
Assume that (P;) is the transition semigroup of the solution X of the equation

dX = (AX + F(X))dt + G(X)dZ,  X(O0)=x € H, (9.35)

where A generates a Cp-semigroup on a Hilbert space H and Z is a square inte-
grable Lévy martingale taking values in a Hilbert space U. Then the form of the
generator A is well known in many specific cases. For instance, if Z is a Wiener
process with covariance Q then, under appropriate conditions (see e.g. Da Prato
and Zabczyk 1992a),

Agp(x) = (F(x), D)) + (x, A*Dp(x))
+ 1 TrG(x) Q"2 D*¢(x)(G(x)0'?)".

Assume now that Z is a square integrable Lévy martingale in U of the form

Z(t) = / / y7(ds, dy), (9.36)
0 U



9.8 Generators and a martingale problem 175

where 7 is a compensated Poisson random measure. One can conjecture that

Ap(x) = (F(x), D)) + (x, A*Dd(x)) 1 + Ao (x), 9.37)

where
Aop(x) = /U (p(x + G(X)y) — Pp(x) — (D(x), G(x)y) ) v(dy),

and v is the intensity of 7. As an illustration of the applicability of 1t6’s lemma,
we will show (9.37) for the so-called cylinder functions, that is, for functions ¢ of
the form

¢(x) = fUh1, ), ooy (s X 1), x € H, (9.38)
where f: R" — Rand h; € D(A*),i = 1, ..., n. The general case can be treated
as in subsection 5.2.4. Note that if ¢ is given by (9.38) then

A*D¢(x) = Xn: E(U/zl X)H (R, X)) A*h;
I:l 85‘] ’ LA ] n» J*

Proposition 9.37  Assume that

() F: H— Hand G: H — L(U, H) are Lipschitz and G is bounded,
(i) f e R,
(iii) Z is a square integrable U -valued martingale given by (9.36).

Then ¢ given by (9.38) is in the domain D(A) of the weak generator of the
transition semigroup of the solution of (9.35) and A¢ is given by (9.37).

Proof To simplify the notation we assume that n = 1. We will show only that
the limit in (9.33) exists and is equal to (9.37). If h € D(A*) and X is the weak
solution of (9.35) then
t
. X0 = thxh+ [ (A X5 s
0
t
+ / (h, F(X(s)),, ds + J1(0), (9.39)
0

where

Ji(t) == / / (h, G(X(s=))y), 7 (ds, dy).
0 Ju

Let&(t) = (h, X(#))y, t > 0. By Itd’s formula (see Appendix D),

¢(X(1) = f(§() = f(§(0) +/0 f'E(s—)dé(s) + (),
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where
(1) :=/0 /U(f(é(s—)+z)—f(&'(s—))—f'(f(s—))z) m:(ds, dz)

and 7r¢ is the Poisson jump measure corresponding to £. By (9.39), for non-negative
predictable random fields ¥/,

[ /llf(s,z)ng(ds,dz)zf /I//(S, (h,G(X(s—))y)H)JT(ds,dy).
0o JR 0o Ju

Thus
H(X(1)) — Pp(x) =/0 ' EG=N((A*h, X())u + (h, F(X(s)),,) ds
+/ / O(s, y)r(ds, dy),
0o Ju
where
(s, y) 1 = f(E6—) + (b, G(X(s=)y)y,) — fEG—)
— fEGs=D(h, GX(s=)y),,-
We have
//‘D(Say)ﬁ(d&dy):/ f d>(s,y)ﬁ(ds,dy)+/ f@(s,y)dsv(dy).
0 Ju 0o JuU o Ju
Consequently,

H(X (1) — p(x) = M(r) +f0 /U®(8,y) ds v(dy)
+/O T ((h X)) ((A*h, X($)) i + (h, F(X(5))),,) ds

where M is a martingale, and hence

P(x) — p(x) = /0 E(f((h, X)) (AR, XD + (1, FX()),,)) ds

+ / E / (s, y)u(dy)ds,
0 U

which gives the desired conclusion. O
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9.8.1 Martingale problem

Let us start with the following general observation.

Proposition 9.38  Assume that (P;) is the transition semigroup of a Markov
process X with respect to a filtration (F;). If ¢ belongs to the domain of the weak
generator A of (P,) then the process

M(1) == ¢(X (1)) —/ Ap(X(s))ds, 1 =0, (9.40)
0
is a martingale.

Proof By Definition 3.22, fort > s > 0,

E(M(t) — M(5)IF) = E(p(X (1)) — ¢(X(5))| Fs) — f E(A¢(X w))|F;) ds

S

t
= Pi_sp(X(s)) — p(X(s)) — /0 Py—s Ap(X(s)) ds.
Consequently, the result follows from (9.34). O

Now let (A, D(A)) be a linear operator on C,(E), and let A C D(A).

Definition 9.39 We say that a filtered probability space (€2, F, (F;), P) and an
E-valued (F;)-adapted process X is a solution to the martingale problem (A, A)
if X has measurable trajectories and, for every ¢ € A, the processes M defined by
(9.38) are martingales with respect to (F;).

Assume that A is given by (9.37). Then the solutions of the corresponding
martingale problem are, in a sense, generalized solutions of (9.35) and exist under
assumptions weaker than Lipschitz-type conditions. It is clear that the existence
and uniqueness of the solution of any martingale problem depend on the family A.
For small A the existence is easier to establish whereas for large A the uniqueness
is easier to prove. An example of an interesting martingale problem is discussed
in the following subsection.

9.8.2 Mytnik’s equation
The following equation was studied in Mytnik (2002):

dX(t,&) = AX(t,&)dt + (X (t—, £))° dZs(t, &), £ e RY. 9.41)

Here Zg, B € (1, 2), is the cylindrical process introduced in Example 7.26. Let us
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recall that
t
Z,g(t,dé):/ /aﬁ(ds,dé‘;,da),
0 JRr

where 7 is the compensated Poisson measure on [0, +00) x R? x [0, +00) with
intensity ds d§ 0 ~*#) do. Assume that X is a weak solution of (9.41) and that
h: R4 R and its first and second derivatives belong to any L” (R, p>1,
spaces. Let H = L*(R%). Then

(hv X(t)>H - (hv x)H
t t +o0o
= [@nxemas+ [ [ [ X6 ey neors,de.do.
0 0o JreJo
If f(z) =e™%, z > 0, then, applying Itd’s formula to f({k, X(¢))g, t > 0, in the
same way as in the proof of Proposition 9.37, we find that the process

t
M(1) = e~ X0 _/ e XG)n
0

« [ [anex. 6 - cplcxs—, 7nee)) | de s,

-4
p=—-,
BB —1)
is a martingale. In Mytnik (2002) it is proved that under appropriate conditions on
8, B and d there exists a process X for which M is a martingale. One can arrive at

the same definition of M deriving, formally, the formula for the generator of the
solution of (9.41).
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Equations with non-Lipschitz coefficients

In the present chapter, the Lipschitz-type conditions imposed on the coefficients
F and G are relaxed. However, only problems with additive noise,

dX = (AX + F(X))dt + GdZ, X0)=x€eH, (10.1)

will be treated. In (10.1), Z is a square integrable mean-zero Lévy process with
RKHS embedded into a Hilbert space U, G is alinear operator from U to H and F'is
an operator on H that may be non-linear and is not necessarily defined everywhere.
The existence and uniqueness of solutions to (10.1) are proven under the condition
that A and F are dissipative in type and that the solution to the linear problem

dY = AYdr + GdZ,  Y(0)=0,

is a cadlag process in the domain of the map F. It is worth noting that the solution
will be cadlag as well.

10.1 Dissipative mappings

We start by recalling basic results on dissipative operators. For the proofs, we
refer to subsection 5.5.1 in Da Prato and Zabczyk (1996) and Appendix D in
Da Prato and Zabczyk (1992a). Let (B, | - |g) be a separable Banach space. The
subdifferential d|x|g of | - | g at x is defined by the formula

dlx|p = {x* €EB*: x+ylp—Ixlpg > {x*y), Vye B}.
Proposition 10.1  Let u: [0, T]— B be a continuous function whose left
derivative

d- to + &) — u(t
440 = lim u(to + &) — u(to)
dt e—0

<0

&

179
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exists at ty € [0, T). Then the function y(t) = |u(t)|p, t € [0, T], is left differen-
tiable at ty and

d~y . . d7u *es
F(to)_mm x*, T(to) cxT e du(ty)lpy -

Definition 10.2 A mapping F': D(F) C B — B is said to be dissipative if for
any x, y € D(F) there exists a z* € d|x — y|p such that (z*, F(x) — F(y)) <0.

Example 10.3 If B = H is a Hilbert space then d|x|y = {x/|x|g} for x # 0,
and F is dissipative if and only if (x — y, F(x) — F(y))y < Oforallx, y € D(F).

A dissipative mapping F is called maximal dissipative or m-dissipative if the
image of Al — F is equal to the whole space B for some A > 0 (and so for any
A > 0). Finally, a mapping F is called almost m-dissipative if F + nl is m-
dissipative for some n € R.

Assume that F is an m-dissipative mapping. Then its Yosida approximations
F,, o > 0, are defined by

Fo(x) = F(Ju(x)) = é(la(x) - X), x €B,

where J,(x) = (I — aF)~!(x), x € B. The basic properties of the operators F,,
Ju, ¢ > 0, are listed in the following two propositions; see Appendix D in Da
Prato and Zabczyk (1992a).

Proposition 10.4 Ler F: D(F) — B be an m-dissipative mapping on B. Then
the following hold.

(i) Foralla > 0andx,y € B, |J,(x) — J,(M|s < |x — y|5.
(ii) The mappings F,, o > 0, are dissipative and Lipschitz continuous:

2
|Folx) = Fu(y)lp = = Ix = ylb, x,y € B.

Moreover |Fy(x)|gp < |F(x)|p for x € D(F).
(iii) lin%) Fy(x) =x,VYx € D(F).

Proposition 10.5 Let B = H be a Hilbert space, let F: D(F)+— H be an
m-dissipative mapping on H and let o, B > 0. Then

(x =y, Fo(x) = Fg(M)m < (@ + B)(|1Fu(X)lm + |Fﬁ(Y)|H)27 x,yeH.
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10.1.1 Examples

Example 10.6 Let (S, S, 1) be a space with a measure. Assume that B = L? :=
L?(S, S, A), where p > 1.If x # 0 then d|x|.» consists of the unique element x*
of LU(S, 8, ), ¢ = p/(p — 1), given by

X&) = (1xl) TEIE),  E€S.
Example 10.7 Let B =L”, p > 1, be as in Example 10.6. Let
F(x(§)) = f(x(§)), §es, (10.2)

where f is a decreasing function. Then F with domain
D(F) = {x eL”: / [ f(x(ENP A(dE) < oo} (10.3)
s

is m-dissipative.

Example 10.8 Let B = L?, p > 1. Assume that, for some n € R, f(x) + nx,
x € R, is decreasing. Then the mapping F given by (10.2) and (10.3) is almost
m-dissipative. In particular, if

fO) = —=x"* 4 agx 4+ +ag (10.4)
then the corresponding F is almost m-dissipative.

Example 10.9 If A is the infinitesimal generator of a Cy-semigroup S(z), t > 0,
on B then, by Proposition 10.11 below, A is almost m-dissipative if and only
if, for some w € R, [|S(®)|l 5.5y < e, t > 0, that is, if and only if S is a semi-
group of generalized contractions; see subsection 9.4.1. For more details about the
dissipativity of generators see the next subsection and Section 10.3.

Our final example deals with the Laplace operator. It is based on Proposi-
tion 9.4.5 from Da Prato and Zabczyk (1996); see also appendix section B.2.

Example 10.10 Letd =1,2,..., and let
SOY(E) = /Rd g@O)E —myr(m dn = g@) * ¥ (&),

where g(t)(§) = (471t)d/2e’|5|2/(4’) fort > 0and &€ € RY. Let « > 0. Assume that
A is the measure on (RY, B(RY)) given by A(d&) := e 5 d &. Then (S(¢), t > 0)is
a Cy-semigroup on B = LP(d)) := LP(R?, B(R?), ). Moreover, IS B) <
exp{(k?/p)t}, t>0. Similarly, if A(d£):=(1 +k|E]")7 dE, where k >0
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and r > d, then § is a Cy-semigroup on B = LP(dA) and | S|l ) <
exp{xz/’(é/p)t}, t > 0, where

5= r—d+ 2(r _qpa-im,
r

Thus, in both these cases, the Laplace operator (i.e. the generator of S) is almost
m-dissipative.

10.1.2 Dissipativity of generators

We have the following result on m-dissipative generators.

Proposition 10.11  Let (A, D(A)) be the generator of a Cy-semigroup S on a
Banach space B. Then the following conditions are equivalent.

@) IS@l1esm) < 1 forall 1 = 0.
(i) A is m-dissipative.
(i) (x*, Ax) <0 forall x € D(A) and some x* € 9|x|p.
@{iv) (x*, Ax) <0 forall x € D(A) and all x* € d|x|p.

Proof We show first that (i) = (iv). Note that, for all x € B and x* € 9|x|p,
0> |S()x|p — |xls = |x + (SO)x — )|, — |x]5 > (x*, S(1)x — x).

If also x € D(A) then ¢t — S(¢)x is continuously differentiable and S(t)x —x =
fot S(s)Ax ds. Consequently,

1 t
<x*, —/ S(s)Axds>§O
t Jo

and thus (iv) follows. To see that (iii) = (i) we fix an x € D(A). Then, forallt > 0
and x* € 9|S(t)x|p,

d- g [ d=S@)x
E' (t)x|p _<X ) >

dr
and hence, by (iii),

3_;|S(I)X|B = (x*, AS(t)x) < 0.

However, the function ¢ — |S(¢)x|p is absolutely continuous for all x € D(A)
and therefore the function ¢ — |S(¢)x|p is non-increasing. As |S(0)x|g = |x|g, (1)
follows. By the definition of maximal dissipativity, (ii) implies (iii). But if A is a
generator then, by the Hille—Yosida theorem, for large enough A > O the image of
Al — A is equal to B, and thus (iii) implies (ii). O
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10.2 Existence theorem

Let Z 4 denote the Lévy Ornstein—Uhlenbeck process

ZA(t) = / St —s)GdZ(s), t>0.
0

Asin Da Prato and Zabczyk (1996), we make some assumptions on the operators
A and F and on the process Z4. In what follows, (B, | - | ) is a reflexive Banach
space continuously embedded into H as a dense Borel subset.

(H1) The operators A, F and their restrictions A, Fp to B are almost
m-dissipative respectively in H and B. Moreover, D(F) D B and F maps
bounded sets in B into bounded sets of H.

(H2) The process Z,4 is cadlag in B and, for all T > 0, P-a.s.,

T
/ |F(ZA(t))|p dt < o0.
0

Definition 10.12  An adapted B-valued process X is said to be a cadlag mild
solution to (10.1) if it is cadlag in B and satisfies, [P-a.s., the equation

X(t) = S(t)x +/ St —$)F(X(s))ds + Za(1), ¢ >0.
0

In the definition it is required that X(s) € D(F) for s > 0, and consequently
that X(0) = x € D(F).

Definition 10.13 If x € H and there exist a sequence (x,) C B and a sequence
(X,,) of unique cadlag mild solutions of (10.1) with X,,(0) = x,,, such that, P-a.s.,
|X,(t) — X(¢)|y — O uniformly on each bounded interval then X is said to be a
generalized solution to (10.1).

In the proof of our main existence result (see Theorem 10.14 below), we use the
main ideas of the proof of Theorem 5.5.8 in Da Prato and Zabczyk (1996). But, in
contrast with Da Prato and Zabczyk (1996), where Z is assumed to be Gaussian,
here Z can be a general Lévy process. We also use a different approximating
scheme.

Theorem 10.14  Under assumptions (H1) and (H2), (10.1) has a unique cadlag
mild solution for any x € B. For each x € H, there exists a unique generalized
solution to (10.1). Moreover, (10.1) defines Feller families on B and on H.
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Proof Assume first that x € B. Given a cadlag f: [0, co) — B, consider the

deterministic equation
t
y(1) = S(0)x +/ S(t —$)F(y(s) + f(s—))ds, 1 =0,
0

which may be written formally as

d
d—y(o = Ay(t) + FO() + ft—), >0,
t (10.5)

y(0) = x.
In the first equation above we take the left limit f(#—) since, thanks to Proposi-

tion 10.1, we can estimate the left derivatives.
Note that if, for any cadlag f, (10.5) has a unique solution then, denoting by

v the solution to (10.5) with f = Z4 and setting

X(1) = ya(t) + Za(1), 1 =0,

one arrives at the cadlag mild solution to (10.1).
For o > 0, 8 > 0 and sufficiently small n, denote by (F + 1), and (A + n)g

the Yosida approximations of the m-dissipative mappings F + n and A + 7:

(F+ne=—(I—aF +n)" = 1),

|~ |~

A+np=—=(T-BA+n)" —1).

We will use the same notation for operators on H and for their restrictions to B.

Denote by y. a solution to the approximating problem

g-
Yap(t) = (A +mpyap(t) + (F + n)a(Yap(t) + f(—))

dr
t >0,
(10.6)

—2nYap(t) = nf(t-),
Vap(0) = x € B.
The leftlimitin f(#—) is needed to prove that the solution y,g satisfies the equation
for all + > 0. The Yosida approximations are Lipschitz and therefore (10.6) has a
unique continuous solution. We will show that
lim lim yug(t) = y(¢), t >0,
lim im v (1) = (1)
exists in H and defines the mild solution of the deterministic problem (10.5).
We assume that n = 0 to simplify the notation, but all the estimates can be
performed when n # 0; compare also the proof of Theorem 16.6. We solve
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the equation

Yalt) = S(1)x +/ St — $)Fa(ya(s) + f(s —))ds.
0

Since the transformation F, is Lipschitz continuous both in H and in B and f is
cadlag in H and in B, there exists a solution, continuous in H and B. We show
now that there exists a constant ¢ > 0 such that, for all « > 0 and 7 € [0, T],
|v«(t)|p < c. Note that, foraz > 0 and 8 > O,

Ya(t) = Yap = S(t)x — Sp(t)x

+ /0 (St —5) — Sp(t — ) Fa(ya(s) + f(s—))ds.

+ /Ot Sp(t = 5) (Fu(ya(s) + f(s =) = Fa(Yap(s) + f(s-))) ds.
Let M, w and C,, be such that forallt > 0, v, w € Band 8 > 0,
1S5l .8y < Me™, | Fy(v) — Fo(w)|p < Colv — wlp.
Then

[V (t) — yap(t)|B

t
< IS(t)x — Sp(t)x|p + MC, / e |94 (5) — Yap(s)|p ds
0

+/0 |(Sp(t — ) — S(t = 5)) Fa(ya(s) + f(s —))| , ds. (10.7)

By the Hille—Yosida theorem (see Appendix B), it follows that Sg(t)x — S(#)x
as B — 0 uniformly in ¢ on bounded intervals and in x on compact subsets of B.
Consequently, the first and the third terms in (10.7) vanish uniformly on bounded
intervals as 8 — 0 and by Gronwall’s lemma we obtain

éiH})SHP |ya(t) — yap(O)lp = 0, VT < oo. (10.8)

Vi<t

From (10.6), by Proposition 10.1,

d : * d *
E|yaﬁ(t)|3 = m1n{<x , Eya;s(t)> txt e 3|yaﬂ(t)|3}

= min (¥, Apyep(t) + Fulrep(®) + FE=)): 4" € Dlyap®ls}.

Both transformations Ag and F;, are m-dissipative. Therefore, by Definition 10.2,
the linearity of Ag and Proposition 10.4(ii),

a-
7 Pes@ls = [Fa(f (1)) = [F(f=))ls
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and consequently

|yap(DlB =< |x[B +/0 |[F(f(s —))Ipds, 1=0. (10.9)

By (10.8), for all @ > O,

T
Iya(Olp < |x|8 +/0 |F(f(s—)lgds, 1€[0,T].

Similarly, for ¢ € [0, T],

1d , Jd-

EE |yaﬂ(t) - yVﬂ(t)|H = <E (Yaﬂ(t) - y}’ﬂ(t))a yotﬂ(t) - YVﬁ(t)>
= ((Apyap(t) — Agyyp(1)

+ (FaQap®) + (=) — Fy(yyp() + f(=)), yap(®) — yyp(D),

< (FaWap®) + [(1=)) = F,(yp() + f(1=)), Yap(t) = yyp(0))

and so, using Proposition 10.5 and then Proposition 10.4(ii),

H

Ld Yap (?) )3
Zdt yu‘ﬁ yl/ﬁ H

< @+ 1) (|FaGup®) + FGN],, + |Fy s + fE-N],)°
< @+ 1) ([FOup® + G|, + | FOys) + f-N],)°

By (H1) and (10.9) there is a constant C such that

1d~
5 e =y, < Claty).  rel0.Tl.
Consequently,
2
Hyap® = yyp®)|,, < Cla+ )T,  t€[0,TI.
By (10.8),

2
Hya®) =y, 0]}, < Cla+y)T, a,y >0, te[0,T].

Thus y,(t) — y(t) in H, uniformly on [0, T'], as @ — O.

The proof that y is in fact a mild solution of (10.5) is given in Da Prato and
Zabczyk (1996). By similar reasoning one can show that there exists a constant
¢ > Osuch that, for all x, ¥ € B, the solutions y(¢, x), y(t, X),t € [0, T], of (10.5)
with initial conditions x, X satisfy

sup |y(t, x) — y(t, X)|lg < clx — X|n.
t<T

This proves the existence of generalized solutions for any x € H.
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The fact that (10.1) defines Feller families on B and H follows from the con-
tinuous dependence of solutions on the initial data. O

10.3 Reaction—diffusion equation

In this section we present a typical example of (10.1), the so-called stochastic
reaction—diffusion equation. Its long-time behavior is studied in Section 16.3.

Let O be an open bounded subset of RY. Given p € (1, c0) write L? :=
LP(O, B(O), d§). Let A = A(&, D) be a second-order elliptic differential opera-
tor,

d 32 d 9
A=AE D) =) ajE)——+ ) biE)— +c®I,  £€O,
i,j=1 t i=1

85 8)Cj 8&

and let f be given by (10.4). Finally, let Z be a square integrable mean-zero Lévy
process in a Hilbert space U with RKHS H C L.

We are concerned with the existence of generalized solutions to the following
problem:

dX(1,8) = (AX (@, &) + f(X(t,£)))dr +dZ(1, §),
X(t,&=0 for & € 00, (10.10)
X(@0,&) =x(&) for& € O.

We assume that O and the coefficients a; ;, b; and c satisty the assumptions
formulated in Section 2.5. In particular we assume that the coefficients are of
class Cp°(O) and that A is uniformly elliptic on O. Note that, in (10.10), A is
considered in conjunction with the Dirichlet boundary operator By (&) = ¥ (&),
& € 00. Given p € (1, 00) define

D(A,) :={y € W»P(O): y(§) =0for & € 90O},
ApY(§) = Ay (§), Vv € D(A,), £ €0.

Then, see appendix section B.2, (A, D(A)) generates an analytic Cy-semigroup
Spon L?. Since S, = §, on L? N L? we will often write A and S instead of A,
and S,.

Theorem 10.15 Let p >2n+ 1 and let Z = W + L, where W is a Wiener
process and L is a Lévy process in L. Assume that

Wa(t) = / St — s)dW(s), t >0,
0
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has continuous trajectories in L** "tV and that there exist k > 0 and o > 0 such
that L has cadlag trajectories in D(( — Apns1) — KI)(X). Then

(i) for every x € L?P there is a unique cadlag solution to (10.10) in B = L*?,
(1) foreveryx € L? there is a unique generalized solution to (10.10) in H = L2

Moreover, (10.10) defines Feller families on L*” and L>.

Proof We treat (10.10) as (10.1) with F the Nemytskii operator corresponding
to f and H = L%, B = L. We have to verify the hypothesis of Theorem 10.14.
By Example 10.8, F and Fp are almost m-dissipative. The fact that A is almost
m-dissipative on H and B follows from Lemma 10.17 below. Therefore (H1) of
Theorem 10.14 is satisfied. To see (H2) it is sufficient to show that L 4 has cadlag
trajectories in L2P?"+D_ This follows from Proposition 9.28. O

Remark 10.16 The assumption that W4 has continuous trajectories in the space
L2PCn+D or even in L can be easily verified for many different cases; see subsec-
tions 12.2.2 and 12.4.3. For more details on stochastic reaction—diffusion equations
with Wiener noise we refer the reader to e.g. Bally, Gyongy and Pardoux (1994),
Cerrai (2001), Da Prato and Zabczyk (1992b, 1996), Manthey and Zausinger
(1999) and Peszat (1995).

Since the proof of the following result is rather long and technical it is given in
appendix section B.6.

Lemma 10.17  For all p > 2 the operator (A, D(A))) is almost m-dissipative
on LP.

Example 10.18 Assume that O = (a, b) C R, thatis, O is one-dimensional. Let
Z = W be acylindrical Wiener process on L2. Then W, has continuous trajectories
in C (m, and therefore (10.10) defines Feller families on L? and L?”.

Example 10.19 Let p > 2n + 1 and let Z be a Lévy process in L>(0) with
Lévy exponent (6.2). Assume that the Lévy measure v satisfies

f |Cax|pq v(dx) < o0, (10.11)
L2(0)

where o > 0, C, = (—A4,,(n+1) — I(I)a and ¢ = 2p(2n + 1). Then, by Proposi-
tion 6.9, Z satisfies the assumption of Theorem 10.15. For more details see the
proof of Theorem 16.7. Since « is an arbitrary strictly positive number, the domain
of C, is known (see e.g. Lunardi 1995); instead of (10.11) it is sufficient to assume
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that there is a 8 > 0 such that

/ x| we.a(oy v(dx) < oo,
L2(0)

where W#4(0) is a fractional Sobolev space. For the definition of fractional
Sobolev spaces see e.g. Lunardi (1995).

Example 10.20 Assume that Z is finite-dimensional and equal to Z,i\':l fiLk,
where the L; are real-valued Lévy square integrable martingales and the f; €
L*(0) are sufficiently regular, for example f; € C!(O). Then the assumptions of
the theorem are satisfied.
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Factorization and regularity

The regularity of solutions to stochastic partial differential equations is of great
importance. In general, when the integrator is a cadlag process one cannot expect
to establish regularity better than cadlag. If the operator A in the drift term of an
equation generates a generalized contraction then, under some additional assump-
tions, the cadlag regularity of the solution is established by Theorem 9.20. In this
chapter the so-called factorization method, introduced in Da Prato, Kwapieri and
Zabczyk (1987) (see also Zabczyk 1993) is introduced. This method is useful in
many important cases for showing the time continuity of solutions to stochastic
evolution equations driven by continuous processes. The method also leads to
some maximal inequalities for stochastic convolutions with arbitrary semigroups;
see Zabczyk (1993).

To motivate the method, the deterministic finite-dimensional case is considered
first. This is then generalized to infinite dimensions. Finally, the regularity of the
solutions is established.

11.1 Finite-dimensional case

A crucial aspect of the factorization method is the semigroup property of the
Liouville—Riemann operators 14 ,. Namely, given a matrix A € M(d x d), a
parameter o > 0 and a function v : (0, c0) R4, we set

1 t
Lyo¥(1) == —— / et — )Y (s)ds,  1=0,
() Jo
where
o0
M) := f et dr, a >0,
0
is the Euler I'-function.

190
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Theorem 11.1  Foralloa, f > 0and A € M(d x d), I5,q4+p = 14,14 p. In par-
ticular, for oo € (0, 1), we have 141 = 14 414 1-¢-

In the proof of the theorem we will use the following lemma.

Lemma 11.2 Forall 8 > 0, a > 0,

! ()l
(1 — e f gg = TP (11.1)
0 Ll +B)
Proof Consider the so-called y -distribution
fa,y(t) = a’t’ e X[o oo)(t) teR.

I'(y)

Denote by = the convolution operator

+00
fxgl) = [t —s5)g(s)ds, teR.

Then, fort > 0,
frat fup(t) =~ -t / (= 11
a,a a = o = < — 5 S S
oIl T'(a)[(B)

F(a+ﬂ)1(a+ﬂ)/ a1 gp-1
= faasp(t )F( TB) (t—ys) ds

I'(a+ B)
F(a)'(B)
Now, since f, o, and f, g are densities of probability measures, their convolution
is also the density of a probability measure. Since f; o4 is also the density of a
probability measure, the desired identity holds. O

fa a+,8( ) ( —Z)a_lzﬁ_ldz.

Proof of Theorem 11.1 We have

I ols ()

1
B F(a)F(ﬂ)/o

_; tA(z—v)(/t AN T N e | )
_F(a)F(,B)/O e U(t ) (s —v)’' ds ) ¥(v)dv.

Thus we need to show that

! - - F'(@)T'(B) _
RN Y (a+p)-1
/U(t )T —v) ds = F@tf) (t—v) .

This is, however, a simple consequence of Lemma 11.2. O

t s
A=) — gy*-! / eV (s — )y (v)duds
0

Let L4(0, T;RY) := L7 ((0, T), B0, T)), dt; RY).
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Theorem 11.3  Assume that A € M(d x d) and 1/q <« < 1. Then for ev-
ery T € (0, 00) there is a constant ¢ = cqq a7 < 00 such that, for every ¥ €
L9(0, T;RY),

Haa¥ (@) — Lo ()| < clt —s1 VY o rprsy,  t.s€(0,T).
Proof Let0<s <t <T;then I4o(t) — I4o¥(s) = J1 + Jo + J3, where
1 ff A _
Jii= —— [ A — vy (v)do,
YT T
1 / A _ -
Jy = — e(l‘ v) ([—U)a 1_(S_v)a 1 W(v)dv,
7 T Jo ( )

J3 = % /O ' (M) — A7) (s — v)* Y (v) do.

Letp=¢q/(q —1),sothat1/p+1/q =1, and let

Cy:= sup [e|(T@)",
1€0.T]

where | - || stands for the operator norm on L(R?, R?) = M(d x d). Note that
C; < oo. It follows that

1 ! t—v o—
|Jl|s@fs |22 1 — vl 1y ()] d

t 1/p t 1/q
¢ ( / <t—v)<“—”"dv) ( / |w<v>|qdv)

t—s 1/p
< (/ u@=br du) [V Laco, 7R
0

Ci(t —s)*~ 14
~ (@—Dp+Dr

To estimate J,, note that

|LlP < CY (/0 (=o' =@ —-v* ")’ dv) V170,720

Fora > b and p > 1, we have (a — b)? < a” — bP. It follows that

IA

[V La0,7:RY)-

) _g)e=Dptl a=Dptl _ pa=Dpt]
<C;

17 < [ (=0 = = 0 )
(%
(

a—Dp+1 + (@—Dp+1 )'WL"(OTR"

p(t )(o: p+1
1 ( 1) +1 h[[qu(OTRd)
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and consequently
(t —s)* Ve
! 1/p
(@=Dp+1)
To estimate the last term, note that, for all #, s € (0, T'],

|| <C [V | La0,7:R)-

At eAs‘ Ar ” .

”e | < |t —s| sup ||Ae
re(0,T]

Let C; := (T'(@)) " sup,o.7) | Ae*'||. Then

J3 < Ca(t —9) f S(s —0)* Y (v)| dv
0

T 1/p
< Gyt —5) (/ v br dv> [V | Lag0, 7R
0

which completes the proof. O

Let us denote by CY ([0, T]; R?) the space of all Holder continuous functions
¥: [0, T] — R? with exponent y € (0, 1). On C¥ ([0, T];R?) we consider the
Holder norm (see Section 2.2). The following result is a direct consequence of
Theorem 11.3.

Corollary 11.4  Assume that A € M(d x d) and 1/q < a < 1. Then, for ev-
ery T € (0, 00), 1 o is a bounded linear operator acting from L(0, T;R?) into
ceMa([0, T RY).

11.2 Infinite-dimensional case

11.2.1 General semigroups

Let A be the generator of a Cp-semigroup S on a separable Banach space B.
Formally S(t) = e*’. Thus the infinite-dimensional analogues of the Liouville—
Riemann operators introduced in the previous section have the form

1 t
Ipo¥(2) = —/ (t — )" 718t — s)Y(s)ds. (11.2)
(@) Jo
Let L9(0, T; B) := L4((0, T), B((0, T)), dt; B), and let C([0, T; B) be the space
of all continuous B-valued mappings equipped with the supremum norm.
Theorem 11.5

(1) Foralla > 0and B > 0, Ixola g = 14 a+p.
(i1) Assume that 1/q < a < 1. Then 14 4 is a bounded linear operator from
L0, T; B) to C([0, T]; B).
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Proof The first assertion of the theorem can be proved in the same way as
Theorem 11.1. To show the second, we fix a T < oco. Let p be such that 1/p +
1/q = 1. Since there are constants M and y such that ||S(¢)|| < Me"’ for every
t >0,

/ (t —v)*7 'St — v)Y(v)dv
0 B

t 1/p t 1/q
< </ (t —v)@br dv) </ ISt — V)Y ()% dv>
0 0

. fla—Dp+1 1/p
< Me” (m) [V La,1:B)-

Consequently, there is a constant C < oo such that

sup |Lao¥(@)lp < C|¥|Ls,1:8)- (11.3)
te[0,7]

LetO <s <t <T.Then
T(@) (Ia.a¥ (1) — LoV (s))
= / v LS (r — v)dv + / VLS (Wt — v) — (s — v))dv.
K 0

Hence, there is a constant C; such that

eV (1) = 1o ¥ (s)|B

t 1/p
<C (/ v@-br dv) [V |re0,7:B)
S

s 1/p s 1/q
+C, </ v @-br dv) (/ Wt —v) —Y(s —v)l% dv> .
0 0

Therefore, 14 o € C([0, T]; B) provided that ¢ € C([0, T]; B). Since the space
C([0,T];B) is dense in L9(0, T; B), the desired conclusion follows from
(11.3). O

11.2.2 Analytic semigroups

Denote by C? ([0, T]; B) the space of all Holder continuous B-valued functions
withexponenty € (0, 1). Asin the finite-dimensional case, the space C” ([0, T']; B)
is equipped with the norm

[ (@) — ¥ (s)lp
[Vlcrqoryp) == sup |[Y(@®)|g+ sup ——mm—.
1€[0,T] 1,5€[0,T1, 15 |t —s|”



11.2 Infinite-dimensional case 195

In the finite-dimensional case we proved the Holder continuity of 14 oy for
v e L10,T; Rd) with 1/g < o < 1. In the proof we used the fact that

sup ||Ae? | <o0, VT < oo. (11.4)
t€[0,T]

In the infinite-dimensional case, the estimate (11.4) does not hold unless A is a
bounded operator. However, Holder continuity does hold if e’# is an analytic semi-
group. For these semigroups a condition slightly weaker than (11.4) is satisfied.
For the definition of an analytic semigroup see appendix section B.1.2.

Theorem 11.6  Assume that A generates an analytic Cy-semigroup. Let g > 2
and o € (0, 1) be such that 1/q < «. Then, for any y € (0, — 1/q), Ip o is a
bounded linear operator from L4(0, T; B) to CY([0, T]; B).

Proof LetO<s <t <T.Letpbesuchthat1/p+ 1/g = 1; then
Tao¥(t) —laa¥(s) = J1 + o+ Ja,
where
1 t
Jy = @/ St —v)(t —v)* 'y (v)dv,
1 s
Jy = —— S — =) — (s — ) dv,
2 F(a)/o t—v)(t—v) (s —v)* )Y ()dv

Jy = ﬁ /0 (S(t —v) — S(s — v)) (s — v)* Y (v) dv.

For the first two terms, we proceed as in the proof of Theorem 11.3; namely,

(t —s)* '
(@—1p+D'"

[Jilz < Ci [V |L40,7:B)

and
(t —s)*Va

hlp<C
= O e T

[V La.7:8)5

where Cy := sup, 0.7 1S L8, 5) (T'(a))~!' < 0o. Now the last term needs to be
considered. We have

(St —v) = S(s — )Y ()|, =

/71} iS(u)w(v)du
s—v du

B

/ B AS(u)Yr(v)du

s —V

B
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By the analyticity of § it is clear that there is a constant C; such that ||AS(u)| .z, )
< Cy/u for u € (0, T]. Therefore, for all y € (0, 1),

|(S(t —v) = S(s — )Y ()|,

—v r—v 1
sGNNI [ =G [
S—=v u S—=v u)/u 4
t—v 1
<Gl -o 7 [
S—=v u 14
t—v 1
<CGlOae -7 [
S—v u 14

A

C
< 72|1/f<v)|3 (s —v)7 ((t —v) — (s —v))

IA

C _

Y @)s (s — )7t — )
Y

and, consequently,

Gt —5)” w—l—
J3 < ———— ) /( VY () dv

Cy(t — s) /é‘ i I/p
< = 7 . —)e=1=nryg .
< @ |¢|L4(0,T,B>< | (s —v) v

The proof now follows by noting that, for any y € (0, « — 1/q),

s
/ (s =)@ 177 qy < oo.
0

O

In appendix subsection B.1.2 we recall the concept of the fractional power
(—A)Y of an operator A. For the proof of the theorem below we can adapt the
argument from the proof of Theorem 11.6. For a complete proof we refer the
reader to Da Prato and Zabczyk (1996), Appendix A, but here we will assume that
A generates an analytic semigroup on B satisfying (B.5). We equip the domain
D((—A)") with the graph norm

x| D=y = |x|p + [(—A) x]8, x € D((—=A)).

Theorem 11.7 Leta € (0,1),q > 1 andy € (0, 1) be such thata > y + 1/q.
Then, for any T < 0o, 144 is a bounded linear operator from L1(0, T; B) to
cor=Y4([0, T1; D((—A))).
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11.3 Applications to time continuity

In this section we will apply the factorization method to study the time continuity
of solutions to the stochastic equation

dX = (AX + F(X))dt + G(X)dW,  X(0) = Xo; (11.5)

where A, with domain D(A), is the generator of a Cy-semigroup S on a Hilbert
space H, W is a Wiener process taking values in a Hilbert space U defined on
a filtered probability space (2, F, (F;), P) and Xy is an Fyp-measurable random
variable in H.

We denote by H the RKHS of W. We assume that the coefficients A, F and G
satisfy assumptions (F) and (G) given in Section 9.2. This implies in particular that
for any ¢ > 0 the mappings S(z) F and S(#)G have unique extensions to continuous
mappings from H to H and from H to Lys)(H, H), respectively.

Our goal is to show the existence of solutions that are continuous and, when the
semigroup is analytic, Holder continuous trajectories in H. Given T < 0o, g > 1
and y € (0, 1) we denote by Cr, and C; 4 the classes of all processes Y@ € x
[0, T] — H adapted and having respectively continuous and Holder continuous
trajectories in H such that

. q 1/q
1Y ler, = (EIYEq0rm) < 00
L q 1/q
I¥lley, == (E 1Y 1Erqo.rim) " < 00
respectively.

Theorem 11.8 Let g and a € (0, 1/2) be such that 1/q < a. Assume that for
each T < oo there are functions a, b: (0, T] — (0, 0o) satisfying

T
/ (a()t™ + b)) dt < oo,
0
such that, forallt € (0, T]and x,y € H,

IS F(X)|u < a(t)(1 + |x|n),
SO (F(x) = FO) |, < a®lx = ylu,
1SOGCON Liysy, 1) = b@A + |x|1),
ISE(G(x) = GO Liysyr. 1y < bOx — yln.
IfE |Xo|}, < 0o then there is a unique solution X to (11.5) such that X € Cr 4 for

T < oo. If, moreover, S is analytic then X € C%q for every T < oo and for every
exponenty € (0, — 1/q).
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Proof Letus fix T < oo. Denote by Z7 , the class of all predictable processes
Y: Q2 x [0, T] — H such that

1/q

1Yz, = < sup ]E|Y(t)|ji,> < 0o0.
t€[0,T]

Using the Banach fixed-point theorem as in the proof of Theorem 9.20, one can

easily show the existence (and uniqueness) of a solution X to (11.5) in the class

Zr 4. To control the gth moment of the stochastic term, the Burkholder—Davis—

Gundy inequality may be used, as will be seen below.

Having established the existence of a solution X in the class Zr , we will show
that in fact X € Cr 4 in the general case and X € C%q, y € (0,a — 1/gq), in the
analytic case. To do this we will use factorization. We will concentrate on the
stochastic term

I(t) := / S(t —5)G(X(s))dW(s), tel0,T];
0

the analysis of the term

J(@) = S()Xo —i—/ St —s)F(X(s))ds, te[0,T],
0

is left to the reader.
Write

Y(t) = ;/ (t —$)°S(t — )G(X(s)dW(s),  tel0,Tl.
T —a)l

Note that
t
/0 (t =) ENS@t = )GXONNT, 30,1y IS

t
< / (t —$)7b*(s)ds sup E(1 + |X(s)|g)* < oo.
0 s€[0,¢]

Thus Y is a well-defined process in H. In fact, fOT E |Y(t)|i, dt < ocofor T > 0.
This follows by the Burkholder—Davis—Gundy inequality:

T
/ E|Y ()% dt
0
q/2

T t
501/0 </0 (t_s)—zaEHS(z—s)G(X(s))||i(HS)(H!H)ds) dt

T t q/2
5/ (/ (t—s)_zabz(s)ds) dr sup E(1+ |X()|n)?,
0 0

s€[0,T]
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where ¢, depending only on ¢, appears in the BDG inequality. We show that
I =T()4s4Y. (11.6)

This relationship ensures that I € Cr 4 in the general case and I € C;’ 4 in the ana-
lytic case because, by Theorem 11.5, 14 4 is a bounded operator from L?(0, T; H)
to C([0, T]; H), T > 0. Thus, if (11.6) holds, I has continuous trajectories in H
and

T 1/q
sup 1]y < C (f Yol dt) ,
tel0,7T] 0

where the constant C is independent of X (see the proof of Theorem 11.5).
To show (11.6) we use the stochastic Fubini theorem in the same way as in the
proof of Theorem 11.1. We have

T (1 —a)ly oY (1)

= / St —s)(t —s)*! [S Sis —v)(s —v) *G(X(v)dW(v)ds
0 0

= / St —v) (/ (t—s5)0(s—v)™ ds) G(X()dW(v)
0 v

)1 — !
_T@rd -o / S(t — 1)G(X () AW (v).
') 0
Assume now that S is analytic; then the desired Holder continuity of I follows
directly from Theorem 11.6 and (11.6). d

11.4 The case of an arbitrary martingale

Assume now that M is a square integrable cadlag martingale taking values in a
Hilbert space U. In this section, we discuss possible applications of the
factorization method to the study of stochastic convolutions such as

Y(©) =/ S — s)W(s)dM(s), t >0,
0

where § is a Cyp-semigroup on a Hilbert space H. We assume that, for¢ > 0, the pro-
cess (w, s) = S(t — s)¥(w, s) € H belongs to the space of integrable processes
L,zw(H ); see Section 8.3. Consequently, Y is a well-defined square integrable
process in H. As we have already seen, it is not necessarily cadlag; see Proposi-
tion 9.25. However, it might seem that the factorization method is based only on
the stochastic Fubini theorem (valid in the general case) and on a certain (determin-
istic) integral representation of the Euler I'-function. To see that this supposition
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fails, we assume that there is a constant « € (0, 1/2) such that

1 , »
Yo(t) := mfo (1 — $)"S(t — 5)W(s)dM(s)

is a well-defined square integrable predictable process in H; that is, for every ¢,
(w,s) > St — s)¥(w, s) € H belongs to EZZW(H). Then with the generalized
Liouville-Riemann operator /4 , defined by (11.2), Y (¢) = I'(1)14,4(Y,)(?). We
know that 14, is a bounded linear operator from L4(0, T; H) to C([0, T]; H)
provided that 1/g < «, and hence for sufficiently large g. It remains to show that
Y, has trajectories in L9(0, T; H). To do this one can use the BDG inequality
but, unlike the Wiener case, one obtains a condition expressed in terms of the
quadratic variation [M, M] of M. It turns out that in many cases one can show
that Y, € L9(0, T; H) only for g < 2. For more details we refer the reader to
Section 8.7, which is on stochastic integration with respect to Poisson random
measures.
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Stochastic parabolic problems

The results of Chapter 9 will be applied here to the parabolic problem

dX(t,6) = (AX(t, &) + f(&, X(1,§)))dt
+g(&, X(2,8))dW(z, §)
+ /Sgl(g’a, X(t,E))ﬁl(dt,déE,da)

+ /ng(é,a, X(t, §))mp(de, d, do), t>0,£€€0, (12.1)
with homogeneous boundary conditions
BiX(t,5)=0, j=1,....,m for (¢, &) € (0, o0) x 30, (12.2)
and with the initial-value condition
X(0,&) =x(&) for¢ € O. (12.3)

In (12.1), (S, S) is a measurable space, W is a cylindrical Wiener process
on L*(O) and m;, m, are Poisson random measures on [0, 00) x @ x S with
Lévy measures df d§ v;(do), i = 1, 2; see Section 7.2. Here v, is an arbitrary
non-negative measure on (S, S). The assumptions on g;, however, will guarantee
the square integrability of the corresponding stochastic integral.

12.1 Introduction

As in Section 2.5, we assume that A4 is a uniformly elliptic operator of order 2m
on a bounded region © C R and that {B;, j = 1, ..., m} is a system of boundary
operators. We assume that O, A and {B;} satisfy the conditions formulated at the
beginning of Section 2.5.

201
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We assume further that v; is a finite measure and that the following represen-
tation holds:

M= 8k (12.4)
J

Here & and o} are independent random variables; each &; is uniformly dis-
tributed on O and each o; has distribution v, /v>(S). Moreover, t; = ri + - - - 41},
where the r; are independent random variables, independent of &; and o, with
exponential distribution'

P(rj > t) =e @O, (12.5)

Note that 7, has only isolated jumps and can be treated as a compound Poisson
process in any Hilbert space V containing Dirac measures on O x S.

To simplify the exposition, we assume that W, r; and m, are independent. In
this book we consider mostly mild solutions, but for better clarity we will take the
weak form of (12.1)-(12.3) below; see (12.6).

Our first task is to rewrite the problem (12.1)—(12.3) in the abstract form (9.4) or
(9.31) introduced in Chapter 9, where the general existence results were discussed.
This will be done in the next section. Then, in subsections 12.1.2 and 12.1.3, we
verify the existence of a solution by applying the general theorems 9.29 and 9.34.
More precisely, we first develop the L2-theory. We assume that g, = 0 and treat
(12.1) as a special case of the evolution equation (9.4). The existence of a mild
solution X (in the sense of Definition 9.5) follows from Theorem 9.29. Next, we
consider the equation with a non-vanishing term g,(¢, X(¢, §), o)m,(dt, d€, do).
It turns out that in this case (12.1) is of the type (9.31), and the existence of a
weak solution, in the sense of Definition 9.11, follows from Theorem 9.34. In
Section 12.2 we consider the Gaussian case. Using the LP-theory of integration
with respect to Wiener processes, developed in subsection 8.8.2, and the factoriza-
tion method we obtain the existence of a solution having continuous trajectories
in the space L”(O), where p > 2. Finally, we discuss the space (and space—time)
continuity of the solution. In Section 12.3 we set g = 0 and, consequently, obtain
the pure jump case. We show the existence of a solution taking values in a certain
L?(O)-space for p € [1,2). Special examples of (12.1), namely stochastic heat
equations with Dirichlet or Neumann boundary conditions, are considered in the
final section of the chapter.

We consider only equations on a bounded region with f, g, g; and g, satisfy-
ing certain Lipschitz conditions. Equations on O = R“ and equations in which

! The quantity £, stands for Lebesgue measure on R¢.
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the noise enters through the boundary are considered in Chapters 14 and 15
respectively.

Some standard generalizations of the results presented here are possible. In par-
ticular, one can consider (12.1) driven by a Wiener process with nuclear covariance
on L?(O) or, in particular, by a process taking values in a finite-dimensional space.
Also, one can consider the case where the equation is driven by a cylindrical Wiener
process on a space L*(O, B(0), A), with A a given measure on O. A much more
ambitious task would be presented by equations with non-Lipschitz coefficients.
In particular, equations where

2141

fE =) aEr
j=0

is a polynomial of odd order with a strictly negative leading coefficient ay; 1 are
of great interest; see Example 10.8. They include the so-called reaction—diffusion
equations. These equations with Gaussian noise were studied intensively in Da
Prato and Zabczyk (1992b, 1996), Brzezniak and Peszat (1999) and Cerrai (2001).
In this book, we consider only stochastic reaction—diffusion equations with additive
noise; see Section 10.3.

Stochastic parabolic equations with noise coefficients of the type c|r|”, y < 1,
appear naturally in some models of interacting-particle systems. So far, these
equations have been treated as martingale problems; see Mytnik (2002), Mueller
(1998) and Section 12.5.

12.1.1 Abstract form
Our goal is to write (12.1)—(12.3) in the standard form

dX = (AX + F(X))dt + G(X)dM + R(X)dP,  X(0) = x,

with properly chosen coefficients and state and noise spaces.

To this end, we take H = L*(O) as the state space. Next, for A we take the
realization of A with the boundary conditions B;; see appendix section B.2.

For the martingale part, we take M := (W, 7r}). Since W and 7; are independent,
the RKHS of M is the product of the RKHSs of W and 7. Thus, by Theorem 7.28,
M is a square integrable Lévy martingale with RKHS equal to

H = Hw x Hz, := L*(O) x L*(O x §, B(O) x S, d§ vy).

For the noise space U, we take any Hilbert space containing H with a Hilbert—
Schmidt embedding. Clearly, the non-linear drift term F in the abstract formulation
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is the composition operator corresponding to f:

FW)(E) = f&, ¥(&)), ¥ € L(0), £ €O. (12.6)

Before identifying the coefficients G and H it is useful to find the weak form
of (12.1)~(12.3). Assume first that g, = 0. A predictable L?(O)-valued process X
is a weak solution of (12.1)—(12.3) if

sup E | X(0)|750) < 00, VT >0, (12.7)

t<T

and, foralla € D(A*)and ¢t > 0,
/ )X (1, &) dt = / a(€)x(8) d&
(@) @)
+ /0 /O (A%a(6)X (s, &) + a(8) f(s. X(s. £))) d& ds
+ / ag(-, X(s, ) dW(s)
0

+/ /O/G(S)gl(é,a,X(S,E))J?l(ds,dé,da)- (12.8)
0 N

In the term involving W, W(s) := ag(:, X(s, -)), s > 0 is an L?*(O)-valued or,
under the proper identification, (Lz((’)))* = Lus)(L*(0), R) = Lysy(Hw, R)-
valued process. Thus, assuming that ¥ € E%V,T(R)’ T > 0, the integral is con-
sidered in the sense developed in Chapter 8. Similarly, in the Poisson term,
a(&)g1(&,0,X(s,8)),E€0,5s€[0,T], 0 €8, is understood as an element of
L2 (R); see Proposition 8.24.

However (see (9.16)), the diffusion operator G should map D(G) C L*(O) into
the space of linear operators from H to L?(O) in such a way that

(a. GW)(@. 1)) 20,
_ /O a()g(E, YENR(E) d + /O /S 1. 0. Y (E)g1(E. o) dE vy (do).

Thus G is determined; namely, it is a generalized composition operator,

GWl(e, eIE) := g(E,I//(S))<p(S)+/Sg1(E,G, V(E)g1(§, o)vi(do).  (12.9)

In order to identify the finite-variation term, let V be a Hilbert space containing
the Dirac measures 8¢ ,, £ € O and o € S. We assume that the mapping j: O x
S > (§,0) > 6, €V is measurable. Then

P(t):=) 8.

<t
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where ¢}, &;, o; appear in (12.4), is a compound Poisson process in V with jump
intensity measure v, o j~!. The corresponding term in the definition of the weak
solution is thft 8,05, X(t;,&;))a(&;). We would like to rewrite this in the

form [y R*(X(s))a dP(s). Thus
(RW)Se.o.a),, = ga(x, 0. Y (§))a(§). (12.10)

If g» = 0, and consequently the term in (9.31) containing the compound Poisson
process vanishes, we treat (12.1) as (9.4) with the terms defined as above.

Remark 12.1 Let W be the Brownian sheet corresponding to W; see Re-
mark 7.19. Using an approach based on the concept of multiparameter stochastic
integration, as in Walsh (1986), we obtain

fo ag(-, X(s, ) dW(s) = /0 fo a(&)g(E, X(s, E)W(ds, d&).

12.1.2 L’-theory

In this section, we consider (12.1) with g, = 0. We impose several conditions on
the coefficients A, f and g;. The first establishes a relation between the order of
the operator A and the dimension of the region O. Namely, we require

2m > d. (12.11)

Remark 12.2 It is not difficult to prove that (12.11) is a necessary condition for
the solution to the linear Gaussian problem

dX(t, &) = AX(, &) dt +dW(, §), (t,6) € (0,00) x O,
BiX(t,§)=0, (t,&) € (0,00) x 30,
to be a function-valued process. In Section 12.3 we will see that in the pure jump

case we can drop (12.11) and still obtain a function-valued solution, but this
solution will take values in L?(O)-spaces with p < 2.

Using the notation introduced in Section 2.4 we will formulate Lipschitz and
linear-growth conditions on f, g and g;. The main result of the present section is
the following theorem.

Theorem 12.3  Assume that (12.11) holds and that g, =0, f € Lip(2, O, £,)
and g € Lip (00, O, £y). Assume that there are functions I, € L*(S, S, v|) and
I, € L*(O) such that, forall¢ € O, 0 € Sandr,u € R,

181(§, 0, )| = Li(0)(2() + |r]),

(12.12)
|gl($705 r) - gl(S,G, M)| S ll(U)lr - ul'
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Then, for any x € L*(O), there is a unique predictable L*(O)-valued process X
satisfying (12.1) such that, for all T < 0o, sup,.r E |X(t)|iz(o) < 00. Moreover,
(12.1) defines a Feller family on L*(O).

Proof We will show that assumptions (F) and (G) of Section 9.2 are satisfied.

We first check (F). Note that in our case D(F) is equal to the class of all
¥ € L*(O)suchthat& — f(£, ¥(£))belongs to L>(0). Since f € Lip (2, O, £),
we have D(F) = L*(O). Next, F is in fact a Lipschitz continuous mapping from
L?*(O) to L*(O), which clearly implies (F).

We now show (G). Note that G: L>®(O) — L(H, L*(O)). Thus we can take
L®(O) for D(G). Note that for » € L?>(0) and t > 0 the operator S(t)G () is
given by a kernel. In fact,

SHOHGW)(p, pDIE)
=/01(t, ¥, §, n)w(n)dnJr/O/SIl(t, ¥, &€, n,0)p1(n, 0)dnvi(do),

where

1@, ¥, &, m) =G, § mgm, (),
Il(ta 1/[’ S’ n, G) = g(t’ S’ 7))81(’7’ o, ‘ﬁ(’l))

and G is the Green function for A, {B;}. Thus, by Proposition A.7 from
Appendix A,

”S(I)G(I//)”i(HQ)(H,LZ(O))

sz//|1<r,w,s,n>|2d5dn+2///|11<r,w,s,n,onzdsdnvl(da).
0JO 0JOJS

By the Aronson estimates (see Theorem 2.6) for an arbitrary 7 we can find a
constant K such that, forallr € [0, T],n € O ando € S,

fo [(t, ¥, & I dg < Kt~ g(n, ()] (12.13)
and
/O [t ¥, &, n, 0)|* d& < Kt792™ | g1(n, o, y()I* . (12.14)

By the assumptions on g and g, for an arbitrary 7 we can find a constant C such
that, for all € [0, T] and ¥ € L*(O),

ISOCWI,, 2oy = €T (14 W) (12.15)



12.1 Introduction 207

The same arguments yield
ISEGW) = G, gr2oy < CVP [ — Yoty (1216)
forall t € [0, T]and vy, Y» € L2(O), which, by (12.11), ensures (G). d

Remark 12.4 The assumptions that f € Lip (2, O, £;) and g € Lip (o0, O, £,)
and that g; satisfies (12.12) with I; € L*(S, S, v;) and [, € L>(O) can be weak-
ened, but then the framework of Theorem 9.29 is exceeded. For the drift f it
suffices to assume that f € Lip (¢, O, £4), where ¢ is such that

T
/|wmmwwmm<w
0

for all, or equivalently for a certain, 7 > 0. By (B.15), it is sufficient to assume
that

This is necessary for the solution to the deterministic problem

dX(,8) = (AX(1,§) + f(§) dr, (t,8) € (0,00) x O,
BiX(t,&) =0, (t, &) € (0,00) x 30,

to be bounded in time in L>(O).

By (12.13), for g it is sufficient to assume that it belongs to the space Lip
(2, O, ;). Finally, for g; it suffices to assume that it satisfies (12.12) with [} €
L*(0); see (12.14).

12.1.3 Adding the finite-variation part

Let us add to the equation considered in the previous subsection (see Remark 12.2)
a finite-variation term

/ng(é,dv X(1,§))my(dt, d§, do);

equivalently, we could add to (9.4) the term R(X(s)) dP(s), where R is given by
(12.10) and P is a compound Poisson process on the space V containing the Dirac
measures on O x S.

Given a sequence {S,,} C S we denote by S,, the restriction of S to S, and by
V2. the restriction of v, to S,,. Finally, we define

Vin ={8:5: £ €0, 0 €8,}.
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Theorem 12.5 Let (12.11) hold, and let f, g and g, satisfy the assumptions of
Theorem 12.3. Assume that S = | S,,, where {S,,} C S is an increasing sequence
such that the V,, are measurable and bounded in V and that for every m there
are functions l, ,, € L*(S,,, Sps Va.m) and by, € L*°(O) such that for all & € O,
oceSyandr,u e R,

182(8, 0, )| < lim(0) (Lom(§) + |7 ),
1826, 0.7) — g2(§. 0, w)| < Ly w(0) Ir — ul.

Then for any x € L*(O) there is a unique weak solution to (12.1). Moreover, (12.1)
defines a Feller family on L*(O).

Proof One can show easily that, given m, the equation obtained from (12.1),
by replacing 7, with xg, (0)(7@2(dt, d§, do) — dr d§ v(do)) and by adding to
the drift f the term f,,(§,7r) = f 5, 22(&€, 0, r)vy(do), satisfies the assumptions of
Theorem 12.3. a

12.2 Space-time continuity in the Wiener case

In this section we consider (12.1)—(12.3) in the case where the jump terms g; and
g» vanish. We aim to prove the existence of solutions, regular in time and space,
to the equation

dX(t,6) = (AX(t,§) + f(5, X(1,8))) dt

+g(&, X1, 6)dW(, &), t>0, £€€0, (1217
driven by a cylindrical Wiener process W on L?(0). We consider (12.17) with
homogeneous boundary and initial-value conditions (12.2) and (12.3). We assume
that f and g are Lipschitz continuous. To simplify the exposition, we assume
further that f and g are measurable and satisfy the Lipschitz and linear-growth
conditions

1K <o0:VEe€O, Vr,u e R:

[f(E, |+ 18, r)| < K +1r]), (12.18)

[f&,r)— f(& u)l

+ 18, r)— g, w)| < Klr —ul.

12.2.1 Time continuity in L”(O)

Given p,q €[2,00) and T < oo we denote by 37 ,, the class of all adapted
processes Y: Q x [0, T] — L?(O) with continuous trajectories in L?(O0) and
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satisfying

1/q

I Y||3r,p,4, = <E sup |Y(t)|Zp((’))) < 00.
tel0,T]

Our first result deals with the existence of a solution to (12.17), (12.2) and (12.3)

with continuous trajectories in L?(Q). We assume (12.11) and (12.18). Hence, by

Theorem 12.3, for any x € L%(O) there is a unique solution to (12.17), (12.2) and

(12.3) satisfying (12.7).

Theorem 12.6  Assume (12.11) and (12.18). Let X be a solution to (12.17),
(12.2) and (12.3) starting from an x € L*(O). Then the following hold.

(i) X € 3704 forallT < oo and g € [2, 00).
(i1) Assume that p € (2, 00) is such that there is an « € (0, 1) satisfying

1 d 2 2
a>— and ——(1+ZA(1=2))=20> —1. (12.19)
P 2m p p

Ifx € LP(O) then X € 371, p for every T < 0o. Moreover (12.17), (12.2)
and (12.3) define a Feller family on LP(O).

Proof Fix T. The first statement follows directly from Theorem 11.8, because
our problem can be written in the form (11.5), with F and G as defined in sub-
section 12.1.1. Let & > 0 be such that —2a¢ —d/(2m) > —1. Clearly such an
o exists. It is enough to show that X € 37, , for ¢ sufficiently large, say for
q: 1/q < a. To do this it suffices to check the hypothesis of Theorem 11.8. Since
F: L*(0) — L*(O)is aLipschitz mapping, S(¢)F satisfies the assumptions if a is
a constant function. Next, by (12.15) and (12.16), S(¢)G satisfies the assumptions
with b(t) = Ct=4/™,

We now prove the second assertion. Assume that « satisfies (12.19) and that
p: 1/p < a. We use the Banach contraction principle, the theory of stochas-
tic integration in L”-spaces developed in subsection 8.8.2 and the factorization
established in Chapter 11.

First of all we need to estimate the second moment of the stochastic integral.
The following lemma plays a crucial role. It provides analogues of (12.14) and
(12.15) in terms of radonifying norms. Recall that H = L?(0O) is the RKHS of W.
Assume that U is a Hilbert space such that H < U is dense and Hilbert—Schmidt.
Then the Wiener process W takes values in U . Recall that the spaces R(H, L?(O))
and Ry o(H, L?(O)), the norms || - || g, o1, L) and || - || e, r(0)) and the space
of integrable processes Eﬁ,yT(LP (0)) were introduced in subsection 8.8.2.

Lemma 12.7 Forallt > 0 and v € LP(O) the operator ¢ +— St)G()¢ be-
longs to R(H, LP(O)). Moreover, there is a constant C such that, forallt € [0, T]
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and ¥, ¢ € LP(0),

ISOG W ke Lrioy < Ct* (L4 W30,  (1220)
ISt (GW) = G k.o < C1° 1 — Dlino) - (12.21)

(452 (-37))
p=—m\1+=—Al1-—=])).
2m p p

Proof Assume that the duality (-, -) on U* x U is given by the scalar product on
H = L*(O). Therefore we identify the adjoint space U* with a dense subspace of
H. Assume that ¥ € C(O). Let G be the Green function for (A, {B i}). Then

where

SOGW)e)E) = /O Q, ¥, &, me(n)dn,

where the kernel is given by O(t, ¥, &, n) := G(¢, &, n)g(n, ¥(n)). By the Holder
inequality,

Q. ¥, §,), Q1. ¥, 8, ) =/0|Q(t,§, M g0, ym)I* dy

2/p (p=2)/p
< ( /O 2. vf(n»V’dn) ( /O |g<r,s,n>|2”/“’—2>dn) .

By the Aronson estimates,

/ G, &, )PP dy
O

I — pm /@D
< / 1~ @2/ exp | ) (+) dn
O

el
< @ -2 / i exp ) _c, (_> dn
R t
< Cyr— 2D/ (p=2),

Taking into account the linear growth of g we obtain

/0 g Y)I? dn < Ca(l + [¥rlun)”.

Summing up, we can find a constant Cs such that, for all r € (0, T'], & € O and
¥ € C(O),

(O, ¥, &, ), Q(t, ¥, &, ) < Cst~A2MH/P (1 4 y|2 ).
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Consequently, there is a constant C¢ such that, for all # € (0, ] and ¥ € C (6),

2/p
I:= ( / (Q(t, v, &, ), Qe w,s,-»f’/zds) < Cot "I (1417, 0)-
O

In order to estimate / we can also use the Jensen inequality. This will lead to a
slightly different estimate. Namely, since O is of finite measure and p > 2,

2/p
I<q (fo [ 16, emi” s v ag dn) '
< ¢yt ~(d/2mQ2p=2)/p (1 4 W|2LP(O))-
Combining these two estimates on / we obtain
I <Ct (1 + |W|2Ln(0)),

where

Recall (see subsection 8.8.2) that for the case where the operator W is given by a
kernel Q) e U*, & € O,

2/p
1 Ry o Lr0y = ( /O (), Q(%))p/2d$> :

Since U* is dense in H we can approximate Q(t, ¥, &, -) by kernels taking values
in U*. Thus S(r)G(y) belongs to the completion R(H, L?(O)) of Ry o(H, LP(O))
and satisfies (12.20). Inequality (12.21) follows in the same way. Thus the proof
of the lemma is complete. O

We now go back to the proof of Theorem 12.6(ii) and use the Banach contraction

principle on the space 3 := 37, ,. On 3, we consider the family of equivalent
norms

1/p
1Yl := (E sup eﬂ’|Y(z)|§,,(O)> , B > 0.
tel0,7T]
Let
JI(Y)(t) := S(t)x + f S(t — s)F(Y(s))ds,
0

L)) = / S —s5)G(Y(s))dW(s).
0
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It is sufficient to show that J;, Jo: 3 + 3 and that there is a 8 such that
1Y) = J(Dlp <3 1Y = Zllp.  i=1,2, VY, Ze3.

We concentrate on the stochastic term, using the factorization method introduced
in Chapter 11.

Recall that 14, is the infinite-dimensional Liouville-Riemann operator
defined by (11.2). Since 1/p <« < 1 by Theorem 11.5, 14, maps the space
L?(0, T; L?(O))into C([0, T1; L?(0)).

LetY € 3 andlett € [0, T]. It follows from Lemma 12.7 that

Y: Qx[0,1]3(w,s)— (t—8)"%S(t —5)G(Y (s, w)) € R(H, LP(O))

belongs to the space Lﬁ,’t(Lp (O)) of integrable processes and that

t p/2
E ( /0 (t — )78t = )GY Dz 00 ds)

t p/2
<Ci(1+1717) ( / s ds) < C(1+ Y [lo)?,
0

where p is givenin Lemma 12.7, C; is a constant independent of Y and of t € [0, T']
and | - ||o is the norm on 3 corresponding to 8 = 0. Let

I(Y)(@) = F(l — / (t— ) %St —s)G(Y(s))dW(s), te[0,T]

By the estimate above and Theorem 8.23, I(Y) is a well-defined process satis-
fying sup, (o7 E |I(Y)(t)|€1,(o) < 00. Thus, in particular, /(Y') has trajectories in
L?(0, T; L?(O)). We have (see the proof of Theorem 11.8) Jo(Y)=I"(1)14 ,(1(Y))
and consequently J>(Y) € 3. We now show that J; is contractive. In what follows,
the C; are constants independent of ¢ € [0, T], Y, Z € 3 and B. We have

192 = 2Dl =E sup 1510 = LD o)

< CIE sup e Iy o(I(Y) — 1(Z)(D]]0)-
tel0,T

Let B’ =B/pand g = p/(p — 1). Since

/ (t — )" e PUIS(1 — 5)e P (1(Y)(s) — I1(Z)(s))ds
0

Lr(0)

T 1/q T
<G ( f r‘f‘“”eqﬁ”dt) (f e P X)) = 1(Z2)S)| ] d )
0 0

1/p
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we have

T 1/p
2(Y) — J2(D)llg < c(B)Cs (fo e PEIIY)() — H(Z)DI] 00, dt)

where

T 1/q
c(B) = (f 11@=De=ab't dt) -0 asp 1t oo. (12.22)
0
Now, by Lemma 12.7 and Theorem 8.23,

E1(Y)(1) = I(Z)O|]p0) < C4E sup [Y(s) = Z(5)|]p0)-
s€l0,]

Thus
e PEIIY)6) — H(Z)DN] 0y < CoE sup e P [Y(s) = Z(5)I] 10,
s€[0,7]
< CyllY — ZIIp.

Summing up,
[2(Y) = L(D)lp < Csc(BIY — Zllg,

and the desired estimate follows from (12.22). d

12.2.2 Space continuity

Generally one cannot obtain solutions that are continuous in time in the space of
all continuous functions C(O) on O. In fact S(¢) transforms C(O) into a certain
smaller subspace depending on the boundary condition. Therefore, even the linear
deterministic problem

dX = AXdr, B;X=0, X0)=ux

does not have a space—time continuous solution for all x € C (O).

We show below the existence of a solution to (12.17) that is bounded in time
and continuous in space. For the space—time continuity of solutions, starting from
Co(0, 1), to the stochastic heat equations on the interval (0, 1) with Dirichlet bound-
ary conditions we refer the reader to Remark 12.9 and subsection 12.4.3 below.

Let us equip C (O) with the supremum norm || - ||co-

Theorem 12.8 Assume (12.11) and (12.18). Let X be a solution to (12.17),
(12.2) and (12.3). If x € C(O) then

E sup [|X(D)|Z, < oo, VT <00, Vg > 1. (12.23)
1€[0,T]
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Proof  First note that for each sufficiently large p thereis an« € (0, 1) satisfying
(12.19). By Theorem 12.6,

E sup [X()|]0) < 00, VT <00, Vp>1. (12.24)
tel0,7]

Letus fix a T < oco. We will show that the factorization and estimates (B.16) and
(B.17) from Appendix B allow us to deduce (12.23) from (12.24). We have

X(@)=St)x + L)+ L),
where
L) = / St —s)F(X(s)) ds, L) = / St —s)G(X(s))dW(s).
0 0

By (B.16), sup,c(o.7; 1S(H)x |l < 00. Next, let @ > 0 and p be such that
d 1 d 2 2
o0—— > —, 20— —[14+—A[1—-— > —1. (12.25)
2mp p 2m p p

Let I4, be given by (11.2). We have I;(t) =T (1)I4(Y1)(#) and L(t) =
['(1)14 o(Y2)(t), where

Yi(2) :

1 ‘ L
m[) ([—S) S(t —s)F(X(s))ds,

1 ! —u
Yo(t) = m/o (t—5)%S(t —s)G(X(s))dW(s).

By (12.24), (12.25) and Lemma 12.7,

T
B[ 1600 d <o Ypzpi=12,
0

and the desired conclusion follows since, by (B.17), 14, maps L?(0, T; L?(O))
to L*°(0, T; C(0)). O

Remark 12.9  Given ¢ > 0, define C:= S(1)C(O). Then S is also a Co-
semigroup on C. Hence, for every x € C, the solution is continuous in space and
time. Moreover, for all x € C(O) and Ty > 0, (X(¢), t > Tp) is continuous in
space and time.

12.3 The jump case

In this section we consider problem (12.1)—(12.3) in the case where the Wiener
term vanishes. For simplicity we take the finite-variation term to be zero also.
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Therefore we are concerned with the following SPDE:
dX(1,8) = (AX(t, 6) + f(5, X(1, §))) dr
+ /gl(é, o, X(t, &) (dt, d§, do), (12.26)
s

subject to the boundary and initial-value conditions (12.2) and (12.3). Recall that
1 is a Poisson random measure on [0, 0c0) x O x S with Lévy measure d¢dév;(do).
We will show that in this case we do not require (12.11). Thus, in particular,
we can consider the second-order problem in all dimensions. However, we have
to look for solutions taking values in L?(O)-spaces with p € [1, 2).
Let G be the Green function for the system {A, By, ..., B,}. Let us denote by
Xr p the space of all predictable fields X : Q x [0, T] — L?(O) such that

1/p
1Xlx,, = sup (EIXOq) < oo
t€[0,T]

Definition 12.10  We say that X € A7 , is an X7, solution to (12.26), (12.2)
and (12.3) if it satisfies the following integral equation:

X(1,8) = fo G(t. &, mx(nydy + A /0 Gt — 5. &) f (0. X(s. ) dy ds

+ / / / Gt — 5, £, m)g1(n. 0, X(s. M)y (ds. dn, dor).
0 OJS

In the definition above we have assumed that each integral is a well-defined
process in X7 ,, and the equation is understood as the equality of two elements of
Xr p.

Theorem 12.11 Let p € [1, 2]. Assume that

@ 1<p<2m/d+1,

(i) f:OxRr>Randg;: O x S x R+ R are measurable, and there are a
constant L and a function ]l € LP(S, S, v) such that, forallu,v e R, &€ € O
and o € S,

L& w)l = L+ [ul),
|f(&, u) = f(& v)] = Llu—vl,
181(8, 0, w)| < l(o)(1 + [u]),
181§, 0, u) = g1(§, 0, V)| < l(o)|u — vI.

Then for each x € L?(O) there exists a unique Xr , solution to (12.26), (12.2)
and (12.3). Moreover, (12.26) defines a Feller family on L?(O).
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Proof Letus fix an x € L?(O). We define a family | - ||g, 8 € R, of norms on
X = X7, by

—pt p 1/p
IXllg = sup e (BIXON]s0)  »  XeX.
tel0,T]

Note that each || - || is equivalent to the original norm || - ||x, ,. Let
J(X)(2) := Ji(t) + L(X)(@) + J3(X)(@),

where

JOE) = /O G(t. & mx(n)dn,
BXOE) = fo /O fs Gt — 5. £, 1) f(n. X(s. m)dn ds,

HXOE) = / fo / Gt — 5. £, m)g1(n. o X(s. ;) (ds, diy do).
0 S

We will show that J: X — X and that J is a contraction for large enough g. This
will complete the proof, on using the Banach fixed-point theorem.

By Theorem B.9, S is a Cy-semigroup on L?(O). Thus in particular there is a
constant C < oo such that ||S(t)| r(zr0),Lro) < C for t € [0, T]. Since Ji(t) =
S(t)x we have J; € X. Let X € X and let F be the composition operator corre-
sponding to f. Then

J(X)(t) = / S(t — s)F(X(s)) ds.
0

Note that F: L?(O) — L?(O) is Lipschitz continuous. Then, with constants c;
independent of X,

P 1/p » 1/p
sp (ELX)0I0) " =1 sup (B +IXOl1n0)”)
t€[0,T] t€l0,T]
< o+ X,

The process J»(X) is predictable since it is adapted and has continuous trajectories.
As far as J3 is concerned, by Theorems 8.23 and 2.6,

E )OI 00

t P
=fE / //Q(I—s,é, mgi(n, o, X(s, n)m(ds, dn, do)| d&
O 0 0Js

sclf/ //Iw(r—s,s,mgl(n,o,X(s,n>>|"dsdn vi(do) de,
0 JO 0JS

! Recall that g, is given by (2.4).
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which is less than or equal to

t
sz / / /EQZ(Q(I — ), [€ = nD|g1(m, o, X(s, n))|” ds dn vi(do) dE.
oJo JoJs
Consequently,

E [ BX)0) 00,

<a////0swmmw@uﬂn&wwm

(14+E|X(s, n)I”) ds dn vi(do) dg

< CS/ /(x—s)“‘f’)d”m (1 +E|X(s,n)I?)ds dn
0o JO
t

< C6/ (it — 5= (1 +E |X(s)|§,,(0)> ds
0

<Cr(1+1X1%) /Ot(t — s){I=pHfam g,
Since p < 1 + 2m/d implies that (1 — p)d/2m > —1, it follows that
E [J5(X)O)12 0, < Cs (1 + 1X113)
and consequently that sup, (o 7 E |J3(X)(t)|€,,(0) < 00. Note that
m E [J3(X)(s) — J(X)OI]p (o) = 0.

Hence, as the stochastic continuity of the adapted process implies the existence of
a predictable version, we have J3: X — X.
Now let X, Y € X. Then

/(X)) = JM)lip = [[12(X) = L(D)lp + [1/3(X) = J3(Y) ]I,
and, Wlth C = Supte[ho] ”S(I)HZ(LI’(O),L”(O))’

I12(X) = (Yl

P

= sup e PP'E
1€10,T)

t
<C sup E f e PPU=9)e=PBs | F(X (5)) — F(Y(S))lib((j) ds
1€[0,T] 0

s - $)(F(X(s)) — F(Y(5)))ds

Lr(0)

t
< CL” sup / e PP PP X (s) — Y(5)|] () ds
te[0,7] JO

r CL?
<CL"|X-Y|5% e PPdr < — | X =Y.
?Jo pB ¢
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Finally, using the arguments from the estimate E | J3(X )(t)|€,, ©) Ve obtain
e PP E LX) — B[]0,

t
< Ce P / (t — )PP RIX () = Y170 ds
0
t
<C / (t — )1 =PMAme=PBU=e=PES | | X (1) — Y (1)]],) ds
0

T
<C|X - Y||j;/ e PP (1=p)d/2m 4y
0
Consequently,
T
173(X) = 5§ < CIX —YIIj f e PP mpam gy,
0

Summing up, there is a constant C such that, forall 8 € Rand X, Y € X,
V(X)—J)llp < CCp | X —Yllg,

where
1/p

T
Cﬁ — ’3—1/17 + (f e~ PPt (1=p)d/2m dt)
0

Since Cg — 0 as B — oo we have
1) = IMlp < 31X =Yg

for B large enough, which completes the proof. O

12.3.1 Equations on the whole space

Although the present chapter is devoted mainly to the parabolic boundary problem
on a bounded domain, we formulate here some results concerning the existence
and uniqueness of solutions to the problem on the whole space,

dX(t, &) = (AX(t, &) + f(&, X(1,§))) dr

+ [gl(s,a, Xt E)F(dr, e, do), 1> 0,5 € RY,
S

(12.27)
X(0,8) =x(£), £eR

Analogously to (12.26), in the above problem 7, is a Poisson random measure on
[0, 00) x R? x S with Lévy measure drd&v;(do).

One has to look for a solution in weighted L?”-spaces. We will formulate our
result for the system L} with exponential weights introduced in Section 2.3. A
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similar result holds for polynomial weights. As in the case of an equation on a
bounded domain (see Theorem 12.11), we assume that p € [1, 2].

Let G be the Green function for .A. Let us denote by X7 , , the space of all
predictable fields X: Q2 x [0, T] — L’; such that

1/p
1Xlx,,, = sup (EIX(0IZ,) " < oo
1€[0,T] s

Definition 12.12  We say that X € X7 , , is an X7 , , solution to (12.27) if it
satisfies the integral equation

X(1,8) = f G, & mx(n)dn + / / Gt — 5. £, 1) f(n, X(s, ) dy ds
R4 0 R4

+ / f / Gt — 5. &, Mgy, o, X(s. )R (ds, dn, do).
0 R JS

Since one can prove the theorem below simply using arguments from the proof
of Theorem 12.11, we will leave this to the reader. We note that the only dif-
ferences are caused by the fact that constant functions on R¢ are no longer inte-
grable with respect to Lebesgue measure but belong to any L5 -space with strictly
positive p.

Theorem 12.13  Let p € [1, 2] and p € R. Assume that

) 1<p<2m/d+1,

() f:R!x R+ Rand g: R? x S x R — R are measurable and there are a
constant L and functions | € LP(S,S,v)) and h € Lg such that, for all
u,veR £ ecRando € S,

|f (& w)| = L(h(E) + |u)),
|f(&,u)— f(& v = Llu—vl|
1g(€, o, u)| < (o) (h(§) + |u)),
18§, 0,u) — g, 0,v)] <l(o)u —vl.

Then for each x € L}, there exists a unique Xrp, , solution to (12.27).

12.4 Stochastic heat equation

In this section we are concerned with the L?-theory of the stochastic heat equation
on a bounded interval (b, ¢) C R. We will apply results from subsection 12.1.2.
The existence of solutions in L”-spaces for equations with purely jump noise can
be derived easily from the results of Section 12.3. We will consider equations with
Dirichlet and Neumann boundary conditions.
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In this section W is a cylindrical Wiener process on L%(b, c) and Z is an
impulsive cylindrical noise on L%(b, c) with jump size intensity v; see Section 7.2.
We assume that v is supported on an interval [—a, a] and that

/ﬂ o2v(do) < oo. (12.28)

—a

Finally, to simplify the notation we assume that Z and W are independent.

12.4.1 Dirichlet boundary conditions

Consider the problem

2
92
+h(X(t,§))¥(t,é), t>0,§€(@,0),
X(,b) =0=X(t,c), t >0,

X(0,8) = x(§), § e, o),

where f, g, h: R — R. Then (12.29) is a special case of (12.1)—(12.3). Indeed, in
this case

X
5 Lo = (l §) + f(X(1.8) + g(X(t, 5)) (t £)

(12.29)

h(X(t, E)) (t d§) = / h(X(t, &))om(dt, d§, do).

Asthe operator A we take the Laplace operator with Dirichlet boundary conditions,
that is, Ay (&) := A2y (&)/d€2, ¥ € D(A) := W22(b, ¢) N W' (b, ¢). Clearly, A
is a differential operator of the type introduced in Section 2.5 with (By)(b) = ¥ (b)
and (BY)(c) = ¥ (c).

The following theorem follows directly from Theorem 12.3.

Theorem 12.14  Assume that (12.28) holds and that f, g and h are Lipschitz
continuous. Thenforanyx € L*(b, ¢)there is a unique predictable L*(b, c)-valued
process X satisfying (12.29) such that, for all T < oo,

sup IEIX(t)|L by < OO
t€[0,T]

Moreover, (12.29) defines a Feller family on L*(b, ).

Remark 12.15 Note that (12.29) is a special case of (9.4) with H = L?(c, b),
H = L?*(c, b) x L?*(c, b) and G(¥)(¢, ¢) = g(¥)¢ + h(y)¢. Note that G(y) €
L(H, L*(b, ¢)) if and only if g(v) and h(¢) belong to L>(b, c). In fact one can
show that, even if g and & are bounded, G maps L?(b, ¢) into Lus) (H, L2(b, c))
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if and only if g = 0 = h. Of course, the existence follows from the much weaker
facts that S(1)G(¥) € Lys) (H, L*(b, ¢)) forallt > 0 and ¥ € L*(c, b) and that

sup 1HISOGW L s (1 120.0) < L (14 1¥]2cen) »
1e(0,T]

sup SO (G = GWD) g r.22.0) < L 11 = Y2l 2
1€(0,

where the constant L is independent of v, ¥ and .

12.4.2 Neumann boundary conditions

Let us consider now the problem defined by the heat equation with Neumann
boundary conditions:

#x

9E2
Z

+h(X(t’ S))E(I’ é), > O’ %' € (b’ C),

X(0,8) = x(é), £ e o),

8—X(tb)—0—8—X(t) t>0
og = _as ,C), > 0.

X ow
5 L8 = (t.8) + f(X(2. 8) + (X2, §) == (1. £)

(12.30)

The only difference from (12.29) is that now the operator A is defined as the
Laplace operator with Neumann boundary conditions, that is,

&y . 22 Ay dy
AY(E) == @(g) and D(A) := {w e Wb, o): E(b) =0= E(c)} .

We have, therefore, the following result.

Theorem 12.16  Assume that (12.28) holds and that f, g and h are Lipschitz
continuous. Then forany x € L*(b, ¢) thereisa unique predictable L?(b, ¢)-valued
process X satisfying (12.30) such that, for each T < oo,

2
sup E X724, < 00.
1€[0,T]

Moreover, (12.30) defines a Feller family on L*(b, c).
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12.4.3 Space-time continuity in the Wiener case
Let us consider the stochastic heat-equation problem
3°X

ox t,§) = 1, &)+ f(X(
W(’S)_a_y("g) f(X(,8))
W
+g(X(tv g))?(tvé)s > O$ S € (b, C),
X(,b) =0= X(t,c), t >0,

X(0, x) = x(&), § e (b, o),

(12.31)

driven by a cylindrical Wiener process W on L?(b, ¢). As in the case of (12.29)
and (12.30) we assume that f and g are Lipschitz functions on R.

For brevity we write L? = L?(b, ¢). Recall that Cy(b, c¢) is the space of all
continuous functions on [b, c] that vanish on the boundary. Then from Theorems
12.6 and 12.8 and Remark 12.9 we have the following regularity result.

Theorem 12.17  Assume that f and g are Lipschitz continuous. Let X be the
(unique) solution to (12.31) starting from x € L>. Then the following hold.

(i) X has continuous trajectories in L> and E SUP;[0.7] |X(t)|‘£2 < oo for all

T <ocoandqg > 2.

(1) Ifx € L? for some p € [2, 00) then X has continuous trajectories in LY and
E sup,cpo.r) 1X ()|}, < 0o forall T < oo.

(i) If x € Co(b, ¢) then X has continuous trajectories in Co(b, ¢) and
E sup, (0. 71 [ X(O|¢,p.c) < 00 forall T < 0o and q > 2.

@iv) Ifx € C([b, c]) then X has bounded trajectories in C([b, c]) and E SUP;c(0,7]
|X(t)|?:([b,c]) <ooforallT <ooandq > 2.

Given y € [0, 1) we denote by C&’([O, T] x [b, c]) the space of all Holder
continuous functions ¥ : [0, T] x [b, c] — R, with exponent y, vanishing on
[0, T] x {b, c}. On CS’([O, T] x [b, c]) we consider the norm

1Vl crqo.m1xb.0)

= sup Y@ 8+ sup ik
(1,£)€l0,T]x[b,c] 15€l0.T], 15, Emelbiel. 20 (|t — 5|2 + |€ — n)?)

We denote by CJ (b, ¢) the space of all € C”([b, c]) vanishing on the boundary.
Then, using the analyticity of the heat semigroup on L”- and Cy(b, c)-spaces (see
e.g. Lunardi 1995) and the factorization theorems 11.6 and 11.7, one can obtain
the following result. For more details see e.g. Peszat (1995), Brzezniak and Peszat
(1999) or Peszat and Seidler (1998).
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Theorem 12.18  Assume that f and g are Lipschitz continuous, y < 1/4 and
x € CJ (b, ). Then for every T < oo the solution X to (12.31) starting from x has
a modification from C} ([0, T] x [b, c]). Moreover,
q
ENX % o rpuppey <0 YT <00, Vg =2.

12.5 Equations with fractional Laplacian and stable noise

Let Zg(t, -) be the stable white-noise process introduced in Examples 7.26 and
7.27. In Mueller (1998) and Mytnik (2002) the existence of a solution to the
martingale problem (see Section 9.8) for the equation

dX(t,&) = —(=A)Y X(t, &) dr + (X(z, £))° dZg(t,8) (12.32)

was investigated. In (12.32), B € (0,2)\ {1} y >0, § > 0 and £ € O. Mytnik
considered (12.32) on R?. This equation with § = 1 is a special case of the problem

dX(t, &) = —(—AY' X, &)dr + g(X(1, £))dZg(t, &), (12.33)

where g: R +— R is Lipschitz continuous. In this section we consider (12.33) on
a bounded domain O C R¢, and we look for a solution in L” := L?(O).

Theorem 12.19 Let € (1,2)andy > 0. Assume that g is Lipschitz continuous
and B < p <2 AN +2y/d). Then (12.33) defines a Feller family on L?.

Proof Recall that

t +0o0
Zg(t,dé) = / / o7 (ds, d&, do),
0o Jo

where 7 is a Poisson random measure with intensity dsdéo~!=# do. We decom-
pose Zg(t, d€) into two parts, the martingale part

t N
Zp (1, dE) = / / o7 (ds, d€, do)
0 Jo

and the finite-variation part f(; ; “ o7 (ds, d&, do). Thus we will treat (12.33) as
an equation of the type (9.31). In particular, we will not be able to show that the
solution has a moment of order p in L”-space.

In order to solve (12.33) one should first fix N and solve separately
dX(t,&) = —(=A)' X(t,&)dr + g(X(2,£))dZp n(1, §). (12.34)

In fact we will only sketch the proof of the existence of a solution to (12.34). Let
G, be the Green function for —(—A)" (see appendix section B.5). Given T < oo
we denote by A&’ the class of all predictable fields X : €2 x [0, T] — L7 such that
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||X||Q = SUpP,ci0.7] E |X(t)|€,, < 00. The proof can be based on the ideas used in
the proof of Theorem 12.11. The most difficult part is to show that the stochastic
convolution integral

J(X)()(E) 12/0 Gyt — 5,6 mMX(s,mdZg n(s, 1)

is a well-defined bounded linear operator from X' to X'. Taking into account that
p—1—p8 > —1, by Lemma B.23 we can find a constant C;| independent of X
such that

t N
// // E|gy(t_s,‘§, n)X(S,T})|p ds dn d& oP 18 4o
oJo JoJo

t
< GlIXIIL / sy gs.
0

Since (1 — p)d/2y > —1 we conclude the proof by using Theorem 8.23(i). O

Remark 12.20 A similar result can be stated for O = R? if L? is replaced by
one of the weighted spaces L% or Cf) introduced in Section 2.3. The required
modification of the proof, which is made in a standard way, is left to the reader.
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Wave and delay equations

In this chapter, stochastic wave equations on finite intervals and stochastic wave
equations on R?, d = 1, 2, driven by an impulsive cylindrical process on L*(R%)
are considered. It is shown that the general theory is applicable to stochastic delay
equations.

13.1 Stochastic wave equation on [0, 1]

We start this section by recalling a generation result. Then we treat the wave equa-
tion driven by a process with a nuclear covariance. Finally, we consider equations
driven by Gaussian and Poissonian space—time white noise.

13.1.1 Noise with nuclear covariance

Let (A, D(A)) be a negative-definite operator on a Hilbert space V. Then

14

with the scalar product

((3) (2)) =t car, o
H

is a real separable Hilbert space. By Lemma B.3, the operator

(0 1 (D)
A= (A 0), D(A) = (D ((_A)l/z)) (13.1)

generates a Cy-semigroup of contractions on H.

225
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Consider the Cauchy problem for the wave equation on the interval [0, 1] with
Dirichlet boundary conditions:

32X 3°X

9Z,
Tz e = B_;;rz(t’ &)+ f(X(1.8) + q1(X(, EN— (1. 8)

0Z,
+&X(t, £)—=(. 8), t>0,5€(1),
X(t,0)=X(t1)=0, t >0,
X(0,8) = x(8), £€(0, D),
X
=7 (08 =y), £ €(0, D).

(13.2)

In (13.2) we have assumed that Z; and Z, are independent Lévy processes taking
valuesin H = L?> = L?(0, 1) and that f, g1, g»: R > R are Lipschitz continuous.
Thus the RKHS H of M = (Z,, Z,) is a subspace of L? x L? and the embedding
H < L? x L? is Hilbert-Schmidt. In the most interesting case Z, is a Wiener
process and Z, is a Lévy jump process.

Our first goal will be to write (13.2) in the form (9.4), with properly chosen co-
efficients. To this end we denote by A the Laplace operator with Dirichlet boundary
conditions (see subsection 12.4.1). Set

X
X
cm (%) = (%)

o
Then
0X v
0X 9t
—(t — — 2
S O=| ) i
Y at

Write V := D ((—A)"/?). We will write (13.2) as
dX = (AX 4+ F(X))dr + GX)(dZ;, dZ»), X(0) = <;C ) . (13.3)

on the Hilbert space
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with (A, D(A)) given by (13.1) and with F and G defined by

u 0 u 0
. <U> B (F(M)> ' . <U> W1 ¥2) = (G(M)(wl, I/fz)) ’

F)(§) = fu(§)),
G[(Y1, ¥2)1E) = g1w@ENY1(8) + g2 () Y2(8).

Here (Y1, ;) belongs to the RKHS of the driven process, that is, to the space H =
Qi/ 2 (L?) x Q;/ 2 (L?), where Q; and Q are the covariance operators of Z; and
Z,, respectively. By Lemma B.3, (A, D(A)) generates a Cy-semigroup on H. We
will show that F: H +— H and G: H — L) (H, H) are Lipschitz continuous.
Taking into account that IF and G do not depend on the second coordinate, it is
sufficent to show that the mappings F: V +— L2,

GO(0)% 0)%): V> Ls) (L x L2, L?)

are Lipschitz continuous. Since F is a Lipschitz continuous mapping from L>
to L2, it is also Lipschitz continuous from V to L? because V is continuously
embedded into L. To show the Lipschitz continuity of the diffusion coefficient
it is sufficient to prove that, given a Hilbert—-Schmidt operator Q and a Lipschitz
continuous function g, the mapping

G(')QI/ZI Vi~ L(HS) (Lz, Lz)

defined by G(u)Q'/*y = g(u)Q'/*y is Lipschitz continuous. To do this, fix an
orthonormal basis {e,} of L2. Then, for u € L> := L*°([0, 1], B([0, 1]), £}),

1
2160 e = Y [ [sten(0e) e de

neN
2 1/2)2
< lgwi~| Q" 2z
Similarly, for u, v € L*°,
~ ~ 2 2
216w = Gw) 0" e < 18w) — g~ [ @], 1212y
Thus the proof of the Lipschitz property of G(-) Q'/? is complete if we can show that
the mapping V > u > N,(u) € L*™ is Lipschitz.! Note (see e.g. Theorem 15.6)

that V = W, (0, 1). Next, Wy %(0, 1) < C([0, 11). This follows from the fact that
forevery ¢ € W(;’Z(O, 1) we have Y () = fog ¥'(n)dn and ¥ € L?. Now, since g

Y ¢ is the composition operator corresponding to g.
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is Lipschitz, the mapping
C([0,1]) > u — Ny(u) € C([0,1]) — L™

is also Lipschitz. We have shown that conditions (F) and (G) formulated in Sec-
tion 9.2 are satisfied. Thus we have the following consequence of the abstract
existence and uniqueness theorem.

Theorem 13.1  Assume that f, g1, g2: R — R are Lipschitz continuous and
that Z, and Z, are independent Lévy processes on L* with a nuclear covariance
operator. Let A be the Laplace operator on L? with Dirichlet boundary conditions.
Then, for any initial value

(o= (2)

there is a unique solution to (13.2). Moreover, for any T < oo there is a constant
K such that for all Xy, x; € H the solutions X(-, Xo) and X(-, X|) starting from X,
and X, satisfy

sup E|X(t, x0) — X(1, x|} < K %0 — X113
t€[0,T]

Finally, (13.2) defines a Feller family on H.

13.1.2 Cylindrical noise

Consider the problem

32 2
aﬂ( §) = 082 (t &)+ f(X(1,8)) + g1(X(z, E)) (t £)
+ 22X (7, %‘)) (t &), t>0,8§€(01),
X(t,0) =Xt 1)=0, t >0,

(13.4)
X(0,8) = x(§), §e€0, 1),

X
=7 (086 =y@) §£€(0, D).

Here W is a cylindrical Wiener process on L? and Z is an impulsive cylindrical
process on L2,

It is easy to show that in this case conditions (G) and (F) formulated in Sec-
tion 9.2 are not satisfied for the space H defined in the previous subsection. We
will show, however, that the solution exists on a larger state space H <= H. Since
the problem is non-linear, X must be function-valued. In fact we are looking
for a solution in H = (L%, V)7, where V is a space of distributions such that
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L? = D((—A)'/?) for the Laplace operator A considered on V. In order to define
V recall that e,(£) = +/2 sin(wné), n € N, & € (0, 1), is an orthonormal basis of

L? consisting of eigenvectors of the Laplace operator. Moreover, {—y,}, where

¥» = m2n?, is the corresponding sequence of eigenvalues. Define

V.= {anen: Zyn_lx,f < oo] .
n n

Then V, with the scalar product

<Z-xnens Zy”en> = Z)/n_lxn)’n,
n n 174 n
is a real separable Hilbert space. On V we define A by the formula

A Zx,,en = Zx,,Ae,, = — Z VnXn€n-
n n n

Clearly

D(A) = {Zx,,e,,: — A xuen € V}
= {Zx,,en: Zynxnen € V} = :ane,,: Zynx,% < oo}.

As A is given in diagonal form, it is easy to see that A is a self-adjoint and
negative-definite operator. Since (—A)2e, = ynl / 2en, n € N, we have

(=)'2) =1 "xpen: (A2 " xpen € V}
= anen: an(—A)l/zen S V}
= anen: Zx3<oo}=L2.

Asbefore we assume that f, g: R — Rare Lipschitz continuous. We treat (13.3) as
(13.2) on H. We will show that the mappings F: H — Hand G: H — Lys)(H, H)
corresponding to f and g are Lipschitz continuous. The Lipschitz continuity of
FF follows from the Lipschitz continuity of F(u)(&) = f(u(£)) from L? to L. To
show the Lipschitz continuity of G, it is sufficent to show the Lipschitz continuity
of the mapping

G)[¥1(E) = gu@)¥(é), w, g € L? £ €0, 1),
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from L? to L(ys) (L%, V). Letu € L?, and let {e,} be an orthonormal basis of L?
consisting of eigenvectors of A. Then

Z Gwenly = Z
= ZZyk (G, er)} = Zzn (en, Gu)er)}»

=Y v IGwWel2 <2y /0 |g(u(€))] dé,
k k

2

(Guen, ex) 1> ex

since |ex(£)] < /2, k €N, & € (0, 1). In the same way one can show that, for
u,v e L2,

1
D G = Gwealy <2 v /0 lg(&)) — gE)I* dé.
n k

Thus the Lipschitz continuity of G follows from the Lipschitz continuity of g and
the summability of the series " ,~!. Hence we have the following consequence
of the general existence theorem.

Theorem 13.2  Assume that f and g are Lipschitz continuous. Then for any
initial value (x, y)T € H there is a unique solution to (13.4) taking values in H.
Moreover, (13.4) defines a Feller family on H.

13.2 Stochastic wave equation on R? driven by impulsive noise

In this section we are concerned with the stochastic wave problem

2

X
W(t, £) = AX(t, &)+ f(X(t, &)
+g1(0, X(1, E)R(AL, A, do), 1> 0, & € RY,
X(0,6) =x(¢), £eR’
0X d
S 0.6=y®. ek

(13.5)

where AX(t,&) = Zj{:l 92X (t,£)/9E? is the Laplace operator with respect to
the space variable £ and 7 is a Poisson random measure on [0, c0) X R4 x S with
intensity measure dr d§ v(do). We will consider (13.5) in dimensionsd = 1, 2. We
are looking for a solution in weighted L”-spaces, p € [1, 2). Recall that the spaces
Lg ,p > 1,p € R,wereintroduced in Section 2.3. By definition the solution will be
a process satisfying a certain integral equation involving the fundamental solution
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to the wave equation; see Definition 13.8 below. A similar definition of a solution
to the wave equation driven by a Wiener process is considered in e.g. Dalang and
Frangos (1998), Mueller (1998) and Peszat and Zabczyk (2004). We cannot show
the existence of a Markov solution. In fact (see e.g. Da Prato and Giusti 1967 or
Littman 1963) the linear deterministic problem for d # 1 and p # 2 does not have
Markov solutions. The Lz-theory of (Markov) solutions to the stochastic wave
equation on R’ will be considered in Chapter 14.

13.2.1 Linear deterministic wave equation

Consider the linear wave problem on R

2
27”2‘(:, £) = Au(t, £), t>0, £ eRY,

u(,8) = up(¢),  &eR’ (13.6)
0
a—”t‘(o, £) =vo(6), £ eRI

where u( and v, belong to the space S'(R?; C) of tempered distributions. Denote
by Su the Fourier transform of u. Then we arrive at the problem

d2
FESHE) = —4|EPFu(t)(E),  t >0,

with initial conditions §u(0) = Fue and (dFu/dr)(0) = Fvo. Hence, by direct com-
putation we get

in(2
Su()(€) = cos(2[£]1) Fuo() + %’Tg'” Suo(®).

In this formula, we have multiplied the distributions u#y and vy by functions
cos(2|€|t) and (27 |&])~! sin(27 |£|¢) of the &-variable. These products are well
defined because the functions are infinitely differentiable, all derivatives being
of polynomial growth. Note that (Fu(t), ¢ > 0) is an S'(R?; C)-valued mapping
infinitely differentiable in 7.

Let G be the solution to (13.6) with G(0) = 0 and dG(0)/d¢ equal to the Dirac
So-distribution. Then

sin(2w |€|t)

0
S(ag(t)>($)=005(2ﬂlélt) and  §G(1)(E) = el

Consequently, the unique solution to (13.6) is given by

0
u(t) = gg(l) * ug + G(1) * v,

where * denotes the convolution operator.
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We call G the fundamental solution to the wave equation 8%u/dt> — Au =
0. Explicit formulae for (G(¢), t > 0) are well known (see e.g. Mizohata 1973,
pp. 279-80). Namely, if d = 1 then G(t)(§) = xzj<n)/2. If d = 2k + 1 for some
integer k > 1 then

1 (1a\“"gf
G =-—(-=) -
2Q2m)k \ 't ot t
where o is the surface measure on the sphere in R? with its center at 0 and with
radius 7. If d = 2k then

GENE) 1 /19\! 1
(&) = Oy (;5) @ — g2 XE<o-

Recall that in any dimension G(0) = 0. Clearly, if d = 1, 2, 3 then each G(¢) is a
finite non-negative measure with support contained in the closed ball B(0, ¢) in R?

with its center at 0 and radius .

Recall that the weight ¢, is a symmetric strictly positive function equal to
ekl for |£| > 1. Let us denote by Wpl’p the Sobolev space of order 1 that is the
completion of S(R?) with respect to the norm

1/p
2
W lyr = (/ (V&P + vy @& P)" 05(5)@) :
R
Note that for each p there is a constant C, such that
9,6 —n) < Coe?9,(&)  fort >0, &£ eRY, neBO,1). (13.7)

Lemma 13.3 Letd =1,2,3,p € R, p € [1,00), andlet T < oo. Then there is
a constant C < 0o such that, for allt € [0, T] and € € R?,

6.9+ 01©) = [ o6 —mowap =Col@. (39
Rd
Proof By direct calculation
/ G(t)dn) =t, t>0. (13.9)
R

Hence, by (13.7),

G(t) * D2(E) = /

B(0.1)

9L —mG)(dn) < Cpel?'197(E).
O

Lemma 134 Letp e R, T <ooandd = 1,2. Assume that p > 1 ifd = 1 and
p €[1,2)ifd = 2. Then there is a constant C < oo such that, for all t € [0, T]
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and & € RY,
GO % 02(6) = / D0 = IGE I dn < CDLE).
RL
Proof 1fd =1 then |G(t, n)|” = 2'"PG(t, n), and the desired estimate follows

directly from the previous lemma.
Ifd =2and p € [1,2) then

GO * 92(E) = / (72 — 1) " 92 — mydy

B0.n 2m)P

< CYL(E) =) " d.
L B0.n 2m)P ( )
Since
[ 2\—P/2 ' 2 2\—p/2
—(t—|77|) dn= [ t°—r)Prdr < oo,
B0 27 0
we have the desired conclusion. a

Lemma 13.5 Letrd =1,2, p €R, p €[1,2), and let T < oo. Then there is a
constant C < oo depending on p, p and T such that, for everyt € [0, T],

Gt * Ylpp < Cl¥ly, Ve Ll (13.10)

0
Eg(l‘)*w

<Clylyin, VY eW,?r. (13.11)

p
Lp

Proof Using (13.9), the Jensen inequality and (13.8) we obtain

IRIREG

<! fR ) /R WE = mIPGa, dmoE) dé

p
D0() de

St”_'f / [V (NP0 (z +m)G(t, dn) dz
R4 JRY
=C | W@IP¥)(2)dz,

Rd

which proves (13.10).
We now prove (13.11). To this end note that if 4 = 1 then

—gm “YE =5 5/ YE+mdn = S(WE+0 - Y& — 1)
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Consequently, using (13.7) we obtain easily

‘ 9 gt <C
IO+ ¥| =Wl
Now, ford = 2,
%ga)*ws)‘
_ij/ w(s—md‘
27 | 9t Sy @2 = 72
_1]a YE -1 1
= |= (r/{M G dz)‘ = ~G(0) * [V 1) + G0 * [VH1(6).

By Jensen’s inequality and (13.9),

1 p 1
/‘—gm*ws) ﬁ,’,’(é)déff f GG, Ay € — 1790 (&) ds
Rz t Rz th

1
< / f G, Ay @IP97(z + 1) de.
Rz th

Since (see the proof of (13.8)) we can choose a constant C < oo such that, for all
te€[0,T],

1
;/ PPz 4+ G, dp) < Col(z),  zeR,
R2

we have

1 p
fRz ‘;g(z)* lW1&)| 9LE)ds < C/Rz [w(@)IP0) (&) dE.

By (13.10),

g x|V |L,, <C |'lp|W/£.p, which completes the proof. a
As a direct consequence of the lemma we have the following corollary.

Corollary 13.6 Let p € R, p €[1,2), and let d = 1,2. Then for any t > 0
there are unique operators R(t) € L(LL, L?) and R(t) € LW, L) such that,
forevery yr € SRY), R(1)Y = G(t) * ¥ and R(t) = dG(t)/dt * V. Moreover, for
every T > O there is a constant C such that

”R(Z)”L(L’;,Lg) + ”R(I)HL(W/!‘I”Lg) <C, Vie(,T]

13.2.2 Stochastic convolution

Let v be a o-finite measure on (S, S), and let 7 be a Poisson random measure on
[0, 00) x R? x S with intensity df d& v(do ). Assume that 7 is defined on a filtered
probability space iU = (2, F, (F), R).
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Let
£h=LP(R? x S, BRY) x S, 9L(§)d& v(do)).
Given p € R and p € [1, 2] we denote by ij and yg”T the spaces of all pre-
dictable fields u:  x [0, T] +— L5 and v: Q x [0, T] — £5 such that

» \/P
lullyy, = sup (Elul?,) " < oc,
t€[0,T]

T 1/p
||v||y;T = <]E/ |v(t)|§:’, dt> < 0.
' 0

The main goal of this section is to show that, given v € y,fir, the stochastic
integral

1()E) = / / / Gt — 5, & — Mu(s)(n, )7 (ds, dn, do)
0 R JS

is a well-defined predictable L}-valued process. Note that in dimensions 1, 2 the
fundamental solution G is a function, whereas if d = 3 it is a measure. Thus the
case of d = 3 will need special treatment.

Lemma 13.7 Let p e R, T €[0,00) and d = 1, 2. Assume that p € [1, 2] if
d=1and p €[1,2)ifd =2. Then v I, is a bounded linear operator from
ViptoX) .

Proof By Theorem 8.23 there is a constant Cy, depending only on p, such that

P
E

f / /g(t—s,é — nu(s)(n, o)7(ds, dn, do)
o JriJs

sclfo fR /|g(t—s,s—n)|PIE|v(s>(n,o>|Pdsdnv(do>.
dJs

Taking into account Lemma 13.4 one can find a constant C, such that

[E
Rd

t
< C2/ f}wa(s)(n,ast V(@2 dy < Cs [0l .
0 JRIJS p.T

t p
/O ~[Rd [gg(t —S,E - n)U(S)(T],O');T\(d&dn’dO—) ﬁ;(é)dé

Whatis left is the proof of the predictability of I,.. Clearly I, is adapted. Thus we
need to show that it is stochastically continuous. To do this, given0 <7 <t < T
we write G, 7(s, z) := G(t — s5,2) — G(f — s, z). We have

E |1,(t) — 1,(7) {5

= Cﬁ /SEIU(S)(uU)IZPJV(dG)dS+/Rd 11:()[9] (&) dE,
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where
p

1:(6) = E / / / G 1(s. & — Mu(s)(n. )R (ds, dn, do)
0 R JS

<o / / / 1,15, € — )" [v(s)n. o)I? ds dy v(do).
0 RI JS

Now, there is a constant C independent of ¢, 7 € [0, T] such that

[ 16us65. = wiop@ s < o,©) [ 1Gusts. i an
R R
and the stochastic continuity follows from the identity

1im/ |Ge.i(s, m)I” dn = 0.
t—t JRd

13.2.3 Main result

Let peR, pe[l,2] and d = 1,2. Assume that ug € W,}"”, vp € L) and that
Fu)€):= fu(&),&),& € R, and G(u)(&, 0) := g1 (u(€),§,0),6 e R, 0 €S,

are composition operators corresponding to the functions f: R x R? > R and
g1: RxRYx S R.

Definition 13.8  We say that u is an X} ,-valued solution to (13.5) ifu € X ;
and u satisfies the integral equation

8 t
u(t,§) = EQ(I) *uo(§) + G(1) * vo(§) + A Gt — s) * F(u(s))(§)ds

+ / / / Gt — s, & — )G u(s)(n, )7 (ds, dn, do),
0 RI JS

where the equality is considered in X ﬁ T
Theorem 13.9 Letp € R, p €[1, 2], and letd = 1, 2. Assume that
i 1<p<2/d+1,

() f:R xR = Randgi: R xR? x S +— R are measurable and there are
functions Iy € LP(S,S,v), I, € Lﬁ and a constant L such that, for all
u,veR & eRando € S,

|f(u,§) < L&) + lu)),
[f,8)— f(v,8)] = L|u—v]
1g1(u, &, 0)| < Li(o)(2(8) + |ul),
1g1(u, §,0) — g1(v, &, 0)| = 1(0) |[u—vl.
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Then for all uy € W,:’p and vy € L}, there exists a unique X;T-valued solution to
(13.5).

Proof Let us fix ug, vg and T < oo. By (ii), F: XﬁT — X;T and G: X;T —
yfjj are Lipschitz continuous. Write

Ii(t):

0
Eg(t)*uo(S)Jrg(t)*vo(E), 1€[0,T],

L(u)(@) :

/ Gt —s)x F(u(s))ds, t €0, T], ueX;T.
0

Recall that I, was introduced in subsection 13.2.2. Consider on X /ﬁ r the family
of norms

1/p
lullg := < sup eﬂ’E|u(z)|§,,) , B> 0.
1€[0,T] ’
The proof will be complete as soon as we can show that for g large enough
the mapping J(u) := Iy + L(u) + I, u € X 1, is a contraction on X . We
leave to the reader the proof that if u € ij then 1y, Ir(u), Igw) € X, 7. We
shall concentrate on the estimate of the Lipschitz constant. To do this we note
that, by (13.10) and the Lipschitz continuity of F, there is a constant C such
that

I — LI,

< sup e—ﬂfﬂ«:/ |G(t — ) (F(u(s)) — F(u(9))|}, ds
1€[0,T] 0 ?

t
< sup E / e P85 C Ju(s) — v(s)|?, ds
refo,71 Jo ?

T p C
=C IIMIIP/ e Pds < —lullg.
B 0 B B
Using Lemma 13.7 we can find a constant C such that

t
||IG(u) — IG(v) ||§ < CIES[I(;[;"] efﬂf E/O lu(s) — v(s)|'£z ds

IA

t
sup ]E/ e P C lu(s) — v(s)[!, ds
refo,r] Jo ?

)4 ! —Bs C p
= Clully [ e ds < Zull.
0
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13.3 Stochastic delay equations

We are concerned with the delay problem

0
dx(t) = (/ n(dé)x( + &) + f(x(t))) dt + g(x(@)dW(t) + g1(x(2))dZ(2),
h (13.12)
x(&)=v(),& € (—h,0],

where & > 0, u is an M (n x n)-valued measure on (—#h, O] with finite variation,
W is a standard d-dimensional Wiener process, Z is a square integrable mean-zero
Lévy process in R” and f, g, g; are Lipschitz continuous mappings from R” to
R", M(n x d) and M(n x m), respectively.
Let
L*(—h, 0;R") := L*((—h, 01, B((—h, 0]), d&; R"),
W' (—h, 0;R") := W'2((—h, 0], B((—h, 0]), d&; R").

We interpret (13.12) as (9.4) on the state space
L*(=h, 0;R™)
H =
(“7%")
the operator A from (9.4) being given by

s <w> () r@e¥ @
v ¥ (0) ’
where the domain of A is equal to

D(A) = {(‘5) s € W2A(—h,0;R") and v = w(O)} )

Note that the RKHS of M = (W, Z) is a subspace of RY x R™ and that

F(%)= (V) ma ()i (MO a0
v v v v

Then (see e.g. Chojnowska-Michalik 1978 or Da Prato and Zabczyk 1992a) the
operator (A, D(A)) generates a Cy-semigroup on H.

With the process x(-) on (—h, +00) having values in R” we associate a process
X(-) defined on [0, +-00) having values in H, whose second coordinate, at time ¢,
is the vector x(¢) and whose first coordinate is the segment

x;(§) == x(r + §), £ e (—h,0]

of x. It is easy to show that the Lipschitz continuity of f, g and g; guarantees the
Lipschitz continuity of F and G, and consequently conditions (F) and (G). Thus
we have the following consequence of Theorem 9.29.
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Theorem 13.10  Assume that f, g and g, are Lipschitz continuous mappings
from R" to R", M(n x d) and M(n x m), respectively. Let W be a standard d-
dimensional Wiener process, and let L be a square integrable mean-zero Lévy
process in R™. Then the following hold.

(1) For any initial value xy € H there is a unique solution X (-, xg), t > 0, of
(13.12).
(ii) For any T < oo there is a constant L such that for all xo, x; € H we have
sup E |X(1,x0) — X(t, )l < L |xo — x1[;
1€[0,T]

(iii) Equation (13.12) defines a Feller family on H.
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Equations driven by a spatially
homogeneous noise

In this chapter, Lévy processes on the space of tempered distributions are intro-
duced and their reproducing kernel spaces are determined. Non-linear heat and
wave equations with spatially homogeneous noise are investigated.

14.1 Tempered distributions

We denote by S (R?) and S(R?; C) the spaces of infinitely differentiable real- and
complex-valued functions ¥ such that
glal W

85_“(5)

< 00, VneN.

pn(W) := sup sup (1+ £)"

£€Rd |a|<n

On S(RY) and S(R?; C) we consider the topology defined by the family of semi-
norms (p,, n € N). The spaces of tempered distributions S'(R?) and §'(R¢;C)
are the dual spaces to S(R?) and S(R?; C). We denote by (u, ¥) the value of the
distribution u on a test function yr. Every complex or real tempered Borel measure
X on R?, that is, a measure whose variation || ||var satisfies

/ (1+ Iélz)_n||A||Var(d$) < 00 for somen € N,
Rd
can be identified with the distribution (A, ¥) = fRd Y (E)M(dE). Sometimes in this

book we will denote by (¢, A) the integral f £ W(E)AE).
We denote by §y the Fourier transform of a test function :

__ ! ~dimng
V0 = oo /R ey de,
where né = Zid=1 ni& and &, n € RY. Next we define Fu foru € S'(R; C) by the

240
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formula (Fu, ) = (u, T '¥), ¥ € SR?; C), where

I =

1 .
(27 Y2 /Rd Y (&) dg

is the inverse Fourier transform. Then § is a bijection on S (R4; C) and an isometry

on L?>(R%; C) := L*(R?, B(RY), £4; C).

Definition 14.1 We say that a topological vector space E is nuclear if the topol-

ogy on E is given by the family of norms (| - |g,), |u|g, = /{4, u)n,, n € N,
u € E, where ((Hy, (-, -)u,)) is a decreasing sequence of Hilbert spaces such that
E C H, and the embedding H,,; — H, is nuclear for every n.

Theorem 14.2  The space S(R?) is nuclear:
Proof Let H, be the completion of S(R?) with respect to the norm ||y, =

V¥, ¥)n,, where

a dlely,  glely
— 2\
<w,<p>H,,—/Rd(1+|5|) > 75 ©) g 6.

la|<an

Then choosing the a, such that they go to oo sufficiently fast, one gets the desired
conclusion. For more details see e.g. Yosida (1965). O

Let H, be as above. Then H, — L? := L*(R?). Identifying (L?)* with L? we
obtain H, «— L? = (L?)* — H}, n € N. Thus the following result holds.

Theorem 14.3  We have S'(R?) = | J°2 | H}.

14.2 Lévy processes in S'(R?)

We now consider equations driven by Lévy processes taking values in S"(R?). Since
the space of distributions is not metrizable we have to adapt Definition 4.1 to our
purposes. Let us note that a Lévy—Khinchin-type description of Lévy processes on
S'(R4), more generally on co-nuclear spaces, was developed in Ustunel (1984).

Definition 14.4 A stochastic process L taking values in S'(R¢) is called a Lévy
process in S'(RY) if it is cadlag, satisfies L(0) = 0 and has stationary independent
increments.

Throughout the chapter we assume that (2, F, (F;), P) is a filtered probability
space satisfying the usual conditions and that L is a Lévy process defined on 2
and adapted to the filtration (F;). Moreover, we assume that, for all r > s > 0,
L(t) — L(s) is independent of F;.
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For our further purposes, it will be convenient to introduce the class of square
integrable Lévy processes.

Definition 14.5 A Lévy process L in S'(R?) is square integrable (has mean zero)
if, for every test function v € S(R?), the real-valued process ((L(t), ¥),t > 0)is
square integrable (has mean zero).

Using arguments from the proof of Theorem 4.32 one can easily obtain the
following result.

Lemma 14.6  Assume that L is a square integrable Lévy process in S'(R?). Then
there are a unique my € S'(R?) called the mean of L and a unique symmetric
positive-definite bilinear form K : §'(R?) x §'(R%) — R called the covariance
form of L such that, forallt,s > Qand r, ¢ € S(R?),

E(L@®), ¥) =t {mp, ),
E(L(t) —mp, Y)(L(s)—mp, @) =1t As K, ¢).

14.2.1 Wiener processes

Definition 14.7 A continuous (in time) mean-zero Lévy process W taking values
in §'(RY) is called a Wiener process.

It follows from this definition that for any finite set of test functions {y/, . . ., ¥, }
C S(RY) the R*-valued process

(W@, d1)s - (W@, Yn)) s 1 =0,

is a continuous mean-zero Lévy process in R”. Thus (see Theorem 4.12) it is a
Wiener process in R”. In particular it is Gaussian, and hence W is square integrable.
Let K be the covariance of W. Then for all non-negative ¢, . . ., f,, the random vec-
tor (W(t1), Y1), ..., (W(t,), ¥x)) has the normal distribution A/(0, [g; ;]), where
qi,j =1t Nt K(¢[,Wj),i,j =1,...,n.

14.3 RKHS of a square integrable Lévy process in S'(RY)

The aims of this section are to show that any square integrable mean-zero Lévy
process L in S'(R?) can be regarded as a square integrable Lévy process on a
properly chosen Hilbert space and to compute the RKHS of such a process L in
terms of its covariance form K. To this end, define H as the set of all u € S'(R?)
such that

[{u, ¥)| = LKW, ¥), Vi e SRY,
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with a constant L < oo independent of . Let

[, ¥r)|
luly = sup —_—, ueH, (14.1)
yes®h: Ky#0 v KW, ¥)
,v)p =3 (lu+ vl — lu—vl3,), u,veH. (14.2)

We have the following result.
Theorem 14.8

(1) The quantity (-, -)y is a scalar product and | - |y is the corresponding norm.
Moreover, (H, (-, -)n) is a real separable Hilbert space.
(ii) For any orthonormal basis {e;} of H,

KW, )= e, ¥)ew @), V¥, 9 € SRY.

k

(iii) There is a Hilbert space (U, (-, -)y) embedded into S'(R?) such that L is a
square integrable Lévy process in U. Moreover,' the RKHS of L, considered
as a U-valued process, is equal to 'H.

The proof will be preceded by a few lemmas. Let ((H,, (-, -)s,)) be a sequence
of separable Hilbert spaces such that H,,; <— H, with a nuclear embedding and
the topology on S(R?) is given by a sequence of norms (| - |, ); see Section 14.1.
Taking, if necessary, an equivalent scalar product we can assume that | |p, <
[, foralln € Nand v € S(R?). Clearly, we have S'(R?) = U,en HyY-

Lemma 14.9  There exist n and C such that |K(y, ¢)| < C |¥|g, ||, for all
¥, ¢ € SRY).

Proof Since

KW, =KW +o.¥v+0)— KW —¢. ¥ —9)

it suffices to show that there exist n and L such that K (¢, ) < C | |%,” for every
¥ € S(R?). Suppose, contrary to our claim, that there is a sequence (,,) C S(R?)
such that K (., ¥n) = n |, |3, forevery n € N. Set

o :ﬂ
Y KW U)

Then, forn > m,

orl = VlYaln, _ 1
T SR W W) /0

! See Proposition 7.1.
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Thus ¢, — 0 in S(R?) and, since K is continuous on S(R?), K(¢n, ¢,) = 0 as
n 1 oo. But K(¢,, ¢,) = n, which leads to a contradiction. d

Corollary 14.10  For n sufficiently large, K has a unique extension to a sym-
metric non-negative continuous bilinear form on H, x H,.

We will denote the extension of K to H,, x H, alsoby K. Since K is symmetric
and continuous we have the following (see also e.g. Mlak 1991).

Corollary 14.11  For n sufficiently large there is a symmetric bounded operator
A, : H, — H, such that

K, ) = (AnY, An@)m, V. € H,. (14.3)

Lemma 14.12  Assume that n is such that K : H, x H, — R is given by (14.3)
with a symmetric and continuous A,. Then H = A}H). Moreover, |v|y =
(A"l . forv e AL H;.

Proof Letu € H). Then, for any ¢ € S(RY),
(Aju, )| = [{u, Ay )| < |ulp:|An¥ll, = [ula/ KO, ¥).

Thus A’u € H. Moreover, for u € H,' orthogonal to Ker A},

|(u, Anp)|

|Afuly = sup —— =ulp:.
¥ 0 A, |An¥ln,

We now show that H C A} H,". To this end take a vector u € H. Then by the
definition of H there is a constant C < oo such that

u, )| < CVKW, ¥) =ClAY|n,, Vi e SRY.
Since S(RY) is dense in H,, we have |(u, )| < C|A, ¥ |y, forevery y € H,. O

Proof of Theorem 14.8(i) Let (AZ)_1 be the operator pseudo-inverse to A. Then,
by Lemma 14.12, |u|y = |(A:)_lu u € H.Thus| - |y is the norm correspond-
ing to the scalar product

(, v)r = (A, (A7) .
= (A @+ v, — (4D @ —v)

= 1 (Ju+vly — lu—vly).

*9
H/X

;)

Consequently, (H, (-, -)») is a real separable Hilbert space, since A;l tHw— H
is a linear isometry. O

Proof of Theorem 14.8(ii) Let {e;} be an orthonormal basis of H. Let n be such
that (A;;)’l: ‘H +— H is a linear isometry. Set f; = (A:)’lek. Then { f;} is an
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orthonormal (but not necessarily complete) system in H, and e = A} fi. Thus
for any ¢ € S(RY), in fact for any ¥ € H,,

Yole ¥’ =Y (AL fiu W) =D (e A = A [, < oo
k k k

Since K(, ¢) = (A, A, @) n,, we have the desired identity. O

Proof of Theorem 14.8(iii) Assume that n is such that K : H, x H, > Ris given
by (14.3) with A, symmetric and continuous. Since the embedding i: H, ;| —
H, is nuclear, it is compact. Then the symmetric operator i*i: H, | — H, 4
is also compact. Assume that { f;} is an orthonormal basis of H,,; consisting
of eigenvectors of k := /i*i with corresponding eigenvalues {y;}. Since « is
Hilbert—Schmidt,

> v < oo (14.4)
k
Note that as H, 4 is dense in H,, y; # 0 for every k. Next,
(fis fom, = Wi ifdm, = frs 5 ifdm., = (Fis 6 fiy, | = VS
Let f; = yk_l fi. Then { £} is an orthonormal basis of H, such that
(fo iy, =v 0y kjeN (14.5)

Let { f3} be the dual basis, that is, the orthonormal basis of H,* such that ({3, f;) =
O, j for all k, j. Note that

(T iy, = 20U AT ) = 850 (T A

l

~. ~\2 .
=28l fi. i) = v, k. jeN (14.6)
We will show that
Lity= Y (L@). fi) fr. t=0. (14.7)
k

where the series converges in LX(Q, F,P; HY +1)- First we will show the conver-
gence. By (14.6),

M 2

I
M=

E|) (L), fi) fi

k=N

E (L@, JL®, F)T3 )

~
~
Il

Hy N

tK(fkafl) <fltf>jk)H

n+1

~
=
I

I
E M§

N

I
M=

tK(fk,fk))»l%.

T
=
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Since K is continuous on H,, x H, there is a constant C such that

K (fi. fi)l = C|filpy, =€ Yk

Consequently, by (14.4),
2

M M
EZ(L(t)sfk>f* SCIZ)/,?%O as N, M — oo,
k=N o k=N

n+l
which proves the convergence of the series. To see the identity we fix a test function
¥ e S(RY). We have
2

Iy :=E (L@, ) = Y (L), fu)(Fi v)

k=1

N
=t<K(1/f,x/f>—2ZK(fk, (fr. v Z (fe F)) fk,w)<f’;,w>).
k=1

k,j=1

N

Since ¢ = Zk(f,’:, w)fk, the sum being convergent in H,, and since K is con-
tinuous on H, x H,, we have

KW, v) =Y K (fe.v) (/i ¥)
k
and

S K (Few)(fiw ZK Fir F) U ).
k

Thus Iy — 0, which proves the des1red identity. Clearly, L is a process with
stationary and independent increments in A, . It is stochastically continuous
since it is mean-square continuous. Indeed,

E|L@) — L) =Y E(L®) - Le). fi) |Fil}
k

Hyp
<=9 K(fi. fi) i <C—s),
k

where C < oo. Thus L can be treated as a square integrable mean-zero Lévy

process in H); ;. By Proposition 7.12 and the first part of the theorem, its RKHS

is equal to ‘H. O

14.4 Spatially homogeneous Lévy processes

Define the group of translations {7z }¢cre On S(R?) by the formula

wym=vE+n, ¥ eSRY, & neR

Next we extend {1:} on S'(R%) by putting (teu, ) = (u, t_¢y¥), ¥ € SR, u e
S'(RY).
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Definition 14.13 A Lévy process L taking values in S'(R?) is called spatially
homogeneous or stationary if for every t > 0 the law £(L(1)) of L(¢) in §'(R?) is
invariant with respect to the group of translations {7}, that is, if for every Borel
set ¥ C S'(RY)
LILO)X) =P (L) € X) =P (L) € 7, ' X) = LIL(1)) (7' X)
=: 7 o L(L(1))(X), £ € RY.
Lemma 14.14  Assume that L is a spatially homogeneous square integrable Lévy

process in S'(RY). Then its mean and covariance form are invariant with respect
to translations, that is, my = temy, for every § € R? and

KW, ) = K(t: ¥, T ), VEeR!, Yy, 0 e SRY.
Proof Lety € S(RY), and let £ € RY. Then
(mp, ) =E(L(1),¥) = /s«m(u’ V) L(L(1))(du)

= /S,(Rd)(u, V) T_g o LIL(1))(du) = / / (Teu, Y)L(L(1))(du)

S'(R4)

= /sw)(u’ T ) L(L(D))(du) = E (L), 7)) = (mp, T V)
= (temp, ¥).
In the same way one can show that desired property of the covariance form. O
Remark 14.15 Clearly if L is spatially homogeneous then its Lévy measure
v([):=E#{r[0,1]: L(t) — L(t—) e '}
is translation invariant.

Definition 14.16  We say that a square integrable Lévy process L in S'(RY) is
weakly spatially homogeneous if its mean m and covariance form are invariant
with respect to the group of translations.

Remark 14.17 A Wiener process W is spatially homogeneous if and only if it
is weakly spatially homogeneous, since its law L(W (¢)) is uniquely determined by
the laws of all pairs (W(z), ¥ )(W(¢), ), where ¥, ¢ € S(R?), and consequently
by its mean and covariance form.

A proof of the following theorem can be found in Gelfand and Vilenkin (1964),
p. 169.

Theorem 14.18 Let K : S(RY) x S(RY) — R. Then K is a continuous sym-
metric non-negative-definite bilinear form invariant with respect to the group
of translations if and only if there exists a non-negative tempered and
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symmetric' measure u on (R?, BIRY)) such that

KW, )= (Fu. v xoy), ¥ eeSRY, (14.8)

where ¢()(&) = p(—£), ¢ € S(RY) & € R? and the convolution operator * is de-
fined by

U xp(E) = /R YE —memdy, £ R’ yp e SRY).

As a direct consequence of Lemma 14.14 and Theorem 14.18 we have the
following result.

Corollary 14.19 Let L be a square integrable weakly homogeneous Lévy pro-
cess in S'(RY). Then its covariance form K satisfies (14.8) with a non-negative
measure (L.

Definition 14.20  We call the quantity u appearing in (14.8) the spectral measure
of L and I" := Fu its covariance.

14.5 Examples
14.5.1 Wiener case

In this subsection we assume that W is a Wiener process in S'(RY).

Example 14.21  Assume that the spectral measure of W is equal to §y. Then
80 = (27)~?/2, which should be treated as the density of §dy with respect to
Lebesgue measure dé. Thus, for any test functions ¥ and ¢,

K, 9) = Q)2 /R ) /R Y = E)gio(n) dn ds
_ ) / (&) de f o(&) de.
R4 Rd

Therefore the process W has the form W(z, §) = Qm)~4*B(t), t = 0, £ e R?,
where B is a one-dimensional (that is, real-valued) Wiener process.

Example 14.22  Assume now that u = £,. Then Fu = (27)4/%8y. Thus
KW, @) = Qm)"* ¢ % ¢(,)(0) = (2m)*? / WO = mg(mdn
R

— @n)ir fR Ymen dn = u” /R Y.

' For a symmetric measure p, i(—A) = u(A) for A € B(RY).
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Consequently, (277)~¢/*W is a cylindrical Wiener process on L*(R?).

Example 14.23  Assume that the spectral measure p of W is finite. Then its co-
variance I' =Fu is a bounded uniformly continuous function on R¢.
Moreover,

K(p. ) = / [, /R TEWE — mp(—m) dg dn

_ / / I — my(E)p(n) de di.
R JRA

From the theorem below it follows that W can be treated as a spatially stationary
random field on [0, co) x R?.

Theorem 14.24  [fthe spectral measure | of W is finite then W can be identified
with a random field W(t, &), t > 0, & € R4, that is,

(W@), ¥) = /1 W, §)y(§)dE, 1>0, ¥ € SRY).
R[
Moreover, the field W has the following properties.

(1) W is Gaussian, that is, forany N € N, t1, ..., ¢, € [0, 00) and
£, ..., & € R? the random vector (W(ty, &), ..., W(t,, &) is Gaussian.
(ii) Forany & € R, t — W(t, &) is a Wiener process.
(iii) Let T' = Zu. Then, forallt,s > 0, &, n e R,

EW( EYW(s,n) =t AsT(E —n).

Proof Consider an approximation of §, by a sequence (p,) of test functions
satisfying

pul®) = pu(—8), E€RL p, =0, / pE)dE =1,  VneN,
Rd

. rlrjgoo(r * o) * P (0) = T'(0) (14.9)
and
nlirgo » [ (&) — pn x ¥ (§)|d§ =0, Ve SRY). (14.10)

Let W, (¢,&) := (W(t), t—¢p,). Since W is Gaussian, the random fields W, on
[0, 00) x R? are Gaussian. Moreover,

E an(t: é)Wn(t, é) =FE <W(t)’ T—Epn><W(t)v T—Epm)
= <F, (Tfépn) * (Tfépm)(s)> .
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Thus
E|W,(t, &) — Wu(t, &)
=E|W,(t, &) — 2E W, (t, )W, (t, &) + E W, (z, &)
= (I, (t—epn) * (T—gPu)o)) + (T (T—gom) * (T—g om)s))
-2 (F, (Tfépn) * (Tfépm)(s)) .
Since

(T (tepn) * (Tt o)) = /R d /R T = DT )€ d g
= /Rd /Rd I'(n — O)pn(—=& + Mpm(—& + ¢)dnde

- Ad /Rd T — &)pa(m)om(¢)dn dg
= (T * p) * pu(0),
we obtain
E [Wu(t, &) — W(t, €)I°
= (T % p) % pu(0) + (T % ) 5 pm(0) = 2(T" ¢ p,) % o (0)

Consequently, it follows by (14.9) that (W, (¢, §)) is a Cauchy sequence. We have

2

E ‘<W<t>, ) - fR W £y @) dg

2
= IE<W(l), v — /Rd V(E)T—¢Pn dS> .

Therefore, as

2

E ‘(Wm, V) — fR W, Y E)

=/ / F(ﬂ-()(@”(n)—/ pn(n—é)lﬁ(é)df>
Rd JRA RY

x [1//@) - fR e - s)w@)ds} dn dg

2
< Pl ([ o = [ vt = er0cer g an)

2
< T Loeqra) (A;d [V (m) — pu x ()] dn> )
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from (14.10) the limit W(¢, &) of the sequence (W, (t, £)) satisfies

2

E ‘<W(x>, ) — /1; W, ) ds

2
= lirgoE ‘(W(t), (A /, W2, §)y(5)dg| =0.
n— R
The field W is Gaussian since, for fixed N, t1, ...,y € [0,00)and &, ..., &y €
R?, the Gaussian vectors (W,(t1, &1), ..., Wa(ty, Ex)), n €N, converge in

L(Q, F,P) to (W(t1, &), ..., W(ty, £x)). Moreover, for a fixed € € RY, ¢ —
W (t, &) is a square integrable martingale with angle bracket

(W5, W) = lim (W, §), W )0 = lim E|W,(t, &)
=1t lim (" p,) * pa(0) = £ T(0).
Thus, for every £ € RY, W(-, £) is a Wiener process. The proof will be complete
as soon as we show (iii). To this end, let us fix ¢, s € [0, 00) and &, € R¥. Then
EW@ )W(s,n) = lim E W, §)W,(s, 1)
=t As lim E(W(), 7-¢00) (WD), Ty pn)

=t As lim (F, T_gpp * (ann)(s))

:tmn%/%d /R Ly — Opaly — E)palt — ) dy dg
=tAsT(E —n).

14.5.2 Impulsive case

Another important example of a homogeneous Lévy noise is the impulsive cylin-
drical process on L2(R?) introduced in Section 7.2 (see the first example below).
In Example 14.26 we introduce a “colored impulsive” noise.

Example 14.25 Let 7 be a Poisson measure on [0, 00) x RY x R with intensity
measure df d¢ v(do’), where v is a measure on (R, B(R)) satisfying v({0}) = 0 and

/ o?v(do) < oo. (14.11)
R

Let 7 be a compensated Poisson measure, and let

Z(t):/ /aﬁ(ds,dé,do).
0o Jr
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For more details see Section 7.2. Then Z is a square integrable mean-zero Lévy
process taking values in any Hilbert space U such that the embedding L*(R?) < U
is Hilbert—-Schmidt. In particular, as U one can take any H, n > 1. Moreover,
L*(R?) is the RKHS of L, for any U. Since there is a Hilbert space U such that
L’(R?) < U < S'(RY) and the first inclusion is Hilbert-Schmidt, Z is a Lévy
process in S'(RY). It is spatially homogeneous since the jump position intensity £4
is invariant with respect to the group of translations. Note that

K. @) =E(Z(1), y(Z(1). ¢) = fRd Y (§)p(§)ds, ¥, ¢ € SRY).

Hence the spectral measure u of Z is, up to a constant, equal to £,. Consequently,
again up to a constant, its covariance I" is equal to the Dirac delta function.

Let {U,} be the partition of R? x R into disjoint measurable sets such that
aj :=4£y xv(U;) < oo, j € N. It is convenient to write Z in the form

Z(t) =Y o8 — tov(do) dE,

n
<
'L'/ 1

where (EJ" a”) is a sequence of mutually independent random variables with

J
distributions

P (!, 07) € A) = %f]mu,) njen;
1) = r} + r]? +---+rj and the r_’i‘ are mutually independent random variables
(which are also independent of (§%, a_]’.' )) with exponential distribution ]P’(r;‘ > t)
=e % r>0.
We interpret o'} as the amount of energy introduced into the system at time 7.
The random variables &/ represent the sources of energy.

Example 14.26 Let P be a tempered measure, and let Z be an impulsive cylin-
drical process on L*(R?) with jump size intensity v. We assume that P x £; and
P x P are tempered measures.

Then the convolution P x Z(t) is a well-defined S'(R)-valued Lévy process.
In fact it is a measure-valued process. It is spatially homogeneous, since

(P % Z(1)) = P * (t: Z(1)), >0, £ R
Indeed, for any test function ,

(e(P* Z(1)), ) =(P*xZ({1), 1Y) = /]Rd Pisy s T () Z(1)(dn)

= /Rd (P % ¥) (e Z(1))(dn) = (P * (te Z(1)), ).
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Note that P x Z is a square integrable mean-zero process with covariance form
KW, o) =E(P*Z(), ¥)(P=*Z(), ¢)
=E(Z(), Py*W)ZA), Py *o)= f | Py () Py x p(x) d
R

=((P* Po)) x ¥, @) =(P Py, ¢*).

Thus the covariance I' and the spectral measure of P * Z are givenby I' = P x Py,
u=3PSP.

14.6 RKHS of a homogeneous noise

Our goal is to find the RKHS of a spatially homogeneous square integrable mean-
zero Lévy process L. Let us recall that its covariance form K is given by K (¢, ¢) =
(3 W, ¥ (p(s)) for ¥, ¢ € S(RY), where 1 is a non-negative symmetric tempered
measure on RY and ¢;)(§) = p(—€), &£ € R, ¢ € S(RY). For ¢ € S(RY; C) we
set g (€) 1= 9(—£). £ € RY. Let

LR, 11;C) = {yr € L* (R, BR?), ;C) = ¢ = Y} -
Note that Lg(R?, u; C) is a closed subspace of L2(R?, u1; C).

Remark 14.27  For any v € L(zs)(Rd i C), Y e S'(RY;C). Moreover
F(n) € S'(RY). For, as p is a tempered measure there is an n € N such that

Jra (1+1€7) ™" 1u(d€) < 0o. Now ¥y is a tempered measure and belongs to
S'(R?; C) since

/R U+ ER) T @)
1/2 1/2
s(/ IW(E)IZM(dé)) (/ (1+|§|2)",u(d§)> - .
R4 R4

In order to show that §(yr ) is real-valued we have to show that (¥ ) = F(W¥ ).
This follows from the equalities ¥ () = ¥ (—n) and u(dn) = w(—dn) in the fol-
lowing way:

SWE) = 2m)~/? [Ra e~ (mu(dn)

— ) r fR G = W @)

Theorem 14.28 Let L be a spatially homogeneous square integrable mean-zero
Lévy process in S'(RY) with spectral measure . Then its RKHS is given by

H={3Ww: ¥ e L, R, u;O)} (14.12)
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and the scalar product is equal to

FWw), F@w)y = (¥, @) 2@ ey = /R ) Y (E)pE)n(dE). (14.13)
Proof By Theorem 14.8,
H={ueSR):Ic<oo: Ve SR, [(u,p)* < c (Fu, ¢ *¢y)}.

Assume that u € H. Then (u, ¢) = (§7'u, T '¢) and
(Bu. o xpp) = (1. T (@) = <u, %‘%%‘Wp)
because F'¢(;) = & '¢. Therefore

(5w, 5 ') < c /R 3OF TP Ep).
Since
7 SR > SR C) = {p € SR C): ¢ = ¢}

is a bijection,
_ 2
13w, 0)]" <c | lo@EPude), Vo e SuHR:O).
R4

Since S(_Y)(Rd; C) is dense in L(zs)(Rd, w; C), §'u can be extended to the whole

space L(ZS)(R”’, w; C). Thus there is a ¢ € L(zs)(Rd, w; C) such that

Vo e Sy@®RG0), (7w, 0) = (¥, 0) 2we ey = (V1. @)

Henceu = § (Eu) As ¥ — 1 is bijective on L%s)(Rd, w; C) we have the follow-
ing fact:

YueH3Iy e LE, (R, u;C)  suchthat u = F(yrp).
To show (14.12) it is sufficient to prove that
Ve LE,RY, 1; C), u=3gun) eH. (14.14)
Letusfixay € L%s)(Rd, w; C). Then for any ¢ € S(RY),
(FW ), )* = (Wi, Fo)?
< fR RQIECS fR [Bel n(d8)

< /R WO (T g % ).
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which gives (14.14). What is left is to show that
Ve L2 R, 0), 3w = /R W EIPuE).

To this end we fix a Y € L(S)(Rd, w; C). Then, by (14.1),

W), )2
sup _
peS®N: Kp.p20 K@, 9)
_ (F(r ), @)
= sup AL AL St

peSRY): |3’W\L2(Rd s C)760 |%’¢|L2(R‘1 w;0)

(1, Y3 o)I
= sup P E——
peS(RY): |;§¢‘L2(Rd.u:C)¢O |S¢|L2(Rd,u;c)

IS )3,

Since

<H/’ Wg_lfﬂ> = (1/[7 g_l(p>L2(Rd’M;c) = (I//’ ga)Lz(Rd,u;C) = (1/’7 S’V(ﬂ)LZ(Rd.y_;C),
for real-valued ¢, we have

2
2 (¥, 0) L2®d o) ’
ISWmly, = Sup 2 = g ey
peSRY; 150l 200 w0 #0 ISPl L2 0

which completes the proof. O

14.7 Stochastic equations on R¢

In the following sections we shall consider stochastic heat and wave equations
driven by spatially homogeneous Lévy process, as follows:

X
E(t,éf) AX(t,8) + f(X(1, §) + g(X(, S)) (t §),

>0, £eRY, (14.15)
X(0.6) =x(&), £eR’
X
W(I’S) AX(t,8) + f(X(1, §) + g(X(, S)) (t §),

>0, &R, (14.16)

X J

X(0,%) = x(%), E(O,S)=y($), & e R

We assume that f, g: R > R are Lipschitz continuous and that L is a spatially
homogeneous square integrable mean-zero Lévy process with spectral measure p
and covariance I'.
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The results on heat equations are based on Peszat and Zabczyk (1997, 2000)
and Peszat and Tindel (2007). Conditions for the existence of function-valued so-
lutions, formulated in the text, appeared for the first time in Dalang and Frangos
(1998) in the two-dimensional case and for all dimensions in Karczewska and
Zabczyk (2000a, 2001). More information on parabolic equations driven by a spa-
tially homogeneous Wiener process can be found in BrzeZniak and Peszat (1999),
Carmona and Molchanow (1994), Da Prato and Zabczyk (1996), Dawson and
Salehi (1980), Kifer (1997), Manthey and Zausinger (1999), Peszat (2001, 2002),
Karczewska and Zabczyk (2000a, 2001), Peszat and Zabczyk (1997, 2000). The
section on wave equations is based on Peszat (2002) and Peszat and Zabczyk
(2000). More information on stochastic wave equations driven by a spatially ho-
mogeneous Wiener process can be found in Dalang (1999), Dalang and Frangos
(1998), Dalang and Sanz-Solé (2006), Karczewska and Zabczyk (2000a, 2001),
Millet and Morien (2001), Millet and Sanz-Solé (1999, 2000), Peszat (2001, 2002),
Peszat and Tindel (2007), Peszat and Zabczyk (2000) and Quer-Sardanyons and
Sanz-Solé (2004b).

First we construct a state space. We require that in the case of the heat equation
the Laplace operator, and in the case of the wave equation the operator

0 I
A 0)°
generates a Co-semigroup on the state space. We are looking for a solution to

the heat equation in the spaces Lf) and Lf, introduced in Section 2.3. In the case

of the wave equation the state space is of the form (Lf), H 1)T, where Hp‘1 =
H™'(RY, 97(&) dg) is the Sobolev space of order —1 with weight ©,,. Thus H,'
is a subspace of the space of distributions.

14.8 Stochastic heat equation

This section is devoted to (14.15). Note that (see Example 10.10) the semi-
group S is given by SV (&) = g(t) x ¥ (&), t > 0, £ € R, where g(t)(&) :=
(41)~42 e 16P/G40 for > 0 and & € RY. Recall that L is a square integrable
mean-zero spatially homogeneous Lévy process on RY with spectral measure /.
We interpret (14.15) as the stochastic evolution equation

dX =(AX + F(X))dr + G(X)dL

on a Hilbert space H = L2, where A is the generator of the heat semigroup S
on Lf,, F = Ny,and G(Y)p[§] = N (¥)(E)e(§) where ¢ € L?o and ¢ belongs to
RKHS of L.
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Theorem 14.29  Assume that I' = §u is a measure separate from —oo, that is,
there is a constant C < oo such that I'(d§) + C d§ is a non-negative measure and

/ log (IE]7")T(d&) <o ifd =2,
{1E1=<1} (14.17)
/ |E|7I20(dE) < 00 ifd #2.
{lEl=1}

Assume that f and g are Lipschitz continuous. Let p > 0. Then for any x € Lf)
there is a unique solution to (14.15) in L%. If p <0and f(0)=0= g(0) then
for each x € L% there is a a unique solution to (14.15) in Lf). Moreover, (14.15)
defines a Feller family.

Proof By Theorem B.9, the heat semigroup is Cy on Lf). By Lemma 2.5 the
composition operators N, and N, are Lipschitz with linear growth on L%. In
particular condition (F) of the general existence theorem is satisfied. We need to
verify condition (G) for the diffusion term. We have to show that if i is from a
dense set Hy C L7 then S()G () € Lius)(H, L3) and, moreover, that there is a
locally square integrable function a: (0, co) — R such that

ISOGW) L sy H.L2) = a(t)(l + W|Lg),
ISEGW) = C@DILpyr.r2) < a®) ¥ =l

for t € (0, 00) and V¥, ¢ € Hy. For Hy we take S(R?Y). Let M, () = S(t) (Y ¢).
As Ng: L? — L7 is Lipschitz with linear growth and S()G ()¢ = M,(N(¥))p,
it is sufficient to show that, for every ¢t > 0, M, is a continuous linear operator from
L% to L(Hs)(H, L%) and

T
2
fo MG 12 s riazy & <00, VT < oo, (14.18)

Then for the function a we can take | M; || 1z2, 1 5 1:12)) multiplied by a Lipschitz
constant of the mapping N,.

In order to show (14.18) we take ¥ € S(R?), t > 0 and an orthonormal basis
{e,} of H. It follows from the form of H that one can choose {e,} C C,(R?).
Indeed, e, = §(u, ) where {u,} is an orthonormal basis in Lé)(Rd, w; C). Taking
{u,} € S(RY; C) we obtain {e,} € C»(R?). Thus e, leo forall ¥ € S(R?) and
n. In particular S(¢)(e,) is well defined and belongs to L% for all v, r and n. We
have

Do IMWenlyy = Y ISOWenlz

n n

-2/,

2
fR 9O)E — My (e () dn| V() dé.
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Recall (see Theorem 14.8(ii)) that any square integrable mean-zero Lévy process
L in §'(R%) has covariance form

KW, ) =Y (en¥)’, ¥ €SRY,

n

where {e,} is an orthonormal basis of RKHS of L. Hence

2

n

2

fR 9E = ¥ (enn) di
= {en. 8(O)E — W)
= K (9O — (), gt)E — ()

= (I, g()E = W) (8(DE — I 0),, )

Let C be such that I['(dn) =: I'(dn) + C dp is a non-negative measure. From the
inequality (€4, ¢ * ¢(y)) > 0, valid for ¢ € S(R), we have

(T g(E = O * (a0)E = v (O),,)
< (T, gE = W) * (9(E = I 0),,)-

Hence
2 M (el
R fR P 8)E = YO % (90)E =W (), J95) dé.
Since
8N)E = W) * (90E = W), ()
= /R OOE =+ OV — DeNE +OY (=) de,
we have

D IMipenlz,
< /R d fR d /R B0 — 1+ DY~ DBOE + DY) dz d

< /R d fR d fR W+ & — DI E — DI3E) d 90 — e @) .
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Note that there is a constant ¢; depending on p such that, for all , z € R?,
B,(n — z) < V¥,(z)c1e!!M. Thus, by the Schwarz inequality,

/1; [y (n+& — Y (E — 2|9 (E)dE
172 1/2
< ( /R o+ - z)|2ﬁ§<s)ds> ( [R - z)|20§(s>ds)

1/2
. (/R Ol R c)dc) ( fR WOPRE +2) dC)

< |1/f|igc% elPllz=nl+lpllzl < |1/f|igc% elp\(\zfn\ﬂzl)‘

1/2

Consequently,
Sttty = iy [ [ e g - nao@an i
~ b » Jrd Jr

Using now the fact that for all ¢, ¢ and p,

2 2 2 2 2
_g+|p||c|:_g+(_g+|puc|><_g+m

2t 2 4t 4t 2 )= u T4

we obtain
/ / elP =+ g (1) (z — g ()T (dn) dz
R JRd
< 27e¥’ / / 920)(z — mMe20)(2)['(dn) dz.
R JRA
Since S is a semigroup we have g(2¢) x g(2t) = g(4t). Hence
Yo IM ey, < 2™ [yl / L a@nm(dn).
n ’ R
To show (14.18) it is sufficient to prove that (14.17) implies

T
f / g(4) (T (dn) dr < oo.
0 R4

To this end we need to estimate

T
K(T,d,n) :=/0 g(41)(n) dr.

By the lemma below it follows that K (7', d, ) decreases to 0 as n goes to infinity
faster than |n|™™ with any m. Since I' is a measure and the Fourier transform of a
tempered distribution, I" is a tempered measure. Thus

/ K(T,d, ) (dn) < oo
{In=1)
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and it suffices to show that (14.17) ensures that
/ K(T,d,n)I(dn) < . (14.19)
{Inl=<1}

If d =1 then, by Lemma 14.30 below, K(7, 1, -) is bounded on [—1, 1]. Thus
(14.19) holds true. If d = 2 then, by Lemma 14.30(iii), K (T, 2, n) < C log(|n|™").
Thus (14.19) follows from (14.17) and from the fact that

/ log (InI™") dn < oo.
{Inl<1}

If d > 2, then by Lemma 14.30(iv) we have K(7, 2, n) < C|n|*>~?. Thus again

(14.19) follows from (14.17) and [, _, [n|>~¢dn < oo. O

LetT > 0,and o > 0. For r > 0 we set
T
k(a, T,r):= / =%/ dt. (14.20)
0

Lemma 14.30

(1) Fora >0, neNandT > 0, r'k(a, T, r) = 0if r — oo.
(i) Ifa € [0, 1) then (o, T, -) is a bounded function.
(iii) There are constants Cy, C, € (0, 00) such that

Cilog(IrI™") =«(1,T,r) < Colog (Ir7") . Yr e (0,1].
@iv) If @ > 1 then there are constants Cy, C, € (0, 00) such that
Cilrl'™ < k@, T,r) < Colr['™%, ¥re(0,1].

Proof After changing variables to s = ¢/r we obtain
T/r
k(a, T, r) = rl_"‘/ s g,
0
Thus (i) follows from the fact that

a
lima_’"/ s™%e sds =0, YVa >0, VmeN.
a¢0 0

If @ € [0, 1) then
T
ko, T,r) < f t4dr < o0,
0

which proves (ii). Let « = 1. Then (iii) follows from

a 1 .1/t —1.-1/a
t'e dt a’'e
lim j;)— = lim ———— = lim el =1.

a—+o0 loga a—>400 g~ a—+o0



14.9 Space—time regularity in the Wiener case 261

Finally (iv) follows from

a—1 @ —a.—1/t
i & Jo 1% dr

a—+00 a®1

o0
/ =%~V dr € (0, 00).
0
O

Remark 14.31 We leave it as an exercise for the reader (see, however,
Karczewska and Zabczyk 2000a, 2001) to show that if " is separate from —oo
(see Theorem 14.29) then (14.17) holds if and only if

wu(d§)
fRd TP < 0. (14.21)

Remark 14.32  From the remark above it follows that the Fourier transform of
a measure satisfying (14.21) does not has to be separate from —oo. As an example
one can take the measure 1 on R given by

p= 0oy + ),

neN

where o € (0, 1).

Remark 14.33 If I is a measure separate from —oo then it is finite on any ball.
Thus (14.17) is always satisfied for dimension d = 1.

14.9 Space—time regularity in the Wiener case

In this section we consider the stochastic problem

X oW J
ot ot (14.22)
X(0,6) =x(¢&), &eR?

where W is a spatially homogeneous Wiener process with spectral measure p and
covariance I'. We will assume that I' = §u is a measure separate from —oo and
that f and g are Lipschitz continuous.

Letp € [2,00),andletp € R.LetC, := Cp(Rd);see Section2.3.Given T < 00
we denote by 37 and € the classes of all adapted processes Y : Q x [0, T] Lﬁ
andY: Q x [0, T] — L5 NC, with continuous trajectories in L, andin L, N C,,,
respectively, and such that

t€[0,T]

1/p
Y5, := (]E sup |Y(t)|’£,p,> <0
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and

tel0,T]

1/p
1Y lle, = (E sup (|Y<r>|§g+|Y<r>|g;)> < 0.

Theorem 14.34 Let p € R, and p € (2, 0). If p < 0 assume that f(0) =0 =
8(0).

(1) If there exists an a € (1/p, 1/2) such that
/ |E|747* 2 (dE) < o0? (14.23)
{lE1<1}

then for every x € L} there is a unique solution X to (14.22) satisfying
X € 37 forevery T > 0. Moreover, (14.22) defines a homogeneous Markov
family on LY satisfying the Feller property.

(i) If1/p+2d/p < 1/2 and thereisana € (1/p 4+ 2d/p, 1/2) such that
(14.23) holds then for every x € L5 N C, there is a unique solution X to
(14.22) such that X € &y for every T > 0. Moreover, (14.22) defines a
homogeneous Markov family on L5 N C, satisfying the Feller property.

14.9.1 Proof of Theorem 14.34

By Theorem B.9 the Laplace operator generates a Co-semigroup S on L5. Let
‘H be the RKHS of W, and let U C S'(R?) be a Hilbert space such that the em-
bedding H < U is Hilbert—-Schmidt. By Theorem 14.8 such a space exists. We
may assume that L? is a dense subspace of U, and identifying L? with (L?)* we
obtain U* — (L?)* = L? — U. Then in particular S(RY) is a dense subspace of
U*, and the covariance form (introduced in Section 7.1) of W on U* x U™ is the
unique continuous extension of the bilinear form K appearing in Theorem 14.18.
Recall that the space R(H, L}), the norm || - || gpy, .7y and the spaces LY, (L)) of
integrable processes were introduced in subsection 8.8.2. In our considerations a
fundamental role is played by the following result.

Lemma 14.35 For all t > 0 and ¢ € S(RY) the operator M,({r) given by
M. (V) := S&) (W) belongs to RU,O(H, Lg). Moreover, there are constants C, ¢
independent of t and \ such that

1M Ry o2y < Ce' W14/ (T alen).

Proof We will use some arguments from the proof of (14.18). Let us fix ¢ and .
We have M, (¥)(9)(§) = (Q(§), ¢), where Q(§) = g(1)(§ — )¢ ()) € S(RY). Then

2 Note that as I is a tempered measure (14.23) is always satisfied if —d — 4a + 2 > 0.



14.9 Space—time regularity in the Wiener case 263

(for the definition of A ,(Q) see Section 8.8) we have
AZ(Q) = fR K(Q®), Q)" 97(E) ds

/2
= /R {1 a0)E = ) * (at)e - WO, PrE) s

r/2
S/Rd (/R fRdW(E+n—§)|l1!f(é+n)|m(d§,dn)> 22(6) ds,
where

1(dg, dn) := g(1)(n — ©)g®)(I(AE) dn.

Thus, by Jensen’s inequality,

p/2—1
Aﬁ(Q)s(f f m(dé,dn))
Rd JRA

x /R /R A; 1Y (& +n— OIPPIWE + P00 E) ds p(dg, dn).
We have
fR ) /R (At dn) = ([, g(1) x 9(1)) = (T', 8(20))
and

/1; W& + 1 — OIPPIY(E + mIPP90(E) ds

1/2 12
S <,[Rd H”(E + 77 - §)|p05(§)d$) (/]Rd |1/f(%‘ _|_ n)|l’ﬁ5(§)dg>
< G115, exp {$1pol (1€ — 0l + 1D}
Thus
ANQ) = Cily |7, (T, g@n)"* 'R,

where

R:= fR /Rdexp{émmuc — 1l + InD} i (dg. dn).
It is easy to see (compare with the proof of (14.18)) that
R < Coe™'(T", g(C31)).
Consequently, there are constants Cy4, Cs such that

2 2
1M, 0iny = ANQ) < Cac ! yrI7, (T, 9(Cs)",

as required. O
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Since S(R?) is dense in L5 and since ¥ € L) = g(¥) € L, we have the
following consequence of Lemma 14.35.

Corollary 14.36  Forall y € Ly andt > 0, S()G(¥) € R(H, LY). Moreover,
there are constants C, ¢ such that, for all yr, ¢ € L,’; andt > 0,

ISOG W) re.Lry < Ce (14 ¥ 112)/(T. alct)),

ISENG (W) — G@)re.Lry < Ce |y — @l /(T, g(en)).

Proof of Theorem 14.34(i) Let us fix a T < oo. In the proof we use the Ba-
nach contraction principle on the space 3 := 37. On 3 we consider the family of
equivalent norms

1/p
1Ylp := (IE sup eﬂ’|Y(t)|§,,) , B > 0.
te€[0,7T] ’

Let

J(YX(E) := S(t)x + / S(t — s)F((Y(s))ds,
0

LY )(1) = /0 St = 9)G((Y(5)) dW(s).

We should show that Ji, J,: 3 — 3 and that there is a 8 such that
||Ji(Y)—Ji(Z)||ﬁS%”Y—leﬁ, i=12 VY, Ze3

However, we will consider only the stochastic term.

We use the factorization method introduced in Chapter 11. Recall that, for o >
0, the infinite-dimensional Liouville-Riemann operator /4 4 is given by (11.2). By
Theorem 11.3, I, , maps LP(0, T; L%) into C([O, T1; Lz) provided that 1/p <
o < 1.

Let o € (1/p, 1/2) be such that

f £ () < oo
{lEI<1}

Note that, since o« < 1/2, f{ | |& |~d—det2 d¢ < oo. Consequently,

[§1=1
f |E|7474 2 (dE) < oo. (14.24)
{lg1=<1}

Replacing, if necessary, @ by o’ € (1/p, «) we may assume that d/2 + 2« # 1.
As a consequence of (14.24) we have

T
/ 172, g(ct)) dt <00, Ve > 0. (14.25)
0
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Indeed,

T
/ 172 (T, g(ct)) dz=c1/ Kk (204 3d, oo T, |E7) T (d§),
0 ]Rd

where « is given by (14.20), and (14.25) then follows from Lemma 14.30(iv).
LetY € 3. Lett € [0, T]. It follows from Corollary 14.36 and (14.25) that
U: Qx[0,t]>(w,s) = (t —5)%St —s)G(Y (s, w)) € RU(H, Lz)

belongs to the space L}, ,(L}) of integrable processes and that
t p/2
E ( / (t = )78 = )G (Dl 1z ds)
0

t r/2
<Ci(1+1Y1{) (/0 s7(L, g(c)) df) < C(1+1Y1o)",

where C, is a constant independent of Z and ¢ € [0, T] and || - ||¢ is the norm on
3 corresponding to B = 0. Let

1 t
1Y)(t) = m/o (t —5)S(@t — $)G(Y(s))dW(s), tel0,T].

By the estimate above and Theorem 8.23, I(Y) is a well-defined process satisfying

sup E |I(Y)(t)|i,, < 00.
1€[0,T] ,
Thus I (Y) has trajectoriesin L? (O, T;Lb ) Using arguments from the proof of The-
orem 11.5, we can show that J5(Y) = I'(1)14 (I(Y)) and consequently J»(Y) € 3.
We now show the contractivity of J,. In what follows, the C; are constants inde-
pendentof ¢t € [0,T],Y, Z € 3 and 8. We have

12(Y) = KDl < CE sup e [ a(Y)(@) = JK(Z)D)]]

L

1€[0,T] ?
< GE sup e |14 (I(Y) = I(Z)D)),.
1€[0,T] ’

Let 8’ =8/pand g = p/(p — 1). Since

/ (t — ) e P81 — 5)e P (1(Y)(s) — 1(Z)(s5)) ds
0

p
Ly

T : 1/q T 1/p
= (/ r‘”“”eqﬂ'dr) (/ eﬂf|1(Y)<s)—1(Z>(s)|§pds> ,
0 0 g

we have
1/p

T
[12(Y) = 1a(D)lp < c(B)Ca </0 e MEIIY)() - 12D}, dt> ;
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where

T , rlq
c(B) = (f t"("‘_l)e_”ﬁ’dt> -0 as 8 1 oo. (14.26)
0
Now, by Corollary 14.36 and Theorem 8.23,
E(Y)(@) - I(Z)(t)lfg < CsE sup |Y(s) = Z(9)I}

se[0,1] Ly’
Thus
e PEII(Y)(1) — 1(Z)®)|}, < CSsE sup e P|Y(s) — Z(s)|
’ sel0,1]
< CsllY - Z|}.

p
Lh

Summing up, we have
I2(Y) — Lo(D)llg < Coc(B)IIY — Zlip,
and the desired estimate follows from (14.26). O

In the proof of the second part of the theorem we need the following analytical
result.

Lemma 14.37 Letp >2anda € (1/p +d/2p, 1/2). Then 1 4 is a bounded
linear operator from LP (0, T: Lg) to C([O, T1;C, N Lﬁ).

Proof By Theorem B.7, Sl z2.c,) < Ct=4?P for t € [0, T]. Let g satisfy
1/q + 1/p = 1. By the assumption, (¢ — 1)g —dq/2p > —1 and hence

t
/ s@=Da=dal2p 45 ~ oo, Vit > 0.
0

Thus for all € L7 (0, T; L)) and 1 > 0, I4,4(¥)(t) € C, and

t 1/q
[a.«(Y)(Dle, < Cy (/ s~ Da~daf2p dS) W lLro.7:L2)-
0

Since I5,(¥) e C([0,T];C,) for ¢ € C([0,T];C,) (see the proof of
Theorem 11.3) and C([0, T'];C,) is dense in LP(O, T; Lg), the desired conclu-
sion follows. O

Proof of Theorem 14.34(ii) Letus fixa T < oo. By the first part of the theorem
we know that there is a solution X € 37. Our goal is to show that X € € C 37.
By the definition of a solution we have X = J; 4 J,, where

Ji(t) == S(t)x +f S(t —s)F((X(s))ds,
0

J(t) = / S —s)G((X(s))dW(s).
0
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We will show that J, € €; the proof that J; € €7, which is simpler, is left to
the reader. We use the factorization method. This method can be applied also to
establish that J; € Cr.

Let « € (1/p+d/2p,1/2) be such that (14.23) holds. We have J, =
['(1)14 (1), where

I(t) = ——— F(l / t —s5)S(t — 5)G(X(s))dW(s), te[0,T]
By Theorem 8.23 and Corollary 14.36,

</(r—m*ﬂwu—sxxxo»m(ﬂu,m>

2

T r/
<C(1+1Xll3,)" </ 572 (L, g(cs)) ds) )
0

Since (see Lemma 14.30) fT 2 g(cs)(§)ds is of order |E]>~¢~** we conclude

from (14.23) that
T _ r/2
</ s72°‘<F, g(cs)) ds) < 0
0

t p/2
sup E </0 (t —s)2|S(t — S)G(X(S))”ng(H,Lg)dS) < o0.

t€[0,T]

and, consequently,

Therefore,
T
E/ (@)}, dr < o0.
0 P

Since, by Lemma 14.37, 14, € L (L7 (0, T; L}), C([0, T1;C, N L})) the process
=TI'(1)I4 () has trajectories in C([O, T;C, N Lf)’) and there is a constant

C such that
1/p
HM@SC@/|deO -
0

which completes the proof. O

14.10 Stochastic wave equation

14.10.1 Preliminaries

As in the case of the heat equation, first of all we need to construct a state space.
Recall that (9,) is a family of exponential weights. Given r € R let H, be the
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completion of S(R?) with respect to the norm

Wi, = /R (1 1€1%) [3(0129)@©)” dé.

Obviously H is a Hilbert space. Let

and let

Hl
A= (2 (I)) , D(A) := <L§> . (14.27)
P

Lemma 14.38 Let p € R. Then (A, D(A)) generates a Cy-semigroup on H,,.

Proof If p = 0 then the result follows from the Lumer—Phillips theorem (see
Theorem B.4 and Lemma B.3) in the same way as for the wave equation on a
bounded interval. Assume that p # 0. Consider the isometric isomorphism of H,
onto Hj given by the formula

1/2
0)-(
¢ 9,%0)
Now let S be the Cyp-semigroup generated by A on H. Let S@t) = j7IS@®)j,t = 0.
Clearly S is a Cy-semigroup on H,. Its generator is equal to

A=j'Aj 0 !
=jAj= _
9, 2A0)? 0

with domain

. H)
D(A) ={v: jve D(A)} = Lg .
P
Thus the domain of A is equal to the domain of A considered on H,. Note that for
any function v,

00,00

d
9, PA0 Y =AY+ ) 9, (9,12 A0)%) y.
~ 9E; OE;

Since the functions 19,,_1/2819,,/85;‘]», j=1,...,d, and ﬂ;'/zAﬂ;/z are of class

Cp(R?), we have

0 2AD) Py = Ay + By,
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where B is a differential operator of the first order with coefficients of the class
Cp(RY). Thus A = A + B, where

(00

Note that B is a bounded operator on H,. Consequently, A generates a Co-
semigroup on H, as a bounded perturbation of the generator A. O

For polynomial weights we have the following analogue of Lemma 14.38.
Namely let K}, be the completion of § (R?) to a Hilbert space with respect to the
norm

Wik, = / (1+1£12) 3 (6)*w) ©)f ds.

R4
£2
Kp B ( p ) ,
-2
KP

1
A= <AO (I)) D(A) = (2) (14.28)
0

Lemma 14.39 Let p € R. Then (A, D(A)) generates a Cy-semigroup on K,,.

Let

and let

Since the proof of the lemma is similar to the proof of Lemma 14.38 we leave it
to the reader.
Given a function f: R — R write

N (Z) . <Nf?w>)‘

The proofs of the lemmas below are standard and are left to the reader.

Lemma 14.40  Assume that f: R — R is Lipschitz continuous. For p > 0, Ny
is a Lipschitz mapping with linear growth on H,. If p < 0 then Ny is Lipschitz
with linear growth on H,, if and only if f(0) = 0.

A similar result can be stated for polynomial weights.

Lemma 14.41  Assume that f: R +— R is Lipschitz continuous. Then, for p >
d /2, Ny is Lipschitz with linear growth on K,. If p < d /2 then N is Lipschitz
with linear growth on K,, if and only if f(0) = 0.
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14.10.2 Main result

Let
X
X
o= ()
ot
Then
0X v
X a1
S A I
at oY —
Y ot

Thus we can treat (14.16) as the equation
dX = (AX + F(X))dr + GX)dL

on a Hilbert space H, with A given by (14.27), F =./\/f and G(u)plé] =
N (u)(E)p(§); u € H, and ¢ belongs to the RKHS of L.

Theorem 14.42  Assume that the spectral measure | of L satisfies the following

integral condition:

d

sup / “(—”)2 < o0 (14.29)
terd Jre 1+ 16 + 1l

Assume also that the functions f and g are Lipschitz continuous. Let p > 0.
Then for any zo € H, there is a unique solution to (14.16) in H,. If p <0 and
f(0) =0 = g(0), then for any zo € H, there is a unique solution to (14.16) in H,,.
Moreover, (14.16) defines a Feller family on H,,.

Proof It follows from Lemma 14.38 that A generates a Cy-semigroup on H,. By
Lemma 14.40, N’ r and N, ¢ are Lipschitz continuous. Since G = MN, ¢» Where

0)e= ()

M ( o= ,

¢ P

it is sufficient to show that M: ¢ — M, is a bounded linear operator from Lf)
to Liysy(H, Hp‘l). To this end fix ¢ € S(RY) and an orthonormal basis {e,} of

L%Y)(Rd , i ©). Then {F(ex)} is an orthonormal basis of 7 and

Do IMp el =) /R 1+ €17) 7 3(9) %0 F(erw) @) dg
k k

= /R (R (Z 13(0)% s<ekm)<s>|2> dé.
k
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Since {e;} is an orthonormal sequence in L2(R¢, ut; C), we obtain

> 50 Fem)@© =Y
k

k

2

/R B(01/2u)(& — metnpan

< /Rd 13(0)2u) € — )| ecdn).
Hence

D M)l < /}R N €%)”" /R [3(,%0)¢ - )| () dé
k

= / /R (1+ 16 +nl) " [S(9120) @) udn) ds

p(dn) / " 5
Lt e CA 9 d
= (Esg]lg’ /l;” 1+ |§ + r]|2> R |8'( p ¢)($)| %_

n(dn)
<162, sup / _pmdm
LY cere Jra 1+ 1€ + 2

0

Remark 14.43 Under the assumption that I' = §(u) is a measure separate from
—o00, condition (14.29) is equivalent to either of the following conditions:

/ p(dn)
<00
re 14|02

/ log(Inl™")Tn) <oco  ifd =2,
{Inl<1}

/ In|=*0(dn) < oo ifd # 2.
{Inl<1}



15

Equations with noise on the boundary

This chapter is devoted to partial differential equations of the second order with
non-homogeneous boundary conditions of white-noise type. The chapter is orga-
nized as follows. First an integral version of the equation is derived in a slightly
informal way. Then in the remaining part of the chapter problems involving the
Laplace operator with Dirichlet or Neumann boundary conditions are considered
and the equivalence of the concepts of weak and mild solutions is discussed.

15.1 Introduction

Assume that either O = (0, 1) or O C R? is a bounded domain with boundary 8O
of class C°,
glel _
A=) a@), £€0,

o= 08"

is a second-order differential operator on O and

glel _
B = ba ) Oa
I;l QFr £ e

is a first-order differential operator. Let Z be a Lévy process taking values in a
Hilbert space U embedded into the space D(dO) of distributions on the boundary
90O. We are concerned with the following problem:

0X

E(LE)=AX(LE)+f(X(t,E)), 1>0,§€0,

X(0,8) = x(é), €0, 15.1)
. 0Z
BX(I,$)=Z(t,S)=¥(t7§)y t>07 Seaov

272
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where f: R — Ris Lipschitz continuous and the initial value x belongs to L?(O)
for some p € [1, co). In this book we are concerned only with solutions that are
p-integrable processes taking values in LP(O). We will impose the following
assumptions on A, B and O.

(i) The operator A with domain D(A) := {¢y € W>?(O): Byr = 0} generates a
Cop-semigroup S on L?(O).

(ii) There are y € Rand Dg, € L(L?(30), L?(O)) such that
Im D, C W*P(O) and, for every ¢ € LP(0), v = Dp ¥ is a solution of
the elliptic problem Av(§) = yv(€) for & € O and Bv(§) = Y (&) for
£e€00.

Following Da Prato and Zabczyk (1993) we derive the integral version of (15.1)
by replacing the distributional-valued process Z by a process V regular in ¢ and
&. Namely, assume that X is a solution to the problem

D¢
g(t,é)=AX(t,E)+f(X(t,E)), 1>0,§€0,
X(0,8) = x(6), §e0,
BX(t,&) = V(t,§), t>0, £€00.
Then Y := X — Dp, V satisfies
BY(t,&) = BX(t,§) — BDp, V(t,£) =0, £e€90,t>0.

Moreover

Y(0,8) =x(§)— D3g,V(0,§), £ecO,
and, fort > O and & € O, we have

Por="ae- 22V g
o 08 = 5 08 TGS

= AX(t, )+ f(X(t,8) — ADp, V(1,5) +yDp, V(. §)

dDp,V
_—'1‘7
” (t,8)

=AY (1, 8) + f(X(t,8) +yDp, V(. §) —

IDg.,V
t,§).
» (t,8)

Thus Y solves the problem

Y 0Dg .,V
S8 = AY (L&) + f(X(1.£) +y Dy, V(1. §) - %(r, £),
t>0, £€0,

Y(0,8) =x(§)— Dp,,V(0,8), £e€0,
BY(,§) =0, t>0, £ €00.
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Hence (see Section 9.1) Y satisfies the integral equation

Y(t) = S()(x — D, V(O0))
’ aDp.,V
+ / (=) (FOUON + 7 Dy VEs) = T2 (5)) s,
0

where F(¥)(§) = f(¥(§)) = Ny@)(E), ¥ € LP(O) and & € O. Integrating by

parts we obtain

' dDy ,V
—/ S(t — §)—2Y " (5)ds
0 aS

=—-Dg,V(t)+ St)Dg, V(0) — /Ot AS(t —s)Dp, V(s)ds.
Hence X satisfies
X)) = St)x + fot S —s)F(X(s))ds + /: (y —A)S(t —s)Dp,, V(s)ds.
Putting V = Z we obtain the integral version of (15.1),

X(t)=St)x+ /t St —s)F(X(s))ds + /t (y —A)S(t —s)Dp,,, dZ(s).
! ’ (15.2)
Note that, somewhat informally, X solves the stochastic evolution equation
dX =(AX + F(X))dt +(y — A) D, dZ

obtained in Da Prato and Zabczyk (1993).
Letusdenoteby X7, T < oo, the space of all predictable processes X : [0, T] x
Q — L?(0O) satisfying

» 1/p
1Xllay = sup (EIX(0)Ify0) < oo
1€[0,T]
Let X'? be the class of all processes X : [0, 0c0) x Q2 — L?(O) whose restriction
to each finite interval [0, T'] belongs to X;j .

Theorem 15.1  Assume that the stochastic integral

I(t) = / (y —A)S(t —s)Dp,,, dZ(s), t € [0, c0)
0

is a well-defined process from X? and that f: R+ R is Lipschitz continuous.
Then for any x € LP(O) there is a unique X € X7 satisfying (15.2).

The theorem can easily be shown by using the Banach contraction principle in the
space X7, T < oo.
In the important case p = 2 we have the following more explicit result.
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Theorem 15.2  Assume that Z is a square integrable mean zero Lévy process
with RKHS 'H and that f: R +— R is Lipschitz continuous. If

t
2
/ [y —A) S(s)DB,y”L(HY)(H,U(O» ds <oo  fort>0 (15.3)
A :

then for any x € L*(O) there is a unique solution X € X? to (15.1).

By Corollary 8.17, (15.3) is a necessary and sufficient condition for the stochas-
tic integral

1(t) = / (y —A)S(t —s)Dg,, dZ(s), 1 =0,
0

to be a well-defined square integrable process taking values in L2(Q). More-
over, under this assumption / € X2, Thus the theorem follows from our previous
result.

15.2 Weak and mild solutions

This section is based on Peszat and Russo (2007). Here we assume that A is the
Laplace operator A. Since, by Theorems 15.1 and 15.2, the existence of a solution
to the linear equation implies the existence of a solution to the non-linear problem
with Lipschitz f, we restrict our attention to the case of f = 0.

We consider (15.1) with Dirichlet or Neumann boundary conditions. In the
Dirichlet case the boundary operator B = B is given by Bpy(§) = ¥ (§), & €
90, whereas in the Neumann case By Y (§) = dy(£)/0n, & € 30, where n is
the interior normal to the boundary. Thus we are concerned with the following
problems:

0X
EZAX on (0, c0) x O,
dz
= on (0, 00) x 90, (15.4)

X(0,8) = x(8), £eO

and
0X
EZAX on (0, 0) x O,
X dz
— = — on (0, o0) x 90, (15.5)
an dr

X(0,8) = x(&).
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Note that A considered with homogeneous Dirichlet or Neumann boundary
conditions is a self-adjoint operator on L2(0). Taking into account Green’s formula

d ad
/Auvd£d=/ (——uv—i-—vu) do+/ uAvdly
0] 90 on on @)

we arrive at the following definition of a weak solution. Below, (-, -) stands for the
canonical bilinear form on either D(O) x C*°(O) or D(80) x C*®(30).

Definition 15.3 We say that an L?(O)-valued process X is a weak solution to
(15.4) if

! 0
(X0, ¥) = (x, w>+/0 (X(s), Ay)ds + <Z(t), %)

forall# > 0 and ¥ € C*(O) satisfying ¥ = 0 on 9O.
We call an L?(O)-valued process X a weak solution to (15.5) if

(X (), I#)Z(x,lﬁ)Jr/o (X(s), Ay)ds — (Z(1), ¥)

forallt > Oand ¥ € C°°(6) satisfying dv/0n = 0 on 90.

Let Sp and Sy be the semigroups generated by the Laplace operators A p and Ay
with homogeneous Dirichlet and Neumann boundary conditions, respectively. Let
Dp and Dy be the boundary operators. In the Dirichlet case we set the parameter
v appearing in the definition of the operator D, equal to 0. Then Dp is the
unique solution to the Laplace problem Au = 0 on O and u = v on 3d0O. Since
the problem Au = 0 on O and du/dn = ¢ on 30 is not well posed, we have to
take y # 0 in the Neumann case.

Let

Ip(t): = —/ ApSp(t —s)DpdZ(s),
0

t
In() : = / (v — Ax) Sy(t — $)Dy dZ(s).
0
Theorem 15.4

(i) Assume that Ip € XY for every T > 0. Then there is a unique weak solution
X to (15.4) such that X € XJ for every T > 0. Moreover,

X(t) = Spt)x + Ip(2). (15.6)

(ii) Assume that Iy € XY for every T > 0. Then there is a unique weak solution
X to (15.5) such that X € X for every T > 0. Moreover,

X(t) = Sn(t)x + Iy(@). (15.7)
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Proof  Assume that I € XY for every T > 0. First we show that every weak
solution X of (15.4) is given by the mild formula (15.6). To this end we adopt the
strategy from the proof of our general equivalence theorem 9.15. Namely, we fix
t>0and Y € C* (6) satisfying ¥ = 0 on 0O. Then ¢ belongs to the domain
D(Ap) of Ap. Define z(s) := Sp(t — s)¥. Then

d(X(s), 2(8)) = (X(s), Apz(s)+ z(s))ds + (dZ(s), g—fl(s))

0z
(X(s), Apz(s) — Apz(s))ds + (dZ(s), 8—n(s))

—(DpdZ(s), Apz(s)).

Thus
(X(@®),¥) = (x,SD(t)W)—/O (DpdZ(s), ApSp(t —s)V¥)
= (Sp(Ox, ¥) — /0 (ApSp(t — $)DpdZ(s), V).

Since the class of all € C* (5) satisfying ¥ = 0 on 90 is dense in L*(0) we
obtain X(¢) = Sp(t)x + Ip(¢).

In order to show that the mild solution X is weak note that, by the stochastic
Fubini theorem for every Y € C*° (@) satisfying ¥ = 0 on 00,

/1 (X(s), Apy)ds = (/’ADSD(t—s)xds, w)
0 0

—</ /r ADSD(s—r)dsDDdZ(r), ADw)
0 Jr

=(=x+Sp®x, ¥)— (/ Sp(t —r)— 1) DpdZ(r), Am#)
0
— () + (Y, X(1) + (DpZ(1) = DpZ(0), Apy)

d
=—x Y+ X0 ¥) - (Z(t), 8%)

The case of the Neumann boundary condition is left to the reader. O

15.3 Analytical preliminaries

Let us denote by Dp(6, p) and Dy (6, p), 0 € [0, 1], the real-interpolation spaces
between LP(O) and the domains of Ap and Ay considered as generators on
L?(0O). For an exposition of the theory of interpolation spaces we refer the reader
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to e.g. Lunardi (1995) or Grisvard (1966). The following theorem was proven in
Peszat and Russo (2007).

Theorem 15.5 Let p € [1, 00) and 0 € [0, 1]. Then, for everyt > 0, ApSp(t)
and Ay Sy(t) are bounded linear operators from Da, (0, p) to L?(O) and from
Da, (8, p) to LP(O), respectively. Moreover, if p > 1 and 6 € (0, 1] are such that
@ —1Dp > —1 then

t
p
A ”ADSD(S)”L(DAD(Q,[))’LP(O)) ds < o0, Vt>0,

t
P
/o ||ANSN(S)||L(DAN(Q,p),Lp(O)) ds < oo, Vi > 0.

Proof Since Sp is an analytic semigroup, the operators ApSp(2), t > 0, are
bounded from L?(O) into L?(©), and from D(Ap) into D(Ap). Moreover (see
Definition 2.4), for every T > 0,

sup {1 ApSp)llLr©).Lr©y + IADSpO | L(Dan),Lr©)] < 00
1€(0,T1

By definition Dx, (0, p) = L?(O) and D, (1, p) is equal to the domain of Ap
equipped with the graph norm. Hence

sup {f||ADSD(f)||L(DAD(0,p),Ln((9>) + ”ADSD(t)”L(DAD(I,p),LP(O))} < 0.
1€(0,T]

By the interpolation property,
sup 1179

|ApSpOlL(Da, @, p),L20) < 0O, VT >0,
1€(0,7T]

which gives the desired estimate for the Dirichlet case. The estimates in the
Neumann case can be proven using the above arguments. O

For further references we present the following theorem, which provides char-
acterizations of Dp (6, p) and Dy (6, p) in terms of Sobolev spaces. It follows as
a special case from Theorem 3.2.3 of Lunardi (1995); see also Grisvard (1966).

Theorem 15.6 Let p € (1,00)and 6 € (0, 1) be such that 26 and 26 — 1/ p are
not integers. Then

W2-r(0) if20 < 1/p,

Da, 0, p) =
ap(0, p) {{u € W¥P(O): u=0on 8(’)} if20 > 1/p,

W2-r(0) if20 < 1+1/p,

Da, (0, p) =
e P {{ueW””’((’)):8u/8n=00n8(’)} if20 > 1+ 1/p.
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15.4 L? case

In this section we will show that unless Z = 0 the Dirichlet problem (15.4) does
not have a solution from the class X2. However, the Neumann problem (15.5) can
be solved in X for some non-trivial random perturbations. We will first consider
the problems on O = (0, 1). This part of the discussion is based on Da Prato
and Zabczyk (1993). The multidimensional case will be considered in the last
subsection.

15.4.1 Stochastic heat equation on (0, 1)

Assume that @ = (0, 1) and x € L%(0, 1). Then 3O = {0, 1}. Therefore we can
identify L2(3O) with R?, and any Lévy process Z on L*(90) is of the form
Z = (Zy, Zy), where Zy and Z; are real-valued Lévy processes. Hence problems
(15.4) and (15.5) can be written as follows:

gts_y_xté) t>0,&e(0,1
at(f )_852(7 ’ > ’ e(v )7

X(0,&) = x(§), § €(0,1), (15.8)
X(t,0)= Zo(t), X(t,1)=Z,(@), t>0

and
8—X(15)=82—X(t5) 1>0,§€(0 D
ar -’ g2 777 ’ T
X(0,8) = x(8), §€(0,D), (15.9)

Xo=2z0., Zan=z 0
E( ) )_ O(t)7 E(l‘v )_ l(t)v r>0.

Denote by Bp and By the corresponding boundary operators, that is,

Bpv = (0(0), v(1 d Bw= (0. °a
pv = (v(0), v(1)) an NU—<E( ), %( )>.

For the Dirichlet problem we put y = 0. Then Dp = D, ¢ can be computed as
follows. Given w = (wg, w;) € R%, v = Dpw solves

PvieyZo 0.1 0) = 1) =
d_§2($)_ or§ € (0, 1), v(0) = wo, v(l) =wy.
Thus Dp(w)(§) = wo + (w1 — wy)§ for & € (0, 1) or, equivalently,

Dp(w) = wo o + (w1 — wo)Yr,
Yo§) =1, v1(§):=§, §e€(0,D.

For the Neumann problem we take y = 1. Then Dy = Dp, 1 can be computed as

(15.10)
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for the Dirichlet problem. Namely, given w = (wp, w;) € R2, v = Dyw solves

d®v dv dv
@(5) =v(§) for& € (0, 1), E(O) = wyo, E(l) = wj.
Hence
-1
Cwy — W € Wy — w
D =
v(w) P ®o + e ¢ (15.11)

po() =ef, @i)=¢",  Ee€(0 D).
We have the following result.

Theorem 15.7

(i) For the Dirichlet boundary problem, condition (15.3) is satisfied if and only
if Z = 0. Thus problem (15.8) does not have a square integrable solution in
L*(0,1)if Z #0.

(ii) For the Neumann boundary problem, condition (15.3) is satisfied for any
square integrable Lévy process in R?. Thus if Z is square integrable then for
every x € L%(0, 1) there is a unique solution to (15.9) from X2.

Proof of (i) Assume that Z # 0. Then its RKHS 7 is a non-zero subspace of R>.
Hence there exists w = (wq, wy) € H such that [w|y = 1. Since

t
10)i= [ 180Sp)Dpulisg s
t
2
< [ 180S0 110, 4
it is enough to show that /(z) = oo for ¢ > 0. From (15.10),

(1) = /0 |ApSp(s) (oo + (wi — wo)¥)

2
120,98

Let {e,}, e,(§) = +/2 sin(rné), be an orthonormal basis consisting of eigenvectors
of Ap. Then, for ¢ € L*(0, 1),

t t
/0 Ap S g ds = 3 /0 (ApSpOIW, en)2s ) ds
t
= Z/(; (¥, ADSD(S)enﬁz(oJ) ds
! 2.2
= Z(lﬁ, en>iz(0,l)/ e 2min’s 4,4 g
~ 0

2 2.21 —27%n?
= YW et (1)
n
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Thus I(t) < oo for every (or equivalently for some) ¢ > 0 if and only if

=" mn*(woo + (w1 — wo)¥1. €n)}a, < 0O

Since 7%n%, n € N, is the sequence of eigenvalues of A p,

I =|(=Ap)" (oo + (w

2
= [woo + (Wi — W)Vl a2 -

Since (see e.g. Grisvard 1966, Lions and Magenes 1972 or Lunardi 1995)
D((—AD)I/Z) is equal to Da,(1/2,2), Theorem 15.6 yields

D((—Ap)'?) ={u e Wh*(0, 1): u(0) =0 =u(1)}.
Thus it is enough to observe that woyo + (w; — wo)y¥; does not vanish on the

boundary {0, 1} provided that (wg, w;) # (0, 0).

Proof of (ii) Let gy :=(1,0) and ¢; := (0, 1). Since the RKHS H of Z is a
subspace of R? there is a constant C such that

t
. 2
J(t) = / ”ANSN(S)DN”L(HS)(HA,LZ(()’])) ds

= C Z/ |ANSN(S)DN81|L2(0 D

i=0,1

We have to show that J(¢) < oo for¢ > 0. Taking into account (15.11) it is enough
to show that

t
/0 |ANSN(S)§05|22(0,1) ds < oo, i=0,1, >0,

where ¢;, i = 0, 1, are the functions appearing in (15.11). This (see the proof of
the first part of the theorem) is equivalent to the following estimates:

Zn (@i fi) koo <000 i=0,1, (15.12)

where f,(§) = V2 cos(rné), n € N, is an orthonormal basis of L%(0, 1) con-
sisting of eigenvectors of Ay with corresponding eigenvalues {—n}. By an el-
ementary calculation, the estimates in (15.12) are equivalent to the claim that
©o, P1 € D((—AN)I/Z). Since, by Theorem 15.6,

D((—=ANn)'?) = Da,(1/2,2) = W30, 1)

it is enough to observe that ¢y, ¢ € W1'2(0, 1). This follows from the facts that ¢
and ¢; are smooth functions and that in W'-2(0, 1) there are no hidden boundary
conditions. O



282 Equations with noise on the boundary

15.4.2 Multidimensional case

Let us now consider (15.4) and (15.5) on a domain @ C R?. We assume that Z is
a Lévy process of the form

Z) =Y wZi(®) feo (15.13)
k

where the Z; are uncorrelated square integrable real-valued Lévy processes, (yi)
is a sequence of real numbers and (f;) is a sequence of functions defined on dO.
Let D, equal either to Dp or to Dy, be a suitable boundary operator. Then (see
the proof of Theorem 15.7) it is easy to see that condition (15.3) can be written in
the form

2 2 2 2
E Yk |ka|D((fA,))‘/2) = E Yk |ka|DAD(1/2~2) < 0.
k k

By Theorem 15.5, DA(1/2,2) = {u e Wh(O): u =0on 8(9} in the Dirichlet
case and Dx(1/2,2) = WL2(©) in the Neumann case. Clearly tp Du = 0 if and
only if u = 0. Thus we have the following result.

Theorem 15.8 Assume that Z is given by (15.13).

(i) For the Dirichlet boundary problem (15.4), condition (15.3) is satisfied if and
only if Z = 0. Thus problem (15.4) does not have a solution in L*(O) if
Z #0.

(ii) For the Neumann boundary problem (15.5), condition (15.3) if satisfied if
and only if

> V2 1Dw filyyiao) < 00 (15.14)
k

Thus, provided (15.14) holds, for every x € L*(O) there is a unique solution
to (15.5) in X2

In order to study the Dirichlet problem (15.4) with Gaussian white noise one
should introduce a weighted L2-space, namely, L>(O, k(£) d€) where k vanishes
on the boundary 9. For more details we refer the reader to Da Prato and Zabczyk
(1993), Sowers (1994), Alos and Bonaccorsi (2002a, b) or Peszat and Russo (2007).

15.5 Poisson perturbation

Let w be a Poisson random measure on [0, 00) x 00 x § with intensity
ds o4 (d&)v(dk). Following Peszat and Russo (2007) we assume that

Z(t)(éf):f/ /(P(é,n,K)ﬁ(ds,dn,dK),
0 Jao JsS
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where ¢: [0, 00) x 00 X § — R is a certain (regularization) kernel. We first deal
with the following Dirichlet boundary problem:

X
E(Lé)zAX(t,f;‘)Jrf(X(I,E)), 1>0,§€0,
X(0,8) = x(8), £ecO, (15.15)
X(t,&) = Z(t)(&), t>0, €00,
where f: R — R is Lipschitz continuous.

Theorem 15.9 Let p € (1, 2]. Assume that there is a parameter 6 € (0, 1], sat-
isfying
1 1
l—— <6 <—, (15.16)
p 2p
such that Dp¢(-, 0, k) is well defined, belongs to W% () for almost all ) and k
and satisfies

by = /0/ |Dpo(-, 7, K)|€V291,,(O)O'd(d77)v(dl() < 00. (15.17)
20 Js

Then for every x € LP(QO) there is a unique solution X € XP to(15.15). Moreover,
(15.15) defines a Feller family on L?(QO).

Proof Itis enough to show that
t

10)E) = / / / ApSp(t — $)Dpd(E. 1 )7 (s, i, dic), 1> 0, & € O,
0 A0 JS

belongs to X’7. To this end note that, by Theorem 8.26, there is a constant ¢, such
that for all ¢ > 0,

‘.

<¢ f / f (ApSpSDo®)C. 0. KN (0, ds 7 (dn)u(dic).
0 A0 JS

t P
/ / / (ApSp(t — $)Dp$), 0, EF (s, dn, dic)| de
0 a0 J S

We need to estimate |ApSp(s)Dpo(-, 1, K)|1L’p(0). We have
t
/ |AnSpE) Db 1, Kl ds
0

t
S / ||ADSD(S)||€(W29,])(0),Lp(0)) dS |DD¢(5 n, K)|€VZ€,])(0)'
0

Write

t
)= [ 180806 0,100,
i ,
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By Theorem 15.6 and the assumption that 20 < 1/p we have W?%-?(0) =
Da, (0, p). Hence, by Theorem 15.5 and the assumption that (6 — 1)p > —1,
a is a continuous function. Thus, for ¢t € [0, T],

p
E

/ f f ApSp(t — $)Dpd(-, 7, KNER(ds, dn, di)
0 a0 J S

< cpa(T)by < oo.

Lr(0)

d

Remark 15.10 It follows from the proof of the theorem that it is enough to
assume that, with a certain 0 satisfying (8 — 1)p > —1,

/ ; / Do 1. 101D, 5.0 (dmy(di) < oo
) S

However, unless 260 < 1/p, it follows from Dp¢ € DA, (60, p) that Dpe(&, n, k)
mustequal Ofor& € 90. Since Dpp (€, 1, k) = ¢p(&, n, k) for& € 90, the function
¢ must equal 0.

Remark 15.11 If (15.16) holds then necessarily p € (1, 3/2). Since (see e.g.
Lions and Magenes 1972) D is a linear operator from W*+3/22(30) to W*+22(0)
C Wst22(0), the hypotheses of the theorem are satisfied providing that

f / |, 1, 1) y322050)0 (AW (dic) < 0.
00 J S

A similar result holds true for the Neumann boundary problem

X
5 8 =AX@. O+ f(X(@.8). 1>0.£€0,

X0,86)=x&), £€0, (15.18)
‘Z—i(r, ) =Zn)E), >0, &€90.

Taking into account that D, (6, p) = W???(O) for 26 < 1 + 1/p we obtain the
following result.

Theorem 15.12  Let p € (1, 2]. Assume that there is a parameter 0 € (0, 1]
satisfying 1 — 1/p <6 < 1/24+1/(2p) such that Dy¢(-, n, k) is well defined,
belongs to W% (O) for almost all n and k and satisfies

by = f / DN 1,1 s 0,0 (A)0(di) < 00,
00 JS

Then for every x € LP(O) there is a unique solution X € X to (15.18). Moreover,
(15.18) defines a Feller family on L?(O).
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16

Invariant measures

One of the most important problems in applying stochastic analysis is the question
of the existence and uniqueness of invariant measures for specific processes. This
chapter is devoted to this question for a class of so-called dissipative systems of
great physical significance. The results obtained will be applied, in the following
chapters, to lattice systems and equations of financial mathematics.

16.1 Basic definitions

Let (P;) be the transition function of a Markov process X = (X(¢), t > 0) on a
Polish space E.

Definition 16.1 A probability measure w is invariant with respect to the transi-
tion function (P,) or invariant for X if, for any Borel set I' C E and any ¢ > 0,

() = / W(dx)P,(x, T).

If the initial position X (0) of X is a random variable with distribution p then the
distribution of X (¢) is equal to  for any ¢+ > 0. Thus one can expect that processes
with invariant measures exhibit some kind of stability.

Let M (E) denote the space of all Borel probability measures on E, and let
(W, 1) = [ v WAAy), ¥ € By(E), » € My(E).

By definition p is an invariant measure for (P,) if and only if P*u = u,t > 0,
where (P/*) denotes the adjoint transition semigroup defined on M, (E) by

PAAT) = / P, (x, T)A(dx).
E

Clearly, (P, 1) = (w, P,*k) fort >0,y € By(E)and A € M (E).

287
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The following classical result provides a method of proving the existence of
invariant measures for Feller semigroups.

Theorem 16.2 (Krylov—-Bogolyubov) Assume that (P;) is a Feller transition
semigroup on E and there is an x € E such that P,(x, -) converges weakly to a
probability measure . Then W is an invariant measure.

Proof Lett > 0.Then P*u = pif and only if, for any ¢ € Cy(E), (¥, PFu) =
(Y, ). Let v € Cy(E). Since (P,) is Feller, we have P,y € C,(E). Thus

W Prw) = (P, ) = (P, P, ) = By, Praa(x, ) = ().
O

Assume now that E is a Banach space. Let Lip (E) be the space of all Lipschitz
continuous functions ¢ : E +— R;see Section 2.4. In the following sections we will
show the existence, uniqueness and exponential mixing of an invariant measure
for so-called dissipative systems.

Definition 16.3 We say that an invariant measure yu for (P;) is exponentially
mixing with exponent w > 0 and function c: E + (0, +00) if

[Py (x) = (W, 10l < e()e™ 1Y llLip, Vx€E, Vt>0.

Let us equip the space M (E) with the so-called Fortet—Mourier norm

lollrm = sup {I(¥, o)I: ¥ € Lip(E), 1¥llo < 1, I1¥lluip < 1}

Then p is exponentially mixing with exponent w and function c if and only if
1P (x, ) = pllpm < c(x)e™, ¥t >0, Vx€E.

Itisknown (see e.g. Lasota and Yorke 1994) that weak convergence on M (E)is
equivalent to convergence in the Fortet—Mourier norm. Thus, if i is exponentially
mixing then, for any x € E, P;(x, -) converges weakly to p as ¢ 1 oo. In fact one
can show (see e.g. Da Prato and Zabczyk 1996) that if x is exponentially mixing
then P;(x, ") - w(") for any I" € B(E).

The following result provides useful conditions for the existence, uniqueness
and exponential mixing of an invariant measure. For a different approach see e.g.
Lasota and Szarek (2006).

Proposition 16.4  Assume that (P;) is a Feller transition semigroup satisfying
the following conditions.

(i) There is an xy € E such that P,(xo, -) converges weakly to a probability
measure [L.
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(i1) There are functions c¢: E +— (0, +o00)and¢: E x E +— (0, +00) and a
constant w > 0 such that, foralls >t >0, Y € Lip(E)and x,X € E,

|Ppr(x) = Pyyr(0)] < c(x)e™ (1Y llLip,
|Pfr(x) = Py ()] < E(x, D)™ 1Y [ILip-

Then w is a unique invariant measure for (P;) and it is exponentially mixing with
exponent w and function c.

Proof By the Krylov—Bogolyubov theorem, w is an invariant measure. The fact
that it is exponentially mixing follows from (ii). Indeed, let x € E, t > 0, and
¥ € Lip (E). Then

Py () = @)l = lim [Py () = Py o)

< limsup | P (x) — Py (x)| + limsup [ Py (x) — Py (xo)

stoo stoo
< c()e™ |V lILip-

The uniqueness of the invariant measure follows from the exponential mixing of 1.
Indeed, assume that & is an invariant measure. Since u is exponentially mixing, for
every Y € Lip (E) and every x € E we have P,y (x) — (¥, u) ast 1 oco. Hence

W, ) =Py, ) - /E(xb, mp(dx) = (4, ).

16.2 Existence results

The next two subsections are concerned with the exponential mixing and unique-
ness of an invariant measure for the Markov family defined by the equation

dX = (AX + F(X))dr + G(X)dZ (16.1)

driven by a square integrable Lévy process Z. We outline the strategy of the proofs.
Let X(¢, x) be the value at time ¢ of a solution X (¢, x) starting at time O from x.
Clearly, we have imposed conditions that guarantee the existence and uniqueness
of the solution. Taking into account the Krylov—Bogolyubov theorem we would
like to show the weak convergence of P,(x,-) = L(X(¢, x)). To do this one can
ask whether X(¢, x) converges in probability (or in L?) to a random variable. This
is however not true even in the simplest case, that of one-dimensional Ornstein—
Uhlenbeck diffusion, for which

dX = —ixdr+dw, X(0) = 0.
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Indeed, in this case

LX@,0) =L < / e =92 dW(s))
0

=L ( / e_‘Y/ZdW(s)> =L ( / ooe—f/2 dW(s)) = N(0, 1),
0 0

but X(z, 0) does not converge in probability to any random variable.

To overcome this difficulty we consider a double-sided Lévy process Z, that
is, a process defined on R such that 7(t) = Z(),t >0, and 7(—t), t >0, are
independent, identically distributed, Lévy processes. Given —oo < fy < t < +00
and x, let X(z, fo, x) be the value at time ¢ of the (mild) solution to the equation

dX = (AX + F(X))dt + G(X)dZ,  X(to) = x. (16.2)

From the uniqueness of the solution, £(X (¢, x)) = L(X(to + ¢, 1y, x)). We will
show that, under certain conditions on A, F and G, X(#, 0, x) converges in prob-
ability as #y | —oo.! In this way we obtain the existence of an invariant measure.
To show its exponential mixing we will use Proposition 16.4.

16.2.1 Regular case

We are concerned with (16.1), where Z is a square integrable mean-zero Lévy
process with RKHS H, (A, D(A)) is the generator of a Cy-semigroup S on a
Hilbertspace Hand F': H — H,G: H — Lus)(H, H)areLipschitz continuous
mappings. Below, A, stands for the Yosida approximation of A; see appendix
section B.1. The following result is taken from Rusinek (2006a); see also Da Prato
and Zabczyk (1996).

Theorem 16.5 Assume that there is a constant w > 0 such that, forallx,y € H
andn € N,

2({Au(x = )+ F(x) = F(). x = y)u + 1G@) — GOI2,, 00
< ol =B, (16.3)

Then there exists exactly one invariant measure [ for (16.1) and it is exponentially
mixing with exponent w/2 and function c of linear growth.

Proof Let Z be the double-sided Lévy process corresponding to Z. Givenn € N,
to € Rand x € H we consider the regularized problem

dX@) = (AnX(t) + F(X(t)))dt + G(X () dZ(®), t > 1, X(ty) = x,

! For the Ornstein—Uhlenbeck equation this is very simple.
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with a straightforward generalization of the stochastic integral. It is easy to show
that the regularization equation has a unique solution X, (¢) = X, (t, fo, x) and that,
since A, is a bounded linear operator, X, is a strong solution, that is,

Xu(t) = x +/ (AnX,(s) + F(X,(s)))ds +/ G(X,(5))dZ(s).

fo fo

Moreover, for each t > #y, X, () converges in L*(Q, F,P; H)to the unique (mild)
solution X (¢, ty, x) of (16.1).

We divide the proof of Theorem 16.5 into three steps.

Step 1  This step consists of the proof of the following estimate:

E|X(t, to, )3 < C(1 +Ix]3), Vi>ty,tpeR, Vx € H. (16.4)

To show (16.4) we apply the It6 formula to the semimartingale X, and the function
Y(x) = |x|§1. By Lemma D.3,

BIX,0f = il + B [ {200, 4,X,60+ FOL6),

o

2
+ ||G(Xn)||L(H5)(U,H)} ds.
Note that

2Anx + F(), X)u 4+ 1GN yw.)
< 2{Aux + F(x) = F0), x)u + 1Gx) = GO, ) + 1),

where

1(x) :=2|F(O)|y |x|g +21G(x) — G(O)“L(HS)(H,H)||G(O)”L<HS>(H,H)
—+ ||G(0)||%(HS)(H’H).

Clearly, for any ¢ > 0 there is a constant C, such that
10 = & (1G) = GO, 1 + 1) + Ce.

Thus, since G is Lipschitz continuous, there is a constant C; such that, for all n
and x,

w
2Anx + F), )+ 1GOG g00m) < =5 Kl + .

Hence

w t
E X0 < |x — 5/ E X, ()% ds + C1(t — o),

fo
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and consequently, by Gronwall’s inequality,

E|X, ()3 < e 02 (x|} + Ci(t — 1)) -

Letting n — oo we obtain (16.4).
Step 2 Recall that X(z, o, x) is the value at ¢ of the solution to (16.2). We
will show that there is a constant K such that, forallx € H,t < Oand & > 0,

E[X(0, fg, x) — X(0, tg — h, x)|3; < Ke”® (14 |x[3), (16.5)

E|X(0, tg, x) — X(0, t9, x)|%, < Ke“™ |x — %[% . (16.6)

To do this, observe that X, (¢, tp — h, x) = X, (¢, to, X,,(to, to — h, x)). Thus, by
Lemma D.3,

An(t, to, h, x) := B X, (t, to, X) — X, (t, to — h, X)[%

satisfies

t
Ap(t, ty, h,x) < An(to,to,h,X)—w/ Ay(s, to, h, x)ds

1y

and hence, by Gronwall’s inequality,
An(t, 1o, hy x) < e T E X, (to, tg — b, x) — x[3 -
Since (see Step 1) there is a constant C such that
E X (to, to — h, )3 < C(1 + |x[3;), Yo, h, Vx,
we have
An(t, to, 1, x) < e 7020 (1 + |x|3,).

Letting n 1 oo and ¢ = ty we obtain (16.5). In the same way one can show (16.6).
Step 3 We will show that the assumptions of Proposition 16.4 are satisfied. It
follows from (16.5) that X (0, fy, x) converges in LX(Q, F,P;H)asty | —ootoa
random variable X. Therefore £ (X(—ty, x)) = L (X(0, ty, x)) converges weakly
to u := L (X). Now, for € Lip(H), s >t >0and x, % € H,
2
[Py (x) — Psy (o)l = |[E(W(X(1, X)) — ¥ (X (s, x)) [},
2
< W1t E| X0, =1, x) — X(0, —s, x)|

and

|Py(x) — Py (D) = [E(W (X, x) — ¥ (X, D)[,
< W13, E|X(O, =1, x) — X0, =1, ).
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Hence, by (16.5),

|Ppr(x) — Poyr (o)l < Ke™ (14 [x13,) I1¥IIE,

and, by (16.6),

P (x) — Pp®)N3 < Ke™ |x — %1% 1V11E,.
O

The assumption that G is a Hilbert—Schmidt operator-valued mapping from the
RKHS of Z is rather restrictive. It is not satisfied by composition operators and
cylindrical processes on L2-spaces. However, it has some natural applications in
models of mathematical finance (see Theorems 20.19 and 20.20).

16.2.2 Non-Lipschitz case

We now consider a problem with additive noise,
dX =(AX + F(X))dr +dZ, X(0) = Xo, (16.7)

driven by a square integrable mean-zero Lévy process taking values in a Hilbert
space U. However, as in Chapter 10 we are dealing here with a general non-
Lipschitz drift F.

Let Z4 be a solution to the linear problem

dY = AY dt +dZ, Y(0) =0. (16.8)
Theorem 16.6 If the assumptions of Theorem 10.1 are satisfied and in addition
(i) the mappings A + wy and F + w; are dissipative with w; + w; = w > 0,
(i) supE (|Za)lu + |F(Za(@)|u) < o0,
t>0

then there exists a unique invariant measure |4 for (16.7) and it is exponentially
mixing with exponent w and function c of linear growth.

Proof Givenacadlag f: [0, 00) — Bandx € H, consider the following deter-
ministic equation:

y() = S(t)x —i—/ St —s)F(y(s) + f(s—))ds, t>0. (16.9)
0



294 Invariant measures

As in the proof of Theorem 10.14 we consider the approximate problem

d

m Yap(t) = (A + w1)pyap + (F + 02)a(Yap(t) + f(t—))
— (w1 + 02)Yap(t) — w2 f(t—), t >0,

Yap(0) = x.

Step 1 The first step consists of proving the estimate

Iyt X)g < e x| + fo e (| F(f(s—)Im + v f(s—)u)ds, (16.10)

for the solution y to (16.9), where y = w, + |w;]|.
To show (16.10) note that by Proposition 10.1 and the elementary properties of
dissipative mappings (see Section 10.1),

d| ]
dr Yap H

yot,B(t) >
H

“\ar Y sl

(A + 01)pyap(®) + (F 4+ 02)a(yap(®) + f(12), yap(D),

" D Oln
(9] +0)2 >
|yoz;3(t)|1-1 <y0l5(t)v yaﬁ(t))H |yaﬁ(t)|H <f(t )7 yaﬁ(l))H,

Thus

d| ()l
dr Yap H

< —|yaﬁ(l)|H <(F + @02)a Yap(t) + f(t=)) — (F 4+ w2)o(f (1)), }’aﬁ(t))H

m((F + 02)o(f (=), Yap (D)),

— (01 + 0)Yeup(D|n — lyg;ﬁ(f(l—), Yap(D)) 1

< —(@1 + @)|yup(Dln + |(F + 02)o(f =) + 2| f ()1
< —(@1 + @)|yapOln + |(F + 02)(f ()]s + @2 f(1-)|n
< —(@1 + 0)|yupD|u + F(fE)|n + (02 + 02D f ) n-

Letting 8 — 0 and then « — 0 we arrive at (16.10).
Step 2 We show that if y(z, x), y(¢, X) are solutions to (16.9) with initial
conditions x, ¥ € H then

Iy, %) = y(t, )| < e |x — X|n, 1 =0. (16.11)
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We can assume that x, ¥ € B, where the space B appears in the formulation of
Theorem 10.14. By calculations similar to those in the Step 1 we obtain

d-
E}yaﬂ(t’ x) = yap(t, )77)‘[_] = _(l)|)’aﬁ(tv x) = yap(t, i)‘H,

where yug(-, x) and yqg(-, ¥) are solutions to the corresponding approximating
problems. Passing to the limits we obtain (16.11).

Step 3 Let Z be a double-sided Lévy process corresponding to Z. Fix an
x € H and, for each a > 0, denote by X“(¢, x), t > —a, the unique generalized
solution of the equation

dX = (AX + F(X))dt +dZ, X(—a) = x.

Let

Z5(0) :=/ St — s)dZ(s), t>—a.

a

Fort > —a > —b we have X°(¢, x) = X“(t, X°(—a, x)). But
X(t, X" (—a,x)) = Zy() + y(t + a),

where y(s), s > 0, is a generalized solution to

a-

FIO =M+ FOO+ f6=), 0 =X"(=a,x),
with

—a+s _
f(s) = / S(—a+s —o)dZ(o), s > 0.

a

By Step 2

X, x) = XP(t, 0)|, = | X, x) — X“(t, X"(—a, 0))]| ,

e—w(t+ﬂ)(|x|H + |X”(—a,x)‘H)

IA

and by Step 1

1XP(—a, X)|u

_b _ b
<|Zy(—a)|, +e x|y

a+b —b+o —
+/ e—watb—o) | (/ S(—b+0 —u) dZ(u))
o —b

a+b
4 y / e—w(a+h—a)
0

do
H

do.

—b+o o
/ S(—b+o0 —u)dZ(u)
- H

b
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Consequently,
E|X(0,x) — X"(0,x)|,

< eon (2|x|H +EIZs(b +a)ln
b+a
+/ e @t D E(|F(Za(o)|u + v IZA(G)lﬂ)df’)
0

1
<e [2|XIH +supE <$|ZA(D|H * Z'F(ZA(I))lH)}

t>0

e Qlxln+0),

where

1
C = supE (wm(t)m + —|F(ZA(r>)|H> .
w w

>0

From the estimate above it is clear that X“(0, x) converges in L' (2, F, P; H) as
a — 4+ootosome X € L'(Q, F,P; H). Letus denote by L(X(a, x)), L(X*(0, x))
and £(X) the laws of the corresponding random elements. Then, in particular,
L(X(a,x)) = L(X%0, x)) = L(X)asa — +oo. From this it follows easily that
= L(X) is an invariant measure for (16.7).

In order to show the uniqueness of the invariant measure and the exponential
convergence, note that P;(x, -) = £(X'(0, x)) = L(X(t, x)). Moreover, for 5 >
t>0,

|Pip(x) — Pyp(x)] = [E(p(X(t, x)) — (X(s, x)))]
= [E (¢ (X'(0.x)) — ¢ (X°(0,.)))]
< l¢llip E| X' (0, x) — X*(0, )|,
< lpllLpe™ Qlxlu + C).

In a similar way we can show that

|Prp(x) — Pp(X)| = [EP(X (1, x)) — EP(X(z, X)I
= [E(¢ (X'(0.)) = ¢ (X'(0, )
< l¢llLip E | X0, x) — X'(0, )],

< lgllipe™ |x — %|u.

This, by means of Proposition 16.4, proves the desired result. O
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16.3 Invariant measures for the reaction—diffusion equation

As an application of Theorem 16.6 we will show the existence and uniqueness of
an invariant measure for the stochastic reaction—diffusion problem

dX(1,8) = (AX(1,8) — X*(1,6) + y X(t, §))) dr +dZ(1, §),
X(t,&) =0, & €00, (16.12)
X(0,8) = x(6), §€0,
where O is an open bounded subset of R?, y € R and Z is a Lévy process in
L? = L*(0). We consider (16.12) as an evolution equation on H = L?*(O) with

F(x)(£) = —x(£) + yx(£) and A equal to the Laplace operator A on L?(Q) with
Dirichlet boundary conditions. Note that

(AY, ) o)
(F(Y), ¥) 120

IA

—Col¥l2, ¥ € D(A), (16.13)
vl e D(F), (16.14)

IA

where Cp = (wglﬂd(O))z/d is the constant appearing in the Poincaré inequality

with p = 2; see Theorem 2.2 and Example B.26. We denote by A, the generator
of the heat semigroup S = (S(¢), ¢ > 0), with Dirichlet boundary conditions, on
L? .= LP(O).

Theorem 16.7 Let Z = W + L, where W is a Wiener process and L is a Lévy
martingale. Assume that

(1) the process W4(t) = fot S(t —s)dW(s), t > 0, has continuous trajectories
in L'S and sup,_  E|Wa(1)[3 s < 00,

(i) L is a Lévy process in L* with cadlag trajectories in the domain of
(A1g—k1)* for some a > 0 and representation L(t) = foz f;2 X7 (dt, dx),
where the intensity measure v of w satisfies

f (IX[31s + 1x]218) v(dx) < o0,
LX(O)

(i) w:=C,' —y > 0.

Then there is a unique invariant measure (i for (16.12) and it is exponentially
ergodic with exponent w and function c of linear growth.

Proof We have to verify the hypotheses of Theorems 10.14 and 16.6 with
B = L) and F(x)(£) = —x3(£) + yx(£). As in the proof of Theorem 10.15
we verify the assumptions of Theorem 10.14. Condition (i) of Theorem 16.6 fol-
lows from (16.13), (16.14), Example 10.8, Proposition 10.11 and Lemma 10.17.
We show below that part (ii) is a consequence of Proposition 6.7. To prove that
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sup;s.o E|F(L ()]s < 0o we need to show that sup,., /(¢) < oo, where

3

t
/ / St — s)xm(ds, dx)| .
0 JL? L8

By Proposition 6.7, there is a polynomial R such that

1(t) = R(1,(1), 1(2), I3(1)),

1(#):=E|Ls0))} s =E

where

t .
(1) = / / ISGt — $)xl] sdsv(dr),  j=1,2,3.
0 L2

Fort > 1,
t .
Ij(t):Ij(l)“"/ / |S(s)x [} s ds v(dx)
1 JL2

smn+//}mnmmmwmwm—mmmwmwmy
1 L

From (16.13), [|S() L2212 < e~ s > 0. By Theorem B.7, S(1) is a bounded
operator from L* to L'8. Therefore sup,., /(1) < 0o, j = 1,2, 3, as required.

Remark 16.8 If the jump measure of & satisfies f 12 1X|wesoyv(dx) < oo then,
by Proposition 6.7, L is aLévy process (and consequently cadlag) in D (Ag—« 1)“.

Example 16.9 Let O = [a, b] be abounded interval in R, let W be a cylindrical
Wiener process on L2, or any Wiener process with RKHS contained in L%(a, b).
Assume that L(t) = 211:]:1 fxLi, where the L; are real-valued square integrable
Lévy martingales and { f;} C C/(a, b). Then the assumptions of Theorem 16.7 are

satisfied.
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Lattice systems

In this chapter, the existence and the long-time behavior of solutions to systems of
equations on the lattice Z¢ are investigated. The connection with Gibbs measures
is shown.

17.1 Introduction

Consider the following system of equations on the lattice Z:

dXe = | Y X+ f(X0) | dt + g(X)dLy + r(X)dP.,  keZ’,
jezd
17.1)
where a;; € R for k, j €eZ f:R—R, g:R> MQ2x1)=LR>R), r:
R+ R and L;, P, are Lévy processes in R? and R, respectively. We assume
that, for each k € Z¢, L, = (W, Z;) where Wy, Z; and P, are independent, Wy
is a real-valued Wiener processes with covariance g7 = E WZ(1) and

EelZ®z — e*”/fk(l)’ Eelfi®z — e*tllff(z).
Here

Vi(z) = /R (1 — e —izy)u(dy),

o) = A; (1= ) ui(dy)

and fR Iy [Pve(dy) < 00, ux(R) < co. We will call (g, vk, iux) the characteristics
of (Lg, Pr). Elements of the matrix (ay, ;) describe global interactions between the
sites of the lattice, and a primitive v(x) of f is the so-called potential of local
interactions.

299
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We are looking for solutions to (17.1) taking values in weighted /”-spaces.
Namely, given a sequence p = (pox) of positive numbers, we denote by I the
space of sequences x = (xi) of real numbers such that

1/p
x|y = (Z pkx,f> < 00.

keZd

Note that if p = 1 then l% = [? is the classical Hilbert space of sequences.
Denote by A the linear operator on [, defined by the matrix (ay ;), that is,

o0
(Ax) =Y ax). keZ' xell. (17.2)
j=1

Let F be given by F(x); := f(x), k € Z4, x € 1}, let

Zd
Gzl := gux)(z4.2).  x€ll,z=(3.2) € (R, ke Z’,
and let R(x)[z]x := ri(xp)z, x € l,{,’, z € R. Finally, let L := (L), P := (P). We
will treat (17.1) as a stochastic evolution equation

dX = (AX + F(X))dt + G(X)dL + R(X)dP, (17.3)

of the type investigated in Section 9.7.

The chapter is organized as follows. First we study the properties of the operator
A. Then we formulate existence results for f and g Lipschitz and also for f
monotone and g constant. Finally, we show the existence and exponential mixing
of invariant measures for (17.1) and discuss physical applications.

17.2 Global interactions

We will now show that, under rather general conditions on the matrix (ay,;), the
corresponding operator A is bounded on an appropriate weighted space.

Theorem 17.1 Let p = (pr) be a sequence of positive numbers. Assume that
SUPyeza D jeza lak,j1 = @ < 00 and that there is a constant B > 0 such that

D lajloc < B, VjeZ.
k

Then, forany p € (1,00), A € L(lf,’, lﬁ) with operator norm less than or equal to
al/4 P where 1/p + 1/q = 1. In particular A € L(li, l%), with operator norm
less than or equal to /of.
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Proof By the Holder inequality,
P P
(Z |ak,,-||x,»|> < (Z(Iak,jl”plle) |ak,j|1/q> < a?4y ag jllx;1”
j j j

and, consequently,

P
D oY awixi| <@ plag x| < a?MBY " pilx;lP.
k jezd k,j J
g
Corollary 17.2  [f, for some o < o0,
sgpz laki] < o and sup Z lag, ;| < o (17.4)
J Ik

then A € L(IP,IP) with norm < «.

Definition 17.3  The interactions ay_ ; have a bounded range if there are constants
R, M > 0 such that

ar; =0 iflk—j| > R, lax ;| < M forall k, j e Z“. (17.5)
Lemma 17.4  Assume (17.5) and that

Pesm ifk—jI=R Y p<oo (17.6)
Lj keZd

Then A € L(l,’;, lf,’)for every p > 1.

Proof We show that the assumptions of Theorem 17.1 are satisfied. Note that

Pk
D lasloe =) laws|1==p; < M (Z |"’<»«f|) pi = Ppj.
- T Pj k
where g = M sup; 3, |a . .

Lemma 17.5 Condition (17.6) is satisfied for weights as follows:

. 1
T 1 4klk”
k>0,r>d. (17.7)

ek

either Ok = P = or o =p"

Proof For the weight p“ we have pr/p; = e IkI+<lil - Since «(|j| — |k|) <
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k|j —kl, px/p; < ei=H < K for |k — j| < R. For the weight p*",
o LAwljl” _ Thw(k 4+ —kD _ T4kl + 17— kD)

pj  1+klkl” 1+ K|kl - 1+ K|kl
- 1+ .27 (k| + 1 —k|7) _ 1+ k" 1+ k2R
- 1+ «lk|" = 14«lk| 1+ «lk|”
<27 M14«R")+ L.
g
An operator A with important physical applications is
A=P—-(1+wl, (17.8)

where « is a positive constant and P is a symmetric transition matrix. In particular,
of special interest are the operators A = A; — al, where A, is the so-called
discrete Laplacian. To define A, consider the transition matrix P, of a symmetric
random walk on a d-dimensional lattice Z¢ with entries
) _ e it XLk — il =1,

K1 yeenska)sGtseensja) ~= . ;

(ki a)s(tseees Ja) 0 i Z;z:l ki — jil > 1.
Then A, := P; — I. It follows from the proposition below that if the matrix A
is of the form (17.8) then the operator A + «f is dissipative on /2, which is an
essential property required for the ergodicity of system (17.1).

Proposition 17.6  Let P be a symmetric transition matrix acting as a linear
operator on 1. Then (Px, x)p < |)c|122 forall x € 2.

Proof We will use the Frobenius—Perron theorem (see e.g. Encyclopedia of Math-
ematics 1987). It says that an arbitrary non-zero quadratic finite matrix P, with
non-negative entries, has a non-negative eigenvalue A greater than or equal to
the moduli of any of the remaining eigenvalues. Moreover, one can choose an
eigenvector %, corresponding to A, with non-negative coordinates.

Assume first that P = p; ; € M(n x n) is a symmetric transition matrix. We
show that sup,_, <; (Px, x)p. = 1. Let PX = A%. Hence > pijki = A% and
consequently, since P is stochastic,

E p,;jsz E .ij)ug Xi.
i,j J i

Thus % = 1. But SUP |y <1 (PX, X)pn = %, and the desired identity follows.
If P is an infinite matrix, fix a finite set I" of coordinates and let x and PT be
the restrictions of x and P to the set I". Then

r.r .r
(P X, X >12 = Z Dk, j Xk X
k,jel’
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2
Thus (Px", x"), = (P"x",x"), and consequently (P"x", x"), < |x"|,. An
elementary approximation gives the result. O

Proposition 17.7  If A is given by (17.8) then (Ax, x)p < —« |x|122.
Proof By Proposition 17.6,
sup (Ax,x)p= sup (P—(0+a)Dx, x)p<1—-(x+1).

[xl2 =<1 [xl2 =<1
O
17.3 Regular case
In this section we consider the Lipschitz coefficients f, g and b.
17.3.1 Existence of solution to (17.1)
Theorem 17.8 Let p = (o) be as in (17.7). Assume that
(i) the matrix A = (ay,;) of local interactions has a bounded range,

(i1) f, g and r are Lipschitz functions,
(iii) Zj and Py are independent, with characteristics (qy, Vi, i) satisfying

XXﬁm+/wwwm+M®0<w, (17.9)

R

keZd
where v{(T') = w.(T/p,?), T € B(R), k € Z°.

Then for any x € lﬁ = lﬁ(Zd) there is a unique solution to (17.1) in lﬁ satisfying
X(0) = x. Moreover, (17.1) defines a Feller family on l'%.

Proof Note that W = (Wy), Z = (Z;) and P = (P;) are independent Lévy pro-
cesses in lf). Moreover, Z is a square integrable martingale and P is a com-
pound Lévy process. These properties follow from Theorem 4.40 and (17.9) since
E |W(t)|12% =1, q?px < oo. Next, let {6} be the canonical basis of /2. Then
{er}, e = Skpk_l/z, is an orthonormal basis of lf}. We have Z(t) = Zk Z,f(t)ek
and P(t) = Y, P/ (t)ex, where Z/(1) = Zi(t)p,"* and P (t) = Pu(t)p,”*. Then
EelZi0z = ¢=1¥{@ and E elfi 7 = ¢~1%@)_ where

wm=Aa%WAM%wx

$(2) = /R(l —e@)ufdy),  ufM =w(T/n").
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By Lemmas 17.4 and 17.5, A is a bounded operator on lf) and hence generates
a Cp-semigroup on 12 Thus the result follows from the (easy to prove) fact that
F: 2+ [>and G, R I3+ L(I3,17) are Lipschitz continuous. O

Using the same arguments one can show the following result.
Theorem 17.9  Assume that

(i) A = (a,;)is given by (17.8),
(ii) f, g and r are Lipschitz functions and f(0) = 0,
(iii) Ly and Py are independent with characteristics (qx, Vi, i) satisfying

> (qi + f Iy [P ve(dy) +uk<R)> < oo. (17.10)
keZd R

Then for any x € 1% := 1*(Z%) there is a unique solution to (17.1) in I* satisfying
X(0) = x. Moreover, (17.1) defines a Feller family on 2.

17.3.2 Ergodicity

Assume that » = 0 and (17.9) holds. Then the RKHS of (W, L) is equal to Hy x
‘Hz, where

Hy = {(xk) el’: Zx,qu_z <ooy, (), (V) m Zxk)’k‘lk ;
k

Hy = {(xk) el’: X:x,fpk_2 <oo¢, (Ce)s i) m Zxkykpk
k

and p} := f\v|<1 |v]?vr(dy). Then
(F(x) = F(y), x =y +1G6x) - G(J’)“i(ys)m,lg)
= Z o ((F ) = ) e — yi) + (80k) — 8(0), (ks Pi))e)-
x

By Theorem 16.5 we have the following.
Theorem 17.10

(i) Assume that the hypotheses of Theorem 17.8 are satisfied and that there is a
constant w > 0 such that, for all x, y € I3,

(A(x = y) = x = Y)p + (F(x) = F(y), x — y)12
G = GOIL, g 3.y < —@lx = Y[
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Then there is a unique invariant measure [ for (17.1) considered on Lf, and
it is exponentially mixing with exponent /2.
(i1) Assume that the hypotheses of Theorem 17.9 are satisfied and that

o=a—|flup—llglt, Y _ (@i + pi) > 0.
k

Then there is a unique invariant measure [ for (17.1) considered on L? and
it is exponentially mixing with exponent w/2.

17.4 Non-Lipschitz case
Assume that r = 0 and g(x)(z1, 22) = z1 + 22.

Theorem 17.11  Assume that f(z) = fo(z) + f1(2), z € R, where fy is a Lip-
schitz continuous function and f| is a decreasing function such that, for some
C>0and N €N,

il <Cc(1+1z/Y), VzeR

Assume that the matrix A = (ay ;) of local interactions has a bounded range, that
the characteristics (qy, vi) satisfy (qi) € [*° and that

> [ o1+ ¥y < . (17.11)
kezd VR

Py 12 d 2 -
where v (I') = vk(F/pk ) I' € B(R), k € Z°. Then for any x € [; there is a
unique generalized solution to (17.1) in lf) satisfying X (0) = x, and forany x € ll’)V
there is a unique cadlag solution to (17.1) in lf)\’. Moreover, (17.1) defines a Feller
Sfamily on lﬁ and on lf]\’.

Proof We have to check the assumptions of Theorem 10.14 with H = lﬁ and B =
/ 1," . By Example 10.7, the composition operator corresponding to f = fp + fi is
almost m-dissipative on H and B. By Lemmas 17.4 and 17.5, A is a bounded
operator on H and B. Since (g;) € [, W takes values in any [5-space, p < 0.
By (17.11) and Proposition 6.9, L is a Lévy process in lﬁ’z and, as A is a bounded
operator,

Zat) = f e d(W(s) + L(s)), ¢t >0,
0

is cadlag in 1212 andIEfOT |F(Z4(1))|p df < oc0. |

As a consequence of Theorem 16.6 we have the following result.
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Theorem 17.12  Let the assumptions of Theorem 17.11 be satisfied and moreover
let the mappings A + wy and F + w, be dissipative on lf) and lf)v with w = w; +
wy > 0. Then there is a unique invariant measure for (17.1) and it is exponentially
mixing with exponent .

17.5 Kolmogorov’s formula
The following fact was first observed by A. N. Kolmogorov (1937).

Theorem 17.13  Let U € Cp(R?) be a function suchthat ¢ == [, eV™ dx < oc.
Then the unique invariant probability measure |4 for the equation

dX = 1DUX)dr +dW (17.12)
is of the form pu(dx) = ¢~ 'eV™ dx.
Proof We give only a sketch of the proof. The equation
dX = F(X)dr +dw, X(0) = x € R?,
determines the following differential operator:
Lo(x) = 5Tt QD*p(x) + (Dg(x), F(x).

It is not difficult to show (see e.g. Da Prato and Zabczyk 1996) that if ¢ is the
density of an invariant measure of the solution X to (17.12) on R¢ then

L*¢(x) = 0, x e R4, (17.13)

Conversely, if ¢ € C ,f (R?) is a non-negative and integrable solution to the Focker—
Planck equation (17.13) then, after normalization, it is the density of an invariant
measure for X. It is therefore enough to check that the function ¢ := eV /c satisfies
(17.13). In fact,

Uia—d)ﬂdx

j=1

|
|
1=
=
2
—
gl
N
5|
= |
~.
o
<
~
S B2
& |$
1
1=
S
2
o

as required. O
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Often (17.12) is called a gradient equation. Unfortunately the theorem is not
true for a larger class of (non-Gaussian) noise processes.

We need to generalize Kolmogorov’s result to infinite dimensions. There are
however some obstacles to doing so. In the infinite-dimensional case an analogue
of Lebesgue measure does not exist, and the concept of density loses its natural
meaning. Nevertheless, for some systems a generalization can be established.
Consider the equation

dX = (AX + 1DUX)) dt +dW, (17.14)

in which A is a non-negative-definite unbounded operator. Formally, the operator
A is the gradient of a negative-definite form Ax = %D (Ax, x) . Moreover, if
H(x) == (Ax,x)y + U(x) then Ax + ;DU (x) = 3 D$(x), and (17.14) becomes

dX = I1D§H(X)dr +dWw.

Therefore, if dx denotes a (non-existing) infinite-dimensional analogue of
Lebesgue measure, the formula

w(dx) = % exp{H(x)}dx = % exp{(Lx, x)y + U(x)} dx (17.15)

suggests how an invariant measure for (17.14) could be defined. To deal with the
dx term, denote by (o an invariant measure for the Ornstein—Uhlenbeck process

dY = AY dr +dW,  Y(0) = x.

Since the elements of the spectrum of A have strictly negative real parts, such a
measure exists and is unique. Then, again formally, wo(dx) = exp{(Ax, x) 4} dx.
Consequently the measure (17.15) can be written as

1
pldx) = C exp{U (x)} po(dx),

with all terms well defined. This is a generalization of the Kolmogorov formula
to an infinite-dimensional situation. The fact that it defines an invariant measure
for (17.14) can be shown in several important cases. For more details we refer
the reader to Da Prato and Zabczyk (1996) and Zabczyk (1989). The formula also
provides a candidate for the Gibbs measure for some spin systems discussed in
the next chapter. In physics the procedure described above is sometimes called
renormalization.

17.6 Gibbs measures

This section is concerned with an application of the theory of stochastic evolution
equations to statistical mechanics. On the basis of work presented in Da Prato and
Zabczyk (1996) we sketch the proof of the existence of a Gibbs measure for a
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certain class of spin systems. We start with some motivation leading to the abstract
definition of a Gibbs measure.

Let Z¢ be a lattice, and let M be a metric space. In applications M is ei-
ther a finite set, a compact manifold, the space R’ or a Hilbert space. We de-
note by F the family of all finite subsets of Z¢. A configuration is an arbitrary
function x defined on Z¢, with values in M. The set of all configurations is de-
noted by M. Thus x = (xy, y € Zd) and M = MZ'. A potential (Ja, A € F)
is a family of real-valued functions, indexed by elements of A € F, such that
if A={y', ..., y*} then Ja(x) = falxyr, ..., x0), x € M, for some function
fa: R* — R. A Hamiltonian $) is a sum of potentials

H) =Y Jalx),  xeM.
AeF
Let vy be a probability measure on M, and let v(dx) = ]_[VGZ[I vo(dx, ) be a mea-
sure on M. By the Gibbs measure we mean the probability measure p(dx) =
C~'e9®y(dx). The function e? is called the Gibbs density and C is called a nor-
malizing constant. Often the density has the form e, where the parameter 8 has
a physical interpretation as the inverse temperature.

In the so-called Ising model, M = {—1, 1},

xgx;, forA=1{k,l}and |k —1[] =1,
0, for the remaining configurations.

Jalx) = {

In this case vo{—1} = vp{1} = 1/2. Note that the Hamiltonian is not well defined
since for any x the sum ) aer Ja(x) has an infinite number of components of
modulus 1. Its meaning can be given by the Dobrushin—Lanford—Ruelle (DLR)
equation; see Definition 17.15 below. Before we formulate this equation we will
recall without proof a fact from the theory of conditional distributions. Let v, and
v, be non-negative, not necessarily finite, measures defined on E and E,, and let g
be an arbitrary density with respect to v; x v, on E; X Ej. Define the conditional
density

e ——— (x,y)eElez.
g(z, y)vi(dz)

Theorem 17.14 [f (X, Y) is a random variable in E\ X E, and u = L(X,Y) =
g(x, y)vi(dx)va(dy) then

g(x,y)
glxly) =
Je,

E(@X)lo(¥) = | ¢(x)gx[Y)vi(dx).

E,

In particular,

/E¢(X)M(d)€,dy)=/‘;(/; ¢(Z)g(Z|y)V1(dZ)> p(dx, dy).
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ForI' € F and any x € M write x = (x", y"™). Then for the Gibbs density we
have

go(x) = go(x", y") ==exp {H(x", y")}

= exp{ PIFACIE Y JA(xF,yr()}

ACTe® ANT#£f

and, for the conditional density,

exp!Z NGRS JA(xF,yFC)}

go(x"y") = _— el :
/exp { Z JA(ZF, yrr) + Z JA(ZF, yrr)} vl(sz)
AcCTe AT

where v;(dz") =[], r vo(dz,). But if A C T then for x", y™, z™ we have
Ja(x", y™) = Ja(z", y™) and consequently

exp{ Z JA(xr,yF()}
en () = ANT#0
exp:

Z JA(zr,yrf)} vy (dz")

ANT A

(17.16)

The sums appearing above often have only a finite number of non-zero components.
Thus the conditional densities can be well defined even in the case when the
density of (X, Y) is not well defined. The quantity appearing in (17.16) can be
interpreted as the conditional probability density for the occurrence in I" of the
configuration x", if outside I' one observes y'*. This leads to the following rigorous
definition.

Definition 17.15 A Gibbs measure on the space M of configurations corre-
sponding to the potential (Jo, A € F) is any probability measure p such that, for
any I' = {y1, ..., yx} € F and any bounded function ¢ of k variables, we have

f Py, xym(dx", dy™)
M

2/ (/ ¢(Zw~.~,zm)gﬁ(zyn-~-,zyk|y”)vl(dzr)) u(dx", dy").
M \Jur

The equality above is called the DLR equation.
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17.6.1 Gibbs measure for continuous spin systems

Assume that the configuration space M consists of all real-valued functions defined
on Z4, and that the Hamiltonian operator is of the form

HO) = ajxix; + Y v(xe). (17.17)
k,j k

The function v is the so-called potential of local interactions.
Assume that the interactions ay ; have a bounded range. The Gibbs measure
has the form

H(x) _ a9Hx)
e’ dey_e ) dx,
yeZd

where dx is a product of an infinite number of Lebesgue measures on R. The series
in $) usually do not converge. However, the density appearing in the DLR equation
is well defined. Indeed, set

v(xy),  for A ={y},
JA(x) = ApjXkXj , for A = {k, ]},
0, in the remaining cases.

IfT' = {yi, ..., ¥} is finite then in the sum ZAQF;&Q Ja(x) there are only a finite
number of non-zero functions. Also, the measure v is a product of a finite number
of Lebesgue measures.

Given a Hamiltonian (17.17) we look for Gibbs measures among the measures
on the weighted /2-space. To do this, consider the following infinite sequence of
equations:

dX. (1) = (Z ar X;(t) + %z/(xj(z))> dr + dWi (o),

keZd
X (0) = xx,

(17.18)

where v’ is the derivative of the real function v and (W, k € Z¢) is a sequence of
independent real-valued standard Wiener processes.

Defining X (1) := (Xx(t), k € Z%)), W(t) := (Wi (1), k € Z) and taking into
account the formula for £, system (17.18) can be written formally as follows:

dX = I1DH(X)dt +dW.

According to our discussion on invariant measures for gradient systems in the
previous section, the invariant measure for (17.18) should be the required Gibbs
measure. This can be proved rigorously by considering an increasing sequence
of finite sets M,, C Z4, covering Z4, and exploiting the form of the Kolmogorov
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density together with the DLR equation. The following existence result from Da
Prato and Zabczyk (1996) follows from Theorem 17.12.

Theorem 17.16  Assume that the interactions ay j have a finite range and that
the derivative V' of the potential function can be decomposed as V' = fo + fi,
where [ is a decreasing function such that, for some ¢y > Qand N > 1, | fo(2)| <
Co (1 + |z|Y ) for z € R and fi satisfies the Lipschitz condition. Assume also that
the operator A + nl is dissipative on 1% for some n > | fi lLip- Then there is a
constant ko > 0 such that if k € (0, k) then in each space lgk and llz)x,,,, Kk € (0, ko),
there is a unique invariant measure for (17.18) and it is exponentially mixing.
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Stochastic Burgers equation

In this chapter, the existence of a solution to the so-called stochastic Burgers
system driven by a Wiener process is investigated. The existence of a solution to
the stochastic Burgers equation with an additive Lévy noise is shown as well.

18.1 Burgers system

We consider a stochastic variant of a model of turbulence introduced by Burgers
(1939). The general theory developed in this book cannot be applied here without
some modification. In fact our exposition is based on Twardowska and Zabczyk
(2004); see also Twardowska and Zabczyk (2006). However, we will limit our
considerations to the existence of local solutions only.

Let U = U(¢) be the primary velocity of a fluid parallel to the walls of the
channel, let v = v(#, &), t > 0, & € (0, 1), be the secondary velocity, of turbulent
motion, and let P be the exterior force. We denote the density of the fluid by p
and its viscosity by p. We will write v := u/p.

The stochastic version of the Burgers system looks as follows:

au(@)
dr

1
P —vU(1) —/ Vit £)dE,  fort > 0, (18.1)
0

and, for {(z,&): t > 0, £ € (0, 1)},

ov t = G t U(t)v(t
E(’g)_va_g(’gH (Hv(z, §)
a W, &)
- g(vz(l,é))-l-g(v(l,é))w- (18.2)

312
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The Burgers system is considered with the following initial and Dirichlet bound-
ary conditions:

U©) =0, v(0,&)=uvo(), §€(0,1), (18.3)
and
v(t,0) =v(, 1) =0, t > 0. (18.4)
In (18.2), W(t, &) is a Brownian sheet (see Remark 7.19), and thus
W@, §)
W, &)= e

is a cylindrical Wiener process on L? := L?(0, 1). Note that the system does not
satisfy the conditions of the general existence theorem 9.29. As in Chapter 9 we
have two solution concepts.

Definition 18.1 A weak solution of the system (18.1)—(18.4) isa pair (U(¢), v(t))
of continuous adapted processes with values in R and L2, respectively, such that
(18.1) holds and, for any ¢ € C2°(0, 1),

(), @) 2 = (vo, )12 +/0 (pg (v(s), dW(s)),.,

! d? d
+ /0 (U<s><v(s>, o). gz )L+ () d—‘g)L) ds.
To define the so-called mild solution we denote by (S(¢), ¢ > 0) the classical heat
semigroup, given by

o0
S =Y e e e, vel’ 10,
k=1
where e, (§) = /2/m sin(km&). For more details see Example B.12. We need the
following lemma.

Lemma 18.2  The operators S(t), t > 0, can be extended linearly to the space
of all distributions of the form dv/d&, v € L' :== L'(0, 1), in such a way that
S(t)(dv/d&) € L% forallv € L' and

12
d
'S(;)é < |v|pv2r (k2§ e—mz"z’) , Yvel
k

L2
Proof By Parseval’s identity,

o0

_ 272
ISOulz, =Y e ™, g)7.
k=1
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Let v € L? be an absolutely continuous function such that dv/d€ € L2. Then

_ 2 e / dv ’
= kZ:;e ( T sin(kmw &) d&

1
_2 > e TR (k)2 ( / v(E) cos(kng)dg)
T 0

k=1

00 1 2
27 (Z kze_z””2k2’> </ [v(&)] dE) .
k=1 0

Definition 18.3 A mild solution to the Burgers system (18.1)—(18.4) is a pair
(U, v) of continuous adapted processes with values in R and L?, respectively, such
that (18.1) holds and

2

S(z)@
dé

L2
2

3

IA

O

v(t) = S()vg —i—/ U@s)S(t — s)v(s)ds
0

+/ S(z—s)i vz(s)ds+/ St — 5)g(v(s)) dW(s).
0 0§ 0

Owing to Lemma 18.2, all terms in the equation above have a well-
defined meaning. The following result can be proved using arguments from
Section 9.3.

Proposition 18.4 A process

()

is a weak solution of (18.1)—(18.4) if and only if it is a mild solution.

18.2 Uniqueness and local existence of solutions

The theorem below ensures the uniqueness of a weak solution to the Burgers
system. However (see Proposition 18.6), only the local existence of a solution will
be established.

Theorem 18.5  System (18.1)—(18.4) has a unique weak solution.

We will divide the proof into that of two propositions.
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Proposition 18.6  For any T > 0 there exists a constant ¢ such that, for every
t < T and for every measurable bounded L'-valued mapping (v(s), s € (0, 1)),

I

Proof Taking into account Lemma 18.2, we have to show that

do < ct'? sup |v(s)| 1.
L2 s<t

d
S(G)g v(o)

/2

1
t
f (Z kzesk2> ds = O(t1/4) ast | 0.
0 k

To this end note that

oo
W)= ke = f e u(dr),
k 0
where u(dr) = Y, k*832(dr). Define

U(o)=u(©0.0]) = > k.
k2<o
Since 1 + 22 + - -+ + k? = 1k(k + 1)(k + ), we have that U(cy)/ U(c) — y¥/?
as 0 — 00. By the Tauberian theorem (see e.g. Feller 1971),
. h()
lim =T(5/2).
0 U(1/1)

But U(1/1)3t3? — 1 ast — 0 and therefore

h(t)
— ] ast — 0.
2T°(5/2)13/2
Since [ t=3/4dt = 4T1/4, the required inequality holds. |
0 q q y

Given p > 1, T > 0, we denote by H? the space of all continuous adapted
processes X = (U, v)" with values in (R, LZ)T such that

1/p 1/p
I XN32 = (]E sup IU(t)I”> +(]E sup |U(t)|£2) .

tel0,7] tel0,7T]
Next, for n € N define
Bi(0,n) :=[—n,nl, Bx(0,n):={vel?: |v|:<n}, n=12,...,
U if|U] <n, v if [v|2 <n,
T (U) = nU o) =1 nv

— if|U| >n — if ||z > n.
|U| ' [v]L2
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The existence and uniqueness of local solutions to (18.1)—(18.4) are conse-
quences of the following proposition. For the existence of global solutions we
refer the reader to Twardowska and Zabczyk (2004).

Proposition 18.7 Forany p > 4andn = 1,2, ..., the system of equations
t
Ut)=e""Up+ / e V(P — |maau(s)[7,) ds,
0
1
v(t) = S(t)vy + / Ty (U(s))S(t — $)mTpu(s)ds
0
t 8 2 t
+f St — s)g(rr,,zv(s)) ds + / St — 5)g(v(s)) dW(s)
0 0

has a unique solution in H?.

Proof Let us fix n and introduce the operators
t
L(U,v): = / e (P — mpu(s)[.) ds.
0
t
L(U.v): = f 721 (U(9) S(t = $)mu20(s) ds,
0

L) : = / St — s)i(rrngv(s))z ds,
0 0§

Ii(v): = / St — s)g(v(s)) dW(s).
0

The result follows from the contraction principle in the space H/).. We show
only how to estimate the Lipschitz constant of the mapping 1: H} > H7 given

by
I(Y)(t)=/ S(I—S)i(ﬂnzY(S))zds,
0 &

To do this, take two processes ¥ and ¥ from H2 such that Y (0) = ¥(0) = vo. We
have

|(T2Y (0))* — (T2 ¥ (0))|
= |(7Tn2Y(G) + nnZY(O'))(nnZY(O') - ﬂilZY(U))|L1
< | (@) + ¥ (0)] 2 12 Y (0) — ¥ (0)| 12

<2n|Y(o)—-Y(0)|,.
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Consequently, by Proposition 18.6,

sup 1Y) (1) — I(¥)(1)

L2

t
ad -
= sup / S(t = 0) =2 (Y (0)) = (12 ¥ (0))°) do
t<T 0 85 L2

< Csupt'*sup |(m,2Y (0))* — (¥ ()Y,

teT o=t
<2nCsupt/*sup|Y(s) — Y(s)|.2

t<T o<t
<2nCTY4 sup [Y(s) — Y (s)| .2,
s<T
which gives the required estimate. O

Remark 18.8 As noticed by Z. BrzeZniak (private communication), the proofs
of Lemma 18.2 and Proposition 18.6 are valid for operators more general than
second-order differential operators, for instance, for some fractional powers of the
Laplace operator.

18.3 Stochastic Burgers equation with additive noise

Given p € [1, +o00] set L? := L?([0, 1], B([0, 1]), €;). Let us fix a finite time
interval [0, T] and let Z = (Z(¢), t € [0, T]) be a Lévy process taking values in a
Hilbert space U containing L?. We assume that Z is defined on a filtered probability
space (2, F, (F;), P).

Given vy € L? we are concerned with the one-dimensional stochastic Burgers
problem

&(z )+la—”2(r )+8—Z 0,1, 1€10,T]
352’5 2 3 8 ot ¢e@D.relo. 1],

v(t,0) = v(t, 1), te(0,T],
v(0, &) = vo(§), £ €0, 1].

Our first task is to present a rigorous definition of a weak solution. To this end,
denote by A the Laplace operator on L? with Dirichlet boundary conditions (see
subsection 12.4.1). Recall that D(A) = W22(0, 1) N W01’2(O, 1). The space D(A)
is considered with a graph norm. Let V := Wol‘z(O, 1). Then D(A) — V — L2,
where the embeddings are continuous and dense. Let (D(A))* and V* be the dual
spaces corresponding to D(A) and V, respectively, where the duality form is given
by the scalar product in L2. Thus

th _
5(’5)_1)

D(A) = V — L?> = (LY)" — V* < (D(A))*.
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We denote by (-, -) the scalar product on L? or the duality form on V* x V and
(D(A))* x D(A).

Since for u € V, u(¢) = foé(du(n)/dn)dn, the space V is embedded into
C([0,1]) € L*. For u, z € C'([0, 1]) write

d(uz)

3
Lemma 18.9 Ler p,q > 1 be such that 1/p+ 1/q = 1/2. Then B can be
uniquely extended to a bounded linear mapping from LP? x L9 to V*.

B(u, 2)(€) == 3 &), § €0, 1].

Proof Let¢ € Vandu,z € C'([0, 1]). Then

[(B(u, 2), ¢)| dg

/ u(é)z(é)—(%‘)dé‘ < Huzly:

L2
< 3lulerlzleolgly.

|

Lemma 18.10 The Laplace operator A can be uniquely extended to a bounded
linear operator' from V to V* and from L? into (D(A))*.

Proof Letu € D(A)and ¢ € V. Then, integrating by parts, we obtain

< lulv|®lv,

[{Au, ¢)| = ‘/ —(5)—(5)(15
which proves the first claim. Since for u, ¢ € D(A)
{(Au, o) = [(u, A@)| < |ulr2|Ad|2 < [ul2]@|D(a)
the second claim follows. O

Given a Banach space U write L?(0, T;U) := L?([0, T1, B([0, T1), £1; U).
From now on we assume that Z takes values in (D(A))*.

Definition 18.11 A random element v: Q — L2(0, T; L?) is a solution to the
Burgers problem if and only if, for each ¢ € D(A), P-a.s.,

(W(t), §) = (vo. $) + /0 (vAV(s) + B(u(s), v(s), ¢)ds + (Z(1), ¢) (18.5)

for £;-almost all ¢ € [0, T].

By Lemmas 18.9 and 18.10, for every u € L*(0, T; L*) the mappings ¢ >
B(u(t), u(t)) and t — Au(t) belong to L>(0, T; V*). Thus the assumption in the

! This operator is also denoted by A.
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definition above that X has trajectories in L*0, T; L% guarantees that all terms
on the right-hand side of (18.5) are well defined.

We will formulate a sufficient condition for the existence of a solution to the
Burgers problem in terms of the existence of a sufficiently regular solution Z4 to
the linear problem

2
) = v%a, H+SC. £ 10T,
ZA(t,0) = Z(t, 1), t €(0,T],
Z4(0,8) =0, & €[0,1].

(18.6)

Definition 18.12 A random element Z,: Q +— L2(0, T; L?) is a solution to
(18.6) if, for every ¢ € D(A), P-ass.,

(Za(0), d) =/0 (VAZ(s), @) ds + (Z(1), ¢)

for £1-almost all ¢ € [0, T].

Remark 18.13 Let A denote the Laplace operator on [0, 1] with Dirichlet bound-
ary conditions, and let S be the semigroup generated by vA. It is easy to see that
S has a unique extension to a Cy-semigroup of contractions on V*. Next, by the
Lévy—Khinchin decomposition, Z can be seen as a sum of a square integrable
martingale and a process with finite variation in V*. Thus (see subsection 8.6.2,
the Kotelenez inequality from subsection 9.4.1) the solution to (18.2) is a cadlag
process in V* given by

ZA(t) = / St — s)dZ(s), t>0.
0

We can now formulate our main existence result.

Theorem 18.14  Assume that there is a solution Z 4 to (18.6) with trajectories
in L*(0, T; L?). Then for each vy € L? there is a unique solution to the Burgers
problem.

Proof Note that v: Q + L?(0, T; L*) is a solution to the Burgers problem if
and only if Y := v — Z4 solves

dY = WAY + B(Y + Z4, Y + Z,))dt,  Y(0) = vo,

that is, if and only if for every ¢ € D(A), P-a.s.,

(Y (1), ¢) = (Y(0), vo) + / (VAY(5) + B(Y(5) + Za(s), Y(s)+ Za(s)), @)ds
0
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for £1-almost all ¢ € [0, T]. Thus the theorem is a direct consequence of the fol-
lowing deterministic result from BrzeZniak (2006); see Proposition 3.13. a

Lemma 18.15  Assume that z € L*(0, T, L*). Then for every vy € L? there is a
unique 'y € L*(0, T; L*) such that, forany ¢ € D(A), P-a.s.

(¥(®), ¢) = (y(0), vo) +/0 (vAY(s) + B(y(s) + 2(5), y(s) +2(5)), ¢)ds

for £y-almost all t € [0, T].

For the proof of the lemma we refer the reader to BrzeZniak (2006). It is worth
noting that the claim in this paper is much stronger than that presented in our
lemma. Namely, it was shown that for every z € L*(0, T; L?), g € L*(0, T; V*)
and vy € L? there is a unique solution y € X := L*®(0, T; L>) N L*(0, T; V)N
W'2(0, T; V*) to the problem

dy = WAy + B(y,2) + B(z, y) + B(y, y) + g) dt, y(0) =vo. (18.7)

Moreover, it was shown that the mapping L>(0, T; V*) x L?> 3 (g, xo) — z € X,
where z is the solution to (18.7), is real analytic. This result was then applied to
the construction of the so-called random dynamical system associated with the
Burgers equation and to the investigation of its random attractors and asymptotic
compactness and the existence of invariant measures.

Example 18.16 Assume that Z = W + L + L, where W is a Wiener process
with RKHS contained in L2, L is a square integrable martingale in L? and L is a
compound Poisson process in L*. Assume, moreover, that L(t) = fot f 12 x7(ds, dx),
where the intensity measure v of 7 satisfies

f|x|izv(dx><oo, ji=1,2.
LZ

Then Zy = Wa+La + La. Clearly Ly is cadlag in L*. By Theorem 12.17,
W, has continuous trajectories in C([0, 1]). To see that L4 has trajectories in
L?(0, T; L*) we use Proposition 6.7, as we did in the proof of Theorem 16.7.
Namely,

2

//S(t—s)xﬁ(ds,dx) .
0 JL? L4

By Proposition 6.7, there is a polynomial R such that /(1) = R(I,(¢t), I>(t)), where

1) :=E|La(0)|j: =E

t .
(1) =: / IS¢ — s)xlL dsvdx),  j=1,2.
0 JL?
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We have
t .
1;(t) :/ / |S(s)x]7 . ds v(dx)
0 Jr

t . )
= f / ||S(S)||1(L2J‘4)|-x|iz ds v(dx).
0 Jr2
By Theorem B.7, | S(s)|| L2,z < Cs~ /8 s € [0, T, and hence

sup Ij(t)<oo, j=172.
1€[0,T]

Summing up, Z 4 has trajectories in L>(0, T'; L*) and consequently for any vy € L?
there is a unique solution to the Burgers problem.

Remark 18.17 If Z is an impulsive white noise on L? then Z4 has trajectories
in L2(0, T; L?) but not in L%(0, T; L*).
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Environmental pollution model

In this chapter, following Kallianpur and Xiong (1995) we show how one can
model a process of environmental pollution using stochastic parabolic equations
driven by a Poisson measure.

19.1 Model

The chemical concentration X (¢, £) at time ¢ at a location &€ € @ C R?, in the
absence of random deposits, satisfies the following partial differential equation:

X
E(t’ £) = AX(t, &) —aX(t, &),

where A =8A + ), V;0/9¢;, § is the dispersion coefficient, V = (Vi, ..., Vy)
is the drift vector and « is the leakage rate. For physical reasons the equation is
considered with Neumann boundary conditions.

Assume now that chemicals are deposited at sites in O at random times 7y, 77, . . .
and locations &, &, . .. with positive random magnitudes o1, 05, ... Assume that
the time intervals t;, 7o — 11, T3 — T3, . . ., the random magnitudes oy, 0>, ... and
the random locations &, &, ... are independent random variables and that 7y,
T, — Ty, T3 — T3, ... are exponentially distributed with exponent 8. Then Z(¢t) =
Zrk < Ok0¢, 18 a compound Poisson process with values in the space of discrete
measures. The concentration X corresponding to the random input Z satisfies

dX (1) = (AX(t) — aX)dt + dZ(1),

X0 — . (19.1)

Let G be the Green function for A — a/. Then the solution to (19.1) is given by

X(@t) = S(t)x + / S(t —5)dZ(s) = SOx + Y _ oSt — 1),
0

<t

322
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where S(H)y (&) = fo G(t, &, n)Y(n)dn. This leads to the following function-
valued process:

X, §) = /Og(t, Emx(mdn+ Y ouG(t — T, £, &)

Let 7 (ds, d&, do) be the Poisson random measure on [0, o0) x O x [0, 00), with
intensity ds d¢ v(do). Then

X(t,&)zfog(t,é,n)X(n)dnJr/O /0/0 Gt —s.& mom(ds, dn, do)
= Iy, &) + 111, §).

Let 7 be the compensated measure. Assume that a := fooo ov(do) < oo. Then,
fort > 0 and x € O, we have

Il(t,E)ZaS(t)Xo(§)+/0/Ofo G(t —5,&, mom(ds, dn, do).

We therefore have the following corollary to Theorem 12.11, or, in the case of
O = R4, to Theorem 12.13.

Proposition 19.1 Let T < oo. Assume that1 < p <2/d + 1 and
/ lo|Pv(do) < oo.
0

Then, for each x € L?(O) (x € Lg), there exists a unique Xt ,(Xr p ,) solution
to (19.1).

Different situations (see Kallianpur and Xiong 1995) can be considered with
similar results. Suppose, for instance, that factories are located at fixed sites
ai, az, ...,a, € [0,/] and that the interval [0, /] represents a river. The factories
deposit chemicals with magnitudes o;, i = 1,2, ..., r, distributed uniformly in
the intervals (a; — &;, a; + &;) C [0, I]. They pollute the river independently ac-
cording to Poisson processes with parameters A1, ..., A,. The distributions of o;,
i=1,...,r,are measures iy, ..., i, on R, . The corresponding Lévy process Z
is then function-valued:

ZtE) =Y Y o) Xa-seateo®)-

k=1 i<
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Bond market models

Stochastic infinite-dimensional calculus and the theory of stochastic evolution
equations find an interesting application in the mathematical finance of bond mar-
kets. In this chapter, models proposed by Heath, Jarrow and Morton (1992), but
with Lévy noise, are investigated. The so-called HIM condition is derived, and a
generalized Heath, Jarrow and Morton equation is considered. The mean reversion
property of the solutions is established. The final part of the chapter is devoted to
the so-called consistency problem in the Gaussian case.

20.1 Forward curves and the HJM postulate

The basic concept in bond market theory is the forward rate function. Denote by
P(t,0),0 <t <6, the market price at time ¢ of a bond paying the amount 1 at
time 6 and by (R(z), t > 0) the short-rate process offered by a bank. Functions
f(t,0),0 <t <80, defined by the relation

0
P(t,@):exp{—/ f(t,cr)do'}, t<0,

are called forward rate functions.
In Heath, Jarrow and Morton (1992) it was assumed that

df(t,0) = a(t, 0)dt + (o(t, 0), AW()), (20.1)

where W is a d-dimensional Wiener process with covariance Q. According to
the observed data, the (random) function f(z, 6) is regular in 6 for fixed ¢ and
chaotic in ¢ for fixed 6. The latter property is implied by the presence of W in the
representation, and the former is implied by the regular dependence of «(z, 6) and
o(t,0) on 6 for fixed t.

324



20.1 Forward curves and the HIM postulate 325

For practical implementation of bond market models it is useful to replace the
Wiener process W by a Lévy process Z defined on a filtered probability space
(2, F, (F;), P) and taking values in a possibly infinite-dimensional Hilbert space
(U, (-, -)v). Thus we assume that the dynamics of the forward rate functions is
given by the equation

df(t,0)=a(,0)dt + (o(t,0),dZ())y, t<6. (20.2)

For each 6 > 0 «(¢, 0) and o (t, 0) are predictable processes. We may extend
o, o and P, putting

a(t,0):=0, o(t,0):=0 fort > 6 (20.3)
and

P(t,0) :=exp {/ R(s) ds} fort > 6. (20.4)
)

Let us note that if + < 6 then

t

f@,0)= 1@, 9)+/ ot(s,@)ds+/ (0(s,0),dZ(s))u,
0 0

and if 6 < ¢ then
0

6
R®) = f(0, 9)+/ a(s,e)ds+/ (0(s,0),dZ(s))y = f(t,0). (20.5)
0 0

From now on we assume (20.2)—(20.4) and that the short rate is given by (20.5).

Let x be the initial capital V(0) of an investor and assume that she or he buys
71(0), ..., mx(0) bonds with maturities 0 < 6; < 6, < --- < Oy and puts the rest
719(0) into a bank account. The random variables 771(0), ..., 75(0) should be Fy-
measurable. Assume in addition that the portfolio

() == (m(@), ..., 7n@0) = (@(0), ..., 75(0))
is unchanged in the time interval [0, ;). Write
t
So(t) := exp {/ R(s)ds} . Si(t) == P(t,6)), t>0,i=1,...,N.
0
Then
V(0) :=x = 7m0(0)So(0) + 71(0)81(0) + - - - + wn (0)SN (0)
and the total capital V(¢) of the investor at time ¢ < ¢, is equal to
V(1) 1= mo(0)So(t) + 11 (0)Si (1) + -+ + TN (O)Sy ().
At time ¢ the investor fixes a new portfolio

n(ty) = (mi(t1), ..., wn (1))
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of F; -measurable random variables, which is constant for ¢ € (¢, f,]. This pro-
cedure can be repeated for consecutive intervals and in this way one arrives at
the concept of a simple self-financing strategy (r(t), t > 0). We have the follow-
ing result involving so-called discounted capitals (V(t), t > 0) and discounted
prices (S(t), t > 0). This lemma can be extended to a large family of predictable
processes .

Lemma 20.1 Let
‘A/'(t) = m’ S(t) = <m“”’SN(I)>.
So(r) So(r) So(t)

Then, for any simple self-financing strategy (mwo(t), ..., (1)),

V()= V(0)+ /0 l (7 (s), dS(s)). (20.6)
Proof Itis enough to consider ¢ < ¢;. Then

V(1) = 70(0) + m1(0)81(1) + - - - + 7wn (0)Sw (0).
Therefore
Vi)—V(©) = V() —x
= m(0)($1(1) = $1(0) + - - + 7n (O)(Sw (1) — 51(0)),

and the result follows. |

Let us identify the strategy 7 (¢) with a measure-valued process
N
() := 25{9/}71]([), t>0.
=1
Let
t
P(t,0) :=exp {— f R(s)ds} P(t,0), t>0, (20.7)
0

be the discounted price of the bond. Then (1 (¢), S(1)) = (P(¢), T1(¢)), where (¢, 1)
denotes the integral of the function ¢ with respect to the (not necessarily positive)
measure A. Then (20.6) can be rewritten with a stochastic integral,

V(t)= V() + / (dP(s), T(s)),  t=0. (20.8)
0

with respect to the infinite-dimensional process (P(r), t > 0).

Let us assume that the process (ﬁ(t), t > 0) evolves on the space H':=
W12(0, oo, B((0, 00)), v) of absolutely continuous functions whose first deriva-
tive is square integrable with respect to a given non-negative measure v. Then the
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dual space H'* contains all measures of the form Z —1 7j8(e,) as a dense subset.
We therefore adopt (20.8) as the definition of the dlscounted capltal for a strategy
I that is an H'*-valued process stochastically integrable with respect to P. For
more details we refer the reader to Filipovi¢ (2001) and Zabczyk (2001b).

Definition 20.2 A strategy I1 is called an arbitrage opportunity if V(0) = 0 and
for some ¢ > 0 one has P(V(t) > 0) =1 and P(V(¢) > 0) > 0.

It should be clear that in the above definition one can replace the capital V by
the discounted capital.

The fundamental theorem of asset-pricing theory from Delbaen and
Schachermayer (1994) states that under fairly general conditions there are no
arb1trage opportunity strategies if and only if there exists a probability measure
P, equlvalent to the initial one, P, such that (S(t) t > 0) is a local martingale
on (2, F, P). Measures P with these properties are called equivalent martingale
measures. In Heath, Jarrow and Morton (1992) the so-called HIM postulate was
introduced:

HJM postulate For each 6 € [0, T'] the process f’(t, 0), t <6, is a local mar-
tingale on (2, F, (F;), P) for some probability measure P equivalent to P.

In applications of the theory one usually assumes that the measure [P is a mar-
tingale measure. Note that if for each 8 > 0 the process (f’(t, 6), t > 0)is alocal
martingale then, under mild conditions on the strategy IT, the corresponding dis-
counted capital is a local martingale (as a stochastic integral with respect to a local
martingale) and therefore I is not an arbitrage opportunity.

20.2 HJM condition
Let us recall (see Theorem 4.27) that E ¢t 20v = ¢=¥ (™) x € U, t > 0, where
Y(x) == —ifa, x)y + $(0x, x)y + Yo(x),

Yo(x) = / (1= +ilx, Yuxpy=n)vdy),  xeU.
U

Moreover,

Z({t) =at+ W)+ / f y(n(ds, dy) —ds v(dy))
0 [ylv=1

t
+/ / y(ds. dy),
0 {lylu>1}
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where 7 is the Poisson random measure corresponding to Z. Under additional
conditions the process Z has exponential moments, its Laplace transform exists
and

Ee 20l — =0 1 e,
where 1 is given in Theorem 4.30. Then J := —1 is given by
J(x) 1= —(a, x)y + 5(Qx, x)u + Jo(x),

(20.9)
Jo(x) == / (e — 14 (x, )u xqyly<1y) V(dY).
U

Let b be the Laplace transform of the measure v restricted to the complement of
the ball {y: |y|y < 1}, that is,

b(x) := / e~ Mvy(dy),
{Iylu>1}

and let B be the set of those x € U for which the Laplace transform is finite. Thus
B ={x e U: b(x) < oo}. We intend now to prove a theorem from Jakubowski
and Zabczyk (2004, 2007), which states “if and only if” conditions under which
the discounted-price processes (20.7) are local martingales with respect to the
probability P. We will regard the coefficients « and o in (20.2) as, respectively,
H = L*([0, T])-valued and L(U, H)-valued predictable processes given by

a)(©) = a(t,0), 0<l0,T],
ox0) = (0(t,0),x)y, xeU, 0el0,Tl.

For our purposes it is convenient to introduce the following condition on the jump
intensity measure v:

Vr > 0 the function b is bounded on {x € B: |x|y <r}. (20.10)
In the theorem below J: U +— R is given by (20.9).

Theorem 20.3  Assume that the predictable processes a and o have bounded
trajectories and that (20.10) is satisfied.

(1) If the discounted-price processes given by (20.7) are local martingales then,
foralld <T,

0
/ o(t,v)dv € B, P -a.s. for almost all t € [0, 0]. (20.11)
t

(ii) Assume (20.11). Then the discounted-price processes (20.7) are local
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martingales if and only if

0 0
/t alt, v)dv=1</t alt, v>dv>’ (20.12)

VO < T, P-as. for almost all t € [0, 8].

Remark 20.4 We call (20.12) the HIM condition. Let D be the derivative oper-
ator acting on functions defined on U. Note that the theorem says that under very
mild assumptions the discounted-price processes are local martingales if and only
if (20.12) holds or, equivalently, if and only if

0 0
a(t,0) = %J (/ ol(t, v)dv) = <DJ (/ o(t,v) dv) , olt, 9)> .
t t U

Thus the dynamics of the forward-rate functions is given by

6
df(t,9)=<DJ (/ ot v)dv), a(t,9)> dt + (o(t,0),dZ1))y.
t U

Note that the drift term is completely determined by the diffusion term.

Remark 20.5 Inthe particular case where Z is a Wiener process with covariance
Q one arrives at the classical HIM condition

0 0 0
/ a(t,v)ydv = %<Q/ o(t,v)dv, / o(t,v) dv>
t t t U

introduced in Heath, Jarrow and Morton (1992). Clearly the condition above holds
if and only if

0
a(t, ) = <Qa(t, 0), / o(t,v) dv>

U

for every 0 < T, IP-a.s. for almost all ¢ € [0, 6].

Remark 20.6 Formulae similar to (20.12) were obtained in Bjork et al. (1997),
Bjork, Kabanov and Runggaldier (1997) and Eberlein and Raible (1999).

Proof of Theorem 20.3 Fixatime 0 < T.Fort € [0, T] set
0 0
A(t,0) == (X061, @), = / at,n)dn = f a(t, n)dn,
0 t

0
2, 0) == o (O xp0.0) = / o(t,n)dn.
t
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Since 6 is fixed, in the following calculations we omit 6 and write A(¢) and X(¢).
Let

X (1) == (xp0.01- D)), / f@, m)dn.
Then

dX(1) = A(t)dt + (S(1), dZ(1))y
= A dt + (@), adt +dW())y

+ /UXnngl}(y)(E(S),y>u(n(dt,dy)—dt v(dy))
+/UX{|y|U>1}(y)(E(S)»y)yﬂ(ds,dy),

To apply the It6 formula to (X (¢)) for a given function ¢ € C*(R), denote by ux
the jump measure of the semimartingale X. We have AX(t) = (X(1), AZ(t))y.
Therefore

ux (0,07 = 3 ar((Z6), AZ(s)), / / 1 (E6), ¥),) (s, dy),

S<t

and, more generally, for a non-negative predictable field ¢(s, z), s > 0,z € R,

/ /(p(s 7) ux(ds, dz) = / / L (E(s), y)u) m(ds, dy).

Moreover, the quadratic-variation process of fol (2(s),dW(s))y is equal to
fot (QX(s), X(s))y ds. Consequently, the Itd formula from Appendix D yields

V(X(1) = 1/;(X(0))+/(; ¥'(X(s—)dX(s)

3 /0 Y (X($))(QE(s), £(s)),, ds
+ Y (X)) — Y(X(s—) — ¥ (X(s—)AX(s))

=1 (X)) + L) + L(1) + I3(1).

‘We have
Ii(t) = M\ (?) +/0 Y (X(s=)(A@) + (=(s),a)y) ds

+/0 /UX{mu>1}(y)¢’(X(S—))(E(S),y>Uﬂ(ds,dy),
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where M, is a local martingale, since it is the sum of a Wiener integral and a
stochastic integral with respect to the compensated jump measure 7. Write

W()(y) == ¥ (X(—) + (Z@), y)v) — Y (X([-))

and
O(1)(y) := ¥ (X{E=))(Z(@), y)u-
Then
b= fo /R (W(X(s=) +2) = Y(X(s—) = ¥'(X(s=))z) px(ds. d2)
= /0 fU (W) = B(s)(y) 7 (ds. dy).
Consequently,

V(X (1) = ¥ (X(0) + Mi(r)
+ fo ¥ (X (=) (A@) + (Z(5), a)y) ds

+ %/(; Y (X()){QZ(s), Z(s))y ds

+/0 /(\Il(s)(y)—Cb(s)(y))n(ds,dy). (20.13)
U

The discounted prices are local martingales if (¥ (X (¢)), ¢t > 0)isalocal martingale
for ¥/(x) = e™, x € R. Thus, there exists an increasing sequence (t,) of stopping
times such that the integrals

t
/ / X105 (V()() — D(s)(»))w(ds, dy),  n €N,
0o Ju
are random variables with finite expectation. Let

E(1,y) = X0.5,100 (¥ (D) — P1)(Y)).

Then

/ f E(s, vy r(ds,dy)  and / / £.(s, y) e (ds, dy)
0 U 0 U

are also integrable random variables. Since the random fields &, &~ are pre-
dictable, we have

E / / (E(s, V| (ds, dy) = E / / 1£4(s, )] ds v(dy) < oo,
0 U 0 U
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Consequently,
t
]E/ / X105 Xyl =1 | ¥ (X (=) + (Z(5), y)v) — ¥ (X(s—))| ds v(dy)
o Ju
is finite, and hence

t
E/ / X[o,zn](s)e_x(s_)/ |e_(2(s)’>">” — 1| v(dy)ds < oo.
0 JU {Iyly>1}

Hence, for each natural n, P-a.s. OT” b(Z(s))ds < oo, and the first part of the

theorem follows.
To prove the second part, consider formula (20.13) with ¥(x) = e *. Let ¥
and ® be as in the proof of the first part. Note that if (20.10) holds then

J(@) = / / [W(s) — P(s)| v(dz)ds < oo.
0o Ju

Therefore
/0 /U (W()(y) — @(5)(y))7(ds, dy)
= /0 fU (\I/(s)(y) - <I>(s)(y)) (n(ds, dy) —ds v(dy))

+'/(; /U("I’(S)(y)—cb(s)(y))ds v(dy).

Consequently, (20.13) can be rewritten as

e X0 = X0 L M) + / Y (X(s=)(A(s) — J(E(s))) ds,
0

where M, is a local martingale. This finishes the proof of the theorem. O

20.3 HJMM equation

An important link between HIM modeling and stochastic partial differential equa-
tions is provided by the so-called Musiela parametrization. Assume that

df @, 0)=a, 0)dt + (o(z,0),dZ(®))y,
and fort > 0,& > 0 and u € U define

r@)§) = ft,t+§), a@)é) :=al,t+§),
(b@u)(§) == (o(t, 1 + &), u)y.
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We will call r the forward curve. Next, let S(t)p(§) = ¢(§ + t) be the shift semi-
group. Then

r@)&) = ft,1+§)
= f(o,t+s)+/ a(s,t+s)ds+/ (o(s. 14 8).dZ(s)),
0 0

=r(0)+8)+ /OIG(S)(l —s+&)ds+ /Otb(S)(t —s+§)dZ(s)
= S(0r0)é) + /Ot St — s)a(s)(§)ds + fot S(r = $)b(s)(E)dZ(s).
Thus
r(t) = S@)r0) + /: S —s)a(s)ds + /(;t St —s)b(s)dZ(s)

is a mild solution to the equation

0
dr(t) = <£ r(t) + a(t)) dr + b(t)dZ(2),
where d/0& denotes the generator of (S(¢), ¢ > 0). Identifying the L(U, R)-valued
process b(-)(§) with the corresponding U -valued process (denoted also by b(-)(§))
we note that if the HIM condition is satisfied then

9 §
dr(r)() = (gr(t)($)+<b(t)($), DJ </0 b(t)(n)dﬂ>> )df
U

+b(1)(€)dZ()

9 £
= 3 <r(t)($) +J < /O b(1)(n) dn)) d + b(1)(E)dZ(r). (20.14)

Let the volatility b depend on the forward curve r according to, say, b(t)(§) =
G(t,r(t))(), and let

£
F(t,r)é) = <G(I,r(t))(é), DJ </0 G(t,r(t))(n)dn>>

U

&
-9y (/ G(t,r(t))(n)dn). (20.15)
0§ 0

Then the forward-curve process becomes a solution of the so-called Heath—
Jarrow-Morton—Musiela (HIMM) equation

0
dr(r)(§) = (gr(t)(é) + F(, r(t))($)> dt + G, r(0)))dZ(r).  (20.16)
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20.3.1 Existence of solutions

Following Peszat, Rusinek and Zabczyk (2007), we derive the existence of a solu-
tion to (20.16) from the general theorem 9.29. We assume that the driving noise Z
is a finite-dimensional, say R?-valued, square integrable martingale. Thus U = R?
and Z is a sum of a Wiener process and a compensated jump process, and therefore

J(2) = 3(0z.2) + /R (7@ — 1+ (z, y)) v(dy), (20.17)

where Q is a symmetric non-negative-definite matrix and the jump measure v
satisfies fRd |y|>v(dy) < co. Here we denote by (-, -) the scalar product on R? and
by | - | the corresponding norm. We have the following elementary fact.

Lemma 20.7

() Ifz € R? is such that f{
and

| [ylePy(dy) < oo then J is differentiable at z

[yl=>1

DJ(z) = 0Oz +/ y (1 —e @) v(dy).

]Rd
(i) If z € RY is such that fRd ly|2elblu(dy) < oo then J is twice differentiable
at z and

D*J(z)=Q+ / y®ye “Yudy),
]Rd

where y ® y[v] = (y, v)y, v € R%.
We assume that G is of composition type, that is,

G, r)@)z] = (g, & r(1)E)), z), 1, €[0,400), zeRY, (20.18)

where g: [0, +00) x [0, +00) x R > R?. We identify G(z, v/ )(&) with the vector
g(t, &, ¥(§)) in R

Given y > 0 we consider the equation on the state space H,, := H, @ {constant
functions}, where H, := L? ([0, +00), B([0, +00)), eysdé). Note that H,,,
equipped with the scalar product (¢ + u, ¢ + v)n, = (¥, )y, +uv, ¥, ¢ € Hy,
u, v € R, is a real separable Hilbert space.

Let S be the shift semigroup. Then, for € H,,

+00

+00
NOV /0 W (€ +1)Pe”* dg = / WP’ dy < e |yl ,

1

and hence the following lemma holds.
Lemma 20.8 S is a Cy-semigroup on H, and H,. Moreover,

—rt/2 —
ISONLw,.m,) <e s ISOlLw, m,) =1, t>0.
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By the Holder inequality, for every y > O the space H, is continuously em-
bedded into L' := L' ([0, +00), B([0, +00)), d€) and [¢|,1 < y~/2|¢|p, for all
Y € H,. We can formulate our first existence theorem.

Theorem 20.9 Let Z be an R¢-valued square integrable mean-zero Lévy process
with jump measure v, and let G be given by (20.18). Assume that there are functions
g€ H,and he H, N L™ such that

(i) fo y*exp{lgloilyl} vdy) < oo,
(ii) forallt, & € [0, 400) andu,v € R

lg(z, &, u)l < g(&), lg(t, &, u) — (1, &, V)| < h(E)|u — v.

Then, for each ro € H,, (for each rg € H, ) there is a unique solution r to (20.16)
in H, (in H,) satisfying r(0) = ro. Moreover, if the coefficient g does not depend
on t then (20.16) defines (time-homogeneous) Feller families on H,, and on H,,.

We note that this book is indeed concerned mainly with time-homogeneous
equations. Clearly (20.16) can be written as a time-homogeneous equation of
variables X = (r, t) on the state space H,, x R. Therefore the theorem is a direct
consequence of Lemmas 20.7 and 20.8, Theorem 9.29 and the following lemma,
which will be useful elsewhere also (see the proof of Theorem 20.19 below). It
will be convenient to introduce the following notation:

Ki(J,9):= sup [DJ@I,  Kx(J, @)= sup || D@ pups-

z: |zI=[glp1 z: |zl=lgl

Clearly, if assumption (i) of Theorem 20.9 is satisfied then, by Lemma 20.7, J is
twice differentiable at an arbitrary z with |z| < |g|;: and K;(J, g) < 00,i = 1,2.

Lemma 20.10  Under the assumptions of Theorem 20.9, for everyt > 0 we have
Gt,): H, — L(HS)(R"Z, Hy,) and F(t,-): H, = H,. Moreover, the following
estimates hold.

(i) Forallt > 0 and ¢ € H,,
\F(, g, + 1G@ WL, i, < (KT @+ 1) (215, -
(i) Forallt <Oandy,¢p € H,,

1G(t, ¥) = G, O 1 w1,y < hle 1Y — @l
|F(t,9) = F(t, 9|y, < K|V — ¢ln,,

- —_— —\1/2
where K = [~ (2Kx(J. DB, +2K1(J. ) 2,
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(iii) Forallt > 0 and , 9 € H,,
|F(t, ) = F(t, @)y, + G, ¥) = G, 97, oy < K 1 — 0l
where K :=2(|h|% + |E|§,V)(1 +2K>(J, §)|§|§,V +2K1(J,3)).
Proof Taket > 0andy € H,. Then
o0
G T, i,y = / lg(t, &, v dE < gl -
0
Next, treating G(t, ¥)() as a vector in R?,
H 00
/ G, ¥)(mdn| < / [g(mldn = [g|L- (20.19)
0 0

Hence, by the first assumption of the theorem and Lemma 20.7, for every £ > 0
we have that foé G(t, ¥)(n) dn belongs to the domain of the derivative of J,

&
‘DJ (/ G, ¥)m) dﬂ)
0
and (i) follows.

To see the Lipschitz continuity note that, for ¥, ¢ € H,, and t > 0,

= Ki(J,8) < o0,

IG, ¥) = G, OIIF . @ g,y < /0 T RGP E) — o)t ds.
Thus C(y, @) := |G(¢t, ¥) — G(t, ‘p)||i<ys>(Rd,Hy) is estimated as
Al7 1 — olF;, if ¥, ¢ € Hy,
Rl 1V — ol if . €R,
2(1al, + 1hl7<)(I¥ 1y, +101?) ify € Hy,¢ € R.
Since for ¢ € H, and ¢ € R we have [y — g0|%{y = |1,0|§,y + ol
Al — @l . if ¥, ¢ € Hy,
2(1h7 + 1R )Y — @l . if ¥, € Hy.
We will now show the Lipschitz continuity of F. Let y, ¢ € H,, and ¢ > 0. Clearly
|F(t, ) = F(t, @)y, < 211 + L),

&
DJ (/0 G(t,lﬂ)(n)dn)
3
—-DJ </0 G(t,<p)(n)dn)

CW,p) <

where

I = /0 Gt ¥)E)!

2
evé d¢
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and
2

e”é dg.

£
DJ (L G, o)) dn)

o) & 2
I < K»2(J,®) / lg®)I? ( / IG(t, w)<n)—G(r,¢)<n)|dn> e’® dg
0 0

I :=/0 |G(t, ¥)(E) — G(t, p)(E)I
By (20.19),

< K DIE, [ 16600~ GG o)l dn
0

< K2(J, ) 813, 1G W, ¥) = G, oI, e )
and

L < Ki(J,DIGW,¥) = G, 9II7 . @ n):
O

Remark 20.11  Note that for any initial value rq € H,, the solution to (20.16) is a
cadlag process in H, . Indeed, the stochastic term fol S — 5)G(s, r(s))dZ(s) can
be written as /ot S(t — s)dM(s), where M(t) = f(; G(s, r(s))dZ(s) is a square in-
tegrable martingale in H,, . Since, by Lemma 20.8, S is a semigroup of contractions
on H,, we use inference from the Kotelenez theorem; see Theorem 9.20. Next, if
Z is a Wiener process then by factorization one obtains the continuity of r in H,,;
see Theorem 11.8.

20.3.2 A special case

We restrict our attention to the special case of (20.16) for which Z is two-
dimensional and G is, as in subsection 20.3.1, of composition type. In fact we
assume that Z = (W, L) where W is a standard real-valued Wiener process and
L is an independent square integrable real-valued Lévy martingale with Laplace
exponent

log Ee #tM = /R (™™ — 1+ zy)v(dy), /R y2u(dy) < oo. (20.20)
Note that, using the notation from the previous subsection, d = 2 and
J(z1,22) = 3z + /R (7™ — 1+ z2y) v(dy). (20.21)
Therefore we are concerned with the following equation:

9
dr(t)&) = <£r(t)(€) +F (r)(é)) dr + g1(2, §, r(1)(§))dW (1)
+ (1, &, r()(§)) dL(1), (20.22)
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where g;: [0, +00) X [0, +00) x R+—> R, i = 1,2 and
§
F(t,¥)E) =81, &, w@))/o g1z, n, ¥(n))dn

£
+ &2(t, &, w(é))/Ry (1 — exp {—y/O &(t, 1, 1ﬁ(n))dn}) v(dy).
Note that G(t, ¥)[z1, 221(5) = g1(t, &, v (E)z1 + g1, &, ¥(§))za.

Theorem 20.12  Assume that v is supported in [—m, 4+00) for some m > 0 and
that g,(¢t,&,u) >0 for all t,& > 0 and u € R. Moreover, we assume that there
are functions g € H, and he H, N L such that, for all t,& € [0, +00) and
u,v ek,

|gi(t7€:vu)| Sg(é)’ |gi(t»€su)_gi(tv‘i:? U)l Sz(s)lu - U|s i = 1»2

Then for each ry € H,, (each ry € H,,) there is a unique solution r to (20.22) in
H, (in H, ) satisfying r(0) = ro. Moreover, if the coefficients g; do not depend on
t then (20.22) defines (time-homogeneous) Feller families on H, (on H,, ).

Proof The proof follows the ideas of the proof of Theorem 20.9. Only the fact that
we do not assume that fR yZexp{|g|.t|y|}v(dy) < oo needs to be explained. This
assumption is allowed since g is non-negative and v has its support in [—m, +00).
In fact we have the following version of Lemma 20.10. Its proof is left to the
reader. O

To formulate the result we need the following analogues of K;(J, g) and
K>(J,g). Let

+00
J(2) = / (7@ — 1+ zy)v(dy),

m

and let

IZl(j,E) = sup |j'(z), Kz(f,g):z sup |j//(z)|.

0<z<gl1 0=<z<[gl1

Note that Ei(f,gz) <o00,i =1,2.

Lemma 20.13  Under the assumptions of Theorem 20.12, foreveryt > 0, G(t, -) :
H, — L(HS)(R2, H,) and F(t,-): H, — H,. Moreover, we have the
following.

(i) Forallt > 0 and ¢ € H,,

|t g, +1GE W, aen, < 21815, (141817 + K1, 9).
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(i) Forallt <OQandy,¢ € H,,

1G(t, ¥) = Gt D)l o1 < 2Nl 1V — @l
IF(t.9) — Ft, o)y, < K1V — ¢l

where K := |h|.~(1 + 8, + 2K (7. 2) 121 +2K (7, 7))

(iii) Forallt > 0 and ¥, 9 € H,,

|, ¥) = F(t, @), + 16, ) = G, oI, ey < K 1V = 0l

where

R :=8(Ihlp~ + |hl, ) (1 + 1815, +2K2(7.3)I81%, +2K:1(J.8)).

20.3.3 Positivity in the special case

We call a function ¥ : [0, +00) — R non-negative if yr(¢) > 0 for almost all
& > 0. Clearly, in all models, the forward-curve functions need to take non-negative
values. We present here sufficient conditions on the coefficient G and the noise
Z under which (20.16) preserves positivity, that is, for every non-negative initial
value r(0) the functions r(¢), ¢ > 0, are non-negative.

We restrict our attention to the special case of (20.16) considered in subsec-
tion 20.3.2. To simplify the exposition we consider only time-independent coeffi-
cients g;,i = 1, 2.

Theorem 20.14  Assume that g;(£,0) = 0 for & € [0, 00) and that one of the
following conditions holds:

(1) g = (g1, &) satisfies the assumptions of Theorem 20.9, v is supported on
[—m, M] for some m, M > 0 and |gr(&,u)| < uM~' Am~" forall€ >0
andu > 0;

(1) v is supported on [—m, +00) for some m, g and g, satisfy the assumptions
of Theorem 20.12 and 0 < gr(&,u) < um_lfor all¢ > 0andu > 0.

Then (20.19) preserves positivity, that is, for every non-negative r(0) € H,, the
functions r(t), t > 0, are non-negative.

By Theorems 20.9 and 20.12, for any r(0) € H, there is a unique solution
(r(t), t > 0) starting from r(0). Moreover, see Remark 20.11, r is a cadlag pro-
cess in H, . In the proof we will use the following theorem from Milian (2002)
concerning the preserving of positivity by the equation

dX = (AX + F(t, X))dt + B(t, X)dW (20.23)
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driven by a Wiener process W taking values in a Hilbert space U. In its formulation,
the state space H is L>(O, B(O), p(&¢) d&), where O is an open domain in R? and p
is a non-negative weight, A generates a Cy-semigroup S on H and F: [0, 4-00) X
Hw— H,B:[0,400) x H— Lysy(U, H).

Theorem 20.15 (Milian) Assume the following.

(1) The semigroup S preserves positivity.
(ii) There is a constant C such that, forallt,s > Oand x,y € H,

|F(t, x) = F(s, )| + [1B(z, x) = B(s, V)| Lusyv.1)
=C(r=sl+1x—=yln).

(iii) For everyt > 0 and for all non-negative continuous x, f € H satisfying
(f,x)y = O one has (F(t,x), f)g = 0and (B(t, x)v, f)g = 0 for every
vel.

Then (20.23) preserves positivity.

Remark 20.16 The original theorem of Milian is a little more general. In partic-
ular, it covers also the case where W is a cylindrical Wiener process. Furthermore, it
shows that (iii) is necessary for preserving positivity. The assumption of Lipschitz
continuity in ¢ can be easily replaced by that of uniform continuity.

The problem of preserving positivity and the so-called comparison princi-
ple have been studied by several authors; see e.g. Aubin and Da Prato (1990),
Goncharuk and Kotelenez (1998), Jachimiak (1996) and Kotelenez (1992b).

Proof of Theorem 20.14 First of all note that the semigroup S preserves posi-
tivity. Let D(x)(§) = g2(§, x(§)) and let us approximate L by a sequence (L) of
processes satisfying [AL,(¢)] > 1/n,t > 0, n € N. We assume that L, converges
P-a.s. to L uniformly on each compact time interval. The existence of such a se-
quence follows from the Lévy—Khinchin decomposition. Let r,, be the solution to
the problem

a
dr = <£r + F(r)) dt + B(r)dW(t) + D(r)dL,, r,(0) =r(0). (20.24)
Since r, converges to r it is sufficient to show that (20.24) preserves positivity.
To do this note that L, has only isolated jumps. Between the jumps positivity is
preserved by Theorem 20.15, as the driving process is Wiener. Assume that the
solution is positive until the jump at time t. Then

ra(0)E) = (T =)(§) + g2(&, ra(z=)E)N(Ln(7) — Ly(T—)).
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Hence if (i) holds then

ra(t =)&) + 82, ra(t—=)(&)) (Ln(7) — Ln(t—))
> rp(t=)(&) — (m v M) [g2(§, ry(t—)(E)| =0
and if (ii) holds then

ra(T=)(€) + 828, ra(z—)EN(Ln(T) — Ly(z—))
= (T =)&) —mga(§, ra(r—)(§)) = 0,

and the result follows. a

Example 20.17 Let Z = (W, L) be as in Theorem 20.14, and let the jump
measure v of L be supported on [—m, +00) for a certain m > 0. Let g;(§, u) =
hi(&)vi(u), i = 1, 2. Assume that:

(i) the v;, i = 1, 2, are bounded and Lipschitz continuous and the 4;,i = 1, 2,
are bounded and belong to H,,;

(i1) v1(0) = 0, hy and v, are non-negative and 0 < vo(u) < u/(m|hy|p~) for
u>0.

Then the assumptions of Theorem 20.14 are satisfies and (20.22) defines Feller-
family-preserving positivity.

An important example of a jump measure supported on [0, +-00) is given below.

Example 20.18  Given « > 0 let v(d§) = x-06 "' "Pe . Then there is a
constant ¢ = ¢(«, ) such that, for z > 0,

c(a’”ﬂ —(z —i—a)’”ﬂ) if0 < B <1,

J'(2) =
@ c(@+a)y P —a™HF) if1 < B <2

20.3.4 Invariant measures

We will now consider the long-time behavior of the time-homogeneous HIM equa-
tion. Thus we assume that the coefficients G and F in (20.16) are time independent.
As a direct consequence of Lemmas 20.8 and 20.10 and Theorem 16.5 we have
the following result. For more details, see Rusinek (2006b).

Theorem 20.19 Let G and F satisfy the assumptions of Theorem 20.9 for func-
tions g and h. Let K be as in Lemma 20.10. If o :=y — |h|3» — 2K? > O then,
for any C > 0, there is a unique invariant measure for (20.16), considered on
H, + C, and it is exponentially mixing with exponent w /2 and function c of linear
growth.
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A similar result can be stated for (20.22), as follows.

Theorem 20.20 Let G and F satisfy the assumptions of Theorem 20.12 for
functions g and h. Let K be as in Lemma 20.13. If o := y — 4|E|iw —2K?>0
then, for any C > 0, there is a unique invariant measure for (20.22), considered
on H, + C, and it is exponentially mixing with exponent w/2 and function c of
linear growth.

20.4 Linear volatility

As in subsection 20.3.2 concerning a special case, we assume that Z = (W, L),
where W is a standard Wiener process in R and L is a real-valued Lévy martingale
with Laplace transform (20.20). Moreover we assume that the volatility G is a
linear function of r, that is,

G, P)lz1, 2216) = 1D (E)z1 + g2V ()22, i,22€R, §,1>0.

Here g, and g, are predictable random processes independent of &. Then (20.22)
becomes

a
dr(r)(€) = (gr(t)(é) + F(, V)(&‘)) dt + g1(1)r(1)(§) dW (1)

+ g20)r(@)(E)dL(1), (20.25)

where
3
F )& = 20O (E) /0 ¥ dn

£
+ g0v (&) /R y <1 — exp {—ygz(t)/o w(n)an v(dy).

We will always assume that ry is a non-negative function. Let u(¢)(§) =
fos r(t)(n) dn be a primitive of r(¢). Then

a ~
du(t)(€) = <—M(t)($) + (@1 OuE?’ + 7 (gz(t)u(t))> dr

o0&
+ g1(Ou() dW (1) + g2(u)(E) dL(1), (20.26)
where
J(2):= / (e™ — 1+ zu) v(dy). (20.27)
R

We assume that the jump measure v of L satisfies fR [v]?v(dy) < oo.
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20.4.1 Pure jump case

Assume that g; = 0. To simplify, we assume also that g, = 1. Then

a -
du(1)(§) = <%u(t)(€) +J (u(t)(é))> dt 4 u(t)(§) dL(1). (20.28)

To ensure positivity we assume that v is supported on [—1, +00).
In order to solve (20.28) and consequently the HIMM equation for » we first
solve the following auxiliary problem:

dv(t) = J@) dt + v(t)dL(@t),  v(0) = £. (20.29)

Clearly J : [0, +00) — Ris Lipschitz continuous if its derivative is bounded. This
is guaranteed by the assumptions that

o0
v has support in [0, +00) and f yv(dy) < oo. (20.30)
0

Proposition 20.21  Assume (20.30). Then we have the following.

(i) For each non-negative & > 0 there is a unique non-negative solution
W(@)(&), t = 0) to (20.29). Moreover, for each t, v(t)(§) depends
continuously on &, P-a.s.

(i1) There exists a version of v differentiable in &, and

0 r
gv(t)(é) = exp {/0 J(v(s)(®)) dS} A1) (20.31)

where A is a positive cadlag process.

Proof By Protter (2005), Theorem 37, p. 308, the unique solution to (20.29)
depends continuously on . Since J'(z) = f[O,oo) y?e~@v(dy), z > 0, is locally
Lipschitz, by Protter (2005), Theorem 39, the solution v is differentiable in £ and
ve()(§) = (3/98)v(r)(§) satisfies

dvg(1)(§) = J' (vt =)(§)) v (1=)(§) dt + v (1=)(§) AL (1) = ve(t—)(§) dX (1),
where
X(t) = L) ~|—/0 J (v(s—=)(&))ds.
By Doléan’s formula (see e.g. Protter 2005),

ve(1)(§) = X 1_[ (1 + AX(s))e 2X®),

s<t
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Since AX(s) = AL(s) and fot J (ve(s—)(&)) ds = fot J' (ve(s)(§)) ds,

v (1)(€) = exp { fo T @) ds} " T+ ALy e 2.

s<t

O

Proposition 20.22  Assume (20.30). Let v(¢)(§), t > 0, & > 0, be the solution to
(20.29). Then

u(®)() = v(t)(uo(t + £)), 1=0,§=0,
is the unique solution to (20.28).

Proof We claim that
0 -
dv(t)(uo(r +§)) = (% V() (uo(t + ) + J () (uo(t + é)))) dr
+ v(t)(uo(t + £))dL(2).
Let ¢ : [0, +00) x [0, +00) > R be a differentiable function of both variables.

Given £ > 0 consider the process (v(t)(¥ (¢, £)), t > 0). Then, for any partition
O=ty<ty<---<ty=t,

v(E)(W (1, 8) — v O (0,8) =L + D,
where

I = Z (VD@ (1, 8)) = V(s )W (1, £))),

n

I = Z (V)W (1, §)) = V(1)WY (1, §))).

n

But
L= [vetur ) (Y, §)

n

+ B, &) = Yltarr, ENW g1, &) — Y (1, §)))]
=Y (Ve VW (a1, &) + EW (1, §) = Yt £)))

X I/f/ (tn + ~77(tn+1 - tn)a E)(tl’lJrl - tn)v

where & and 7 are such that |&| < 1 and |7j| < 1. Taking into account the continuous
dependence of vg on the second variable (see Proposition 20.21) we obtain /; —
fof ve($)(W (s, ENYl(s, E)ds asn 1 oo. Since v satisfies (20.29),

n= ([ e ee [

ty

Int1

v(s =) (Y (n, é))dL(S))
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and therefore

I —>f0 J(v(s—)(1ﬂ(s,§))ds+/0 v(s=)(¥ (s, §))dL(s).
O

Corollary 20.23  For any non-negative ry, the unique solution r to (20.28) is
given by

0 0
r()é) = gu(t)(é) = gv(t)(uo(t + &) = ve(D)(uo(t + E)ro(t + 6),

where vg has the representation (20.31).

20.4.2 Gaussian case

This subsection is concerned with the Gaussian case. Namely, we assume that the
jump in (20.25) vanishes, and consequently L = W is a standard Brownian motion.
To shorten the notation we write g;(¢) = h(¢). We assume that 4 is a predictable
process satisfying E fOT h?(t)dt < 0o,V T > 0. Therefore (20.25) becomes

9 §
dr()(¢) = (@V(t)(é) + hz(t)r(t)(é)/0 r(#)(n) dn) dr
+h()r()(E) dW (1), (20.32)

r(0)(&) = ro(é).
We assume that r is a non-negative function. Set
t t
My(t) = exp {—% / h?(s)ds + / h(s) dW(s)} .
0 0

The theorem below shows that (20.32) can be solved explicitly. However, the
solution may blow up in a finite time.

Theorem 20.24  The unique solution to (20.32) is given by

9 t+& -
r()§) = 9% (/o ro(1) d’?)

Proof Letusdenote by u(¢) the primitive of r(¢) given by u(#)(§) := fos r(t)(n)dn.
Then r(¢)(§) = du(t)(£)/9& and consequently we have the following equation for
u:

1

-1
-1 / hz(s)Mh(s)ds:| My(r). (20.33)
0

9 52 9 9
a2 (2% Y ar X aw
& 0E? & &

O (%" 1202 dr + huaw
= — _— = u u .
ot |\ag T2
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Hence,

a
du(r)(é) = (%(I)(E) + %hz(t)uz(t)($)> dr + h(D)u(1)(§) dW (1),

&
u(0)(&) = /0 ro(m) .

In order to solve this equation we use ideas from the previous subsection. Namely,
u(t)(€) = v(@)m0)(t + £)), where v(¢)(£) is the unique solution to the stochastic
Bernoulli problem

dv()(§) = 3ROV (A)(E) di + h(H)o(1)(E) AW (1), v(0)(§) = §.

Let us fix £. We can solve the equation using the substitution z(s) = 1/v(s)(€). By
1t6’s formula,

dz(s) = ( 6 );hz(s)v () + 12 6 )h(s)vz(s))

= h*(s) (=3 + z(s)) ds — h(s)z(s) AW (s).

1
v3(s)

To solve the equation we use the variation-of-constants formula. Thus, we look for
a solution in the form z(s) = c(s)zo(s), where zq is a solution to the homogeneous
equation

dzo(s) = h*(s)zo(s) ds — h(s)zo(s) dW (s).
Then
dz = d(czo) = c'zods + cdzo = ¢'zo ds + h®zds — hz dW.
This leads to the condition

d(s) = —1n*(s)

(S)

Clearly, for zo we can take

zO<s>=exp{é /O h2(nydn — / h(n)dW(n)} T

Taking into account the initial-value condition z(0) = 1/& we obtain

1
2(s) = (s—' / hz(n)Mh(n)dn> et

which gives the desired formula. O
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Corollary 20.25 As a direct consequence of (20.33), the set D of all (t, &) for
which the solution blows up is given by

! 1+§ -1
D=!@@&Ah%mmww=<4 mmm)}.

Since ry > 0, the processest +— (fOHrs ro(n) dn)_l, where & > 0is fixed, and & +—
( Ol e ro(n) dn)il, where t > 0 is fixed, have decreasing trajectories. Clearly, the
process % fot h2(s)My(s)ds, t > 0, is increasing and starts from 0. Therefore, if
15" ro(m)dn = +oo and P( [ h*(s)ds > 0) = 1 then, with probability 1, for any

& there is a time t such that (t,§) € D.

Let¢: R — Rbe abounded non-negative Lipschitz function satisfying ¢(1) #
0, (0) =0 and

2
(@) i sup 12

up = <o (20.34)

Let X be a solution to the equation
dX = ¢(X)dW, X0)=1.

Note that X is not identically 0 as ¢(1) # 0. Clearly, X = M, for a non-negative
process

PX (@)
X()

From (20.34), P-a.s. h2(s)Mj(s) < |¢(X(5))?>/X(s) < m($), t > 0. Hence,

h(t) =

’ -

< Ltm(¢)

i /0 ()M, (s)ds

and we have the following consequence of Theorem 20.24.

Theorem 20.26 Let T > 0. Then, for each non-negative initial valuerg € L' :=
L'([0, +00), B([0, +-00), d&) satisfying |V |1 < 2/ Tm(¢), the process r given by
(20.33) has trajectories P-a.s. in C([0, T); L") and is a unique strong solution
to (20.32) on the open interval [0, T). Additionally, if ry € C;([0, +00)) then
r € C ([0, T); C}([0, +00)), P-a.s.

20.5 BGM equation

The Brace—Gatarek—Musiela (BGM) equation, which we will now deduce, is
also of importance. For derivation and analysis it is convenient to introduce the
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integrated volatility

&
6(t, &) ::/0 b(t,u)du .

In our exposition we follow Jakubowski, Nieweglowski and Zabczyk (2006). In
the new notation one can rewrite (20.14) in the following transparent way:

dr(t, &) = i[(r(t, £)+ J(G(1,6)dr + (61, 6),dZ)y]. (20.35)
0

Instead of starting from (20.35), however, Brace, Gatarek and Musiela proposed
to base modeling on the so-called LIBOR rates L(t,s,0),0 <t <s < 60, defined
in terms of bond prices P and forward curves f by the relation

1+ —s)L(t,5,0) = ;’Et ;; {/ f, u)du}

Recall that r(t, u) = f(¢, t + u). For fixed 6 > 0, (in practice § is equal to three
months), we set

1 &+8
L, &)=Lk, t+&, t+&E4+95)= (exp{f r(t,u)du}—l), &E>0.
&
We can deduce from (20.35) a stochastic equation for L(¢, &), > 0,& > 0. Todo
this, we introduce the process

£+
Y(t,&):= / r(t,u)du, t>0, x>0.
&

In the following calculations we use the It6 formula as in the proof of Theorem 20.3.
For more details see Jakubowski and Zabczyk (2004). To shorten the notation,
given a function g we write

Vsg(t—,8) :==g(t—, & +0) — g(t—, §).
From (20.35),

E+6
Yy, &) = f dr(t, u)du
&
= (Vsr(t—. &) + VsJ(6(1—, &)) dt 4 (V56(t—, §), dZ(1)),,.  (20.36)
It is also clear that

%L(i £) =87 1eY OV (1, £). (20.37)

By the It6 formula,
de" 9 = "D AY (1, &) + 5 " TO(QVsE (1—, &), V56 (1—,§)), dr
+ Ae"E) — " UTOAY (1, ).
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Inserting (20.37) we obtain

e YU=9qy(r, &)
= (Vsr(t—, &) + Vs J(6(1—, §))) dt + (V56 (1—, §),dZ(1)),

+ /U (exp{(Vs6 (1=, ), my} — 1 = (V56 (1—, €), n)y)m(dt, dy),
and hence, by (20.37),
dL(t, &) = %L(r—, £)+ 38(1 4+ 8L(1—, &)
x [(W(au—, )+ 3(QVs6(t—, §), Vs6(t—, §)),,)dt

+(Vs6(t—.§), dZ(t))u

+/U(6XP{(V55(I—,E), mul —1—(Vs6(t—,§), n))ﬂ(dt,dn)}

Postulating some dependence of the volatility & on the LIBOR rate L, we arrive
at the BGM equation in a general form, which at the moment is not tractable, with
the exception of some particular cases.

In the original paper Brace, Gatarek and Musiela (1997), the authors assumed
that a = 0, © = 0. Moreover, the Wiener process W was one-dimensional. The
authors also imposed a log-normality assumption, that there exists a function
(&), & > 0, such that

1
3 (1 +3L(1,8) Vs (§) = L1, §)y (§),

and arrived at the classical BGM equation

a
dL(r,§) = (— L(t,§) +(Q6(L(1), &), y(E)L(,§)

dE
8L2(t, &)
+ H_S—M(QV@), y(&))) dr + L(t, &)(y (&), dW(1)) (20.38)
where
G(L,&) =0, £ €10,4],
G(L,&) = k; my(é —k8), E=0.

In Brace, Gatarek and Musiela (1997) the following theorem was shown.
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Theorem 20.27 Assume that

o0

/0 (EV©P+ @) ds <co,  sup I 1y'E +kd)l < oo,

0<£<é
Then we have the following.

(i) Equation (20.38) has a unique solution in the space of continuous functions
having a finite limit at infinity. If the initial function is non-negative then the
solution is also non-negative.

(ii) There exist invariant measures for (20.38) concentrated on functions having
a fixed limit at infinity.

The existence of an invariant measure is a mathematical equivalent of the so-
called mean-reversion property. Interest rates tend to drop when they are too high
and tend to rise when they are too low.

20.6 Consistency problem
Let K be a parameterized family of functions {z(A, &): L € A, & > O}

Definition 20.28 The model (20.16) is said to be consistent with K if and only
if the set K is invariant for (20.16); that is, for any initial condition ry € K, the
solution r(¢), t > 0, evolvesin K: r(t) € K forallt > 0.

Assume that (20.16) is used as a model of the time evolution of the forward curve
and that for a curve fitting one applies a statistical procedure that uses functions
from a given set K . Then the minimal requirement that the set and equation should
satisfy is that of consistency. The following families K are used in practice:

(i) the Nelson—Siegel family
Z(h, ) = A+ e M8 4 a3Ee™E (Ap, Ao A3, M) € A CRY
(ii) the degenerate Nelson—Siegel family
(A, 8) = A+ 236, (A1.43) € A CR%;
(iii) the augmented Nelson—Siegel family
2(h, E) = Ay 4 Aoe ™ 4 AsEe ™ 4+ a4e 2, (A1, A2, A3, h4) € A C RY

To solve the consistency problem one has to find conditions on the set K and
(20.16) which imply the consistency of the model. The question whether for a given
equation there exists a set K of smooth functions z(A, -) parameterized by X from
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a finite-dimensional set A for which consistency holds is of equal importance.
Problems of this nature were introduced in Bjork and Christensen (1999) and
intensively studied by Bjork and his collaborators. Important contributions were
made by Filipovi¢ (2001). These authors adapted an approach based on differential
geometry. It is clear that the consistency problem can be formulated equivalently as
an invariance problem, of finding conditions under which a given set K is invariant
for the flow defined by the equation. In fact, following Jachimiak (1996), Zabczyk
(2000) and Nakayama (2004a, b), we present below a solution of the consistency
problem based on the so-called support theorem.
Consider the evolution equation

dX = (AX 4+ F(X))dt + BX)dW(t),  X(0)=x € H, (20.39)

driven by a cylindrical Wiener process in U. Denote by X*(¢) the value at ¢ of the
solution to (20.39) starting at time O from x.
Define the Wong—Zakai correction term

B(x):= 1) Db(x)[b;)]. x€H, (20.40)
J

where D is the gradient operator, b;(x) := B(x)e; and {e;} is an orthonormal basis
of U. Given a locally square integrable function «: [0, co) + U, denote by y**
the solution to the controlled equation

d .
d—f(t) = Ay(t) + F(y(1)) — B(y(1)) + B(y(t))u(?), y0)=xeH.
(20.41)

Definition 20.29 A closed set K C H is said to be invariant for (20.41) if
y©¥(t) € K forallt > 0,x € K and a locally square integrable U -valued function
u.

20.6.1 Equations with additive noise

We consider first the invariance of a closed set K with respect to (20.39) with
a state-independent linear operator B € L(U, H). Thus we are dealing with the
equation

dX = (AX + F(X))dt + BdW(1),  X(O0)=x € H. (20.42)

Since the correction term vanishes, the system (20.41) becomes

d
d—f(r) = Ay(t)+ F(y(t)) + Bu(t),  y(0)=x € H. (20.43)
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To ensure the existence of a continuous solution we will impose (see Theorem 11.5)
the following condition:

T
Ja € (0,1/2): /O TUNSOBI, . dt <00, YT >0, (20.44)

The following result comes from Zabczyk (2000).

Theorem 20.30 Assume that A generates a Cy-semigroup on a Hilbert space
H, F is a Lipschitz transformation from H into H, and (20.44) holds. Then a
closed set K C H is invariant for (20.42) if and only if it is invariant for (20.43).

Proof Write
t
Z(t) = / St —r)BdW(r), t>0.
0

Condition (20.44) guarantees that Z has continuous paths. Fix a time 7 > 0.
Clearly Z is a Gaussian random element in C([0, T']; H). It follows from Da Prato
and Zabczyk (1996), p. 141, that the support of its law £(Z) on C([0, T']; H) is
identical with the closure in C([0, T']; H) of the set S7 of all functions

f(t)=/ S(t — r)Bu(r)dr t€[0,T],u e L*U),
0

where L2(U) := L%([0, T], B([0, T]), dt; U). Let c be the Lipschitz constant of F'
and let M = sup, 0. 77 ISl L, 1) For an arbitrary u € L2(U),

XH1) =y (@) = /0 St =r) (F(X*(r)) = F(y“"(r))) dr

+Z() — / S(t —r)Bu(r)dr.
0
Hence

X5(0) = ()| < eM / X5(r) = v ()], dr
0

t
+ sup |Z(¢t) —/ S — r)Bu(r)dr
t€[0,T] 0 H
By Gronwall’s lemma, for all ¢ € [0, T,
t
| X* (1) — y ()], < ™M sup |Z(t) - f S(t — r)Bu(r)dr (20.45)
tel0,T] 0 H

Assume that K is invariant for (20.42) and let u € L>(U). It follows from the
description of the support of the process Z that, for an arbitrary 6 > 0,

Pl sup <é§]>0.
1€[0,7] U

Z(t) — / St — r)Bu(r)dr
0
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FromP (X*(t) € K) = 1forallz € [0, T]and from (20.45), we obtain dist (y**(¢),
K) < eMT§, Since § is an arbitrary positive number, we have the desired conclu-
sion, y©“(t) € K forall ¢t € [0, T].

Conversely, assume that K is invariant for (20.43). Since the law £(Z) is tight in
C([0, T]; H) for arbitrary 6 > O and ¢ > 0 there exists a finite number of functions

Uy, ..., uy € L*(U) such that
<8 >1-—e¢.
H

P(3nef{l,....N}: sup |X*(1)—y“"(n)], <e"M5)>1—c¢.
tel0,T]

Z(t) — / S(t —r)Bu,(r)dr
0

Pl3ne{l,...,N}: sup
1€[0,T]

Consequently, by (20.45),

This easily implies the result. O

Remark 20.31 Instead of (20.44) one can require that the semigroup S is a
generalized contraction; see Theorem 9.20.

As a corollary one can obtain the following proposition. For a complete proof
we refer the reader to Zabczyk (2000), where some applications to non-linear
systems with state dependent diffusion operator B are also given.

Proposition 20.32  There exists a finite-dimensional linear space K C H in-
variant for

d
X = (AX +op)dt + ) _o;dW

J=1

where oy, o1, ...,04 € Hifandonlyifoy, o1, ...,04 € D(A)andthere existo; €
D(A), j=d+1,...,D < +oo, such that, for some real numbers yy;, k, j =
0,1,...,D,

D
Ao‘k:Zyijj, k:O,l,...,D.
j=

In the particular case of the bond market, we have A = d/d£ and the functions
oy, should satisfy the system of linear differential equations

d
o= Zn,o,(&) k=0,....D, £=0.

Therefore, by Jordan decomposition, the functions oy, k =0, 1, ..., d, are linear
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combinations of products of polynomials and exponentials,
ke cos BE,  &Xe* sin BE, k=0,1,..., B, « € R.

Note that the Nelson—Siegel families are of that form.

20.6.2 Equations with a general diffusion operator

The following result of T. Nakayama (2004a, b) contains as special cases results
of Jachimiak (1996) and Zabczyk (2000). The factorization techniques used by
Nakayama are similar to those in Tessitore and Zabczyk (2001a, 2006). Recall that
B is the correction term given by (20.40).

Theorem 20.33 Let K C H be a closed subset and assume that the transforma-
tions F and B from H into H, and the transformation B from H into the space of
Hilbert-Schmidt operators from U to H, are Lipschitz continuous. The following
three conditions are equivalent.

(1) K is invariant for (20.39).
(i) K is invariant for (20.41).
(iii) For everyx € K andu € U,

lirtri(i)nf% dist (S(1)x + t(F(x) — B(x) + B(x)u), K)=0,  (20.46)

where dist (a, K) denotes the distance from a to K.

Remark 20.34 One can show that if K C D(A) then condition (20.46) is equiv-
alent to

lirri(i)nf;dist (x 4+ t(A(x) + F(x) — B(x) + B(x)u), K)=0.

The following important result established by Filipovi¢ (2001) contains Propo-
sition 20.32 as a special case. We denote by 7, K the tangent space to K at x.

Theorem 20.35 Let K C H be an n-dimensional closed C'-submanifold. Then
K is invariant for (20.42) if and only if K C D(A) and

Ax+ F(x)— Bx) e T,K, Bx)U c T.K, VxeKk.



Appendix A Operators on Hilbert spaces

In this appendix, basic facts on linear operators on Hilbert spaces are gathered. Some details
on nuclear and Hilbert—Schmidt operators are given.

A.1 Bounded operators

We start from some elementary facts about Hilbert spaces. Let {e,} be an orthonormal
basis of a Hilbert space U with scalar product (-, -)y and norm | - |,. Thus |e,|y = 1 and
(ensem)v =0forn,m=1,2,...,n#m,and, forallx € U,

x=) (x.e)ven,  x€U,

n

where the series converges in U. The Parseval identity holds:

o =Y (K eduly.edu,  x,yeU.
In this appendix U, H, V are real separable Hilbert spaces. We denote by L(U, H) the
space of all bounded (i.e. continuous) linear operators from U to H. The space L(U, H) is
equipped with the operator norm

. |Rx|u
IRl L,y :== sup

, R e L(U, H),
xeU, x20 |X|u

we say that R € L(U, H) is a compact operator if it transforms any bounded subset of U
into a set whose closure is compact, that is, into a relatively compact set. We denote by
K (U, H) the space of all compact operators from U to H. It can be shown that K(U, H) is
a closed subspace of L(U, H).

Given R € L(U, H) we denote by R* € L(H, U) the adjoint operator. It is uniquely
determined by the following property:

(R*h,x)y = (h,Rx)y, VYheH VxeUl.

We write L(U) instead of L(U, U). The operator R € L(U) is symmetric or self-adjoint
if R* = R; a symmetric operator R € L(U) is non-negative-definite if (Rx,x)y > 0 for
everyx € U.
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In this book we use the fact that for any non-negative-definite symmetric compact
operator R € L(U) there exists an orthonormal basis {e,} consisting of eigenvectors of R,
i.e. Re, = y,e,. Moreover, y, > 0,n € N, and y, — 0 as n — oo. For the proof see e.g.
Yosida (1965).

A.2 Nuclear and Hilbert—Schmidt operators

Definition A.1 A linear operator R € L(U, H) is called nuclear or trace class if it can
be represented in the form

Ru:zbkw,ak)m ueU,
X

where {a;} C U and {b;} C H are such that ), |ax|y |biln < o00.

We denote by L;(U, H) the space of all nuclear operators from U to H. It is a separable
Banach space with the nuclear norm

IRl :=1inf 3> " laclylbelu: Ru =Y be{u. ay ¢ -
k k

We write L{(H) instead of L,(H, H).
Definition A.2 A linear operator R € L(U, H) is called Hilbert—Schmidt if

2
Z|Rek|H <
k

for any (or equivalently for a certain) orthonormal basis {e;}.

The space of all Hilbert—Schmidt operators Ls) (U, H) acting from U into H is a
separable Hilbert space with scalar product

(S, R)Lysyw.m) = Z(Seks Rey)n.
X

Denote by || - [lars) OF || - | L5 . z) the corresponding (Hilbert-Schmidt) norm. We write
Lus)(H) instead of Lys)(H, H). Let S € Lys)(U, H), and let {e;} be an orthonormal
basis of U and { f;} an orthonormal basis of H. Then

D ISels =Y (Sew. fi)h =D e STF)y = D_IS"fill.
k k.j k.j J

Hence we have the following result.

Proposition A.3  The Hilbert—Schmidt norm does not depend on the choice of orthonor-
mal basis for U. Moreover, S € Lus)(U, H)ifand onlyif S* € Lusy(H, U)and ||S|| 5.5
= 18" Lipsyrn.0)-

The following proposition gathers basic properties of the spaces of nuclear operators.
Proposition A.4
W) IfSeLi(U, H)yandT € L(H,V)then TS € L,(U, V) and
IS < ISINT e, v)- (A1)
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(i) If S e L(U,H)and T € L\(H, V) then TS € L\(U, V) and
IS < ISlw.m 1Tl

Proof  To show (i) assume that Su = Y, by (u, ax)y, where

> bl larly < oo

k

Hence

TSu=) Thiu.a)u,
k

where

S IThlv larly < 1Ty Y lacly bely < oo.
k k

This proves (A.1). In order to show (ii) assume that Th = ), b (h, ax) . Thus
TSu= bi(Su.a)n =) bilu. Sa)y

3 k

and, consequently,
TSI < D Ibelv IS"aly < 1IS™1) Ibely lacln
k k
< ISllew.m Z [Dlv laxlg < o0.
3

O

If R € Li(H) and {e;} is an orthonormal basis of H, then we define the trace Tr R of R
by the formula

TrR := Z(Rej, ej)u.

J

If Rh = Zk(h, a;) by then

Z|(Re,,e, Z‘Z (ej, ar) bkvej>H’
J k
< Z(ZW;J@H! |<bkaej>H|)
- .
' 1/2 1/2
<Z<Z ej» ) ) (Z(bkvejﬁl)

J

< Y laly bely < IR

k
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Hence the series defining Tr R is absolutely convergent. Moreover,

TrR = ZZ ej,ar)ulej, bi)n
—ZZ ej,aryulej, b)u Zak,bk
3

and consequently Tr R does not depend on the choice of basis.
Proposition A.5

1) If S: U HandT: H > U are bounded linear operators and either S or T is
nuclear then TS € L1(U) and TrTS = Tr ST.
(11) IfS, T € L(Hs)(H) then ST € L|(H), HST||| < ”S”(HS)”T”(HS) andTrST =TrTS.

Proof AssumethatT € L (H, U). Then
Th=Zbk(h,ak)H, by e U, a € H.
3

Hence

TSu= ) bi(Su.ay =) bilu. S a)y.
k k

Consequently, for any orthonormal bases {e;} of U and { f;} of H,

Z(TSej,e/U—ZZ bkae/ e/isak)
= Z by, S*ay)y = Z(Sbk,dk)ﬁ
k k
=Y (S, fidulaw fidu =Y _(STfi. il
k 1 1

In order to show (ii) note that, for any orthonormal basis { f;} of H,

Th=Y (Th, foufi= Y (hT" fufi.

k k

Hence

STh= (h.T"fi)uSf (A2)
k

and, consequently,

1/2 1/2
STy < Y 1T filu ISfilu < (ZIT*ﬁ«lé> (Z |ka|i,)
k k k

S NT* s ISNsy = 1T las ISl ars)-

Moreover, by (A.2) and the Parseval identity,
TeST =) (Sfi. T" fidn = ) _(TSfi, fi) =TeTS.
k k
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Recall that K(U, H) denotes the space of all compact operators from U to H.

Proposition A.6  We have L\(U, H) C Ly (U, H) C K(U, H).

Proof LetR e L\(U, H);then R =", by ® ax, where {a;} C U and {b;} C H are such
that >, |ax|y|bely < 0o and b ® a(u) = bla, u)y. Let {e,} be an orthonormal basis of U.
Then

2

Z |Ren|%-1 = Z

n n

Zbk<ak7en)U
k H
< 20> b bu (e, endo (@ en)o|

n k,l

1/2 1/2
> 1bel il (Zwk,eu)i) (Z(al,e,»%,)
k.j

IA

n n

2
<Z |bk|H|ak|U) :
k

which proves the first inclusion. The second follows from the following facts: that the
Hilbert—Schmidt norm is stronger than the operator norm, that K(U, H) is a closed set of
L(U, H), thateach R € Lys,(U, H) can be approximated in L g5 (U, H) by the sequence
of finite-rank operators

IA

T,:=) fi®T"fi, neN,

k<n

where {f;} is an orthonormal basis of H, and that finite-rank operators are
compact. g

A.3 Nuclear and Hilbert-Schmidt operators on L>-spaces

Let u; be a o-finite measure on a measurable space (E;, &;), i = 1, 2. In this section we
will assume that U := L*(Ey, &1, w1) and H := L*(E,, &, it»). We write E := E; x E,,
E: =& x &, u:=u X Wy Our first result characterizes the class of Hilbert—Schmidt
operators from U to H.

Proposition A.7  An operator R belongs to Lus) (U, H) if and only if there is a K €
L*(E, &, u) such that

Ry(§) =/ K, &)y (mmi(dn), Yy eU, § ek, (A.3)
E)

Moreover,

IIRIIZL(HS)(UM:/E i |K (1, &) 1e1(dn)pa(dE).
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Proof Let {e,} be an orthonormal basis of L>(E;, &, i), and let R be given by (A.3).
Then, by the Parseval identity,

2
Sirefy =3 [ ( / K(n,s)enm)m(dn)) 112(d6)

=/ / |K (1, &)I7 i1 (dn)peo(dE).
E, JE

Assume now that R € Lys)(U, H). Let {e,} be an orthonormal basis of L*(Ey, &1, 1b1),
and let { f;} be an orthonormal basis of L2(E,, &, it,). Define the kernel K by

K(,&) =) (Rey, fuexmfi®),  ne€Ey, &€ En.

™
Note that the series converges in L>(E, £, ) and that
/E . |K (1, &) 11 (dn)pa(dE) = ijueen, Fi = IRIZ .m0
Finally, |
/E KO & = > (Rew, fidu (V. e) fi6) = RY (&), &€ Ey.

nk

g

We pass now to a result useful in the construction of covariance operators of Lévy
processes (see Section 4.9 on square integrable Lévy processes). Recall that a continuous
functiong : O x O +— Risnon-negative-definiteif,forany M e Nv; e R, j=1,..., M,
and¢;, €0, j=1,..., M,

M
> a, &viv; = 0.
Q=1

Moreover, g is called symmetric if g(n, &) = q(&,n) forall &, n € O.

Theorem A.8 Let O be abounded closed subset of R, let q be a symmetric non-negative-
definite continuous function on © x O and let U := L*(O, B(O), £,). Then the operator
Q: U+ U given by

Qv () = /(;q(n,é)llf(n)dn, veU, §€0,

is nuclear, symmetric and non-negative-definite.

Proof  We show first that Q is non-negative-definite. To this end it suffices to prove that

fO/Oq(n, EYE) () didn =0 (A.4)

for every continuous function ¥. Let ¢ € U. Then there is a sequence {,} of continuous
functions such that

lo —uly = _/O lo(€) = Yu()IPd§ - 0 asn — oo.
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Moreover,

I, .= B dédn — . n n déd
' f@ fo a1, E)plE () d dn /O /@ 401, EWa () d n‘

12 12
< (f / q2<s,n>d5dn> (f / ((/J(é)w(n)—wn(é)wn(n))zdédn> .
0JO 0JO

Let U := L*(O x O, B(O x ©), d& dp). Since

P& — YuE)Wu() = (9(€) = Yu(®)) () + ¥ (E) (@) = Yu(m)),

we have

12
I, < lqlg (/O/sz(n)(w(é) - 1/fn(5))2d$ dn)

172
+|q|g( fo /@ wf(s>(¢<n>—wn(n))2dsdn>

< lIqlo(1elule = Vul, + |l yle = ¥al,) = 0.

Thus if (A.4) holds for continuous functions then it holds for all ¢ € U. Assume that{» € U

is continuous. Let ¢ > 0. Then there is a disjoint finite partition A, ..., Ay of O and points
e, &y suchthateach A; is measurable, & € A;,i =1, ..., M,and,foré € A;,n € Aj,
ihj=1,..., M,

lg(n. &) —q(§;. &)l < &, V() — vl <e.

Since g is non-negative-definite,

M
D L ENVEWENL(AN(A)) = 0.

ij=1

Note that

M
J = ‘/{;/061(7775)1//(5)1#(17)(15 dn — Z q(&, ENVENY(Ea(A)la(A))

i,j=1

M
> // (. W EV ) — g (&, ENYENV(E)) d& dn
A

l’]:lAix j

M
< Y La(ADLa(A) sup |q(n, EXPEW () — g (&, ENYENV ()]
i,j=1 E’iézi/
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Let || - ||« be the supremum norm on C(Q) and on C(O x O). Then

sup |q(, IV EW ) — g, ENYEIV(E))

neA;
E€Aj

< sup |g(n, EWENV(E) — a(n, EIWE)W ()|

neA;
E€Aj

+ sup |q(n, &) — q(&. &)| V11

£k
< llgllos sup [WEW ) — vEWEN| +elv

neA;
§€A;

< llglloo | sup [(&) — wE)| W] + sup [y ED[wm) — v ED| | + ellviz
seA; geA;

neEA; NEA;

< 2¢ellgllooll¥ lloo + el Il

Therefore

~
A

M M
<& (2lglo 1Vl + I1¥12) (ZMA») (ZMA,))
i=1 j=1

e (2lglle 1Vl + I1W113) €a(O)

IA

and since ¢ > 0 is arbitrary we have (A.4).

Now we show that Q is a compact operator. Note that

1/2 1/2
QY ()| = ‘/@q(n,s)wn)dn‘ < (/Oqz(n,s)dn> (/0 wz(n)dn>

< 1glloo €a(O)'? Y10, §£e€0,

and
|0V (&) — Qv (£)] S/O|q('lsf)—q(n,§)||1/f(n)l dn

< (sug la(m. &) —q(n. 5)\) (O |y
ne

Thus Q transforms the unit ball in U into a set of uniformly bounded and equicontinuous
functions and hence into a relatively compact set in C(O) and, in particular, into a relatively
compact setin U.

Since Q is a symmetric compact operator, there is an orthonormal basis {e,} of U
consisting of eigenvectors of Q. Let {y,} be the corresponding sequence of eigenvalues.
Since Q is non-negative-definite we have y; > 0, j = 1,2... Since Qe, = y,e,, we obtain
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e, € C(O),n=1,2,..., provided that y, # 0. Obviously, without loss of generality we
may assume that y, > 0,n = 1,2... Write

N
avn, §) =Y _yje;(e;€),  &neO0,
=1
0w = [ axnOwnan  £cOveu.
o
Clearly Qy is a symmetric operator with continuous kernel gy. Moreover,

Q=0 =) vy ejve;,  YeU.

Jj>N

Thus the operator Q — Qy is non-negative-definite, that is,

[ f @0 &) — an(n. EWPMYE) dEdn =0, v € U.
0JO

It follows that ky(n, n) := q(n, n) — gn(n, n) = 0 for n € O. Indeed if, for some 7} € O,
ky(7, 1) = —e < 0 then there is an r > 0 such that ky(n, §) < —e/2 for n, & € O with
|[n — 7| < rand|§ — 7j| < r.Lety be a continuous non-negative function such that ¥ (7) >
Oand y(n) =0forn € O: |fj —n| > r. Then

f / k(. E)9 () () dy d& < oo,
0JoO

which leads to a contradiction. Eventually, we have ky (1, n) > Oforn € O and, in particular,
for every non-negative integer NV,

Y vl <q.n.  neo.

N
j=1

Hence

N N
Zyj:Zyjfoef(n)dnsf(;q(n,n)dn<OO

and, consequently, Y ;¥j <o00. As a by-product we have shown that the series
> yuen(§)e,(n) converges uniformly and absolutely on the set O x O and that

a0, &) =) vies(men), £, €0,  TrQ= / q(n, ) dy.
n [

A.4 Images of linear operators

We present here an important result due to Douglas (1966) on the comparison of the
images of two linear operators. We assume that E, E,, E are Hilbert spaces and that
Ay € L(E|, E), A, € L(E,, E) are bounded linear operators. For the proof of the result we
refer the reader to Douglas (1966) or Da Prato and Zabczyk (1992a). For a version in Banach
spaces see Zabczyk (1995). We denote by Ai’l, i = 1, 2, the pseudo-inverse operators.
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Theorem A.9 (Douglas)

(1) A1(Ey) C Ay(E») if and only if there is a constant ¢ > 0 such that
|A’,‘x|El < c|A§x}E2f0reveryx e E.

(i) If|ATx|E] = |A’2‘x|E? for every x € E then A((E,) = Ay(E,) and
|A,’1x|E1 = |A;1x|E2f0reveryx e E.



Appendix B Cy-semigroups

In this appendix, basic results on Cy-semigroups, introduced at the beginning of Chapter 9,
are gathered. Examples of important specific generators and semigroups are provided.

B.1 Generation theorems

Let A be a closed, densely defined, linear operator on a Banach space B. The resolvent set
of Ais the set p(A) of all @ € C such that @] — A is invertible. The inverse («/ — A)'isa
bounded operator also denoted by R(«). The family of operators (a — A)™', o € p(A), is
called the resolvent of A. The following classical characterization is due to E. Hille and K.
Yosida. For its proof we refer the reader to Davies (1980), Engel and Nagel (2000), Pazy
(1983) or Yosida (1965).

Theorem B.1 (Hille-Yosida)

(i) A densely defined closed operator A generates a Cy-semigroup S such that, for some
wand M > 0, |S@)z|p < e M |z|p forall z € B and t > 0 if and only if
(w, 00) C p(A) and

M
| R™ ()| L8,y < @ VmeN, Va > w. (B.1)

Moreover; if (B.1) holds then
R(a) =/ e S(@)dt, o> w,
0

and S()z = limg_, o €4z, where Ay := a (@ R(a) — I), o0 > w.
(ii) If, for some z € B, A,z converges as o tends to infinity then z € D(A) and
lim A,z = Az.

oa—>00

The operators (A, ) appearing in the theorem above are called the Yosida approximations
of A.

Let us now recall the classical concept of the adjoint operator. Namely if A is a densely
defined linear operator A on a Hilbert space V then y € D(A™) if and only if the linear

365
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functional that associates with z € D(A) the value (y, Az)y has a continuous extension to
the whole V. In this case there exists a unique element w such that (w, z)y = (y, Az)y for
all z € D(A), and we may define A*y = w. The operator A* with domain D(A*) is called
the operator adjoint to A.

The following result is a consequence of the Hille—Yosida theorem.

Theorem B.2 A closed densely defined linear operator A on a Hilbert space H generates
a Cy-semigroup S satisfying ||St)||Lu,my < e for all t > 0 if and only if

(Az,2)m < wlzly, Yz e D(A),
(A*y, y)u < olyly, Yy e D(AY).

Let us recall that an operator (A, D(A)) on a Hilbert space V is self-adjoint if D(A) =
D(A*)and A = A*. If in addition (Az, z)y < Oforall z € D(A) then A is called negative-
definite.

Let us assume that A is a negative-definite operator on a Hilbert space V, and define

Ho= (D ((—VA)”Z)) .

Then H with the scalar product

T IR ——
H

is a real separable Hilbert space. Let

_ (0 I . D(A)
=i o) p= (o)

Lemma B.3  If (A, D(A)) is a negative-definite operator on V then (A, D(A)) and
(A, D(A)) are generators of Co-semigroups of contractions on 'V and H respectively.

The lemma is a consequence of Theorem B.2. We will derive it from the following
important generation theorem, due to G. Lumer and R. S. Phillips.

Theorem B.4 (Lumer-Phillips) Let (T, D(T)) be a linear operator on a Hilbert space
U. Assume that T is densely defined, that is, D(T) = U, and that it is dissipative, that
is, (Tx,x)y <0 for every x € D(T). Moreover, assume that for some A > 0 the image
Im(AI —T) is equal to U. Then (T, D(T)) generates a Cy-semigroup of contractions
onU.

For the proof of the Lumer—Phillips theorem we refer the reader to e.g. Pazy (1983),
p. 13.

Proof of Lemma B.3 We consider only the more difficult case of the operator (A, D(A))
and show that the assumptions of the Lumer—Phillips theorem are satisfied. The domain
D(A) is dense in H since D((—A)'/?) is dense in V. In order to show that A is dissipative,

we fix
_(x D(A) _
= (1) = (o) = o
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Then

wean=((2) ()

= ((_A)I/Z y, (_A)1/2x>v + (Ax, y), =0.

We now show that Im (I — A) = H. To do this we need to show that forall x € D((—A)"/?)
and y € V there are u € D(A) and v € D((—A)"?) such that

-a()-G)

that is, ¥ —v =x and —Au + v = y. Equivalently, (/ — A)u =x+y and v =u — x.
Since A is negative-definite, / — A is invertible. Thus the above equality holds for u =
I-A"x+yandv=u—x=U—-A)""(x+y)—x.

B.1.1 Bounded perturbation of a generator

Assume that (A, D(A)) generates a Cp-semigroup S on a Banach space B. Let G be a
possibly unbounded linear operator on B. It is of great interest to find conditions under
which A + G generates a Cy-semigroup or, equivalently, the problem

dy
3 = Ateym. YO0 =y (B.2)

is well posed on B. Here we restrict our attention to the simplest case, where G is bounded.
For more information on the theory of perturbations of Cy-generators we refer the reader
to Davies (1980), Engel and Nagel (2000) or Pazy (1983).

Theorem B.5  Assume that (A, D(A)) generates a Cy-semigroup S satisfying ||S(t)|| (s, )
< Me*" for all t > 0, for some M > 1 and w € R. If G € L(B, B) then the operator
C := A + G with domain D(C) = D(A) generates a Cy-semigroup T satisfying

ITO)lleip.5) < MelHMIGln) 4 > 0, (B.3)

Proof Below, we merely sketch the proof. For more details we refer the reader to Davies
(1980). Write

TNz:=)Y Lz 120 z€B, (B.4)
k=0
where Iy(¢) := S(¢) and

L () :=/ S(t — 5)GI,(s)ds.
0

It is easy to verify that the series converges in the operator norm on L(B, B) and that (B.3)
holds. By a standard calculation, (7'(¢), t > 0) forms a semigroup. It is strongly continuous
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since, for every z € B,

limsup |T(¢)z — z|p
110

k=1

= (1M |G les.m)"
<l 1)z — Me®' —— 1 =0.
< gg{w( )z —zlp + Me”|zls Y p 0
We now show that C is the generator of T'. To this end note that, for every z € B,

T(t)z—z _ S(t)z—z _
t t

lim Gz

B

] t
?/ St —s5)GS(s)zds — Gz
0

B

Me” & (1M |G lusn)"
li = =0.
+ tllron ; |z|8 ; i 0
Hence if Z denotes the generator of T then z € D(Z) if and only if z € D(A). Moreover,
forz € D(A), Zz = Az + Gz. O

As a consequence of (B.4),
t
T(t)z =S()z —l—/ S(t —s)GT(s)zds.
0

In other words, to solve (B.2) one needs to solve

y(t) = St)y(0) + / St — s)Gy(s)ds.
0

The equation above is a version of the so-called variation-of-constants formula. This formula
is introduced in Section 9.1.

B.1.2 Analytic semigroups and fractional powers

An important class of semigroups is formed by the so-called analytic semigroups; see the
definition below. For an equivalent definition see e.g. Engel and Nagel (2000).

Definition B.6 A Cj-semigroup on a Banach space B is analytic if, for every ¢t > 0,
S(t)(B) C D(A) and sup, 1 ItAS(®)l .8y < 00.

To study the regularity properties of solutions to equations with a linear part A that is
the generator of an analytic semigroup S on a Banach space B, it is convenient to introduce
the concept of fractional powers of A. For simplicity we assume that (0, co) is contained
in the resolvent set of A and that there are € > 0 and M < oo such that

G- = A less) < Vi >0. (B.5)

e+’
For y € (0, 1) we define (—A)~" by the formula
1— e—2niy

(A = —— /oo A7 (A — A)"Tda.
2mi 0
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Then one can show that (—A)~™” is a bounded invertible operator and define (—A)” as the
inverse of (—A)~7. It is known (see e.g. Davies 1980, Engel and Nagel 2000, Pazy 1983 or
Yosida 1965) that, forall# > O and y € (0, 1), the range S(¢)(B) is contained in the domain
D((—A)") and that

sup t[[(=A) S8 < 0o, VT < o0.
1€(0.7]

To define fractional powers one can also use the concept of subordination.

B.1.3 Generators obtained by subordination

Let (S(¢), t = 0) be a Cy-semigroup generated on a Hilbert space H by an operator A, and
let (u,) be a convolution semigroup of measures on [0, +00) (see Definition 4.2). One may
easily check that the formula

S() = f TS m@s), 120, (B.6)
0

defines a Cy-semigroup on H as well. Assume that
wi(r) = / e " (ds), r >0,
0

is the Laplace transforms of u,. Then, by Theorem 4.31, w(r)y=e™' V) for some function
Y. Since formally S(t) = e'4, t > 0, it follows that, also formally,

S(t) = / e A (ds) = e VA, t>0. (B.7)
0

Consequently, —J(—A) is a candidate for the generator of (E(r), t> 0). In particular, if
{5()») = A# for some B > 0 then formula (B.6) defines a semigroup with generator A=
—(—A)”. Taking into account that there exists an explicit formula for the density of the
subordinator with 8 = 1/2, one obtains an explicit formula for the semigroup generated by
—(=A)'~.

The procedure above can be made precise in many important cases; see Yosida (1965).
For instance, if A is the negative definite generator of a semigroup (S(z), t > 0), then its
fractional power A= —(—A)P generates a Cy-semigroup defined by (B.6).

B.2 Parabolic semigroups

We use the notation of Chapter 2. Namely, A is an elliptic differential operator of order 2m
on R? or on a bounded domain ©® C R¢. In the case of a bounded domain, A is considered
together with a system of boundary operators B;, j =1, ..., m. We will assume that all
conditions on O, the coefficients of .4 and the set of boundary operators {B;} formulated
in Section 2.5 are satisfied.
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Given p € (1, 00), define

D(A,) = |y e W"?(0): Bjy =00ndO forj =1,...,m},
AW = Ay fory € D(A))

in the case of a bounded domain, and D(A,) = W*"P(R?), A% = Ay fory € D(A,) in
the case of R?. Then A, is the infinitesimal generator of an analytic Co-semigroup S, on
L? = LP(O)oron L? = L?(R?), respectively (see Tanabe 1979, Theorem 3.8.2). Let G be
the Green function introduced in Section 2.5. Then (see (2.3) in Section 2.5)

Sp(t)lll(é):/Dg(lsé,n)l/f(n)dn, 1€(0,00), (B.8)

where D is either O or R.

Formula (B.8) also defines a Cy-semigroup S; on L!. Clearly Sy(t) = S,(t)on LP N L4
forall g, p. Thus it will cause no confusion if we omit the subscript. Finally, by the Aronson
estimates, for all # > 0 and ¢ € L?, S(¢)y is a function with bounded and continuous
derivatives up to order 2m. In Theorem B.9 below we will show that S is a Cy-semigroup
on the weighted spaces L}, C,, £ and C, introduced in Section 2.3. To this end we will
need the following results, of independent interest.

Theorem B.7 Letp eR, 1< p <qg < oo, andletT < oco. Then:

S@): LY LY, t >0, sup rEIUPTVDNS@D)]| L p 19y < 00, (BI)
t€(0,T]

S#):C,— C,, t >0, sup SDllrc,.c,) < 00, (B.10)
tel0,T]

S@): LY+ C,, 1 >0, sup 172"PSO 11 c,) < 00 (B.11)
1€(0,T]

Proof Let g, be the function defined by (2.5) in Section 2.5. Let us observe first that for
each K, > 0 there exists a constant K such that, forall < T and 5 € R?,

/d On(Kat, 1§ =)0, (5)ds < Kv,(n). (B.12)
R

To this end let us fix T € (0, c0) and p € R. Note that there is a constant C; < oo such that

y L (lg =Py
VemeR.  —plEl+olnl— 5 (T <C. (B.13)
2

Obviously there is a constant C, € (0, 00), such that

vV eRY, Cyle™ < 9,(n) < Cre™M.
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Hence, foralln e R? and ¢ € (0, T,

/Rd n(Kat, |§ —n)0,(8) dé

i [T
= Cuk ™ [ e {""5' B (T) } *
R 2

CzK—d/Zmﬂ —d/2 |77 §|2m H/em=h
< M e
-2 ”(”)/Rd 172 Kyt

& — n2 1/@m—1)
— - = d
plEl+ plnl = 7 < KT ) } £

2 d/2 —d)2 Irl Slzm 1/2m—1) .
<CK, ™9 m s
(77)/ exp ) ( o ) Ee

< CIK; " 05 0,(m),

} L (I —gpm)"e?
C: = ¢ d/2m _ st d
3 /Rd KRN\ T K d
1/(m—1)
1 /g
= — de.
Leol3(50) " e

We can now proceed to prove (B.9). Assume that 1 < p < ¢ < coandtakey € L) and
t > 0. By Theorem 2.6 and the Jensen inequality (for the convex function x +— |x|?),

where

q
ISty = / ‘ / G &y dn| D9(E)ds
Rd Rd

< Kk}
Rd

§K3/ ‘f g (Kot 1& — ) W )I? d
R4 Rd

q
/Rd 9 (Kat, 1€ — nl) 1Y ()l dy

05(§) d§

q/p

99(5) dg,

where

gqg—1
K3 = K;I

/ gn(Kat, [nl)dn
R4

Applying the Jensen inequality again we obtain

q/p

‘/Rd gn (Kot 16 — nl) 1y (mI” dn

q/p

= ‘/Rd g (Kat, & = 0l)9, "y (I ” 97 (n) dn

<|yl%" / a2/ (Kot 1€ — nl)9, “ Iy (in]” 97 () d.
0 Jrd
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Note that there are constants K4 and K5 independent of # and &, 5 such that
9i/7 (Kat, 1§ — nl) < Kyr =972 +42m g, (Kst, € —n]).

Next, using the equivalence of ¥4 and ¥, and estimate (B.12) we can find a constant K¢
such that

/ L8l (Kst, |E = nl)P](§) dg < Kot~ 022y fn),
R

Summing up, we obtain

—dq/2 d /2
IS, < Kqr~dal2mtd2ny g0,
P P

which gives (B.9).
Lety € C,. Then

ISOYE)l < K, /Rd @ (Kat, 1§ — nl) ()] dn

IA

C /Rd g (Kat, |E — nl) ¥ (m)|9,(n)Y_,(n)dn

< CilWle, [ an(Kat.lé =)o, 00 dn
R
= Gol¥le, 9-,(8).
Consequently,

3C <00: V1 €(0,T], V¢ €C,, sup [SOVEIP,©) = ClWle, (B .14
EeR

What is left to prove is the continuity of S(z)y(§) with respect to &. It is easy to see
that S(7): C®(R?) > C,, where C°(RY) denotes the space of all infinitely differentiable
functions with compact supports. Thus, since C2° (R%) is dense in C »» (B.10) follows from
(B.14).

We now show (B.11). Again using the Aronson estimates, we obtain

P
ISy E)I" < <K1 /Rd g (Kot 1€ = nl) ¥ ()] dn)

p—1
= Klp (,/];d gm(KZtv |‘§ - 77|)|W(77)|pd77> (/];d gm(K2[f |§|)d§>
<K fR (Kot & — ) W ()I” d.

Thus

sup [SY()[9,(5) < C@) [z,

tcRd

where

C@t) = sup Ky'” gl/?(Kat, & — nl)0,(6)0—, ().

& neRd

Taking into account (B.13) we obtain sup, . 7 t4?mP C(t) < 0o, and (B.11) follows. O
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Remark B.8 The proof of Theorem B.7 is based only on (B.12) and the Aronson esti-
mates. It is easy to check that the polynomial weights {6,} satisfy the following analogue
of (B.12):

VpeRY VT >0,3C >0:VneR?,
/]glll(Kzt’ |§ - 77|)9/)(§)d§ =< Cep(n)
R(

Thus one can easily obtain a polynomial version of Theorem B.7 by replacing in the spaces
L?and C, (B.9)-(B.11) by L} and C,,.
Now note that for any bounded domain O one has

sup / g (Kat, & —nl) dE < / n (K2, [n])dn < oo.
1>0,£€0 JO R4

For a bounded domain O the estimate above can play the role of (B.12) in the proof of an
analogue of Theorem B.7. In fact the family S corresponding to the Green function for the
system A, {B;} considered on a bounded domain O has the following properties: for all
l<p<g<ooandforallT <ocandt > 0,

S(t): L+ LY, sup 1 PPZVDYS (@) L, 14y < 00, (B.15)
1e(0,T]

S(t): Cp = Cy, sup [IS)lzcy.c;) < 00, (B.16)
t€l0,T]

S(t): L? — Cp, sup PP S(E)| Lwr.c,) < OO, (B.17)
1e(0,T]

where L? := L?(O) and C;, := C,(O).

Theorem B.9

() Forall p € [1,00)and p € R, S is a Co-semigroup on the spaces LY and L?.
(ii) Forevery p € R, S is a Cy-semigroup on C, and C,,.

Proof We will restrict our attention to the exponential weights. The proof in the case of
polynomial weights is similar. Let H = L? or H = C, for certain p € R and p € [1, 00).
By Theorem B.7, (S(¢), t > 0) is a family of bounded linear operators on H and,

VT < o0, sup Sl L, my < 0. (B.18)
T

te[0,T]

We need to show strong continuity, that is, for every ¢ € H,
lir'% ISy —¥lw =0. (B.19)
t—

Taking into account (B.18) it is sufficient to verify (B.19) for ¢ from an arbitrary dense
subspace Hy of H. For H, we can take C.(R“). Thus the proof of the theorem is complete
if we can show that, for every ¢ € C.(R% and M > 0,

limsup [S()Y (&) — Y(&)eME = 0.
’_’OEEO

To do this we fix a € C.(R?) and M. Since ¥ € Cyy, (B.10) yields
C := sup sup *MF|S(@O)yY ()] < oo,

te[0,1] geRd

and consequently |S(t)y(€)[eM! < Ce Ml forallt € (0, 1] and & € R?.
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Let ¢ > 0. Then there is an R > 0 such that ¥(§) =0 for & satisfying || > R
and eM¥|S(t)Y (&) <& for all £ € O: |E| > R. Thus, for all £: || >R and ¢t €
0,11, |S(E)W(E) — ¥(£)|eME! < &. What is left is to show that, on every compact set
K Cc R4,

lim sup |S(r)¥ (&) — ¥ (§)] = 0.
t—0 tek
For the proof see Arima (1964), p. 241. |
Remark B.10  One can show that a second-order operator A generates a Cy-semigroup
on a weighted space L2(R?, B(RY), 9 (&) d£) if and only if
3C <o00: VE eRY, A*9(§) < Cvo(§).

For details see Da Prato and Zabczyk (1996). Thus weights of the types & > ¢*/¢* are not
admissible.

B.3 Semigroups for classical equations

Here are some examples of specific semigroups often used in applications.

Example B.11 (Transport equation) Let H = L*(0, c0), andlet Ay = 9/9&. Thus (B.1)
has the form

dy _ ay _
E(ME) = %O’ &), ¥(0,8) =2z(), § > 0. (B.20)

Denote by Dy the set of all z € L?(0, co) that have continuous first derivative at each & > 0.
Then the solution y is given by the formula

¥y, &) =zt +%), t,£>0, (B.21)

and the semigroup has the form (S(t)z)(€) = z(t +£),t, & > 0, z € L*(0, o). Note that if
z € L*(0, 0o) is not differentiable at some point then y as given by (B.21) does not satisfy
(B.20) for all + > 0 and & > 0. This is the reason that y is only a generalized solution.
Sometimes for the transport semigroups one writes S(t) = e/%/% ¢t > 0.

Example B.12 (Heat equation) Let H = L(0, 1), and let Ay = 3%/0&2. More precisely
we are concerned with the equation

] 92
. 8) = a—sﬁa, 5, y0,6)=z&). £ ©,1), (B.22)
together with the Dirichlet boundary condition

y(,0)=y(t,1) =0, t>0. (B.23)

Note that we are using the general framework introduced at the beginning of Section B.2,
with A = 8%/9&2, Bju(£) = u(0) and B,u(£¢) = u(1). Using the Fourier method we are able,
however, to solve the problem (B.22), (B.23) explicitly. Namely, we look for a solution in
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the form
Yt E) =Y y(V2sin(rn), >0, &[0, 1].
n=1

Note that the functions {e,}, where e,(£) = /2 sin(rné), form an orthonormal basis in
L?(0, 1); they are classical solutions of

d%e, 2 2

352 = —Tnnve,, 8,1(0) =0= en(l)'
Since

ay > .

5,68 = 5 (V2 sin(eng),

n=1
9%y S 22 :
a6 = =Y w0’ V2 sin(n),
n=1

we have

V(1. 6) = SO2E) = Y ez, ) 20,1, ()- (B.24)

n=1

This formula defines a Cy-semigroup (S(¢), t > 0) on L2(0, 1) and the generalized solution
y. Its generator is the second-order differential operator d>/d&? with domain W%2(0, 1) N
W(;'Z(O, 1) (see Section 2.2 on Sobolev spaces). Clearly the generator of a heat semigroup
is a self-adjoint negative-definite operator on L2(0, 1).

Example B.13 (Wave equation) Consider now the problem

32u aZu
W(Lf) = a—sz(z‘,‘;‘), >0, £€(0,1),
9
w0.8) = w®. FO.H=wE,  EO.D, (B.25)

ut,0) = u(t,1)=0, +>0,

which is known as the wave equation or vibrating string equation. We write the first equation
of (B.25) in the form

du av 9%u

—(z, =v(,§), — (1, = —(,5).

at( §)=v(,§) 81( &) 852( &)
Lete, (&) = +/2 sin(zné),n € N, be eigenvectors of the Laplace operator A = 3%/9£2 with
Dirichlet boundary conditions. These functions have appeared already in our derivation of
the solution of the heat equation on the interval (0, 1).

As in the case of the heat equation, we are able find an explicit formula for the wave semi-

group and hence a solution to (B.25). Namely, we look for a solution y(f) = (u(z), v(¢))",
t > 0, of the form

Wty =Y uses, v =) vie,,  1=0.
n=1

n=1
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In the same way as for the heat equation one arrives at the sequence of ordinary equations
w,(t) = v,(t), v.(t) = —m*nlu,(t), t>0,n=1,2,...,

which can be solved explicitly to give

u(t, &) = foZ (u,,(O) cos(mrnt) sin(wnt) + o (0) sin(wrnt) sin(nns)) ,
— nw

v(t, x) = \/EZ (= nmu,(0) sin(rrnt) sin(wnt) + v,(0) cos(rrnt) sin(wn§)),

n=1

and the semigroup (S(¢), ¢ > 0) corresponding to the wave equation is given by

uy [ u@®)
S(t) (v) = <v(t)) . (B.26)

Below, we derive from Lemma B.3 the existence of the semigroup S corresponding to
the wave equation. First we have to specify the space on which S is defined. To this end,
define Hy and H~' as the spaces of all sequences x = Y oo | x,e, satisfying

o0

X2
2
|x|H| =7 an <oo and |x[yo = Z—Z

respectively. Clearly, H} and H~"' are Hilbert spaces. In fact H; is equal to W,*(0, 1). On
H~' we define the Laplace operator by

oo
Ax = E ﬂznzxnen.
n=1

Then A with domain H|} is a self-adjoint negative definite operator. Moreover, D((—A)!/?)=
L?(0, 1). By Lemma B.3 the operator

(0 1 H]
A‘:<A 0)’ DA = <L2(0 1))

generates a Cy-semigroup on the Hilbert space H = (LZ(O, ), H *‘)T. Note that this semi-
group is given by (B.26). Using the same arguments we can show that S given by (B.26) is
a Co-semigroup on (H;, L*(0, l))T.

B.4 Semigroups for non-local operators

Generators such as differential operators raised to fractional powers are non-local. The
semigroups generated by them are, however, important examples of transition semigroups
of Markovian processes.

Definition B.14 Let P = (P,) be a transition semigroup on a measurable space (E, £).
A o -finite measure A on (E, £) is said to be w-excessive for P if, forallt > OandI" € &,

/ Pxr(§)AdE) < e M(T).
E

Let L?(dA) := LP(E, £, 1). The following result is taken from Zabczyk (2001a).
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Proposition B.15  [f A is an excessive measure then, for all p > 1 and t > 0, P, has an
extension from B,(E) N LP(d)\) to L?(dA) and, for the extension,

| Pl erany.Lrany < e”/r, t>0.

Let (-, -) be the scalar product on R?, and let | - | be the corresponding norm. Assume
that (P;) is the transition semigroup on B,(R?) corresponding to the Lévy process with
characteristic (a, Q, v). Thus

Pip(§) =/ ©& + mu(dn), (B.27)
]Rd

where
/ €N 1 (dy) = e VO,
RrRA
and
V(€)= —ila, £)u + 5(08. £)v
+ / (1= €60 4 s <0 . M)0) V().
U
The following theorems from Zabczyk (2001a) hold.
Theorem B.16  If, for some y > 0,

/ e”kly(de) < 00 (B.28)
{I&1>1}

then P has an extension to LP(dA") := L?(R?, B(R?), d\V), where 1Y (d€) := e " d&.
Moreover, for large enough w > 0,

I Pl cerarry.ernry < €77, vVt >0.

Theorem B.17 Letr > dand p > 1. If
/ §1" v(d§) < o0 (B.29)
{l51>1}

then, for k sufficiently large, (P;) has an extension to the space LP(d),..) := L?(R?, B(R?),
dA, ), where

R
L+«lgl
Moreover, for large enough v > 0,
1Pl 2L i) L2 @)y < e'rP, vVt >0.

Conditions (B.28) and (B.29) are trivially satisfied if the jump measure v is concentrated
on bounded sets; thus they are satisfied for all processes X with only bounded jumps. Note
that for a fixed r > d the spaces L>(dA,.,.), k > 0, are isomorphic. The condition r > d is
equivalent to the requirement that the measure 1, , is finite.
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For the proofs of the theorems above we need the following proposition, which is an
easy corollary to Theorem 5.3.

Proposition B.18  The semigroup (P;) given by (B.27) is strongly continuous on Co(R?).
Moreover, C3(R?) is contained in the domain D(A) of the generator A of (P,), and

Ap(§) = (a, Dp(§)) + 5 Tr QD*¢(§)

+ / (0& + 1) — &) — (Dp(€), n))v(dn)
{nl=1}

+ / (0 +m) —p@®)vdn), ¢ e CHRY, & e R,
{Inl>1}

Finally, Cé(Rd) is invariant for (P,).

Given a measure A and a function ¢, write (A, ¢) := fRd @(E)A(dE). Assume that w > 0.
We need also the following characterization of excessive measures for (P;).

Proposition B.19 A finite measure X is w-excessive for (P,) if and only if, for any non-
negative function ¢ € C3(R?),

A, Ap) =w (A, 9). (B.30)
Proof If Lisw-excessiveandg € D(A),¢ > 0,then (A, Prp) < e (X, @) or, equivalently,
1 —wt
A, ;(e”’P,(p—ga) <0, Vt>O0.
Therefore
A, Ap) =1 liml(e’”” p—9)) <0
) ] {‘LO l’ t — ’

which proves (B.30). However, if ¢ > 0 and ¢ € C2(RY) then Pyp € CZ(R?), Py > 0 for
s > 0and

t
e Pop=0¢ +[ e (A — w)Ppds.
0
If (B.30) holds and ¢ € CZ(RY) then
t
()‘! eithtgo - (/7) = / eiws ()"7 PA(A - &))(/7) ds
0

t
=[ e (A, (A—w)Pyp)ds <0,
0

because (B.30) holds also for Py and (A, P;¢) > 0. We have proved that if (B.30) holds then
(A, Pp) < e”(L, ) for every non-negative ¢ € CZ(R?). By approximation, (A, P, xr) <
e’ (A, xr) forall T e B(RY). O

Clearly, in order to prove Theorems B.16 and B.17 it is sufficient to show that for w large
enough the measures A” and A, , are w-excessive. To do this we give sufficient conditions
for w-excessivness in the following four cases.
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(i) Translation: Q =0, v = 0.

(i1) Wiener process: a = 0, v = 0.
(iii) Large jumps: a =0, Q = 0, v finite.
(iv) Small jumps: @ = 0, Q = 0, v concentrated on {n: |n| < 1}.
Note that our infinite divisible family g, is of the form

W =y kg o) x g, =0,

where u,‘,i , j=1,2,3,4, are the convolution semigroups of measures corresponding to
cases (i), (ii), (iii) and (iv). Note that if a measure A is w;-excessive for the semigroups
(P/) defined by (), j = 1,2, 3,4, then A is w(= w; + w; + w3 + w,)-excessive for the

semigroup determined by (u,). Therefore we can restrict our considerations to the specific
cases listed above.

In the following formulations we denote by ¢ the maximal eigenvalue of Q.

Theorem B.20  The measure 1V is w-excessive for (P,) if, in cases (i), (ii), (iii) and (iv),
respectively,

D ylal <o (D) 3y’ <o, Gi) [ "= Do) <o,
R4

(iv) 397 / e’ nPv(dn) < w.
{Inl=1}

Conditions for the w-excessivness of the measures A, are more involved. To formulate
them it is convenient to introduce the following family of functions:

wr(z)zsupw7 r>1,z7>0.
a>0 I+ar
Note that
(a+z2) —a" Ly 1
_— = r r r y \4 0, v 1.
I ), Y0

In addition, if » > 1 is a non-negative integer then

1 (r
Y (@) = sup == ‘,’()1+ o < Yy(1) max 2* (B.31)
a0 &7 k=L
Theorem B.21  The measure X, is w-excessive for (P,) if, in cases (i), (ii), (iii) and (iv),
respectively,

@ "V (tlal/y <e” =1, >0,
(i) 3677 — D’V +2)g < o,

(iii) KH/’f W (Inle/"Hv(dn) < o,
Rd

2(; 1)
(iv) k°r (sup 7)/ ! = (Inle'7) + 1) InPu(dn) < w.
a>0 (1 + ko’ )2 {In1=<1} ( ( ) )

If » > 1 is a natural number then, by (B.31), conditions (i), (iii) and (iv) may be
simplified. In particular, (i) holds if

kEDIH g kDY < o, k=1,2,...,r.
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Taking into account (B.31) we obtain

Ve (Inle") < (1) max (Inle'’")

..... r

and therefore, instead of (iii) and (iv), simpler inequalities can be stated.
We proceed to the proofs of Theorems B.20 and B.21. We will prove the theorems
simultaneously by considering the four cases separately.

Proof for case (i)  We use the definition of excessiveness. Since

—yln—at|+ynl <ylalt <wt,  t>0, neR’,
Theorem B.20(i) follows. In the case of Theorem B.21 it is sufficient to show that
1 wl
<= . peRr >0,
I+«lnp—atl” = 1+«nl"
or
k(Inl" — |n — at|"
Mfew’—l, UERd,tZO.
14+ «|n —at|
But
Inl" —In —at|" In —at|” — Inl"
sup = su
perd 1 +Kln—atl” JeRd 1+ «|nl”
(o + |at])" — "
as0 1+ «ar
and so the result holds. O

In the proofs of the remaining cases we will use Propositions B.18 and B.19. We denote
by A* the formal adjoint of A, given by

A*p(§) = —(a, Dp(&)) + 5 Tr O D*(§)

+ / (0 —n) — &) + (Dp(£), n))v(dn)
{nl=1}

+ /“ . (@€ —m) — @(&)v(dn).
Denote the weights by G(§) = g(|&]). If we show that, away from a set of Lebesgue
measure 0,
A*G <0G (B.32)
then w-excessiveness follows easily using integration by parts.
Proof for case (ii) We have

g"(ED  g'dED
HE I&1°

g'(€D
€]

Tr D*°G(§) = ( ) (Q.8) + TrQ  for& #0.

So (B.32) is equivalent to

> (g"(lfl) -

g’<|s|>> (©6.8) gUED, .
g ) er T e es@Eh=0

VEeR?Y £#£0.
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In the case of Theorem B.20, g'(u) = —ye™"* and g"(u) = y*e~"* and so (B.33) becomes

v\ {088 v
1) S tmese mmemo

Since

(Q§,§)
u
e20 €]

<TrQ,

it is therefore enough that %yzq < w, as required.

In the case of Theorem B.21 we assume that d > 1, as the case d = 1 can be treated in
a similar way. Note that

r—1 2,.2,2r=2 —1 r=2
e e

(1 4+ xku)’ (1 + ku)?
and that (B.33) holds if

< 2 r?u¥=? kr(r —2)u’_2> (QE, &) __®
(I+ku)®  (I+ku)? €2 = 1+«kur

for u = |&| > 0, that is, if

g'w) =

2
% (2/c2r2u2”2 —K2r(r — 2)u2’72) g < wr(1 + ku")?, u > 0.

Rearranging, the condition for (B.33) to hold is that

2r—2
1,2 u
> 2)g—— < wy, 0. B.34
T )q(l Feury = ‘e B34

Taking into account that the left-hand side of (B.34) attains its maximum atu = (r — 1)/«,
the required inequality holds. O

Proof for case (iii) We consider only the more complicated situation in Theorem B.21.
Notice that the operator A* is of the form

A*G(§)=/ (GE —m) — G&)v(dn), £eRY,
R4
and the left-hand side of (B.32) is equal to

[ (=~ ) v

w \ L xlE— " T+wlel )

IEI" — 1€ —nl" ;
re (14«15 =011+ «|€]")

(dn), £ e RY.

Since

EI" —1& —nl" _ &€ —nl" — &I

sup sup
%-ERLI 1 +K|€ - nlr éeR‘l 1 +K|€|r

= ¥l = <~y (Inle'7),

the result follows. O
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Proof for case (iv) By Taylor’s formula,
G(E —n) = GE) — (DGE), n) + 5(D’GE —vymn.m), v, €[0, 1,
and the inequality (B.32) becomes

3 / (DG — vy, n)vdn) <wGE), & eR. (B.35)
{Inl<1}

But

D2G(e) = (g”(lél) 8 (IEI)) E®E  g(ED

, R.
el ) Er T se

In the case of Theorem B.20, g’(u) = —ye~"" and g”(u) = y*e7*. Therefore

2
DG zfym(_L r 5®5), RY,
©=e GRAEASARATTE 5 <

and, forz =& — vy,

<D2G(z) >
e

o 7®z 1 22z
< (=Ll <),2<72,7, n>+y<<——1+ 3 )n, n>>
|z 4 4}

7102z
<erbly? <Wn, n> < ey p)?,

so the result follows.

It remains to consider the case of Theorem B.21. If 4 > 1 then, for u = |&],

) = kru’™! "y =2 K2r2ur 2 kr(r — Du'?
W =m0y ST 0Ty T T Otkw )
and
kr|E|2 E®& E§®E 2«kr|&]
DG() = — (— ey p i TR
(1 + k&) €12 [E12 1 +«lglr
However, for arbitrary r > 1 and & € R,
§Q®E
—I - r—2)<0
€17
and (B.35) holds provided that
2ierlz 122 2
1/ el ~ @00 ) < . (B.36)
<y (I+«lz|)y Izl

In (B.36), z = & — v,n is from Taylor’s formula and v, € [0, 1]. Elementary estimates lead
to the required result. The case of d = 1 can be treated in a similar way. ]

Thus the proofs of Theorems B.20 and B.21 are complete.
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B.5 Fractional powers of the heat semigroup

Let S be the heat semigroup generated by the Laplace operator A on O with Dirichlet
or Neumann boundary conditions. Consider the semigroup S, generated by the fractional
operator —(—A)”. By (B.6),

Sy(t)=/ S(s)f (ds),
0

where (1)) is the convolution semigroup of measures on [0, +00) such that

+00
Hi(r) = / " 1i(dg) = exp{—1r7}, t,r>0.
0

Since the Fourier transform of each u! is integrable, u! is absolutely continuous with
respect to Lebesgue measure. Let us denote by ¢ the density of 1) .

Lemma B.22  The family (¢]) has the following scaling property: ¢} (s) =t~V ¢7
x(st=V7) fort,s > 0.

Proof We have

+00 +oo
/ et Y (st ) ds = / exp {—rt""u} ¢] (u)du = exp {—tr"}.
0 0

Let G be the Green function for A on @. Then

Sy(OY(§) = /Ogy(t =5, & my(ndn,

where
+o0 +oo

Gy (1,6, m) = G(s, &, mg/ (s)ds = Gt u, &, m] (u) du.
0 0

The following lemma plays an important role in Section 12.5, which deals with applications
to equations driven by a fractional Laplace operator.

Lemma B.23  Let p > 1. Then there is a constant C such that, forallt > 0, § € O,
/ |gy([7 n, %_)’p dn < Ct(d/ZV)(I*P).
1)

Proof  Taking into account Lemma B.22 and the fact that ¢! is the density of a probability
measure we obtain

+00
/OIQV(s,n,S)VdnS/o/O 16" u. 0. )|” 6] (w)du .

Since (see Aronson 1967) the Aronson-type estimates hold for the Laplace operator uni-
formly on each time interval, one obtains

1y r 1y, \~dp/2 _plE—nP
/(;|g(t “s’lvf)| dn KIAtI (t u) exp{ Kot d

Ks (117u) "7

IA

IA
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Thus the proof is complete if we can show that

+00
/ uid(p”)/z(ﬁf(u)du < 00.
0
In fact, forall « > 0,

400 4V
¢1 (u) du
0 u

< Q.

This follows from Feller (1971), Chapter XIII, Section 6. For, let X be a random variable
with density ¢ := ¢!. Then

+o0 X +00
M du = EXia = E/ dS = E/ X[O.X""] dS
0 u® 0 0
+oo +oo
:[ ]P’(X‘"‘zs)ds:/ ]P’(st_“)ds
0 0
1 o]
:/ ]P’(st‘")ds—i—/ ]P’(st_“)ds::ll—‘rlz.
0 1

It is clear that /; < oo. In order to estimate /,, note that

! dr
L=« | P(X 5r)r1+u.
Since (see Feller 1971) ¢’ “P(X <r) — O asr — 0, we have I, < co. O

Remark B.24  The same estimates can be obtained (with the same arguments) for the
fractional Laplace operator on R¢.

B.6 Proof of Lemma 10.17
We have to show that there is a constant c,, such that
(Apv, v*) < cpl¥lr, VY € D(A,), ¥ €Y. (B.37)
If ¢ # O then 3|v/|,» consists of one element,
Y& = Y1) seny @I EI = [yIliv @I EIr?, £eo,

where g issuchthat 1/p 4+ 1/g = 1. If ¥ = Othen |y |.» is equal to the unit ball in LI(O).
Assume first that p = 2k + 2 for some k € N. Then

[P (A, ) =1 + L+ L,
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where

2t %y d
/(;”ZI &) al,(E)ag 9, (&) dé,

2Ut1 L Y
b= [ @ Y bl @,
(@] i=1 Si

I :=/O(1/f(é))2k“ c(§)ds.

Assume that ¢ € CZ(O). Then, integrating by parts, we obtain I, = I, ; + I, 2, where

" Y
Iy i=— / > WE* a @,j(§) 5 E) =) dé,
O j=1 S é
2k 1// l/f
Liai=—@2k+1) (w(s» § ,,@)—S (s)—g (&)dg

i,j=1

<-@erns [ Z (5@)1# (5)) ds.
J

Note that
d
i+ b= / PIICH 5 W ey e de,
j=l J
where
- d da;,
b;(§) == b;(§) — Z 35’(5)
Hence, for any ¢ > 0,
I 2k 1// 1#
1+h+65L<—-2k+1) (1//(5;')) Z a;, ,(S) o, (S)g(é)dé

i,j=1

+*max 121 f Z %, MV 6y e de

+ 2 Jol.. [ 1w de + el [ 1wl ae
J o o

d

1 .
= (e e malil,) [ vy

Y
0&;

S

de? -
+ (7 max | b; | + ||C||oo> / v (&))" d§.
j )
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Choosing ¢ such that
1 -
—2k+1)5 + 262 mjax 1bjllec <O

we find that, for some ¢, > 0,

(AY, ") < W IPILP Y1), = ¢pl¥ler, (B.38)

as required. If ¥ € W2?(Q) vanishes on dO then there is a sequence (¥,) C D(A ») of
C2(0) functions converging to ¥ in the graph norm of A. Taking into account that (B.38)
holds for all v, (B.38) holds for vr.

To obtain (B.37) for any p, note that for p = 2k + 2 there is an w), such that

ISl e, Loy < e, t>0. (B.39)

By the Riesz—Thorin theorem, (B.39) holds for all p > 2 (with appropriate w,). But (B.39)
implies that the operator A, — w1 is dissipative, and so the proof is complete. g

Remark B.25  Under some assumptions, we have that [|S(#)|l;2,12) < e, t > 0, with
a negative w. Moreover, given A and w € R we can find an « such that the semigroup
T = (T(¢t)) generated by A — A1 satisfies ||T(1)| < e”.

Indeed, we have

(A, ¥) < —a/ 'a‘”@)rduf w(s>i5~@)—¢(s>d5
' B o |0& o = ! 9&;
+ /O CEPE) de,
where
d
da; ;
by(&) = b;(§) — Z 8‘;’ ®).
By the Poincaré inequality,
/ W) dE = Co | Vi e W20),
8%‘1

where Co is a constant depending on the volume of O and d.
If the partial derivatives da; ;/0&;,i, j =1, ..., d, are bounded then

49 -
/ W(E)ij(é)alj(é)dé < max ||b; (S)‘ [ (&)l d&
0 j=1 £ !

< | 9&;

= § max IIBfIIw( /<£($)> ds+d[ |x/f(5)|2ds>.
J J O
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Consequently, provided that —38 + 1 max; [|b;]lec = —8 < 0,

(Ay,¥) < =8 |DYIL, + (gugC(E) + %dmjax 15 ||oo> vz

IA

1 - -
(5 5+ 1AL + s+ barmas . )

Example B.26  Assume that c = 0 = b; and that g, ; are constants. Then

8
(AY, ¥) < —C—Onmiz.



Appendix C Regularization of Markov processes

Let (P,) be the transition semigroup of a Markov process (X(¢), ¢ € [0, T']) on a complete
separable metric space (E, p). We denote by B(x, r) the ball in E with center at x and
radius r. We now prove Theorem 3.23. The proof follows Gikhman and Skorokhod (1974),
Vol. 1, and is based on some lemmas. Define

a,(r) := sup sup Ps(x, B°(x, r)).

s<t xeE
Lemma C.1  Condition (3.3) in Theorem 3.23 holds if and only if
linéa,(r) =0, Vr > 0. (C.1)
t—

Proof 1If,forallt < §,sup,.p Pi(x, B°(x,r)) < ¢ then also o, (r) < €; so the equivalence
follows. O

Lemma C.2 If, for all x € E and r > 0, limy,_,o Py(x, B°(x,r)) = 0 then for all s €
[0, T) we have

1lifnp(p(X(S), X(1) >r) =0.

Proof By the Markov property for s <t < T, one has
P(p(X(s), X(1)) > r) = E P,_(X(s), B(X(5), 1)),
and the result follows from the Lebesgue dominated convergence theorem. |

For every sequence (x,) in a metric space E and any r > 0 define the number o,(x,)
of r-oscillations of (x,,) as the supremum of those natural numbers k for which there exist
Ny <Ny <Ny < -+ < Ny suchthatp(x,lj,x,,jfl) >rforj=1,2,...,k.

Lemma C.3 A sequence (x,) satisfies the Cauchy condition if and only if, for eachr > 0,
0,(x,) < 00.

Proof Assume that, for each r > 0, 0,(x,) < oo but (x,) is not a Cauchy sequence.
Then there exist an » > 0 and an increasing sequence () of natural numbers such that
0 (Xmsg s Xmy_,) = r. Now construct an infinite subsequence (x, ) such that o (xz, , X, ) >
r/2. The new subsequence consists of the two first elements x,,,, x,,, of the sequence (xm k)
and one element from each pair X, , X, , k =2,3, ...

388
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Since  p(Xpy Xmy_,) =1, for any element a € E either p(x,,,a) >r/2 or
,o(x,,mfl s a) > r/2. Thus if the elements x; , ..., x;;, have already been selected and each
m; is either my; or my;_1, j =1,2,...,k, then we select from the pair X, ,,, Xmy,,
that element which is at a distance at least /2 from x;,. Consequently, 0,,,(x,) = 00, a
contradiction.

If (x,) is Cauchy then for each r > 0 there is an N such that p(x,, x,,) < r for all

n,m>N.So, if p(x,,,%,,_,) =r,nj_y <nj, j=1,....k, then n_; < N; therefore
o,(x,) < N. O
Lemma C4 LetO<s<ti<th<---<t,<t<T,andletA,,m=1,2,..., bethe
event that the number of r-oscillations in the sequence X(t,), ..., X(t,) is at least m. Then

P(A,) < Qo (r/4)", m=1,2,... (C2)
Proof

Step 1~ We show first that the result is true for m = 1. We can assume that s = 0. It is
clear that

Ar= (AN {p(X(0), X(1) < r/4}) U (A1 0 {p(X(0), X (1)) = r/4})
and that
P(A1 N {p(X(0), X(0) = r/4}) < P(p(X(0), X(1)) = r/4) < a,(r/4).
Note that
AN {p(X(0), X(0) < r/4}

C U {p(X0)., X)) <r/2, j=1,2,...,1—1}
=1
N {p(X(0). X(1)) < r/4}

c U {px©. X)) <r/2, j=1.2,....1-1,

=1

and p(X(0), X(1)) > r/2} N {p(X(0), X(1)) < r/4}.
Therefore

J =P(A; N {p(X(0), X(1)) < r/4})
n -1

< E 1_[ xBx©),r/2 (X&) XBex).r/2) (X)) X Bx00), /) (X (2)).
=1

Jj=1

If p(X(0), X(#;)) > r/2 and p(X(0), X(¢)) < r/4 then p(X(#;), X(t)) > r/4. Consequently,

n -1
J < Z E 1_[ XB(X(O),r/z)(X(lj))XB< (X(O),r/2)(X(ll))XBC(X(:,),r/A)(X(l))
=1 j=I

and, by the Markov property, J is less than or equal to

n -1
S BT xscxorm X)X @) Py (X (0), BE(X (1), r/4))

=1 j=1

< o (r/H P(p(X(0), X())) = r/2forsome [ = 1,2,...,n) < a,(r/4).
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Step 2 We can now show that the result is true for m > 1. Let M be the number of
r-oscillations in the sequence X(#,), ..., X(#), and let 7, := inf{k: M; = m}. Then

n n

An=Jlta =k} and A=z, =k N AL

k=1 k=1
But
{(tw =k} N Apys C {7, = k) N AL,
where AII"" is the event that in the sequence X (#;), X (tx+1), - - . , X(2,) there is at least one

r-oscillation. By the Markov property,
P ({t, = k} N AY") = E x5, -0 P(A}" | F,)
< P(ty =k) 20, (r/4).
Consequently, P(A,,+1) < 2a,_,(r/4) P(A,,) and, by an obvious induction argument, (C.2)
follows. 0

Proof of Theorem 3.23 Let Q be a countable dense subset of [0, 7] containing 0 and 7. We
show that, for each » > 0, the number o, (X (¢), t € Q) of r-oscillations in {X(¢), t € Q}is
finite. Let (Q,) be an increasing sequence of finite subsets of Q such that | J, 0, = Q. Let
m be a natural number such that 2a7,,,(r/4) < 1. Then, for each n, the probability that the
number of r-oscillations in the sequence

L
Qm[’—r, iT], j=1.....m,
m m

is at least k can be estimated as (2aT/m(r/4))k. This easily implies that, for each r > 0,
0,(X(t),t € Q) < oo with probability 1. Let €2 consist of all w € 2 such that, forall r > 0,
0,(X(t, ), t € Q) is finite. We define a modification X of X by putting

X(t,w)= X(t,w) forte Qandwe Q
and

X(t, w) = hinﬁ(s, w) forte[0, TN Q.
syt
seQ

It follows from Lemma C.3 that ?(t, w), t € (0, T], is right-continuous with left limits. By
Lemma C.2 the process X is a modification of X. g



Appendix D  It6 formulae

In this appendix, It6 formulae for finite-dimensional and infinite-dimensional semimartin-
gales are presented.

D.1 Main results

For the proof of the following result see Métivier (1982), Theorem 27.1. Below, AY(¢) :=
Y@)—-Y(@-).

Theorem D.1  Assume that X = M + A is an RY-valued semimartingale with martingale
and bounded-variation parts M and A, respectively. Then, for every ¥ € C2(RY), ¥(X) is
a local semimartingale and, for all t > 0, P-a.s.,

d t aw
VOKE) = $OXO) + ) / .

/ agag, KON AM M)+ 3 (AVO06) = Y0,

sS<t

where

d a d )
Y(s):= Z %(X(s ) AXi(s)— 1 Z 5 ag (X(s—) AX'(s) AX(s).
i i J

The formula can be rewritten in terms of the so-called continuous part [M;, M;]° of the
square bracket [M;, M;]:

(M, My} = [M;, Mi], — ) ALM;, M;];.

s<t

391
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Namely,
d t 81// ;
YX(@D) = YXO)+ ) /0 5z, XEAX'6)
i=1 !
N o
i X(s—))d[M', M7
+2i;/0 saE, Xl I
< 9y _
+) (M/(X)(S) -3 38 X6 Ast)) :
S=t i=1 t
If

7((0,1,T) := Y xr(AX(s)

s<t

is the jump measure of X then

oY

o, (X(s—))dX'(s)

d t
PX@) = PXO) + /0
i=1

+1 de / W Xy, M
2i,_/'=1 o 0&0§; )

t d P
+ fo fR d (wo«s—) +3) = P XN = yigéf(X(s—))) 7(ds, dy).
i=1 t

The next results deal with the Itd formula for Hilbert-valued semimartingales (see
Métivier 1982, Theorem 27.2) and require some notation to be defined. We denote by
H®H the space H ® H completed with respect to the Hilbert—-Schmidt norm. Clearly,
L(H®H,R) = Lusy(H, H). Let {e,} be an orthonormal basis of H. Then M* = (M, ¢;)
and (see Section 8.1),

M, M], := Zek ®e;[M*, M];,

ij

where on the left-hand side the square brackets of Theorem 3.48 have been doubled (cf.
(8.2)). Next,

M. MY =) e ® ej([Mk, M =3 AMk(s)Mf(s)).

i,j s<t

Theorem D.2  Assume that X = M + A is a semimartingale taking values in a Hilbert
space H. Let yr: H+— R be of class C*. Assume that, for each x € H, D*y(x) €
Lnsy(H, H) and the mapping

H 5 x> D*y(x) € Ligs)(H, H) = L(HYH, R)
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is uniformly continuous on any bounded subset of H. Then (X)) is a local semimartingale
and, forallt > 0, P-a.s.,

VX)) = Y(XO) + /0 (DY(X(s—)). dX(s)), + | /0 DYy (X(s—) d[M. M,
+ 3 (AWX)E) — (DYX(s—), AX($Dn — V()

s<t

where
Y(s) = 3 D*Y(X(s—) AX(5) ® AX(s).
We also have
V(X)) = Y(X(©O) + /0 t(Dw(X(s—)),dX(S))H +1 /0 DA(X(s—) d[M, M.
+ ) (AWX)s) = (DY(X(s=), AX(S)n).

s<t

D.2 An application

Let Z be a square integrable Lévy martingale in R? with covariance equal to the identity
matrix.

Lemma D.3  Let a and b be predictable R- and R?-valued processes satisfying
IE/OT (la@®P + 1b@)P*)dt <oo, VT >0.
Then, for any x € R, the process
Xt)=x+ /Ot a(s)ds + /Ot(b(s), dZ(s))
is square integrable and
E X%(t) = x> + ]E/Ot X(s)a(s)ds + ]E/Ot |b(s)|? ds.

Proof The lemma follows from the It6 formula for ¥ (x) = |x|?. Indeed, we have

Y(X(s=) +y) = Y(X(s—) — (DY (X(s-), y) = [y,



Appendix E  Lévy—Khinchin formula
on [0, +00)

This appendix is devoted to the proof of Theorem 4.31. Let B be the Banach space of con-
tinuous functions on [0, +o00) having finite limits at +-o0. If (A,) is a convolution semigroup
of measures on [0, +00) then the formula

+00
P (&) =/0 FE+mr(dn),  feB, §=0,

defines a Cy-semigroup of linear operators on B. By the Hille-Yosida theorem, P, f =
limy_ 100 P* f, f € B, where

+00
PefE) :=/0 FE+masdn,  feB. &>,

+o0
o —a (at)n n
M= Y ()™,

|
=0 n:

+00
Ve 1= a/ e YA, dt, o > 0.
0

Note that (1¢) is the convolution semigroup of measures corresponding to the compound
Poisson family with intensity « and jump measure y,, . Since convergence holds forall f € B,
it holds in particular for f(£) =e™, & > 0,r > 0. Consequently, taking & = 0 we obtain

+00 +00
lim e A (dn) = / e x.(dn), Vr>0.
0

at+oo Jo

However,

+o0 too
/ e " AY(dn) = exp {—ta/ (1—e™) )’a(dn)} .
0 0

Thus for the Laplace transform we have 1,(r) = e~ ¥ where
Y(r) = lim ya(r),
a—+00

+00
Yo(r) = / (1—e"Mv,(dn) and v, = ay,, o > 0.
0
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Let

n if0=<np=1,

v = {1 ity > 1.

Then

~ +00 1— e "
Tu)= [ T, (),
0 o)
where v, (dn) = ¢(n)v(dn), > 0, is a family of measures on (0, +00) with uniformly
bounded masses. Consequently, for a sequence oy 1 +00, (V,,) converges weakly to a
measure v concentrated on [0, +o00]. But

1—e™" 1 —e™"

5

lim
=0 (1) n~>+o0 (1)
and
—ry

lim §,(r) = / I-e V(dn)
a—>+00 0400 ©(M)

—_e

=rv({0}) + / v(dn) + V({+00}).

(0,4-00) o(n)
Since the A; are probability measures, V({+00}) = 0. Thus the measure
1 -
v(dn) := ——v(dn)
o(n)

has the required properties and the result has been proved in one direction. To prove suffi-
ciency is easy and is left to the reader. For more details, refer to Zabczyk (2003).



Appendix F  Proof of Lemma 4.24

Let A be a Borel set separated from 0. Following Gikhman and Skorokhod (1974), Vol. II, we
will show that (L 4(¢), t > 0) and (L(¢) — L a(¢), t > 0) are independent Lévy processes.
Assume that A is an open set. Let0 =1#) <, < --- <1, =t be a partition, and let

§ = max{(tk+1 —t), k=0,1,...,n—1}.
Givenk =0, 1, ..., n, define

Zi = xa(L(tes1) — L(00) (L(ti41) — Lt)),
Y := (L(tes1) — L) — Zy.
Since A is open, we have, P-a.s., asn — oo and § — O,
n—1 n—1

LA(0) =1i;nsz, L(t) — L) =1i)£nZY,{.
k=0 k=0

Consequently, forall x, y € U,

E exp {i(x, La(®))v +i(y, L) — La())y}

n—1 n—1
= limE exp {iZ(x, Ziyy +1) (. Yk>u}

k=0 k=0

n—1
= lian exp {12 ((x. Ziyu + (0, Yk)u)}

k=0
n—1

= h,fnl_[E exp {ix, Zi)u +i(y, Yi)u ).
k=0

Define
n—1 n—1
— i(x, Zi)u +ily. Yedu i(x,Zx)u iy Yi)u
y = HEe‘ - HIEe Ee .
k=0 k=0

Using |ab —cd| < |a —c| + |b —d| fora, b,c,d € Csuchthat |a| < 1,|b| < 1, |c| <1,
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|d] < 1, we obtain

n—1
lyl < Z ‘]E gl ZuHO Yy _ g el Ziu | gl0- 10U ||

=0

Since (x, Zy)y(y, Yi)v =0,

el®-Zu iy Yo — eltvZilu 4 olv-Yolu _ 1,

and therefore

n—1
ly| < Z ‘Eeiu.zmu + R0l _ | _RelZu | eilvYelu
k=0

n—1

< Z |]Eei<x,Zk)U _ 1| |Eei(y,}’k)l/ _ 1|

=0
o0

<2 sup [Ee®Mv — 1| ZP(|ZJ'|U >0).
k =

The stochastic continuity of L implies stochastic uniform continuity on [0, ] and, conse-
quently,

sup |[Ee00 — 1| -0 asn — oo.
k

But P (|Zj|U > 0) =P (HA(tj+1) —mwa(t)) = 1). Since 74 is a Poisson process with inten-
sity v(A), it follows easily that

n—1

lim Y P (wa(ty) = 7walty) = 1) = t0(A).
j=0

Therefore |y| — 0 asn — oo and

E exp {i(x, La(D)y +i(y, L(t) — La(t))y} = E exp {i(x, La(t))v}
x B exp {i(y, L(t) = La())y}.  (F1)

s3]
n=1

Now assume that A is an arbitrary Borel set separated from 0. If A = -, A,, where

Ay, A,, ... are disjoint Borel sets, then
oo
La(t) =) La, ).
n=1

Consequently if (F.1) holds for disjoint sets A,,, then it holds also for their union. In addition,
if (F.1) holds for A and A N B(0, r) = ¢ then it holds also for A° N B(0, r). By the Dynkin
theorem on A-7 systems, (F.1) holds for every Borel A such that A N B(0, r) = ¢ for some
positiver. Now let0 =1y <t < --- < t,, = t. To complete the proof we have to show that
the two vector random variables

(La@), .o La@), (L) = La(t), -, L{ty) = La(tn))
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are independent. Since the process with components L,(#), L(t) — La(t), t = 0, has
independent increments, we have

m m—1

Eexp i) (x. La(ts)—La(m)), +iz<)’k, L(tes1) = L(6) = (L a(tis1) — La(t))),,
= =0
-1

=}

m

= l_[ E exp {i(xk, LA(tk-H) - LA(tk)>U}
k=0
m—1

< [[Eexp {i{ye. Ltir) — L) — (Lattis) — La(t)), } -
k=0

Consequently, the random variables

La(t1), La(tz) — La(t1), ..., La(ty) — La(tu-1),
(L) = La(ty), .., Ltw) = Ltw—1) = (La(tw) = La(tn-1)))

are independent, and by an easy inductive argument the required independence follows.



List of symbols

General
7Z,N, 7,
Q Q4+
C, R, Ry
3y

an.m

=

XA

Ly

ol

#A
dimV
[x]
anb,avb
at,a”
X(@—)
JIEDS

®

I lloo

I llLip

B(E)

PP

(F)

(Foo) (FY). LT

all integers, positive integers, non-negative integers

rational, non-negative-rational numbers

complex, real, non-negative-real numbers

Dirac §-measure at a point x

Kronecker symbol

weak convergence or implication

indicator function of a set A

Lebesgue measure on RY

surface measure on the sphere in R? with center at 0
and radius ¢

cardinality of a (usually finite) set A

dimension of V

integer part of a real number x

min{a, b}, max{a, b}

aVvi,(—a)VvO0

left limit of a function (process) X at ¢

convolution of measures or functions

product of measures, or (see p. 107) tensor product on
a Hilbert space

supremum norm; see p. 13

smallest Lipschitz constant; see p. 16

o -field of Borel subsets of E

o -fields of predictable sets; see p. 21

filtration; see p. 21

see pp. 21-22
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List of symbols

Spaces of functions or processes

By(E)
Cp(E)
UCy(U)
Co(R)

C(?O(Rd)
1 (O)

Cc7(0)

Cner(O)

C(0)

wr(O)

WoP(O)

S@RY), S(R?; C)
L(ZS)(Rd’ w; C)
Dp(8, p), Dn(0, p)
LP(S,S, A)

LY, Lh

C,.C,

Lip(E), Lip(p, S, 1)
MA(U)

MZ
Mloc(B)’ M2 (B)

loc

BY

L3y 7 (H)

L3

L,

L8 (L)

Ly (LP)

Ryo(H, L7)

R(H, L), R(H, L?)
H

space of bounded measurable functions

space of bounded continuous functions

space of uniformly continuous bounded functions

space of continuous functions vanishing (i.e. having
limit 0) at infinity

space of infinitely differentiable functions vanishing at

infinity with all derivatives

space of compactly supported functions having
continuous derivatives up to order n

space of Holder continuous functions; see p. 14

see p. 14

space of functions with bounded derivatives

Sobolev space; see p. 13

see p. 14

space of tempered distributions; see p. 240

see p. 253

real interpolation spaces; see p. 277

space of p-integrable functions

weighted L”-spaces; see p. 15

space of weighted continuous functions; see p. 15

space of Lipschitz functions; see p. 16

space of cadlag square integrable martingales taking
values in a Hilbert space U

MA(R)

space of local, local square integrable, martingales;
see p. 36

see p. 36
space of admissible integrands; see p. 114

see p. 122
see p. 128
see subsection 8.8.1
see subsection 8.8.2

see p. 130
see subsection 8.8.2
usually reproducing kernel Hilbert space



List of symbols 401

Functions, processes and distributions

L(X)
N(m, Q)
P(a)

g

o=t
3

< @
he)
>
he)

ST INIT = 9N O
>

Spaces of operators

M(n x m)
Mf(n x n)
V*

LU, H)

L(U)

KU, H)
L,(U, H)
L(U)
LTW)
Lus)(U, H)
Lys)(U)

law (distribution) of a random element X; see p. 21
normal distribution; see p. 28

Poisson distribution; see p. 41

Green function or fundamental solution
see p. 19

see p. 181

see p. 15

Poisson process, see p. 42

m-number or Poisson random measure
compensated Poisson random measure
Wiener process

usually a Brownian sheet; see p. 99
compensated process; see e.g. p. 48
transition semigroup; see p. 7
transition function; see p. 6

scalar product on R?

Euler I'-function or (see p. 248) covariance
usually measures

usually a martingale

usually Lévy processes

usually a Lévy sheet; see p. 103

space of matriices of dimension n x m

space of symmetric non-negative-definite matrices
adjoint space

space of bounded (i.e. continuous) linear operators; see
p- 355

LU, U)

space of compact linear operators; see p. 355

space of nuclear operators; see p. 356

Ly(U,U)

space of nuclear symmetric positive-definite operators
space of Hilbert—Schmidt operators; see p. 356
Lusy(U, U)
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Operators
Ny

D

A

Ap

Ay
Dg,
3

x

Tr

A*

A—]

D(A)
p(A)
R(x)
S@),t >0
a -
EX

E(X|F)
(M, M)

(M, M]
((M, M))

List of symbols

composition operator; see p. 16

Fréchet derivative (i.e. gradient) operator

Laplace operator, or AX(¢t) = X(¢t) — X(t—)

Laplace operator with Dirichlet boundary conditions;
see p. 279

Laplace operator with Neumann boundary conditions;
see p. 279

boundary operator; see p. 273

Fourier transform; see p. 231

Laplace transform of A; see p. 59

trace operator; see p. 357

adjoint operator; see p. 355

inverse or pseudo-inverse of A; see p. 92

domain of an operator A

resolvent set of an operator A; see p. 365

resolvent of A; see p. 365

Co-semigroup; see Appendix B

subdifferential; see p. 179

mathematical expectation of a random element X; see
e.g.p.24

conditional expectation; see p. 24

angle bracket (predictable variation process) of a
martingale M see p. 35

quadratic variation of a martingale M see p. 36

operator angle bracket of a martingale; see p. 109
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Markov
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martingale, 28
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Fortet-Mourier, 288
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Wiener
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operator, 135
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renormalization, 307
reproducing kernel Hilbert space (RKHS),

91-95

resolvent, 365
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solution
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symmetric Cauchy family, 61
system of Dirichlet conditions, 17

tempered distributions, 240
theorem
Aronson, 18
Bochner, 72
Borel isomorphism, 4
Carathéodory, 23
Courrege, 8
De Acosta, 39
Delbaen—Schachermayer, 327
dilation, 160
Doob regularity, 33
Doob-Meyer, 35
Douglas, 364
Dynkin 7—A, 20
Fernique, 30
Frobenius—Perron, 302



Hille-Yosida, 365
1t6—Nisio, 23
Kinney, 27
Kolmogorov, 22
Kruglov, 39
Krylov—Bogolyubov, 288
Kuratowski-Ryll-Nardzewski, 114
Lumer—Phillips, 366
Skorokhod embedding, 5
Tauberian, 315
Tortrat, 74
Ulam, 23
Tortrat theorem, 74
trace, 357
trace operator, 8
trajectory, 3, 5
transition
function, 3
probability, 3, 6, 10
semigroup, 7
translation operator, 84
translations on S’'(RY), 246
two-sided exponentially tempered stable
coordinates, 64
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Ulam theorem, 23

uniform integrable sequence, 25
uniform motion, 78

usual conditions, 22

variation-of-constants formula, 140
volatility, 333

‘Wong—Zakai correction term, 351
weighted spaces, 15
weights
exponential, 15
polynomial, 15
white noise
discrete-time, 4
Gaussian space—time, 98
impulsive, 100-105
Wiener
process, 44
cylindrical, 97
standard, 44
with respect to filtration, 44

Yosida approximation, 180, 184, 365
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