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An Evolution Equation Approach

S. PESZAT and J. ZABCZYK
Institute of Mathematics,

Polish Academy of Sciences



CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore, São Paulo

Cambridge University Press
The Edinburgh Building, Cambridge CB2 8RU, UK

Published in the United States of America by Cambridge University Press, New York

www.cambridge.org
Information on this title: www.cambridge.org/9780521879897

C© Szymon Peszat and Jerzy Zabczyk 2007

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,

no reproduction of any part may take place without
the written permission of Cambridge University Press.

First published 2007

Printed in the United Kingdom at the University Press, Cambridge

A catalogue record for this publication is available from the British Library

ISBN 978-0-521-87989-7 hardback

Cambridge University Press has no responsibility for the persistence or accuracy of URLs
for external or third-party internet websites referred to in this publication, and does not
guarantee that any content on such websites is, or will remain, accurate or appropriate.



Contents

Preface page ix

Part I Foundations 1

1 Why equations with Lévy noise? 3
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14.5 Examples 248
14.6 RKHS of a homogeneous noise 253
14.7 Stochastic equations on R

d 255
14.8 Stochastic heat equation 256
14.9 Space–time regularity in the Wiener case 261
14.10 Stochastic wave equation 267

15 Equations with noise on the boundary 272
15.1 Introduction 272
15.2 Weak and mild solutions 275
15.3 Analytical preliminaries 277
15.4 L2 case 279
15.5 Poisson perturbation 282



viii Contents

Part III Applications 285

16 Invariant measures 287
16.1 Basic definitions 287
16.2 Existence results 289
16.3 Invariant measures for the reaction–diffusion equation 297

17 Lattice systems 299
17.1 Introduction 299
17.2 Global interactions 300
17.3 Regular case 303
17.4 Non-Lipschitz case 305
17.5 Kolmogorov’s formula 306
17.6 Gibbs measures 307

18 Stochastic Burgers equation 312
18.1 Burgers system 312
18.2 Uniqueness and local existence of solutions 314
18.3 Stochastic Burgers equation with additive noise 317

19 Environmental pollution model 322
19.1 Model 322

20 Bond market models 324
20.1 Forward curves and the HJM postulate 324
20.2 HJM condition 327
20.3 HJMM equation 332
20.4 Linear volatility 342
20.5 BGM equation 347
20.6 Consistency problem 350

Appendix A Operators on Hilbert spaces 355
Appendix B C0-semigroups 365
Appendix C Regularization of Markov processes 388
Appendix D Itô formulae 391
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Preface

This book is an introduction to the theory of stochastic evolution equations with
Lévy noise. The theory extends several results known for stochastic partial dif-
ferential equations (SPDEs) driven by Wiener processes. We develop a general
framework and discuss several classes of examples both with general Lévy noise
and with Wiener noise. Our approach is functional analytic and, as in Da Prato and
Zabczyk (1992a), SPDEs are treated as ordinary differential equations in infinite-
dimensional spaces with irregular coefficients. In many respects the Lévy noise
theory is similar to that for Wiener noise, especially when the driving Lévy pro-
cess is a square integrable martingale. The general case reduces to this, owing to
the Lévy–Khinchin decomposition. The functional analytic approach also allows
us to treat equations with a so-called cylindrical Lévy noise and implies, almost
automatically, that solutions to equations with Lévy noise are Markovian. In some
important cases, however, a càdlàg version of the solution does not exist.

An important role in our approach is played by a generalization of the concept
of the reproducing kernel Hilbert space to non-Gaussian random variables, and
its independence of the space in which the random variable takes values. In some
cases it proves useful to treat Poissonian random measures, with respect to which
many SPDEs have been studied, as Lévy processes properly defined in appropriate
state spaces.

The majority of the results appear here for the first time in book form, and
the book presents several completely new results not published previously, in
particular, for equations driven by homogeneous noise and for dissipative systems.

Several monographs have been devoted to stochastic ordinary differential equa-
tions driven by discontinuous noise: see Métivier (1982), Protter (2005),
Applebaum (2005) and Cont and Tankov (2004), the last two of which are de-
voted entirely to the case of Lévy noise.

ix
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To the best of our knowledge the only monograph devoted to SPDEs with gen-
eral noise is Kallianpur and Xiong (1995), which covers mainly linear equations.

The papers by Chojnowska-Michalik (1987) on Ornstein–Uhlenbeck processes
and by Kallianpur and Pérez-Abreu (1988) were the first to discuss SPDEs with
Lévy noise. Then, after a period of 10 years, articles on the subject started to
appear again; see e.g. Albeverio, Wu and Zhang (1998), Applebaum and Wu
(2000), Bo and Wang (2006), Fournier (2000, 2001), Fuhrman and Röckner (2000),
Hausenblas (2005), Mueller (1998), Mytnik (2002), Knoche (2004), Saint Loubert
Bié (1998), Stolze (2005) and Peszat and Zabczyk (2006).

Infinite-dimensional calculus, but not SPDEs, with Lévy noise in a disguised
form appeared in the late 1990s, in papers on mathematical finance devoted to the
bond market; see Björk et al. (1997), Björk, Kabanov and Runggaldier (1997) and
Eberlein and Raible (1999). This list is certainly not exhaustive.

The book starts with an introductory chapter outlining the interplay between
stochastic dynamical systems, Markov processes and stochastic equations with
Lévy noise. It turns out that all discrete-time stochastic dynamical systems on
arbitrary linear Polish spaces can be represented as solutions to stochastic dif-
ference equations, in which the noise, of random-walk type, enters the equation
linearly. An analogous situation occurs for continuous-time stochastic dynamical
systems on R

d . Here the noise is a Lévy process and the stochastic difference
equation is replaced by a stochastic equation of Itô type. To some extent this is
also true in infinite dimensions. That is why stochastic evolution equations with
Lévy noise are of particular interest.

Chapters 2 and 3 are devoted respectively to analytic and probabilistic pre-
liminaries. Basic definitions related to differential operators and function spaces
are recalled, together with fundamental concepts from the theory of stochastic
processes in finite- and infinite-dimensional spaces.

Lévy processes in infinite-dimensional spaces are studied in Chapter 4. The
chapter starts with explicit constructions of Wiener and Poisson processes. Then
it deals with the Lévy–Khinchin decomposition and the Lévy–Khinchin formula.
Integrability properties are also studied.

In Chapter 5 transition semigroups of Lévy processes are considered and, in
particular, their generators.

The important concept of a Poisson random measure is discussed in Chapter 6.
An application to the construction of Lévy processes is given as well. Some moment
estimates are derived.

In Chapter 7 we introduce the concept of the reproducing kernel Hilbert space
(RKHS) of a square integrable Lévy process. Then we study so-called cylindrical
processes and calculate their reproducing kernels. It is also shown that Poisson
random measures can be treated as Lévy processes with values in sufficiently
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large Hilbert spaces. This identification is behind the majority of the results in this
book. It is also shown that cylindrical processes are distributional derivatives of
Lévy sheets.

Chapter 8 concerns stochastic integration, first with respect to square integrable
Hilbert-space-valued martingales and, as an application, with respect to general
Lévy processes. The construction of the operator angle bracket is explained and a
class of integrands is characterized. The final sections are devoted to integration
with respect to a Poisson measure and integration in L p-spaces.

Part II of the book deals with the existence of solutions and their regularity.
Chapter 9 starts with a semigroup treatment of the Cauchy problem for determin-
istic evolution equations. Next, weak solutions and mild solutions to stochastic
equations are introduced and their equivalence is established. The existence of
weak solutions to linear equations is proven as well. If the noise evolves in the
state space then càdlàg regularity of the solution is proved, using the Kotelenez
maximal inequality and, in parallel, a dilation theorem, as in Hausenblas and Sei-
dler (2006). We provide an example which shows that the solutions are not càdlàg
in general. Finally, the existence of weak solutions is established and their Markov
property is proved.

In Chapter 10 we show that in some cases the Lipschitz assumption can be
relaxed.

Chapter 11 is devoted to the so-called factorization method, introduced in Da
Prato, Kwapień and Zabczyk (1987). The method allows us, in particular, to prove
the continuity of the stochastic convolution of an arbitrary semigroup with a Wiener
process.

In Chapters 12 and 13, the general theory of the previous chapters is applied
to stochastic parabolic problems and to stochastic wave, delay and transport equa-
tions. Lévy noise is then treated as a Lévy process in extended, Sobolev-type,
spaces. Parabolic equations of a similar type were dealt with in, for example,
Albeverio, Wu and Zhang (1998), Saint Loubert Bié (1998) and Applebaum and
Wu (2000). They are discussed here in a unified way and for general partial differen-
tial operators. Sharp regularity results for the Wiener noise, using the factorization
method, are obtained as well. Stochastic wave equations driven by Lévy processes
have not been studied previously in the literature.

In Chapter 14 we develop a theory of stochastic equations with spatially ho-
mogenous Lévy noise of both parabolic and hyperbolic type on R

d . Results known
already for Wiener noise are extended to this more involved case.

The final chapter of the second part of the book, Chapter 15, is devoted to
equations in which the noise enters through the boundary.

Part III is devoted to selected applications. Our aim is to show the applicability
of the theory to specific models of physical and economic character. In particular,
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models in statistical mechanics, fluid dynamics and finance are studied in greater
detail. In Chapter 16 we give a self-contained treatment of invariant measures for
dissipative systems with Lévy noise and in Chapter 17 we consider lattice systems.
The Burgers equation is studied in Chapter 18, and, after a brief discussion of a
model for environmental pollution in Chapter 19, in Chapter 20 we present some
applications of stochastic infinite-dimensional analysis to mathematical models of
the bond market.

In Appendix A we give proofs of some results on linear operators often used
in the text. In Appendix B we gather basic results on the theory of C0-semigroups
and provide important results on specific semigroups used in the book. Special
attention is paid to semigroups with non-local generators. This allows us to ex-
tend the results proved for equations with differential operators. However, owing
to space limitations, stochastic equations with non-local linear parts are not dis-
cussed in this book. In Appendix C the existence of càdlàg versions of Markov
processes is proved. This leads to a simple proof of the existence of a càdlàg ver-
sion of an arbitrary Lévy process. In Appendix D we recall the Itô formulae for
semimartingales.

A list of symbols is given before the Index.
This book grew out of lectures and papers presented by the authors. We have

used some material from Peszat and Zabczyk (2004) as well as many unpublished
notes.
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Part I

Foundations





1
Why equations with Lévy noise?

The book is devoted to stochastic evolution equations with Lévy noise. Such equa-
tions are important because, roughly speaking, stochastic dynamical systems, or
equivalently Markov processes, can be represented as solutions to such equations.
In this introductory chapter, it is shown how that is the case. To motivate bet-
ter the construction of the associated stochastic equations, the chapter starts with
discrete-time systems.

1.1 Discrete-time dynamical systems

A deterministic discrete-time dynamical system consists of a set E , usually
equipped with a σ -field E of subsets of itself, and a mapping F , usually mea-
surable, acting from E into E . If the position of the system at time t = 0, 1, . . . ,

is denoted by X (t) then by definition X (t + 1) = F(X (t)), t = 0, 1, . . . The se-
quences (X (t), t = 0, 1, . . .) are the so-called trajectories or paths of the dynami-
cal system, and their asymptotic properties are of prime interest in the theory. The
set E is called the state space and the transformation F determines the dynamics
of the system.

If the present state x determines only the probability P(x, �) that at the next
moment the system will be in the set � then one says that the system is stochastic.
Thus a stochastic dynamical system consists of the state space E , a σ -field E and
a function P = P(x, �), x ∈ E , � ∈ E , such that, for each � ∈ E , P(·, �) is a
measurable function and, for each x ∈ E , P(x, ·) is a probability measure. We
call P the transition function or transition probability. A deterministic system is
a particular case of a stochastic system with P(x, ·) = δF(x), where δr denotes
the Dirac measure at r . We define, by induction, the probability of visiting sets

3



4 Why equations with Lévy noise?

�1, . . . , �k at times 1, . . . , k, starting from x by

P(x, �1, . . . , �k) =
∫

�1

P(x, dx1)P(x1, �2, . . . , �k).

The stochastic analogue of the trajectory of a deterministic dynamical system is
called a Markov chain.

Definition 1.1 A Markov chain X with transition probability P starting from x ∈
E is a sequence (X (t), t = 0, 1, . . .) of E-valued random variables on a probability
space (�,F, P), such that

(i) X (0) = x, P -a.s.,
(ii) P

(
X ( j) ∈ � j , j = 1, . . . , k

) = P(x, �1, . . . , �k), ∀ �1, . . . , �k ∈ E .

Let P be a transition probability on a Polish space1 E . By the Kolmogorov exis-
tence theorem (see Theorem 3.7), there is a probability space and a Markov chain
with transition probability P . It turns out that an arbitrary stochastic dynamical
system on a Polish space can be regarded as a solution of the stochastic difference
equation

X (0) = x, X (t + 1) = F(X (t), Z (t + 1)), t = 0, 1, . . . , (1.1)

where Z (1), Z (2), . . . is a sequence of independent identically distributed random
variables (i.i.d.s). In the engineering literature, a sequence of this type is called
discrete-time white noise. We have the following representation result.

Theorem 1.2 Let E be a Polish space, and let E = B(E) be the family of its Borel
sets. Then, for any transition probability P, there exists a measurable mapping
F : E × [0, 1] �→ E such that, for any sequence of independent random variables
Z (1), Z (2), . . . with uniform distribution on [0, 1] and for any x ∈ E, the process
X given by (1.1) is a Markov chain with transition probability P.

Proof We follow Kifer (1986). First we construct F in the case where E is
a countable set and E = R. Let E = {1, 2, . . .} = N and let pn|m = P(n, {1}) +
· · · + P(n, {m}), n, m ∈ N. Define F(n, r ) = m for r ∈ [pn|m−1, pn|m). Measur-
ability is obvious. If Z has a uniform distribution on [0, 1] then P({ω :
F(n, Z (ω)) = m}) = P(n, {m}), as required.

If E = R then we first define F0(x, a) := P(x, (−∞, a]) for x ∈ R, a ∈ R,
and set F(x, r ) := inf{a : r ≤ F0(x, a)}, r ∈ [0, 1]. It is clear that if Z has a uni-
form distribution on [0, 1] then P({ω : F(x, Z (ω)) ∈ �}) = P(x, �) for x ∈ R

and � ∈ B(R). By the so-called Borel isomorphism theorem, actually due to K.
Kuratowski (see Kuratowski 1934, Dynkin and Yushkevich 1978 or Srivastava

1 That is, a separable metric space that is complete with respect to some equivalent metric.
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1998), any uncountable Polish space is measurably isomorphic to R and the result
follows. �

Remark 1.3 The result is a version of the famous Skorokhod embedding theo-
rem. A similar theorem, but for controlled stochastic dynamical systems, can be
found in Zabczyk (1996), pp. 26–7.

Once the result is proved for complete separable metric spaces E , it can be
generalized to all spaces E that are measurably isomorphic to such spaces, that is,
to all Borel spaces.

If E is a linear space it is convenient to reformulate (1.1) slightly; namely, we
write

dX (t) := X (t) − X (t − 1), Y (t) := Z (1) + · · · + Z (t),

dY (t) := Y (t) − Y (t − 1)

and change the function F to F̃(x, r ) := −x + F(x, r ). Then

dX (t) = F̃(X (t − 1), dY (t)).

Considering an embedding r �→ δr of the interval [0, 1] into the space of all finite
measures on [0, 1], we arrive at an equation in which the noise enters linearly.
Namely, we set G(x)λ := ∫

[0,1] F̃(x, r )λ(dr ) and Z̃ (t) := δZ (t), L(t) := Z̃ (1) +
. . . + Z̃ (t), dL(t) := Z̃ (t). Then

dX (t) = G(X (t − 1)) dL(t), t = 1, 2, . . . , (1.2)

and the increments of L are independent. Thus the diffusion operator G acts on the
increments of the noise in a linear way. An analogous result holds for continuous-
time stochastic dynamical systems with values in R

d ; see Section 1.5. The main
ideas come from Itô (1951).

1.2 Deterministic continuous-time systems

Deterministic continuous-time dynamical systems are families (Ft , t ≥ 0) of trans-
formations from a given state space E into E satisfying the semigroup property
Ft Fs = Ft+s , t, s ≥ 0. The trajectory starting from x is the mapping X (t) = Ft (x)
of the parameter t . Are the dynamical systems always solutions of differential equa-
tions? The answer is obviously no! Differential equations are well defined only
on rather special state spaces. Even if we assume that the state space is E = R

d

and that the transformation (t, x) �→ Ft (x) is continuous, there are still dynamical
systems not defined by differential equations, as the following example shows.
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Example 1.4 Consider a continuous but nowhere differentiable function
f : R �→ R and define

Ft

(
x
y

)
=

(
x + t

f (x + t) + y − f (x)

)
, t ≥ 0, x, y ∈ R.

Then the trajectories of Ft are nowhere differentiable and consequently (Ft ) cannot
be a solution to an equation of the form dFt (z)/dt = A(Ft (z)), where A : R

2 �→ R
2.

However, if E = R
d and all trajectories of a given dynamical system are contin-

uously differentiable then they are solutions of the ordinary differential equation
dX (t)/dt = A(X (t)), where A(x) := limt↓0(1/t)(Ft (x) − x).

If E is an infinite-dimensional space then the answer can again be positive
provided that the flow is not too pathological.

Example 1.5 Assume that E is a Banach space and that, for each t ≥ 0, Ft

is a continuous linear transformation on E and, for each x ∈ E , t �→ Ft (x) is a
continuous mapping. Then in a proper sense dFt (x)/dt = A(Ft (x)), t > 0,
where A is usually an unbounded linear operator on E . In fact (Ft ) is a C0-
semigroup and A is its generator; see Chapter 9 and Appendix B. Often we write
Ft = eAt .

Example 1.6 Assume that E is a Hilbert space, that the transformations Ft are
contractions, i.e. |Ft (x) − Ft (y)| ≤ |x − y| for t ≥ 0 and x, y ∈ E , and that, for
each x , t �→ Ft (x) is a continuous function. Then dFt (x)/dt = A(Ft (x)), t > 0,
where A is a so-called dissipative, usually unbounded and non-linear, operator;
see Chapter 10.

A differential equation does not always uniquely determine the flow of its
solutions. There are many subtleties here and interesting results; see for instance
Hartman (1964).

1.3 Stochastic continuous-time systems

In analogy to discrete-time dynamical systems, a stochastic continuous-time dy-
namical system is a family (Pt ) of stochastic kernels Pt (x, �), t ≥ 0, x ∈ E , � ∈ E .
We interpret Pt (x, �) as the probability that the system will be in a set � at time
t , provided that its initial position is x . More precisely, we have the following
definition.

Definition 1.7 A family of probability measures Pt (x, ·) on E is said to be a
transition probability if:
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(i) for each x ∈ E , P0(x, ·) = δx ;
(ii) for all � ∈ E and t ≥ 0, the function E 
 x �→ Pt (x, �) ∈ R is measurable;

(iii) the family satisfies the Chapman–Kolmogorov equation

Pt+s(x, �) =
∫

E
Pt (x, dy)Ps(y, �), ∀ t, s ≥ 0, ∀ � ∈ E .

Note that the transition function of a deterministic dynamical system is given
by Pt (x, ·) = δFt (x). The transition function defines the Markov or transition semi-
group of operators acting on the space Bb(E) of all bounded measurable functions
on E by the formula

Ptϕ(x) :=
∫

E
Pt (x, dy)ϕ(y), x ∈ E, t ≥ 0, ϕ ∈ Bb(E). (1.3)

Often the transition function and transition semigroups will be denoted in the
same way, by (Pt ). Note that the semigroup property Pt Ps = Pt+s , t, s ≥ 0, is a
consequence of the Chapman–Kolmogorov equation.

A stochastic realization of a transition function is a stochastic process (X (t),
t ≥ 0), with values in E and defined on a fixed probability space (�,F, P), such
that

P({ω : X (ω, t j ) ∈ � j , j = 1, . . . , k}) = Pt1,...,tk (x, �1, . . . , �k),

where, similarly to the discrete-time case,

Pt1,...,tk (x, �1, . . . , �k) =
∫

�1

Pt1 (x, dx1)Pt2−t1,...,tk−tk−1 (x1, �2, . . . , �k).

The process X is Markov with transition function (Pt ); see also Definition 3.22. As
in the discrete-time case, if E is a Polish space then, by the Kolmogorov existence
theorem, for any transition function (Pt ) there is a stochastic realization.

Following the discrete-time case, one can ask whether a stochastic realization
of a given transition probability can be constructed as a solution of the stochastic
equation

dX (t) = G(X (t−)) dL(t), t ≥ 0, X (0) = x, (1.4)

understood as the integral equation

X (t) = x +
∫ t

0
G(X (t−)) dL(t), t ≥ 0,

where L is a process with independent increments and G is a transformation
from the noise space into the state space. The answer was given in Itô (1951)
and is, basically, yes! Since the noise enters linearly we can expect that, as in the
discrete-time case, the noise space will be rather large and, in general, will be an
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infinite-dimensional space of measures. The process L might have jumps and this
is why it is necessary to consider the left limit X (t−) in the equation rather than
X (t). This is also required for solvability of the equation; see subsection 9.2.1.

1.4 Courrège’s theorem

Assume now that E = R
d . Then we have the following theorem from Courrège

(1965/66). In its formulation C0(Rd ) and C∞
0 (Rd ) denote, respectively, the space of

continuous functions vanishing at infinity2 and the space of infinitely differentiable
functions vanishing at infinity with all their derivatives. We denote by M+

s (d × d)
the space of all symmetric non-negative-definite d × d matrices and by D and
Tr the Fréchet derivative (i.e. the gradient) and the trace operators, respectively.
We denote by χ� the indicator function of a set � and by 〈·, ·〉 the scalar product
on R

d , with corresponding norm | · |. Finally, a ∧ b denotes the minimum of two
numbers a and b; see Section 2.1.

Theorem 1.8 (Courrège) Let P be a transition semigroup such that, for ϕ ∈
C0(Rd ), Ptϕ ∈ C0(Rd ) and Ptϕ → ϕ uniformly as t → 0. In addition, for all
ϕ ∈ C∞

0 (Rd ) and x ∈ R
d , let the function t �→ Ptϕ(x) be differentiable. Then there

exist transformations a : R
d �→ R

d and Q : R
d �→ M+

s (d × d) and a familyν(x, ·),
x ∈ R

d , of measures concentrated on R
d \ {0} and satisfying∫

Rd

(|y|2 ∧ 1
)
ν(x, dy) < ∞, ∀ x ∈ R

d ,

such that for all ϕ ∈ C∞
0 (Rd ) and x ∈ R

d

Aϕ(x) : = lim
t↓0

Ptϕ(x) − ϕ(x)

t

= 〈a(x), Dϕ(x)〉 + 1
2 Tr Q(x)D2ϕ(x)

+
∫

Rd

(
ϕ(x + y) − ϕ(x) − χ[0,1](|y|)〈y, Dϕ(x)〉)ν(x, dy).

In subsection 5.2.4 we will prove the Courrège theorem in the particular case
of a translation-invariant semigroup (Pt ), that is, for the so-called Lévy semigroup.
Namely, we will show in Theorems 4.27 and 5.3 that if

Pt (x, �) = Pt (x + h, � + h) ∀ x, h ∈ R
d , ∀ t ≥ 0, ∀ � ∈ B(Rd )

then the functions a and Q are constant and all the measures ν(x, ·) are identically
equal to a certain measure ν. The process corresponding to the triple (a, Q, ν) is

2 That is, having the limit 0 at infinity.
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a Lévy process. It can be represented in the following way:

X (t) = ta + Q1/2W (t) + Z (t), t ≥ 0,

where W is a Wiener process with covariance I and Z is an independent discon-
tinuous process. Moreover, if a set � has a positive distance from 0 then

ν(�) = E

∑
t≤1

χ�(Z (t) − Z (t−)).

For a modern treatment of Courrège’s work we refer the reader to Jacob (2001).

1.5 Itô’s approach

Courrège gave in 1965 a precise analytical description of all sufficiently regular
Markov semigroups on R

d . It had been discovered by Itô in the 1950s, however, that
a large class of Markov processes can be constructed as solutions of appropriately
formulated stochastic equations.

Let us consider first a special case, where the operator A is given by

Aϕ(x) =
∫

E
(ϕ(x + y) − ϕ(x))ν(x, dy). (1.5)

Here the ν(x, ·), x ∈ E , are finite measures on a linear space E . In this case,
the construction of the corresponding Markov process is easy for those familiar
with compound Poisson processes, discussed in detail in Section 4.3. Namely, the
process with generator A is constructed as a solution of (1.4), with L a compound
Poisson process on a properly chosen linear space U . The situation is described in
the following propositions, 1.9 and 1.10.

Proposition 1.9 Let E and U be linear spaces, and let L be a compound
Poisson process on U with jump intensity ν. For every family (G(x), x ∈ E) of
measurable linear transformations between U and E, (1.4) has a unique solution
(X (t, x), t ≥ 0). Let (Pt ) be the transition function corresponding to X. Then, for
every bounded measurable function ϕ,

lim
t↓0

Ptϕ(x) − ϕ(x)

t
=

∫
E

(ϕ(x + y) − ϕ(x))ν(x, dy),

where

ν(x, · ) = G(x) ◦ ν := ν
(
(G(x))−1) (1.6)

is the image of the measure ν under the linear transformation G(x).

Proof Let 0 = τ0 < τ1 < τ2 < · · · be the jump times of the process L and let
Z1, Z2, . . . be the consecutive jumps. Then (1.4) can be solved separately on each
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interval [τ j , τ j+1), j = 0, 1, . . ., and the existence and uniqueness of the solution
follow. Moreover, X (t) = x for t ∈ [0, τ1) and X (t) = x + G(x)Z1 for t ∈ [τ1, τ2).

Let (�(t), t ≥ 0) be a Poisson process (see subsection 4.2.1) with jump times
τ1, τ2, . . . Then the intensity of � is equal to a := ν(U ) and the distribution of
each Z j is equal to ν/a. We have

ϕ
(
X (t)

) = ϕ(x)χ{�(t)=0} + ϕ
(
x + G(x)Z1

)
χ{�(t)=1} + ϕ(ζ )χ{�(t)>1},

where ζ is a random variable. Consequently,

Ptϕ(x) = ϕ(x) P (�(t) = 0) + E ϕ(x + G(x)Z1) P (�(t) = 1)

+ E ϕ(ζ )χ{�(t)>1}

= ϕ(x)e−at + 1

a

∫
E

ϕ(x + G(x)y)ν(dy) e−at at + E ϕ(ζ )χ{�(t)>1}.

However,

lim sup
t↓0

1

t

∣∣E (
ϕ(ζ )χ{�(t)>1}

)∣∣ ≤ lim sup
t↓0

‖ϕ‖∞
P (�(t) > 1)

t
= 0,

where ‖ϕ‖∞ is the supremum norm of ϕ; see Section 2.1. Therefore

lim
t↓0

Ptϕ(x) − ϕ(x)

t
= ϕ(x)

(
lim
t↓0

e−at − 1

t

)
+

∫
E

ϕ(x + G(x)y)ν(dy)

= −aϕ(x) +
∫

E
ϕ(x + G(x)y)ν(dy),

as required. �

In order to finish the construction of the process whose generator A is given
by (1.5) we need to prove that the family ν(x, ·), x ∈ E , can be represented as in
(1.6). We will show this under the assumption that ν is a transition probability.

Proposition 1.10 Assume that ν(x, · ), x ∈ E, is a transition probability on
a Polish space E. Then there exist a linear space U and linear transformations
G(x) : U �→ E such that (1.6) holds true.

Proof Define U to be the linear space of finite measures on [0, 1]. Let �1

be Lebesgue measure on [0, 1]. By Theorem 1.2 there exists a transformation
F : E × [0, 1] �→ E such that ν(x, ·) = F(x, ·) ◦ �1, x ∈ E . Let j : [0, 1] �→ U
be the embedding given by x �→ δx . Then one obtains the desired representation
with ν := j ◦ �1 and G(x)λ := ∫

[0,1] F(x, y)λ(dy) for λ ∈ U . �

In general a Markov process X on R
d can be constructed starting from a uniform

movement L1(t) = t , t ≥ 0, a standard3 Wiener process L2(t) = W (t), t ≥ 0, on

3 The covariance of W (1) is the identity matrix I .
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R
d and a Lévy process L3, the so-called Cauchy process (see also Example 4.37)

with Lévy measure ν3(dx) = |x |−d−1 dx . More precisely, the infinitesimal gener-
ator A3 of L3 is given by

A3ϕ(x) =
∫

Rd

(ϕ(x + y) − ϕ(x))ν3(dy).

The process L3 determines a family π (t, �), t ≥ 0, � ∈ B(Rd \ {0}), of Poisson
processes with intensity ν3(�); see subsection 4.2.1. Namely, let

π(t, �) :=
∑
s≤t

χ�(L3(s) − L3(s−)),

where L3(s−) denotes the left limit at s, and let π̂(t, �) := π (t, �) − ν3(�) t ,
t ≥ 0. Under mild conditions on the family ν(x, ·), one can select functions ã and
F in such way that the generator A appearing in Theorem 1.8 has the form

Aϕ(x) = 〈ã(x), Dϕ(x)〉 + 1
2 Tr Q(x)D2ϕ(x)

+
∫

Rd

(ϕ(x + F(x, y)) − ϕ(x)

−χ[0,1](|y|)〈F(x, y), Dϕ(x)〉)ν3(dy).

Essentially F should be a regular function such that, for each x ∈ R
d , ν(x, ·) is

the image of v3 under the transformation F(x, ·). Under appropriate regularity
conditions on ã, Q and F there exists a solution X to the stochastic differential
equation

dX (t) = ã(X (t)) dt + Q1/2(X (t)) dW (t) +
∫

{|y|≥1}
F(X (t−), y)π (dt, dy)

+
∫

{|y|<1}
F(X (t−), y)π̂ (dt, dy),

X (0) = x .

Moreover, X is a Markov process with transition function (Pt ). The above stochas-
tic equation should be understood as the integral equation

X (t) = x +
∫ t

0
ã(X (s))ds +

∫ t

0
Q1/2(X (s)) dW (s)

+
∫ t

0

∫
{|y|≥1}

F(X (s−), y)π (ds, dy)

+
∫ t

0

∫
{|y|<1}

F(X (s−), y)π̂ (ds, dy),

the integrals on the right-hand side being respectively Lebesgue, Itô and Poisso-
nian. Stochastic integrals were introduced by K. Itô.
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One can treat the random measures π, π̂ as measure-valued Lévy processes, set-
ting Z0(t, ·) = π (t, ·), Z1(t, ·) = π̂(t, ·). If we define the noise process as the Lévy
process L = (

(t, W (t), Z0(t), Z1(t)), t ≥ 0
)

and, for each x ∈ R
d , the transforma-

tion G(x, ·) acting on each component as, respectively, multiplication by ã(x), the
linear mapping Q1/2(x) and integration of the function F(x, ·), the above stochastic
equation can be written, similarly to the discrete-time case, in the form of (1.4).

For a modern and detailed treatment of the Itô approach we refer the reader to
Stroock (2003).

1.6 Infinite-dimensional case

One may expect that a similar result to the Courrège theorem holds true in the case
when the state space for the equation is infinite-dimensional, but to the best of our
knowledge the proof is still missing. The reason is that in the infinite-dimensional
case the situation is much more complex. The difficulties grow to the same extent
as when going from ordinary to partial differential equations. In addition, examples
show that noise may enter through the boundary conditions. Such highly irregular
equations will also be considered in the present book.



2
Analytic preliminaries

In this chapter Sobolev and Hölder spaces are introduced. Then Aronson estimates
for Green functions are formulated. First, though, we present some notation.

2.1 Notation

Let a, b ∈ R. We adopt the notation a ∧ b := min{a, b}, a ∨ b := max{a, b}, a+:=
a ∨ 0, a− := (−a) ∨ 0. Clearly a = a+ − a−, a ∈ R. We set δa,b = 0 if a �= b and
δa,a = 1.

Throughout the book (B, | · |B) denotes a Banach space. On B we consider
the σ -field B(B) of Borel sets. We denote by Cb(B) the space of all bounded
continuous functions φ on B equipped with the supremum norm

‖ϕ‖∞ := sup
x∈B

|ϕ(x)|.

Usually U and H stand for Hilbert spaces. In this book, unless otherwise in-
dicated, all Banach and Hilbert spaces are real and separable. Let (E, E) be a
measurable space. We denote by Bb(E) the space of all bounded measurable func-
tions on E .

2.2 Sobolev and Hölder spaces

Let n ∈ N and p ≥ 1 and letO ⊆ R
d be a possibly unbounded open set. We denote

by W n,p(O) the Sobolev space of functions p-integrable with all derivatives up to
order n. Recall that W n,p(O) consists of all locally summable functionsψ : O 
→ R

such that, for each multi-index α with |α| ≤ n, the weak derivative1 ∂ |α|ψ/∂ξα

1 That is, in the sense of the theory of distributions.

13
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belongs to L p(O) := L p(O,B(O), dξ ). Then W n,p(O) equipped with the norm

‖ψ‖W n,p(O) :=
(∫

O

∑
|α|≤n

∣∣∣∣∂ |α|ψ
∂ξα

(ξ )

∣∣∣∣
p

dξ

)1/p

is a Banach space. We denote by W n,p
0 (O) the subspace of W n,p(O) that is the

completion of the space Cn
c (O) of compactly supported functions having contin-

uous derivatives up to order n with respect to the W n,p(O)-norm. We denote by
C∞

b (O) the class of functions having bounded derivatives of all orders.
Assume now thatO is a bounded domain. Given γ ∈ (0, 1) we denote by Cγ (O)

the space of all Hölder continuous functions ψ : O 
→ R with Hölder exponent γ .
On Cγ (O) we consider the norm

‖ψ‖Cγ (O) := sup
ξ∈O

|ψ(ξ )| + sup
ξ,η∈O, ξ �=η

|ψ(ξ ) − ψ(η)|
|ξ − η|γ .

Finally, let Cn+γ (O) be the space of all functions ψ having all derivatives of order
≤ n Hölder continuous with exponent γ . We set

‖ψ‖Cn+γ (O) :=
∑
|α|≤n

sup
ξ∈O

∣∣∣∣∂ |α|ψ
∂ξα

(ξ )

∣∣∣∣ +
∑
|α|=n

∥∥∥∥∂ |α|ψ
∂ξα

∥∥∥∥
Cγ (O)

.

Assume now that O is a bounded domain in R
d with boundary of class C1. We

recall the classical Sobolev embedding theorem. For its proof we refer the reader
to Evans (1998) or Gilbarg and Trudinger (1998).

Theorem 2.1 Let p ≥ 1, n ∈ N.

(i) Assume that n < d/p. Let q be such that 1/q + 1/p = 1. Then W n,p(O) is
continuously embedded into Lq (O).

(ii) Assume that n > d/p. Let γ = [d/p] + 1 − d/p, if d/p is not an integer,
and let γ be an arbitrary strictly positive number < 1 if d/p is an integer.
Then W n,p(O) is continuously embedded into Cn−[d/p]−1+γ (O).

Later we will need the Poincaré inequality; see e.g. Gilbarg and Trudinger (1998).
For brevity we denote by | · |L p the norm on L p(O) and by ωd the volume of the
unit ball in R

d .

Theorem 2.2 (Poincaré) For u ∈ W 1,p
0 (O) and 1 ≤ p < ∞,

|u|L p ≤ (
ω−1

d 
d (O)
)1/d |Du|L p .
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2.3 L p- and Cρ-spaces

In this book we denote by 
d or dξ Lebesgue measure on R
d . Where it will not

lead to confusion we will write L p instead of L p(O). In the case of equations on
O = R

d , it will be useful to consider weighted L p-spaces. In fact we will consider
two classes of weights.

Exponential weights Given ρ ∈ R, let ϑρ ∈ C∞(Rd ) be such that

(i) ∀ ξ ∈ R
d , ϑρ(ξ ) > 0 and ϑρ(ξ ) = ϑρ(−ξ ),

(ii) ∀ ξ : |ξ | ≥ 1, ϑρ(ξ ) = e−ρ|ξ |.

We will assume that, for all ρ and ξ , ϑ−ρ(ξ ) = (ϑρ(ξ ))−1. We also assume that
ϑ0(ξ ) = 1 for ξ ∈ R

d .
Define L p

ρ := L p(Rd ,B(Rd ), ϑ p
ρ (ξ ) dξ ), p ∈ [1, ∞), ρ ∈ R. In the definition

of L p
ρ we introduce the weight ϑ p

ρ instead of the more natural ϑρ , in order to ensure
that the semigroups generated by elliptic operators transform L p

ρ into Lq
ρ for all

p, q and ρ; see appendix section B.2. This would not have been the case if we had
defined L p

ρ as L p(Rd ,B(Rd ), ϑρ(ξ ) dξ ).
Clearly, if ρ < ρ ′ then L p

ρ is continuously embedded into L p
ρ ′ . Moreover,

L p(Rd ) = L p
0 and constant functions belong to an arbitrary L p

ρ -space with ρ > 0.
Let Cρ be the space of all continuous functions ψ such that |ψ(ξ )|ϑρ

× (ξ ) → 0 as |ξ | → ∞. We equip Cρ with the weighted supremum norm

|ψ |Cρ
:= ‖ψϑρ‖∞ = sup

ξ∈Rd

|ψ(ξ )|ϑρ(ξ ).

Polynomial weights For ρ ∈ R let θρ(ξ ) := (
1 + |ξ |2)−ρ

, ξ ∈ R
d , and letLp

ρ :=
L p(Rd ,B(Rd ), θ p

ρ (ξ ) dξ ). Obviously L p
0 = L2

0, and if ρ < ρ ′ then Lp
ρ is continu-

ously embedded into Lp
ρ ′ . Note that non-zero constant functions belong to Lp

ρ if
and only if pρ > d/2.

For polynomial weights, an analogue of Cρ is the Cρ-space of all continuous
functions ψ such that |ψ(ξ )|θρ(ξ ) → 0 as |ξ | → ∞. The space Cρ is equipped
with the norm |ψ |Cρ

:= ‖ψθρ‖∞.

Remark 2.3 For some problems (see e.g. Capiński and Peszat 2001), it is neces-
sary to consider polynomial rather than exponential weights. Polynomial weights
have the advantage that one can construct (for example using wavelets) an or-
thonormal basis of L2

ρ which is simultaneously a Schauder basis of all Lp
ρ -spaces,

p ≥ 2, and the corresponding Sobolev weighted spaces; see Garcı́a-Cuerva and
Kazarian (1985) and Capiński and Peszat (2001).
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2.4 Lipschitz functions and composition operators

Most of our existence results will hold true under various Lipschitz and linear-
growth conditions imposed on non-linear components. Given a normed space
(E, | · |E ) we denote by Lip (E) the space of all Lipschitz continuous functions
ψ : E 
→ R equipped with the norm ‖ψ‖∞ + ‖ψ‖Lip, where ‖ψ‖∞ is the supre-
mum norm (see Section 2.1) and

‖ψ‖Lip := sup
x �=y

|ψ(x) − ψ(y)|
|x − y|E

is the smallest Lipschitz constant of ψ .
For our further purposes it will be convenient to introduce the following defini-

tions. Here we assume that λ is a non-negative measure on the measurable space
(S,S).

Definition 2.4 Let p ∈ [1, ∞). We denote by Lip (p, S, λ) the class of all func-
tions f : S × R 
→ R such that

| f (σ, u)| ≤ φ(σ ) + K |u|, | f (σ, u) − f (σ, v)| ≤ K |u − v|
with a constant K < ∞ and a function φ ∈ L p(S,S, λ).

We will consider equations with non-linear mappings of the so-called compo-
sition or Nemytskii type. Namely, given f : O × R 
→ R we denote by N f the
operator that associates with a function ψ : O 
→ R the function

(N f ψ)(ξ ) := f (ξ, ψ(ξ )), ξ ∈ O. (2.1)

The following lemma deals with the Lipschitz property of composition opera-
tors. Its easy verification is left to the reader.

Lemma 2.5

(i) Assume that O ∈ B(Rd ). Then for every f ∈ Lip (p,O, 
d ) the composition
operator N f is a Lipschitz mapping from L p(O) to L p(O).

(ii) If f ∈ Lip (p, R
d , ϑ

p
ρ (ξ ) dξ ) then N f is a Lipschitz mapping from L p

ρ to L p
ρ .

(iii) If f ∈ Lip (p, R
d , θ

p
ρ (ξ ) dξ ) then N f is a Lipschitz mapping from Lp

ρ to Lp
ρ .

(iv) Assume that f : R 
→ R is a Lipschitz-continuous function. Then, for all
p ≥ 1 and ρ > 0 N f is a Lipschitz mapping on L p

ρ . If ρ ≤ 0 then N f is a
Lipschitz mapping on L p

ρ if and only if f (0) = 0.
(v) Assume that f : R 
→ R is a Lipschitz continuous function. If pρ > d/2

then N f is Lipschitz on Lp
ρ . If pρ ≤ d/2 then N f is Lipschitz on Lp

ρ if and
only if f (0) = 0.
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Composition operators form an important class of mappings arising in non-
linear analysis. In this book we shall be concerned mostly with their Lipschitz
property. Conditions for their continuity or differentiability can be obtained but
using less simple arguments. For a more complete presentation we refer the reader
to Ambrosetti and Prodi (1995).

2.5 Differential operators

Let

A = A(ξ, D) =
∑

|α|≤2m

aα(ξ )
∂ |α|

∂ξα
, ξ ∈ O, (2.2)

be an elliptic differential operator of order 2m. We will consider A either on
O = R

d or on a bounded domain O.
If O is bounded then A is considered together with boundary operators

B j = B j (ξ, D) =
∑

|α|≤r j

b j,α(ξ )
∂ |α|

∂ξα
, ξ ∈ ∂O, j = 1, . . . , m,

of orders not greater than 2m − 1. We assume that:

(i) ∂O is of class C2m+γ for some γ > 0;
(ii) {aα} ⊂ C∞

b (O) and A is uniformly elliptic on O, that is, there exists a δ > 0
such that

(−1)m
∑

|α|=2m

aα(ξ )
d∏

i=1

v
αi
i ≤ −δ|v|2m, ξ ∈ O, v ∈ R

d ;

(iii) 0 ≤ r j ≤ 2m − 1 and {b j,α} ⊆ C2m−r j +γ (∂O) for a γ > 0;
(iv) the system {B j } fulfils uniformly the complementarity condition on ∂O (see

Solonnikov 1965, Eidelman 1969 or Eidelman and Zhitarashu 1998).

Owing to limitations of space we do not give the definition of the complementar-
ity condition mentioned in (iv). The hypothesis of (iv) is satisfied by the so-called
system of Dirichlet conditions B j = ∂ j/∂n j , j = 0, 1, . . . , m − 1, where n is the
normal interior to the boundary.

We will frequently employ some properties of the Green function G for the
system {A, B1, . . . , Bm}. Namely, there is a function G : (0, +∞) × O × O 
→ R,
continuously differentiable with respect to the first variable and having continuous
derivatives of orders less than or equal to 2m with respect to the second variable,
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such that for every η ∈ O(
∂

∂t
− A

)
G(·, ·, η) = 0 on (0, +∞) × O,

B jG(·, ·, η) = 0 on (0, +∞) × ∂O
and

lim
t↓0

∫
O
G(t, ξ, η)ψ(η) dη = ψ(ξ ), ∀ ξ ∈ O, ∀ ψ ∈ Cb

(O)
.

In the case O = R
d we assume, as for a bounded domain, that A is uniformly

elliptic (on R
d ) and has coefficients of class C∞

b (Rd ). Obviously in this case we
do not need to impose any boundary conditions. In fact, the decay at infinity of a
solution to the equation for A is implied by the integrability assumptions. As in
the case of a bounded region there is a continuous function G : (0, +∞) × R

d ×
R

d 
→ R, continuously differentiable with respect to the first variable and having
continuous derivatives of orders less than or equal to 2m with respect to the second
variable, such that(

∂

∂t
− A

)
G(·, ·, η) = 0 on (0, +∞) × R

d , ∀ η ∈ R
d ,

lim
t↓0

∫
Rd

G(t, ξ, η)ψ(η) dη = ψ(ξ ), ∀ ξ ∈ R
d , ∀ ψ ∈ Cb(Rd ).

As in the case of a bounded domain, we call G the Green function for the operator
A.

Assume thatG is the Green function either for the system (A, {B j }) on a bounded
region O or for an A considered on O = R

d . In our future considerations, an
important role will be played by so-called parabolic semigroups, that is, by families
of operators S = (S(t), t ≥ 0) defined by setting S(0) equal to the identity operator
and

S(t)ψ(ξ ) =
∫
O
G(t, ξ, η)ψ(η) dη, t > 0. (2.3)

In fact, S is the C0-semigroup generated by a proper realization of A; see
Appendix B. In appendix section B.2 we derive some regularity properties of
S from the following classical Aronson estimate.

Theorem 2.6 (Aronson) For each T > 0 there exist constants K1, K2 > 0 such
that ∣∣∣∣∂ |α|G

∂ξα
(t, ξ, η)

∣∣∣∣ ≤ K1t−|α|/(2m)gm(K2t, |ξ − η|),
∀ t ∈ (0, T ], ∀ ξ, η ∈ O, ∀ α : |α| ≤ 2m, (2.4)
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where

gm(t, r ) = t−d/(2m) exp
{
− (

t−1r2m
)1/(2m−1)

}
, t > 0, r > 0. (2.5)

It is worth noting that the above theorem provides the same upper estimates for
a Green kernel considered on a bounded region and one considered on the whole
space. For the proof we refer the reader to Eidelman (1969) or Solonnikov (1969).



3
Probabilistic preliminaries

In this chapter we set up the notation for, and present infinite-dimensional ana-
logues of, classical probabilistic concepts. We recall, mostly without proof, basic
results on real-valued martingales. We define the expectation and conditional ex-
pectation of a random variable with values in a Banach space and introduce the
concept of Gaussian measure on an infinite-dimensional space. Then we deal with
various classes of stochastic processes taking values in a Banach space.

3.1 Basic definitions

Throughout the book (�,F, P) denotes a complete1 probability space.
Many arguments in the theory of stochastic processes depend on Dynkin’s π–λ

theorem; see Dynkin (1965) and Theorem 3.2 below. This theorem is concerned
with the smallest σ -field σ (K) containing all elements of a family K.

Definition 3.1 A collection K of subsets of � is said to be a π -system if it is
closed under the formation of finite intersections. A collection M of subsets of �

is a λ-system if it contains � and is closed under the formation of complements
and of countable disjoint unions.

Theorem 3.2 (Dynkin) If a λ-system M contains a π -system K then M ⊃
σ (K).

Proof Denote by K0 the smallest λ-system containing K. This is equal to the
intersection of all λ-systems containingK. ThenK0 ⊂ σ (K). To prove the opposite
inclusion we first show that K0 is a π -system. Let A ∈ K0 and define KA =
{B : B ∈ K0 and A ∩ B ∈ K0}. It is easy to check that KA is closed under the

1 That is, A ∈ F , B ⊂ A and P(A) = 0 imply that B ∈ F .

20
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formation of complements and countable disjoint unions and that if A ∈ K then
KA ⊃ K. Thus, for A ∈ K,KA = K0 and we have shown that if A ∈ K and B ∈ K0

then A ∩ B ∈ K0. But this implies that KB ⊃ K and, consequently, that KB = K0

for any B ∈ K0. It is now an easy exercise to show that if a π -system is closed
under the formation of complements and countable disjoint unions then it is a
σ -field. This completes the proof. �

Let (E, E) be a measurable space. Any measurable mapping X : � �→ E is
called an E-valued random variable, a random element in E or a random variable
in E . We denote by L(X )(�) := P (ω ∈ � : X (ω) ∈ �), � ∈ E , the law of X , i.e.
the distribution of the random element X in E .

Let I be a time interval. In fact, I is the set of non-negative real numbers R+,
or a finite interval [0, T ] or, in the discrete-time case, a subset of non-negative
integers Z+ = {0, 1, . . .}. On I we consider the Borel σ -field B(I ). Any family
X = (X (t), t ∈ I ) of random elements in E is called a stochastic process in E or
an E-valued stochastic process.

A filtration is any non-decreasing family of σ -fields Ft ⊂ F , t ∈ I . If

Ft = Ft+ :=
⋂
s>t

Fs, ∀ t ∈ I,

then the filtration (Ft ) is called right-continuous. Note that for an arbitrary filtration
(Ft ), the filtration (Ft+) is also right-continuous. The quadruple (�,F, (Ft ), P)
is called a filtered probability space. We say that an E-valued stochastic process
X is adapted to the filtration (Ft ) if, for every t ∈ I , X (t) is Ft -measurable.

Definition 3.3 An E-valued stochastic process X is measurable if it is a measur-
able mapping from I × � to E , where the product σ -field B(I ) × F is considered
on I × �.

Let PI denote the σ -field of predictable sets, that is, the smallest σ -field of
subsets of I × � containing all sets of the form (s, t] ∩ I × A, where s, t ∈ I ,
s < t and A ∈ Fs . For simplicity we write P instead of P[0,∞).

Definition 3.4 A stochastic process X taking values in a measurable space (E, E)
is called predictable if it is a measurable mapping from I × � to E , where the
σ -field PI is considered on I × �.

Definition 3.5 Let (X (t), t ∈ I ) be an E-valued stochastic process defined on
(�,F, P). An E-valued process (Y (t), t ∈ I ) is said to be a modification of X if
P (X (t) = Y (t)) = 1 for each t ∈ I .

It is clear that a modification Y of X has the same finite-dimensional distri-
butions as X . If there exists a modification Y of X which has, P-a.s., continuous
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trajectories then we say that X has a continuous modification. If there exists a mea-
surable or predictable modification Y of X then we say that X has a measurable
or predictable modification Y .

Definition 3.6 Let (�,F, (Ft ), P) be a filtered probability space. We say that
τ : � �→ [0, +∞] is a stopping time (with respect to (Ft )) if, for every t ∈ I ,
{τ ≤ t} ∈ Ft .

Let τ be a stopping time. We denote by Fτ the collection of events A ∈ F such
that A ∩ {τ ≤ t} ∈ Ft for all t ∈ I . It is easy to verify that Fτ is a σ -field, the
so-called σ -field of events prior to τ , and that τ is Fτ -measurable.

Given an E-valued stochastic process X we denote by
(F X

t

)
the filtration gen-

erated by X . That is, for every t ∈ I , F X
t := σ (X (s) : s ∈ I, s ≤ t) is the smallest

σ -field under which all random elements X (s), s ∈ I, s ≤ t , are measurable. We
denote byF X

t the smallest σ -field containingF X
t and all sets fromF of P-measure

zero. Note that the filtration
(F X

t+
)

is right-continuous and that each F X
t+ contains

all sets of F of P-measure 0. In fact, in this book we will usually take it for granted
that (Ft ) is a right-continuous filtration such that every Ft contains all sets of F
of P-measure 0. We will then say that (Ft ) satisfies the usual conditions.

3.2 Kolmogorov existence theorem

Let (E, E) be a measurable space. A stochastic process X is usually described in
terms of the measures it induces on products of E ; namely, if (X (t), t ∈ I ) is an
E-valued process then, for each sequence (t1, t2, . . . , tk) of distinct elements of I ,
(X (t1), . . . , X (tk)) is a random vector with values in the product E × E × · · · × E
equipped with the product σ -field E × E × · · · × E . The probability measures on
Ek given by λt1,...,tk := L(X (t1), . . . , X (tk)) are called finite-dimensional distribu-
tions of X . Note that the finite-dimensional distributions of a stochastic process
(X (t), t ∈ I ) satisfy two consistency conditions.

(i) For arbitrary Ai ∈ E , i = 1, 2, . . . , k, and for any permutation π of
{1, 2, . . . , k}, λt1,...,tk (A1 × · · · × Ak) = λtπ1,...,tπk (Aπ1 × · · · × Aπk).

(ii) For arbitrary Ai ∈ E , i = 1, 2, . . . , k − 1, λt1,...,tk−1 (A1 × · · · × Ak−1) =
λt1,...,tk (A1 × · · · × Ak−1 × E).

Theorem 3.7 (Kolmogorov) Assume that E is a separable complete metric
space and μt1,...,tk is a family of distributions on Ek, k ∈ N, satisfying (i) and
(i i). Then on some probability space (�,F, P) there exists a stochastic process
(X (t), t ∈ I ) having the λt1,...,tk as its finite-dimensional distributions.
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Kolmogorov’s theorem is an easy consequence of the following results, due to
C. Carathéodory (1918) and S. Ulam (see Oxtoby and Ulam 1939), which are of
independent interest.

Definition 3.8 A collection E0 of subsets of E is said to be a field or algebra
if E ∈ E0, Ac ∈ E0 for every A ∈ E0 and

⋃n
k=1 Ak ∈ E0 for arbitrary A1, . . . , An

∈ E0.

Theorem 3.9 (Carathéodory) Assume that λ is a non-negative function on a
field E0 such that, for any sequence {Ai } ⊂ E0 satisfying Ai ∩ A j = ∅ for i �= j
and

⋃
i Ai ∈ E0,

λ

( ∞⋃
i=1

Ai

)
=

∞∑
i=1

λ(Ai ).

Then there exists a unique extension of λ to a finite measure on the σ -field generated
by E0.

Theorem 3.10 (Ulam) Assume that λ is a probability measure on a separable
complete metric space. Then for any ε > 0 there exists a compact set K ⊂ E such
that λ(K ) ≥ 1 − ε.

3.3 Random elements in Banach spaces

We have the following basic inequality due to Lévy and Ottaviani, the proof of
which can be found in Kwapień and Woyczyński (1992).

Proposition 3.11 (Lévy–Ottaviani) If X (1), . . . , X (n) are independent random
variables with values in a (not necessarily separable) Banach space B then, for
any r > 0,

P

(
max
k≤n

|X (1) + · · · + X (k)|B > r

)

≤ 3 max
k≤n

P

(
|X (1) + · · · + X (k)|B >

r

3

)
.

The following corollary to the Lévy–Ottaviani inequality is part of the Itô–Nisio
theorem; see Itô and Nisio (1968) or Kwapień and Woyczyński (1992).

Corollary 3.12 If (X (n), n ∈ N) are independent random variables in B such
that

∑N
n=1 Xn converges in probability as N ↑ ∞ then

∑N
n=1 Xn converges P-a.s.

A B-valued random variable X is integrable if

E |X |B :=
∫

�

|X (ω)|B P(dω) < ∞.
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If E |X |2B < ∞ then X is called square integrable. Since B is separable, for any
B-valued random variable the real-valued function ω �→ |X (ω)|B is measurable.
Given an integrable B-valued random variable, we define its expectation

E X =
∫

�

X (ω) P(dω)

as a Bochner integral. Let us recall that the Bochner integral is initially defined
for simple random variables

X =
n∑

j=1

x jχA j , (3.1)

where n ∈ N, {x j } ⊂ B and {A j } ⊂ F , by the formula

E X =
n∑

j=1

x j P(A j ).

Clearly, for any simple random variable,

| E X |B ≤ E |X |B . (3.2)

Now, let X be an arbitrary integrable random variable. Then there is a sequence
(Xm) of simple random variables such that for any ω the sequence (|Xm(ω) −
X (ω)|B) decreases to 0. Indeed, let B0 = {u1, u2, . . .} be a countable dense subset
of B. Write Xm(ω) := ukm (ω), ω ∈ �, m ∈ N, where

km(ω) := min

{
k ≤ m : |X (ω) − uk |B = min

l≤m
{|X (ω) − ul |B}

}
.

Then (Xm) has the desired property. We define E X as the limit of E Xm . Note
that E X does not depend on the choice of the approximating sequence and that
(3.2) holds. An integrable B-valued random variable is said to be of mean zero if
E X = 0.

Proposition 3.13 LetV be a sub-σ -field ofF and let X be a B-valued integrable
random variable. Then, up to a set of P-measure 0, there is a unique integrable
V-measurable B-valued random variable E (X |V) such that∫

A
X (ω) P (dω) =

∫
A

E (X |V) (ω) P (dω), ∀ A ∈ V.

Proof Assume first that X is a simple random variable given by (3.1). Set

E (X |V) =
n∑

j=1

α j P (A j |V).
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Here P(A j |V) denotes the classical conditional probability; see e.g. Kallenberg
(2002). Next, for an integrable X define E (X |V) as the L1(�,V, P; B)-limit of
E (Xm |V), where (Xm) is a sequence of simple random variables appearing in the
construction of the Bochner integral. �

Definition 3.14 We call E (X |V) the conditional expectation of X given V .

Recall that a sequence X (n) of random variables in B is called uniformly inte-
grable if

lim
r→∞ sup

n

∫
{|X (n)|B≥r}

|X (n)|B dP = 0.

In the proposition below we gather some basic properties of the conditional
expectation of B-valued random variables. These results are well known for real-
valued random variables, so we leave their easy verification to the reader.

Proposition 3.15 Let X, Y be integrable random elements in B, let a, b ∈ R

and let V be a sub-σ -field F . Then the following hold.

(i) E (aX + bY |V) = a E (X |V) + b E (Y |V), P-a.s.
(ii) If T is a continuous linear operator from B to a real separable Banach

space B1 then E (T X |V) = T E (X |V), P-a.s.
(iii) If X is V-measurable and ζ is a real-valued integrable random variable

such that ζ X is integrable then E (ζ X |V) = X E (ζ |V), P-a.s.
(iv) If U is a sub-σ -field of V then E (X |U) = E (E (X |V) |U), P-a.s.
(v) If X is independent of V then E (X |V) = E X, P-a.s.

(vi) If f : R �→ R is a convex function such that f (|X |B) is integrable then
f (|E (X |V)|B) ≤ E ( f (|X |B)|V), P-a.s.

(vii) Let (X (n)) be a sequence of uniformly integrable random variables in B
such that X (n) converges P-a.s. to X. Then E (X (n)|V) → E (X |V), P-a.s.

(viii) Assume that (Vn, n ∈ N) is an increasing family of σ -fields such that
V = σ (Vn : n ∈ N), that is, that V is the smallest σ -field containing each
Vn. Then E (X |Vn) → E (X |V), P-a.s.

3.4 Stochastic processes in Banach spaces

In this section we present basic definitions concerning stochastic processes taking
values in a separable Banach space B.

A B-valued stochastic process X = (X (t), t ∈ I ) is integrable (square inte-
grable) if the random variables |X (t)|B , t ∈ I , are integrable (square integrable).
A process X has mean zero if the random elements X (t), t ∈ I , have mean zero.
The definition below deals with different aspects of continuity.
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Definition 3.16 A B-valued stochastic process X is right-continuous if

X (t+) := lim
s↓t, s∈I

X (s) = X (t), ∀ t ∈ I.

If, furthermore,

X (t) = lim
s→t, s∈I

X (s), ∀ t ∈ I,

then X is called continuous. We say that X is càdlàg (continu à droite et limites à
gauche) if X is right-continuous and has left limits, that is, if for every t ∈ I the
limit lims∈I,s↑t X (s) =: X (t−) exists.

The simple proof of the following result is left to the reader.

Proposition 3.17 Assume that (X (t), t ≥ 0) and (Y (t), t ≥ 0) are càdlàg pro-
cesses defined on the same probability space (�,F, P) and that X is a modification
of Y . Then there is a set �0 ∈ F of P-measure 1 such that X (t, ω) = Y (t, ω) for
all (t, ω) ∈ [0, ∞) × �0.

Definition 3.18 A B-valued stochastic process X = (X (t), t ∈ I ) is stochasti-
cally continuous or continuous in probability if

lim
s→t, s∈I

P (|X (t) − X (s)|B > ε) = 0, ∀ ε > 0, ∀ t ∈ I.

Note that if I ⊂ R is compact then any stochastically continuous process X is
uniformly stochastically continuous, that is,

∀ ε > 0, ∃ δ > 0: ∀ t, s ∈ I : |t − s| ≤ δ, P (|X (t) − X (s)|B > ε) < ε.

Definition 3.19 A B-valued square integrable stochastic process X is mean-
square continuous if

lim
s→t, s∈I

E |X (t) − X (s)|2B = 0, ∀ t ∈ I.

The theorem below, combining results of A. N. Kolmogorov, M. Loève and
N. N. Chentsov, provides a simple moment condition for the existence of a Hölder-
continuous version of a random field on R

d . For its proof we refer the reader to
Kallenberg (2002). A more general version of this result can be found in Walsh
(1986).

Theorem 3.20 (Kolmogorov–Loève–Chentsov) Let (E, ρ) be a complete met-
ric space, and let

(
X (v), v ∈ R

d
)

be a family of E-valued random variables.
Assume that there exist a, b, c > 0 such that

E
(
ρ(X (v), X (u))

)a ≤ c|u − v|d+b, u, v ∈ R
d .

Then X has a modification that is locally Hölder continuous with exponent α ∈
(0, b/a).
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Proposition 3.21 Any measurable stochastically continuous (Ft )-adapted B-
valued process (X (t), t ≥ 0) has a predictable modification.

Proof From the stochastic continuity there is a partition 0 = tm,0 < tm,1 < · · · <

tm,n(m) = m such that, for t ∈ (tm,k, tm,k+1],

P
(|X (tm,k) − X (t)|B > 2−m

) ≤ 2−m, k = 0, 1, . . . , n(m) − 1.

Define

Xm(ω, t) = χ{0}(t)X (ω, 0) +
n(m)−1∑

k=0

χ(tm,k ,tm,k+1](t)X (ω, tm,k).

Then Xm is predictable. Denote by A the set of all (ω, t) ∈ � × [0, T ] for which
the sequence (Xm(ω, t)) converges. Then A is a predictable set, and the process X̃
defined by

X̃ (ω, t) = χA(ω, t) lim
m→∞ Xm(ω, t)

is predictable. We now show that X̃ is a modification of X . By the Borel–Canteli
lemma, for each t ∈ [0, T ] there is a set �t ∈ F of P-measure 1 such that for
ω ∈ �t there is an m0 ∈ N such that

|Xm(ω, t) − X (ω, t)|B ≤ 2−m, ∀ m ≥ m0.

Therefore {t} × �t ⊂ A, and X (ω, t) = X̃ (ω, t) for ω ∈ �t . �

Let Pt (x, �), t ≥ 0, x ∈ E , � ∈ B(E), be a transition function on a metric space
E (see Definition 1.7), let (Pt ) be the corresponding transition semigroup, given
by (1.3), and let (Ft ) be a filtration on (�,F, P).

Definition 3.22 An E-valued (Ft )-adapted process X = (X (t), t ≥ 0) is said to
be Markov with respect to (Ft ) and (Pt ) if, for every t, h ≥ 0 and ϕ ∈ Bb(E),

E
(
ϕ(X (t + h))

∣∣Ft
) = Phϕ(X (t)), P-a.s.

Often Ft = σ (X (s), s ≤ t). If X is a process such that, for t, h ∈ [0, ∞),

E
(
ϕ(X (t + h))

∣∣σ (X (s), s ≤ t)
) = E

(
ϕ(X (t + h))

∣∣σ (X (t))
)

then X is called general Markov.
The following result comes from Kinney (1953). For the convenience of the

reader the proof is presented in Appendix C.

Theorem 3.23 (Kinney) If X is Markov with respect to (Pt ) and

lim
t↓0

sup
x∈E

Pt (x, Bc(x, r )) = 0, ∀ r > 0, (3.3)

then X has a càdlàg modification.
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The definition below extends the concept of a martingale to a class of processes
taking values in a separable Banach space.

Definition 3.24 A family (X (t), t ∈ I ), of integrable B-valued random variables
is said to be a B-valued martingale with respect to a filtration (Ft ), or simply a
martingale, if it is (Ft )-adapted and satisfies

E (X (t)|Fs) = X (s), ∀ t, s ∈ I, t ≥ s.

As a direct consequence of Proposition 3.15(v) we have the following result.

Proposition 3.25 Let X be a B-valued integrable process. Assume that, for all
t, s ∈ I , t > s, the random variable X (t) − X (s) is independent of Fs . Then the
process Y (t) := X (t) − E X (t), t ∈ I , is a martingale.

Definition 3.26 A B-valued process (X (t), t ≥ 0) is said to be a B-valued local
martingale with respect to a filtration (Ft ), or simply a local martingale, if it is
(Ft )-adapted and there exists a sequence of (Ft ) stopping times τn ↑ ∞ such that
the processes X τn := (

X (t ∧ τn) t ≥ 0
)

are martingales.

Definition 3.27 An adapted process (V (t), t ≥ 0) is said to be of finite variation
if there exists a random variable Ṽ , whose values are B-valued measures on [0, ∞),
such that V (t) = Ṽ ([0, t]) for t ≥ 0.

Definition 3.28 An adapted process (V (t), t ≥ 0) is said to be of local finite
variation if there exists a sequence of (Ft ) stopping times τn ↑ ∞ such that the
processes V τn := (

V (t ∧ τn), t ≥ 0
)

are of finite variation.

Definition 3.29 A B-valued (Ft )-adapted process (X (t), t ≥ 0) is said to be
a B-valued semimartingale with respect to the filtration (Ft ), or simply a semi-
martingale, if X (t) = M(t) + V (t), t ∈ [0, ∞), where M is a local martingale and
V is an adapted process with locally finite variation.

3.5 Gaussian measures on Hilbert spaces

A measure λ on
(
R

d ,B(Rd )
)

is Gaussian if and only if its characteristic functional
is given by∫

Rd

ei〈η,ξ〉U λ(dξ ) = exp
{
i〈η, m〉U − 1

2 〈Qη, η〉U
}
, η ∈ R

d ,

where m = (m1, . . . , md ) ∈ R
d and Q = [qi, j ] ∈ M+

s (d × d). Such a measure is
denoted by N (m, Q). Moreover, m and Q are respectively its mean and
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covariance:

mi =
∫

Rd

ξi N (m, Q)(dξ ), qi, j =
∫

Rd

(ξi − mi )(ξ j − m j )N (m, Q)(dξ ).

If m = 0 then λ is said to be centered. Assume that Q is invertible. Then N (m, Q)
has density √

det Q−1

(2π )d/2
exp

{− 1
2

〈
Q−1 (ξ − m) , ξ − m

〉}
.

Definition 3.30 A random variable X with values in a Hilbert space U is
Gaussian (centered Gaussian) if, for all x ∈ U , the real-valued random variable
〈X, x〉U has a Gaussian (centered Gaussian) distribution. A random process X
taking values in U is Gaussian if, for all t1, . . . , tn , (X (t1), . . . , X (tn)) is a Gaussian
random element in U n .

The definitions of the mean vector and the covariance matrix can be extended
to the infinite-dimensional case, thanks to the following theorem.

Theorem 3.31 Assume that X is a centered Gaussian random variable with
values in a Hilbert space U. Then E |X |2U < ∞. Moreover,

E es|X |2U ≤ 1√
1 − 2s E |X |2U

, ∀ s <
1

2 E |X |2U
. (3.4)

Proof Assume first that X is a random variable in (Rn, 〈·, ·〉) with the law μ =
N (0, Q). Take an orthonormal basis of R

n consisting of eigenvectors of Q. Let
{γ j } be the corresponding eigenvalues, that is, Qe j = γ j e j , j = 1, . . . , n. Then
X = ∑n

j=1〈X, e j 〉e j , 〈X, e j 〉, j = 1, . . . , n, are independent and the law of 〈X, e j 〉
is N (0, γ j ). Consequently,

E es|X |2 = E exp

{
s

n∑
j=1

〈X, e j 〉2

}
=

n∏
j=1

E es〈X,e j 〉2 =
n∏

j=1

1√
1 − 2sγ j

= 1√
(1 − 2sγ1) · · · (1 − 2sγn)

≤ 1√
1 − 2s(γ1 + · · · + γn)

.

Since E |X |2 = γ1 + · · · + γn , we have (3.4).
Let us now choose an arbitrary orthonormal basis {en} of U . Then X = ∑

n

〈X, en〉U en and X = limn→∞ Xn , Xn = ∑n
j=1〈X, e j 〉U en . Since Xn is an n-

dimensional Gaussian random variable, applying (3.4) for s = −1 we obtain

E e−|Xn |2U ≤ 1√
1 + 2 E|X |2U

.
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Note that |Xn|2U ↑ |X |2U , so that E |Xn|2U ↑ E |X |2U and therefore

E e−|X |2U ≤ 1√
1 + 2 E |X |2U

.

If E |X |2U were equal to ∞ then |X |2U would equal ∞ with probability 1, which is
not the case, so E |X |2U < ∞.

Now let s <
(
2 E |X |2U

)−1
, and let {Xn} be the finite-dimensional projections

of X defined as above. Then E |Xn|2U ≤ E |X |2U . Hence, for any n,

E es|Xn |2U ≤ 1√
1 − 2s E |Xn|2U

≤ 1√
1 − 2s E |X |2U

.

Letting n ↑ ∞ gives

E es|X |2U ≤ 1√
1 − 2s E |X |2U

.

�

A (non-trivial) generalization of Theorem 3.31 to Gaussian random variables
taking values in a Banach space is due to M. X. Fernique; see Fernique (1970) or
e.g. Kuo (1975).

It follows from the theorem that for every centered Gaussian random variable
X there exists a trace-class non-negative operator Q : U �→ U (see Appendix A),
called the covariance operator of X , such that

E 〈X, x〉U 〈X, y〉U = 〈Qx, y〉U .

It is easy to see that Tr Q = E |X |2U . More generally, if E X = m then the covari-
ance operator of X is the covariance operator of X − m.

It is easy to see that if X = (X1, . . . , Xd ) is Gaussian in R
d then the ran-

dom variables X1, . . . , Xd are independent if and only if the covariance matrix is
diagonal.

3.6 Gaussian measures on topological spaces

Let E be a topological vector space. Denote by E∗ the dual space and by (·, ·) the
canonical bilinear form on E × E∗. On E we consider the σ -field B(E) of Borel
sets. For any finite subset {x1, . . . , xn} of E∗ we denote by τx1,...,xn the mapping
E � y �→ ((y, x1), . . . , (y, xn)) ∈ R

n .
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Definition 3.32 A measure λ on (E,B(E)) is Gaussian if for any finite sub-
set {x1, . . . , xn} of E∗ the transport measure λ ◦ τ−1

x1,...,xn
is Gaussian on R

n . The
measure λ is centered or equivalently has mean zero or is symmetric, if, for any
{x1, . . . , xn}, λ ◦ τ−1

x1,...,xn
has mean zero.

Clearly any Gaussian measure on E is a probability measure. To check that λ

is Gaussian it is sufficient to show that, for every x ∈ E∗, λ ◦ τ−1
x is Gaussian.

Indeed, since finite-dimensional Gaussian measures are characterized by their
Fourier transforms, a finite-dimensional measure λ ◦ τ−1

x1,...,xn
is Gaussian if and

only if λ ◦ τ−1
t1x1+···+tn xn

is Gaussian for any vector (t1, . . . , tn) ∈ R
n .

We say that an E-valued random variable is Gaussian if its lawL(X ) is Gaussian.

Definition 3.33 Let X be a centered Gaussian random variable in E . Then its
covariance form is the bilinear mapping K : E∗ × E∗ �→ R given by

K (x, y) =
∫

E
(x, z)(y, z)λ(dz), x, y ∈ E∗.

Given m ∈ E we denote by Tm the translation operator; that is, Tm(x) = m + x ,
x ∈ E . Note that if there is an m ∈ E such that λ ◦ T −1

m is a centered Gaussian
measure then

(m, x) =
∫

E
(y, x)λ(dy), ∀ x ∈ E∗.

Thus, if it exists, m is uniquely determined and is called the mean of λ. If λ is a
Gaussian measure with mean m and if λ ◦ T −1

m has covariance Q then we write
λ = N (m, Q).

3.7 Submartingales

We now recall the classical concepts of the submartingale and supermartingale.
Let I ⊂ [0, ∞).

Definition 3.34 A real-valued integrable process (X (t), t ∈ I ) is a submartin-
gale with respect to the filtration (Ft ) if it is (Ft )-adapted and

E(X (t)|Fs) ≥ X (s), P-a.s., ∀ s < t, s, t ∈ I.

X is called a supermartingale if −X is a submartingale.

Theorem 3.35 Let p ≥ 1 and let (X (t), t ∈ I ) be a B-valued martingale.
If E |X (t)|p

B < ∞ for t ∈ I then the process (|X (t)|p
B, t ∈ I ) is a submartingale.
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Proof The function f (a) = |a|p, a ∈ R, is convex and therefore by Proposi-
tion 3.15(vi), for t > s,

|X (s)|p
B = ∣∣E(

X (t)
∣∣Fs

)∣∣p

B ≤ ∣∣E(|X (t)|B

∣∣Fs
)∣∣p ≤ E

(|X (t)|p
B

∣∣Fs
)
.

�

3.7.1 Doob optional-sampling theorem

The following Doob optional-sampling theorems in discrete and continuous time
are of fundamental importance in the theory of submartingales. For their proofs
we refer the reader to e.g. Kallenberg (2002).

Theorem 3.36 (Doob optional sampling) Let (X (n), n = 1, . . . , k) be a sub-
martingale (supermartingale, martingale) relative to (Fn). Let τ1, . . . , τm be an
increasing sequence of (Fn)-stopping times with values in the set {1, . . . , k}. Then
the sequence (X (τi ), i = 1, . . . , m) is also a submartingale (supermartingale,
martingale) with respect to (Fτi ).

From the discrete-time result Theorem 3.36 one can deduce the following
continuous-time result.

Theorem 3.37 (Doob optional sampling) Let (X (t), t ∈ [0, T ]) be a right-
continuous submartingale (supermartingale, martingale) relative to (Ft ). Let
τ1, . . . , τm be an increasing sequence of stopping times with values in [0, T ].
Then the sequence (X (τi ), i = 1, . . . , m) is also a submartingale (supermartin-
gale, martingale) with respect to (Fτi ).

3.7.2 Doob submartingale inequality

The following fundamental result is called the Doob submartingale inequality.
Recall that X+(T ) is the positive part of X (T ) (see Section 2.1).

Theorem 3.38 (Doob inequality) Assume that (X (t), t ≥ 0) is a right-
continuous submartingale. Then

r P

(
sup

t∈[0,T ]
X (t) ≥ r

)
≤ E X+(T ), ∀ r > 0, ∀ T ≥ 0.

The theorem is an easy consequence of its discrete-time version.

Proposition 3.39 Let (X (n), n = 1, . . . , k) be a submartingale. Then

r P

(
max

n
X (n) ≥ r

)
≤ E X+(k), ∀ r > 0.
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Proof Note that A = {maxn X (n) ≥ r} = ⋃k
n=1 An , A1 = {X (1) ≥ r} and

An = {X (1) < r} ∩ · · · ∩ {X (n − 1) < r} ∩ {X (n) ≥ r}, n = 2, . . . , k.

We have An ∈ Fn and X (n) ≥ r on An . Therefore

E
(
X (k)χAn

) = E
(
E(X (k) | Fn)χAn

) ≥ E
(
X (n)χAn

) ≥ rP (An) .

Consequently,

r P (A) ≤ E
(
X (k)χAk

) ≤ E X+(k).

�

Proof of Theorem 3.38 To prove this theorem we choose an increasing sequence
(Qk) of finite subsets of [0, T ], containing T and such that Q = ⋃

k Qk is dense
in [0, T ]. For every ε ∈ (0, r ),{

sup
t∈[0,T ]

X (t) ≥ r

}
⊂

⋃
k

{
max
t∈Qk

X (t) ≥ r − ε

}
.

Consequently,

P

(
sup

t∈[0,T ]
X (t) ≥ r

)
≤ 1

r − ε
E X+(T ).

Taking ε ↓ 0 we obtain the required result.

The following Doob regularity theorem states a condition under which a (real-
valued) submartingale has a càdlàg modification. It holds for submartingales and
thus also for supermartingales; it has been successfully applied also to wide classes
of stochastic processes, implying the existence of their càdlàg versions (see e.g.
Theorem 3.41 below). A proof of the Doob theorem can be found in e.g. Rogers
and Williams (2000).

Theorem 3.40 (Doob regularity) Any stochastically continuous submartingale
(X (t), t ∈ I ) has a càdlàg modification.

As a corollary to Theorems 3.38 and 3.40 we will derive the following result.

Theorem 3.41 Let (M(t), t ≥ 0) be a stochastically continuous square inte-
grable martingale taking values in a Hilbert space (U, 〈·, ·〉U ). Then M has a
càdlàg modification (denoted also by M) satisfying

P

(
sup

t∈[0,T ]
|M(t)|U ≥ r

)
≤ E |M(T )|2U

r2
, ∀ T ≥ 0, ∀ r > 0. (3.5)
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Moreover,

E sup
t∈[0,T ]

|M(t)|αU ≤ 2

2 − α

(
E |M(T )|2U

)α/2
, ∀ T ≥ 0, ∀ α ∈ (0, 2). (3.6)

Proof Let {ek} be an orthonormal basis of U and let

Mn(t) =
n∑

k=1

〈M(t), ek〉U ek, n ∈ N, t ≥ 0.

Then each Mn is a martingale. Since each 〈M, ek〉U is a stochastically continuous
real-valued martingale, and hence a submartingale, it has a càdlàg version. Hence
each Mn has a càdlàg version. Clearly

∑m
k=n+1〈M(t), ek〉2

U , t ≥ 0, is a submartin-
gale. Hence, by Doob’s submartingale inequality,

In,m := P

(
sup

t∈[0,T ]
|Mn(t) − Mm(t)|U ≥ r

)

= P

(
sup

t∈[0,T ]

m∑
k=n+1

〈M(t), ek〉2
U ≥ r2

)
≤ 1

r2
E

m∑
k=n+1

〈M(t), ek〉2
U ,

and hence In,m → 0 as n, m → ∞. By a standard application of the Borel–
Canteli lemma, we can find a subsequence Mnl , l = 1, 2, . . . , which P-a.s. con-
verges uniformly to a càdlàg process, a modification of M . Moreover, again by
Doob’s submartingale inequality, we have (3.5). To prove (3.6), note that, for
Y := supt∈[0,T ] |M(t)|αU and b := E |M(T )|2U ,

E Y = E

∫ ∞

0
χ[0,Y ](r ) dr =

∫ ∞

0
E χ[0,Y ](r ) dr =

∫ ∞

0
P (Y ≥ r ) dr

≤ bα/2 +
∫ ∞

bα/2
P (Y ≥ r ) dr ≤ bα/2 + E |M(T )|2U

∫ ∞

bα/2
r−2/α dr

≤ bα/2 + E |M(T )|2U
b(α/2)(−2/α+1)

2/α − 1
= 2

2 − α

(
E |M(T )|2U

)α/2
.

�

3.7.3 Doob–Meyer decomposition

Given a filtration (Ft ) and a T ∈ [0, ∞), we denote by �[0,T ] the family of all
stopping times τ satisfying P (τ ≤ T ) = 1.

Definition 3.42 A right-continuous submartingale X = (X (t), t ≥ 0) with re-
spect to (Ft ) belongs to the class (DL) if for any T ∈ [0, ∞) the random variables(
X (τ ), τ ∈ �[0,T ]

)
are uniformly integrable.
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We present the following fundamental result. For its proof we refer the reader
to Kallenberg (2002), Rogers and Williams (2000) or Jakubowski (2006).

Theorem 3.43 (Doob–Meyer) A càdlàg submartingale X of class (DL) admits
a unique decomposition X (t) = N (t) + A(t), t ≥ 0, where N is a martingale and
A is a predictable process starting from 0 with increasing trajectories.

We will apply the Doob–Meyer theorem to
(|M(t)|2B, t ≥ 0

)
, where M is a

square integrable martingale taking values in B. To this end we need the following
lemmas. The first is a consequence of Proposition 3.15(vi).

Lemma 3.44 If M is a B-valued martingale with respect to (Ft ) then the pro-
cess (|M(t)|B, t ≥ 0) is a real-valued submartingale. If ψ : R �→ R is a convex
function and E |ψ(|M(t)|B)| < ∞ for t ≥ 0 then the process

(
ψ(|M(t)|B), t ≥ 0

)
is a submartingale.

Lemma 3.45 Let M be a square integrable B-valued right-continuous mar-
tingale. Then the process |M |2B = (|M(t)|2B, t ≥ 0

)
is a submartingale of class

(DL).

Proof By Lemma 3.44 (see also Theorem 3.35), |M |2B is a submartingale. Let
T < ∞ be fixed, and let τ ∈ �[0,T ]. Then, applying Doob’s optional sampling
theorem (Theorem 3.37), we obtain |M(τ )|2B ≤ E

(|M(T )|2B
∣∣Fτ

)
. Hence

lim
r→∞ sup

τ∈�[0,T ]

∫
{|M(τ )|2B≥r}

|M(τ )|2B dP ≤ lim
r→∞ sup

τ∈�[0,T ]

∫
{|M(τ )|2B≥r}

|M(T )|2B dP.

Since

sup
τ∈�[0,T ]

P
(|M(τ )|2B ≥ r

) ≤ E |M(T )|2B
r2

,

the lemma follows. �

We denote by M2(B) the class of all square integrable B-valued martingales
M = (M(t), t ≥ 0) with respect to (Ft ) such that (|M(t)|B, t ≥ 0) is càdlàg. Note
that if M is stochastically continuous then by the Doob regularization theorem
the submartingale |M |2B has a càdlàg modification. If B is a Hilbert space then,
by Theorem 3.41, M has a càdlàg modification. In fact, in the Hilbert case we
will always assume that the elements of M2(B) are càdlàg. Now, if M ∈ M2(B)
then by the Doob–Meyer decomposition theorem there is a unique increasing
predictable process (〈〈M, M〉〉t , t ≥ 0), called the angle bracket or predictable-
variation process of M , such that 〈〈M, M〉〉0 = 0 and |M(t)|2B − 〈〈M, M〉〉t , t ≥ 0,
is a martingale. Given M, N ∈ M2(B) we define

〈〈M, N 〉〉 := 1
4

(〈〈M + N , M + N 〉〉 − 〈〈M − N , M − N 〉〉).
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For simplicity we will write M2 instead of M2(R).

Remark 3.46 Since, for M, N ∈ M2,

M(t)N (t) = 1
4

(|M(t) + N (t)|2 − |M(t) − N (t)|2) ,

the process M(t)N (t) − 〈〈M, N 〉〉t , t ≥ 0, is a martingale. More generally, if
(U, 〈·, ·〉U ) is a Hilbert space and M, N ∈ M2(U ) then 〈M(t), N (t)〉U − 〈〈M, N 〉〉t ,
t ≥ 0, is a martingale.

3.8 Semimartingales

Generally, if (X (t), t ≥ 0) is a process and τ is a stopping time, we denote by X τ the
process (X (t ∧ τ ), t ≥ 0). Given any class X of processes (e.g. martingales, sub-
martingales or supermartingales), we denote byXloc the class of processes such that
there is a sequence of stopping times τn ↑ ∞ for which X τn ∈ X for every n ∈ N.

We call the elements of Mloc(B) and M2
loc(B) local martingales and local

square integrable martingales, respectively.
Let BV be the class of all real-valued adapted càdlàg processes with trajectories

of bounded variation on every finite time interval.

Definition 3.47 We say that a real-valued process X is a semimartingale if it is
càdlàg, adapted and can be written in the form X = M + A, where M ∈ M2 and
A ∈ BV . A process X is a local semimartingale if X = M + A, where M ∈ M2

loc

and A ∈ BV loc.

We need the concept of the quadratic variation process [[M, M]] of a martingale
M . Its definition and properties are provided by the theorem below. For its proof
we refer the reader to Métivier (1982), Theorem 18.6.

Theorem 3.48 For every M ∈ M2 there exists an increasing adapted càdlàg
process [[M, M]], called the quadratic variation of M, having the following
properties.

(i) For every sequence πn = (
0 < tn

0 < tn
1 < · · · ) of partitions of [0, ∞) such

that tn
k → ∞ as k → ∞ and limn→∞ sup j

(
tn

j+1 − tn
j

) = 0, one has

[[M, M]]t = lim
n→∞

∑
j

(
M

(
tn

j+1 ∧ t
) − M

(
tn

j ∧ t
))2

,

where the limit is in L1(�,F, P).
(ii) M2 − [[M, M]] is a martingale.

(iii) If M has continuous trajectories then 〈〈M, M〉〉 = [[M, M]].
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We define [[M, N ]], M, N ∈ M2, by polarization:

[[M, N ]] := 1
4

(
[[M + N , M + N ]] − [[M − N , M − N ]]

)
.

Note that

[[M, N ]]t = lim
n→∞

∑
j

(
M

(
tn

j+1 ∧ t
) − M

(
tn

j ∧ t
))(

N
(
tn

j+1 ∧ t
) − N

(
tn

j ∧ t
))

.

3.9 Burkholder–Davies–Gundy inequalities

Certain basic inequalities for semimartingales involve the quadratic variation and
are known as the Burkholder–Davis–Gundy (BDG) inequalities. First we consider
the case of martingales with continuous trajectories. Recall (see Theorem 3.48(iii))
that in this case 〈〈M, M〉〉 = [[M, M]].

Theorem 3.49 (Burkholder–Davis–Gundy) For every p > 0 there is a constant
C p ∈ (0, ∞) such that for any real-valued continuous martingale M with M0 = 0,
and for any T ≥ 0,

C−1
p E 〈〈M, M〉〉p/2

T ≤ E sup
t∈[0,T ]

|Mt |p ≤ C p E 〈〈M, M〉〉p/2
T .

The next result is an extension of the BDG inequality to the class of discontin-
uous martingales.

Theorem 3.50 (Burkholder–Davis–Gundy) For every p ≥ 1 there is a constant
C p ∈ (0, ∞) such that for any real-valued square integrable càdlàg martingale
M with M0 = 0, and for any T ≥ 0,

C−1
p E [[M, M]]p/2

T ≤ E sup
t∈[0,T ]

|Mt |p ≤ C p E [[M, M]]p/2
T .

For the proofs of the above theorems we refer the reader to Kallenberg (2002),
Theorems 17.7 and 26.12.
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Lévy processes

The main theme of this book concerns stochastic equations driven by processes
with stationary independent increments. This chapter is devoted to the properties
of such processes. Their structure is determined by the Lévy–Khinchin formula.
The chapter starts with general facts on the regularity of trajectories and expo-
nential integrability. Then the building blocks, Poisson and Wiener processes, are
introduced, the Lévy–Khinchin decomposition and formula are proved and the
properties of square integrable Lévy processes are investigated.

4.1 Basic properties

Processes with independent increments can be defined in any linear space E
equipped with a σ -field E such that the addition and subtraction operations are
measurable. The most important cases are when E is the real line, or R

d or a
Banach space. We start with the general case, however.

Definition 4.1 A stochastic process L = (L(t), t ≥ 0) taking values in E has
independent increments if, for any 0 ≤ t0 < t1 < · · · < tn , the (E, E)-valued ran-
dom variables L(t1) − L(t0), L(t2) − L(t1), . . . , L(tn) − L(tn−1) are independent.
If the law L(L(t) − L(s)) of L(t) − L(s) depends only on the difference t − s
then we say that L has stationary, or time-homogeneous, independent increments.
If in addition E is a Banach space, L(0) = 0 and the process L is stochastically
continuous then L is called a Lévy process.

Lévy processes with values in the space of tempered distributions are studied
separately, in Chapter 14.

Let L be a Lévy process on a Banach space E and let μt be the law of the
random variable L(t). Then, denoting by μ ∗ ν the convolution of the measures μ

and ν, we have

38
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(i) μ0 = δ0 and μt+s = μt ∗ μs for all t, s ≥ 0,
(ii) μt ({x : |x |E < r}) → 1 as t ↓ 0 for every r > 0.

Note that (ii) is equivalent to the statement

(iii) μt converges weakly to δ0 as t ↓ 0.

Definition 4.2 The family (μt ) of measures satisfying the above conditions is
called a convolution semigroup of measures or, sometimes, an infinitely divisible
family. Sometimes μ1 is called an infinitely divisible measure.

Note that every Lévy process is also Markov with transition probability (see
Definition 1.7) Pt (x, �) = μt (� − x), t ≥ 0, � ∈ B(E), x ∈ E , and that the cor-
responding semigroup is given by

Ptϕ(x) =
∫

E
ϕ(x + y) μt (dy). (4.1)

By the Kolmogorov theorem for each convolution semigroup of measures (μt )
there exists a Lévy process having the distribution μt at time t . Explicit construc-
tions of Lévy processes will be given in Section 4.5 and also in Section 6.3, where
we discuss the concept of random measures. The following basic results will be
used often.

Theorem 4.3 Every Lévy process has a càdlàg modification.

Proof If B(x, r ) denotes the ball in E with its center at x and with radius r then
Pt (x, Bc(x, r )) = μt (Bc(0, r )) and

lim
t↓0

sup
x

Pt
(
x, Bc(x, r )

) = lim
t↓0

μt
(
Bc(0, r )

) = 0.

By Theorem 3.23 the result follows. �

Given a càdlàg process L we define the process of jumps of L by �L(t) :=
L(t) − L(t−), t ≥ 0. The following result of De Acosta (1980) is a special case
of a more general theorem of Rosinski (1995).

Theorem 4.4 (De Acosta) Assume that (L(t), t ≥ 0) is a càdlàg Lévy process in
a Banach space B with jumps bounded by a fixed number c > 0; that is, |�L(t)|B ≤
c for every t ≥ 0. Then, for any β > 0 and t ≥ 0,

E eβ|L(t)|B < ∞. (4.2)

Proof We give here a short proof of a weaker result of Kruglov (1972), that (4.2)
holds for some β > 0. This will be sufficient for our purposes. Our considerations
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are based on Protter (2005). Write τ0 = 0 and

τn+1 = inf{t ≥ τn : |L(t) − L(τn)|B ≥ c}, n = 0, 1, . . .

Since L has independent and stationary increments, the random variables
(τn+1 − τn, n = 0, 1, . . .) are independent and have the same distribution. Conse-
quently, for n = 1, 2, . . . ,

E e−τn = E e−(τn−τn−1)+···+(τ1−τ0) =
n∏

j=1

E e−(τ j −τ j−1) = (
E e−τ1

)n =:
(
α

)n
.

By Chebyshev’s inequality,

P
(|L(t)|B > 2nc

) ≤ P
(
τn < t

) ≤ et
(
α

)n
.

Note that α ∈ (0, 1). Let γ ∈ (0, log 1/α). Then

P
(

exp
{ γ

2c
|L(t)|B

}
> eγ n

) ≤ et
(
α

)n
,

and hence

E exp
{ γ

2c
|L(t)|B

}
=

∫ ∞

0
P

(
exp

{ γ

2c
|L(t)|B

}
> s

)
ds

≤
∞∑

n=0

P

(
exp

{ γ

2c
|L(t)|B

}
> eγ n

)
eγ (n+1)

≤ et+γ
∞∑

n=0

(
αeγ

)n
< ∞.

�

In this book we are concerned mainly with the case when E is a Hilbert space
(U, 〈·, ·〉U ) and E is the σ -field of Borel sets B(U ).

4.2 Two building blocks – Poisson and Wiener processes

The real-valued Poisson and Wiener processes play a fundamental role in the theory
of Lévy processes. In fact any Lévy process can be built from them in a constructive
way. The following subsections are concerned with the direct constructions and
basic properties of Poisson and Wiener processes.

4.2.1 Poisson processes

A Lévy process with values in Z+ = {0, 1, . . .}, which is increasing and has a finite
number of jumps on any finite interval, each jump equalling 1, is called a Poisson
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process; see Proposition 4.9 and Definition 4.8 below. We will construct a Poisson
process using random variables with an exponential distribution.

Proposition 4.5 Assume that Z is a positive random variable such that, for all
t, s ≥ 0, P

(
Z > t + s|Z > t

) = P
(
Z > s

)
. Then Z has an exponential distribu-

tion with parameter a, that is, there exists a constant a > 0 such that P
(
Z > t

) =
e−at for t ≥ 0.

Proof Let G(s) := P
(
Z > s

)
, s ≥ 0. Then G(t + s) = G(s)G(t) for all t, s ≥ 0.

The function G is right-continuous and positive, so the functional equation has a
unique solution of the required form. �

Let ζ1, ζ2, . . . be a sequence of independent random variables such that P(ζn =
1) = p and P(ζn = 0) = 1 − p, n ∈ N. Let Z = inf{n : ζn = 1}. Then ζ has a
geometric distribution with parameter p, that is, P(Z = k) = (1 − p)k−1 p, k =
1, 2, . . .

Lemma 4.6 Let α ≥ 0, and let Zn have a geometric distribution with parameter
pn = α/n. Let λn be the distribution of Zn/n. Then (λn) converges weakly to an
exponential distribution with parameter α.

Proof The characteristic functional of Zn/n is

λ̂n(z) := E exp

{
izZn

n

}
=

∞∑
k=1

exp

{
izk

n

} (
1 − α

n

)k−1 α

n

= α

n
eiz/n

(
1 −

(
1 − α

n

)
eiz/n

)−1
, z ∈ R.

Then λ̂n(z) converges to the characteristic functional of the exponential distribution

α

∫ ∞

0
eizr e−αr dr = α

α − iz
, z ∈ R,

and the result follows. �

Given a ∈ [0, +∞] we denote by P(a) the Poisson distribution with param-
eter a; that is, P(+∞)({+∞}) = 1 and, for a < ∞, P(a)({k}) = (ak/k!)e−a ,
k = 0, 1, . . . We leave to the reader the proof of the following well-known lemma.

Lemma 4.7 Assume that (Xn) is a sequence of independent random variables
with Poisson distributions P(an). Then X = ∑

Xn has Poisson distribution P(a),
with a = ∑

an. Moreover, the Laplace transform of P(a) is equal to

∞∑
k=0

e−rkP(a)({k}) =
∞∑

k=1

e−rk ak

k!
e−a = exp

{
a

(
e−r − 1

)}
, r > 0,

if a < ∞ and 0 if a = ∞.
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Definition 4.8 A Poisson process with intensity a is a Lévy process � = (�(t),
t ≥ 0) such that, for every t ≥ 0, �(t) has the Poisson distribution P(at).

The following proposition provides the construction and main properties of the
Poisson process.

Proposition 4.9

(i) Let (Zn) be a sequence of independent exponentially distributed random
variables with parameter a. Then the formula

�(t) =
{

0 if t < Z1,

k if t ∈ [Z1 + · · · + Zk, Z1 + · · · + Zk+1),
(4.3)

defines a Poisson process with intensity a.
(ii) Conversely, given a Poisson process with intensity a defined on a probability

space (�,F, P), there exists a sequence (Zn) of independent random
variables defined on (�,F, P) having an exponential distribution with
parameter a such that formula (4.3) holds.

(iii) If � is a Poisson process with intensity a then, for all z ∈ C and t ≥ 0,
E ez�(t) = exp

{
at

(
ez − 1

)}
.

(iv) If � is a Poisson process then it has only jumps of size 1, that is,

P
(
��(t) := �(t) − �(t−) ∈ {0, 1}) = 1, t ≥ 0. (4.4)

Conversely, any Z+-valued Lévy process � satisfying (4.4) is a Poisson
process.

Proof of (i) Let λ denote the exponential distribution with parameter a, and
let (Xi ) be a sequence of independent random variables having exponential dis-
tributions with parameter a. Then the distribution of Z1 + · · · + Zn is λ∗n :=
λ ∗ λ ∗ · · · ∗ λ, where ∗ is the convolution operator. For n ≥ 1 the measure λ∗n has
the density

gn(r ) = a
(ar )n−1

(n − 1)!
e−ar , r > 0.

Note that, for k = 1, 2, . . . ,

P
(
�(t) = k

) = P
(
Z1 + · · · + Zk ≤ t < Z1 + · · · + Zk+1

)
=

∫ t

0
gk(r )e−a(t−r ) dr = ak

(k − 1)!
e−at

∫ t

0
rk−1 dr

= (at)k

k!
e−at .
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This proves that the law of �(t) is P(at). We now prove that � has stationary
independent increments. Fix 0 ≤ t1 < · · · < tk . For each n ∈ N, let ζ n

1 , ζ n
2 , . . .

be a sequence of independent random variables such that P
(
ζ n

m = 1
) = α/n and

P
(
ζ n

m = 0
) = 1 − α/n for m = 1, 2 . . . Let �n(m) be the number of “successes”

(occurrences of 1) in the sequence ζ n
1 , ζ n

2 , . . . , ζ n
m . Define mn

l := [ntl], where [s]
denotes the integer part of s. By definition, for each n, the random variables
�n

(
mn

1

)
, �n

(
mn

2

) − �n
(
mn

1

)
, . . . , �n

(
mn

k

) − �n
(
mn

k−1

)
are independent. By a

straightforward generalization of Lemma 4.6, the laws of �n
(
mn

1

)
, �n

(
mn

2

) −
�n

(
mn

1

)
, . . . , �n

(
mn

k

) − �n
(
mn

k−1

)
converge weakly as n → ∞ to the law of

�(t1), �(t2) − �(t1), . . . , �(tk) − �
(
tk−1

)
and the required independence

follows.

Proof of (ii) Note that the law of � is uniquely determined by its finite-
dimensional distributions. Thus it is the same as the law of the process given
in the first part of the proposition by (4.3). Thus, in particular, (4.4) holds true
and the random variables Zk can be defined as follows: Z1 = inf{t : �(t) = 1},
Z1 + · · · + Zn = inf{t : �(t) = n}.

Proof of (iii) This follows from (ii). Indeed,

E ez�(t) =
∞∑

k=0

ezk
P

(
�(t) = k

) =
∞∑

k=0

e−at ezk (at)k

k!

= e−at
∞∑

k=0

(
atez

)k

k!
= e−at exp{atez }.

Proof of (iv) We have already shown that every Poisson process satisfies (4.4).
Let � be a Z+-valued Lévy process satisfying (4.4). Note that � has a finite
number of jumps on any finite interval, that its jumps are equal to 1 and that � is
constant between jumps. We have to show that there exists an α ≥ 0 such that, for
any t ≥ s ≥ 0 and k = 0, 1, . . . ,

P
(
�(t) − �(s) = k

) = e−α(t−s) (α(t − s))k

k!
.

Without any loss of generality we can assume that s = 0. Consider the increasing
sequence

((
tn
0 , . . . , tn

2n

))
, tn

k = (k/2n) t , k = 0, 1, . . . , 2n of dyadic partitions of the
interval [0, t] and define ζ n

k := �
(
tn
k+1

) − �
(
tn
k

)
, ζ̃ n

k := ζ n
k ∧ 1, for k = 0, 1, . . . ,

2n − 1. If An = {∃ k ≤ 2n − 1: ζ n
k > 1

}
then An ⊃ An+1. Since � is a càdlàg

process,

lim
n→∞ P(An) = P

( ∞⋂
n=1

An

)
= 0.
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Consequently, for all k = 0, 1, . . . ,

P(�(t) = k) = lim
n→∞ P

(
ζ̃ n

0 + · · · + ζ̃ n
2n−1 = k

)
= lim

n→∞

(
2n

k

)
pk

n

(1 − pn)k
(1 − pn)2n

,

where pn = P
(
ζ̃ n

1 = 1
) = P(ζ n

1 ≥ 1). But 1 − pn = P
(
�

(
t2−n

) = 0
)
. Excluding

the trivial case P(�(t) = 0) = 1, which corresponds to α = 0, we can assume
that 0 < P(�(t) = 0) = γ < 1. But γ = (1 − pn)2n

and
(
2n − j

)
pn = (

2n − j
)(

1 − γ 1/2n ) → − log γ for j = 0, . . . , k − 1. Therefore

P(�(t) = k) = γ

k!
(− log γ )k,

and the proof is completed by setting e−αt = γ .

The random variables Zn appearing in (4.3) can be interpreted as waiting times
for the consecutive occurrences of events such as the arrival of the next customer
in a queue, the next car accident or the next call to a telephone exchange. The
property articulated in the proposition attributes a lack of memory to the waiting-
time mechanism. The value �(t) is the number of events that have occurred before
or at time t .

4.2.2 Wiener processes

Definition 4.10 Let q > 0. A real-valued mean-zero Gaussian process W =
(W (t), t ≥ 0) with continuous trajectories and covariance function

E W (t)W (s) = (t ∧ s) q, t, s ≥ 0,

is called a Wiener process with diffusion q. If the diffusion is equal to 1 then W is
called standard.

Definition 4.11 Assume that (�,F, (Ft ), P) is a filtered probability space and
that W is a Wiener process in R

d adapted to (Ft ). Then W is a Wiener process with
respect to (Ft ) or an (Ft )-Wiener process if, for all t, h ≥ 0, W (t + h) − W (t) is
independent of Ft .

We have the following classical Lévy characterization of a Wiener process; see
e.g. Kallenberg (2002).

Theorem 4.12 (Lévy) A real-valued continuous process W is a standard Wiener
process if and only if the process

(
W 2(t) − t, t ≥ 0

)
is a martingale with respect

to its own filtration.
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It is well known (see Kallenberg (2002) or Remark 4.21 below) that any Wiener
process has locally Hölder continuous trajectories for any exponent α < 1/2. One
can show, however, that it does not admit a Hölder continuous modification for an
exponent α ≥ 1/2. In particular, it is not differentiable at any point.

We now pass to the construction of a Wiener process. The first rigorous proof
of the existence of such a process was given by Wiener (1923). It was based
on Daniell’s method (see Daniell 1918) of constructing measures on infinite-
dimensional spaces. In Paley and Wiener (1987) the Wiener process is constructed
using Fourier series expansions and assuming only the existence of a sequence of
independent, identically distributed, Gaussian random variables. Below we present
a similar and elegant construction due to P. Lévy and Z. Ciesielski; see Lévy (1948)
and Ciesielski (1961).

In the Lévy–Ciesielski construction, an essential role is played by the Haar
system connected with a dyadic partition of the interval [0, 1]. Namely, set h0 ≡ 1
and, for 2n ≤ k < 2n+1, set

hk(t) =

⎧⎪⎪⎨
⎪⎪⎩

2n/2 if
k − 2n

2n
≤ t <

k − 2n

2n
+ 1

2n+1
,

−2n/2 if
k − 2n

2n
+ 1

2n+1
≤ t <

k − 2n

2n
+ 1

2n
,

hk(1) = 0.

The system (hk, k = 0, 1, . . .) forms an orthonormal basis of L2(0, 1).

Theorem 4.13 Let (Xk, k = 0, 1, . . .) be a sequence of independent random
variables with distributionN (0, 1) defined on a probability space (�,F, P). Then,
P-a.s., the series

∞∑
k=0

Xk(ω)
∫ t

0
hk(s) ds, t ∈ [0, 1],

converges uniformly on [0, 1] and defines a Wiener process on [0, 1].

4.3 Compound Poisson processes in a Hilbert space

Definition 4.14 Let ν be a finite measure on a Hilbert space U such that ν({0}) =
0. A compound Poisson process with the Lévy measure (also called the jump
intensity measure) ν is a càdlàg Lévy process L satisfying

P (L(t) ∈ �) = e−ν(U )t
∞∑

k=0

t k

k!
ν∗k(�), ∀ t ≥ 0, � ∈ B(U ). (4.5)
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In the formula above, we use the convention that ν0 is equal to the unit measure
concentrated at {0}, that is, ν0 = δ0.

The theorem below provides the construction of a compound Poisson process
with given ν.

Theorem 4.15 Let ν be a finite measure supported on U \ {0}, and let a = ν(U ).

(i) Let Z1, Z2, . . . be independent random variables with identical laws equal
to a−1ν. In addition, let (�(t), t ≥ 0) be a Poisson process with intensity a,
independent of Z1, Z2, . . . Then

L(t) =
�(t)∑
j=1

Z j (4.6)

is a compound Poisson process with jump intensity measure ν.
(ii) Given a compound Poisson process L with jump intensity measure ν, one

can find a sequence of independent random variables Z1, Z2, . . . with
identical laws equal to a−1ν and a Poisson process (�(t), t ≥ 0) with
intensity a, independent of Z1, Z2, . . . , such that (4.6) holds.

(iii) For z ∈ C, t ≥ 0 and x ∈ U,

E ez〈x,L(t)〉U = exp

{
−t

∫
U

(
1 − ez〈x,y〉U

)
ν(dy)

}
.

Proof Let L be given by (4.6). Then L has stationary independent increments,
since � does. To see that (4.5) holds, note that

P(L(t) ∈ �) = P(L(t) ∈ � and �(t) = 0) +
∞∑

k=1

P(L(t) ∈ � and �(t) = k).

Thus

P(L(t) ∈ �) = e−atδ{0}(�) +
∞∑

k=1

P (Z1 + · · · + Zk ∈ � and �(t) = k)

= e−atδ{0}(�) +
∞∑

k=1

P (Z1 + · · · + Zk ∈ �) P(�(t) = k)

= e−atδ{0}(�) +
∞∑

k=1

a−kν∗k(�)e−at (at)k

k!

= e−at
∞∑

k=0

t k

k!
ν∗k(�).

Since the law of L(0) is equal to ν0 = δ0, it follows that L(0) = 0. The process L
is càdlàg by (4.6).
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The proof of the second part of the theorem uses arguments from the proof
of Proposition 4.9. Since L is right-continuous, its law is determined by finite-
dimensional distributions. Thus we define � by

�(t) := #{s ≤ t : �L(s) = L(s) − L(s−) �= 0}.
By Proposition 4.9, � is given by (4.3) with a properly chosen sequence (Xn) of
independent exponentially distributed random variables. Let τk = X1 + · · · + Xk .
Then (4.3) can be written equivalently in the form �(t) = ∑

k δτk ([0, t]) for t ≥ 0.
Note that the sequence (Z j ) of random variables given by Z1 := L(τ1), . . . , Zk :=
L(τk) − L(τk−1) has the desired properties.

The last part of the theorem can be shown using arguments from the proof of
Proposition 4.9(iii). The details are left to the reader. �

Let �L(t) := L(t) − L(t−). We define the Poisson random measure corre-
sponding to L by the formula

π ([0, t], �) := # {s ≤ t : �L(s) ∈ �} , � ∈ B(U \ {0}).
Note that

π ([0, t], �) =
�(t)∑
n=1

δZn (�) =
∑

n : Z1+···+Zn≤t

δZn (�).

Later (see Definition 6.1) we will introduce the concept of a Poisson random mea-
sure on an arbitrary measurable space (E, E) with intensity measure λ. According
to this general definition, the identity above means that π is a Poisson random
measure on [0, ∞) × U with intensity measure dtν(dx). The process

π̂ ([0, t], �) := π ([0, t], �) − tν(�), t ≥ 0, � ∈ B(U \ {0}),
is called the compensated Poisson random measure. We have the following result.

Proposition 4.16

(i) For each � ∈ B(U \ {0}), (π([0, t], �), t ≥ 0) is a Poisson process with
intensity ν(�).

(ii) If sets �1, . . . , �M are disjoint then the random variables π ([0, t], � j ),
j = 1, . . . , M, are independent.

(iii) For each � ∈ B(U \ {0}), the process (π̂ ([0, t], �), t ≥ 0) is a martingale

with respect to the filtration
(
F π

t+
)

, where

F π
t := σ {π ([0, s], �) : s ≤ t, � ∈ B(U )}.
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Proof By Proposition 4.9(iii), the proof of the first two parts is complete if we
can show that, for all t ≥ 0, z1, . . . , zM ∈ C and disjoint Borel sets �1, . . . , �M ,

E exp

{
M∑

j=1

z jπ ([0, t], � j )

}
= exp

{
M∑

j=1

ν(� j )t(e
z j − 1)

}
.

We can assume that {� j } is a partition of U \ {0}. Let a = ν(U ). We have

E exp

{
M∑

j=1

z jπ ([0, t], � j )

}
= E exp

{
�(t)∑
n=1

M∑
j=1

z jδZn (� j )

}

= e−at +
∞∑

k=1

P
(
�(t) = k

) (
E exp

{
M∑

j=1

z jδZn (� j )

})k

= e−at +
∞∑

k=1

e−at (at)k

k!

(
M∑

j=1

ez j
ν(� j )

a

)k

,

which gives the desired conclusion. Since (π ([0, t], �), t ≥ 0) is a càdlàg process
with independent increments and E π ([0, t], �) = tν(�), statement (iii) follows
from Proposition 3.25. �

Remark 4.17 The proposition is true for the jump intensity measure of an arbi-
trary Lévy process and sets � that are separated from the origin, that is, satisfying
� ∩ {y : |y|U ≤ r} = ∅ for r sufficiently small.

Proposition 4.18 Let L be the compound Poisson process with jump intensity
measure ν.

(i) The process L is integrable if and only if∫
U

|y|U ν(dy) < ∞. (4.7)

Moreover, if (4.7) holds then

E L(t) = t
∫

U
yν(dy) (4.8)

and the compensated compound process L̂(t) = L(t) − E L(t), t ≥ 0, is a

martingale with respect to
(
F L

t+
)

.

(ii) For all z ∈ C, t ≥ 0 and x ∈ U,

E ez〈x,L̂(t)〉U = exp

{
−t

∫
U

(
1 − ez〈x,y〉U + z〈x, y〉U

)
ν(dy)

}
.
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(iii) The process L, and hence L̂, is square integrable if and only if∫
U

|y|2U ν(dy) < ∞. (4.9)

Moreover E
∣∣L̂(t)

∣∣2

U
= t

∫
U |y|2U ν(dy) and, for all x, x̃ ∈ U and t ≥ 0,

E
〈
L̂(t), x

〉
U

〈
L̂(t), x̃

〉
U = t

∫
U
〈x, y〉U 〈x̃, y〉U ν(dy).

Proof Let a = ν(U ). Then

E |L(t)|U =
∞∑

k=1

E

∣∣∣∣∣
k∑

j=1

Z j

∣∣∣∣∣
U

e−at (at)k

k!

=
∞∑

k=1

∫
U

· · ·
∫

U

∣∣∣∣∣
k∑

j=1

y j

∣∣∣∣∣
U

ν(dy1) · · · ν(dyk) e−at t k

k!

≤
∞∑

k=1

k
∫

U
|y|U ν(dy)ak−1e−at t k

k!
≤ t

∫
U

|y|U ν(dy).

Since

E |L(t)|U ≥ E
(|Z1|U χ{π(t)=1}

) = E |Z1|U e−at at = t e−at
∫

U
|y|U ν(dy),

we have the desired equivalence. In the same way we obtain

E L(t) =
∞∑

k=1

∫
U

· · ·
∫

U

(
k∑

j=1

y j

)
ν(dy1) · · · ν(dyk) e−at t k

k!

=
∞∑

k=1

k
∫

U
yν(dy)(ν(U ))k−1e−at t k

k!

=
∞∑

k=1

∫
U

yν(dy)ak−1e−at t k

(k − 1)!
=

∫
U

yν(dy).

The martingale property of L̂ and (iii) follows from Proposition 3.25 and
Theorem 4.15. In order to compute the second moment note that

E |L(t)|2U =
∞∑

k=1

E

∣∣∣∣∣
k∑

j=1

Z j

∣∣∣∣∣
2

U

e−at (at)k

k!

=
∞∑

k=1

k∑
j,l=1

E 〈Z j , Zl〉U e−at (at)k

k!
.
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Now

E |Z j |2U = 1

a

∫
U

|y|2U ν(dy),

and if j �= l then

E 〈Z j , Zl〉U = 〈E Z j , E Zl〉U = 1

a2

∣∣∣∣
∫

U
yν(dy)

∣∣∣∣2

U

.

Hence

E |L(t)|2U = t
∫

U
|z|2U ν(dy) + t2

∣∣∣∣
∫

U
yν(dy)

∣∣∣∣2

U

.

Let x, x̃ ∈ U . Then

E 〈L(t), x〉U 〈L(t), x̃〉U =
∞∑

k=1

k∑
j,l=1

E 〈Zl , x〉U 〈Z j , x̃〉U e−at (at)k

k!

= t
∫

U
〈y, x〉U 〈y, x̃〉U ν(dy)

+
∞∑

k=2

k(k − 1)
∫

U

∫
U
〈y, x〉U 〈ỹ, x̃〉U ν(dy)ν(dỹ)

1

a2
e−at (at)k

k!

= t
∫

U
〈y, x〉U 〈y, x̃〉U ν(dy) + t2

∫
U

∫
U
〈y, x〉U 〈ỹ, x̃〉U ν(dy)ν(dỹ).

Hence, from (4.8),

E
〈
L̂(t), x

〉
U

〈
L̂(t), x̃

〉
U = E 〈L(t), x〉U 〈L(t), x̃〉U − E 〈L(t), x〉U E 〈L(t), x̃ z〉U

= t
∫

U
〈y, x〉U 〈y, x̃〉U ν(dy).

�

4.4 Wiener processes in a Hilbert space

It is convenient to start with the following general definition.

Definition 4.19 A mean-zero Lévy process W with continuous trajectories in
U is called a Wiener process.

The following theorem gathers basic properties of Wiener processes taking
values in a Hilbert space.

Theorem 4.20 Let W be a Wiener process in U. Then W is Gaussian and square
integrable. Moreover, for all t1, . . . , tn ≥ 0 and x1, . . . , xn ∈ U, the random vector
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(〈W (t1), x1〉U , . . . , 〈W (tn), xn〉U
)

has a normal distribution N (0, [qi, j ]), where

qi, j = (ti ∧ t j )〈Qxi , x j 〉U , i, j = 1, . . . , n, (4.10)

and Q is the covariance operator of W . Moreover, let {en} be the orthonormal
basis of U consisting of eigenvectors of the covariance operator Q of W , and let
{γn} be the corresponding eigenvalues. Then

W (t) =
∑

n

Wn(t)en, t ≥ 0, (4.11)

where the real-valued Wiener processes

Wn(t) = 〈W (t), en〉U , n ∈ N, (4.12)

are independent and have covariances

E Wn(t)Wn(s) = (t ∧ s) γn, (4.13)

and the series (4.11) converges P-a.s. and in L2(�,F, P; U ).

Proof By Theorem 4.12 and Definition 3.30, W is Gaussian. Hence, by
Theorem 3.31 it is square integrable, and its covariance operator Q is non-negative
and of trace class;1 thus (4.11) follows. Let Wn be given by (4.12). Then

E Wn(t)Wm(s) = (t ∧ s) 〈Qen, em〉U = γnδn,m(t ∧ s).

Convergence P-a.s. follows from the identity x = ∑
n〈x, en〉U en . To show conver-

gence in L2(�,F, P; U ), note that

E

∣∣∣∣∣
N∑

n=k

Wk(t)en

∣∣∣∣∣
2

U

=
N∑

n=k

γk t → 0 as k, N → ∞.

�

Remark 4.21 Assume that Q belongs to the class L+
1 (U ) of non-negative trace-

class operators on U . Then, using (4.11)–(4.13), we can construct a Gaussian
process with covariance Q. In order to show that any such process has a continuous
modification we will prove that for every m there is a constant Cm such that
E |W (h)|2m

U ≤ Cmhm for h > 0. By the Kolmogorov criterion this guarantees that
W has Hölder-continuous trajectories with an arbitrary exponent α < 1/2. To this
end we fix m. We have

E |W (t) − W (s)|2m
U = E |W (t − s)|2m

U = E

(∑
k

W 2
k (t − s)

)m

,

1 Briefly, Q ∈ L+
1 (U ); see Appendix A.
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where Wk(t) = 〈W (t), ek〉U and {ek} is an orthonormal basis consisting of eigen-
vectors of Q. Let {γk} be the corresponding sequence of eigenvalues. Since Wk = 0
for γk = 0, we can assume that γk �= 0 for all k. Then

E |W (h)|2m
U = lim

n→∞ E

(
n∑

k=1

W 2
k (h)

)m

= lim
n→∞

(
n∏

k=1

1√
2πγ j h

) ∫
Rn

(
n∑

k=1

ξ 2
k

)m

exp

{
−

n∑
k=1

ξ 2
k

2γkh

}
dξ1 · · · dξn

= lim
n→∞ hm

(
n∏

k=1

1√
2πγ j

) ∫
Rn

(
n∑

k=1

η2
k

)m

exp

{
−

n∑
k=1

η2
k

2γk

}
dη1 · · · dηn

= hm
E |W (1)|2m

U .

Since Theorem 3.31 gives E |W (1)|2m
U < ∞ for m ∈ N, we arrive at the desired

estimate.

Remark 4.22 The reasoning above leads to the scaling property of a Wiener
process; namely, for all t, h ≥ 0, the laws of W (th) and t1/2W (h) are identical.

Since 〈W (t), x〉U has the distribution N (0, t〈Qx, x〉U ), we have

E ei〈x,W (t)〉U = exp

{
− t

2
〈Qx, x〉U

}
, t ≥ 0, x ∈ U. (4.14)

4.5 Lévy–Khinchin decomposition

Assume that L is a càdlàg Lévy process on a Hilbert space U . Given a Borel set
A separated from 0 (see Remark 4.17), write

πA(t) :=
∑
s≤t

χA(�L(s)), t ≥ 0.

Note that the càdlàg property of L implies that πA is Z+-valued. Clearly it is a
Lévy process with jumps of size 1. Thus, by Proposition 4.9(iv), πA is a Poisson
process. Note that E πA(t) = t E πA(1) = tν(A), where ν is a measure that is finite
on sets separated from 0. Write

L A(t) :=
∑
s≤t

χA(�L(s))�L(s).

Then L A is a well-defined Lévy process. Our aim is to prove the following Lévy–
Khinchin decomposition.
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Theorem 4.23 (Lévy–Khinchin decomposition)

(i) If ν is a jump intensity measure corresponding to a Lévy process then∫
U

(|y|2U ∧ 1
)
ν(dy) < ∞. (4.15)

(ii) Every Lévy process has the following representation:

L(t) = at + W (t) +
∞∑

k=1

(
L Ak (t) − t

∫
Ak

yν(dy)
) + L A0 (t),

where A0 := {x : |x |U ≥ r0}, Ak := {x : rk ≤ |x |U < rk−1}, (rk) is an
arbitrary sequence decreasing to 0, W is a Wiener process, all members of
the representation are independent processes and the series converges P-a.s.
uniformly on each bounded subinterval of [0, ∞).

It follows from the proof, given below, that the processes

Ln(t) := L An (t) − t
∫

An

yν(dy), t ≥ 0, (4.16)

are independent compensated compound Poisson processes. Hence we have the
decomposition

L(t) = at + W (t) +
∞∑

n=1

Ln(t) + L0(t), t ≥ 0, (4.17)

of the Lévy process L , where the processes W , Ln , n ≥ 0, and L0 are independent,
W is a Wiener process, L0 is a compound Poisson process with jump intensity mea-
sure χ{|y|U ≥r0}(y)ν(dy) and each Ln is a compensated compound Poisson process
with jump intensity measure

χ{rn+1≤|y|U <rn}(y)ν(dy).

A similar representation theorem holds not only for Hilbert spaces but also
for Banach spaces (see Kruglov 1984, Linde 1986, Tortrat 1967, 1968 and Sec-
tion 4.10) and for some topological linear spaces such as the space of tempered
distributions on Euclidean spaces; see Ustunel (1984). In Section 14.2 we will in-
vestigate basic properties of Lévy processes on the space of tempered distributions.

The proof of Theorem 4.23 follows Gikhman and Skorokhod (1974), Vol. II,
and requires several lemmas. The proof of the first is found in Appendix F.

Lemma 4.24 For any disjoint Borel sets A1, . . . , Am separated from zero, the
processes L A1 , . . . , L Am , L − L A1 , . . . , L − L Am are independent Lévy.

Lemma 4.25 For every Borel set A separated from 0 and for all u ∈ U,

E exp {i 〈u, L A(t)〉U } = exp

{
−t

∫
A

(
1 − ei〈u,x〉U

)
ν(dx)

}
.
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Proof By an easy limiting argument we can see that A is bounded. Given δ > 0
let A1, . . . , Am be disjoint sets of diameters less than δ and such that A = ⋃m

k=1 Ak .
In addition let xk ∈ Ak , k = 1, . . . , m. Then∣∣∣∣∣L A(t) −

m∑
k=1

xkπAk (t)

∣∣∣∣∣
U

≤
m∑

k=1

∣∣L Ak (t) − xkπAk (t)
∣∣
U

≤ δ

m∑
k=1

πAk (t) = δπA(t),

and therefore
m∑

k=1

xkπAk (t) → L A(t),

P-a.s., as δ → 0. Consequently,

E exp
{
i 〈y, L A(t)〉U

} = lim
δ→0

E exp

{
i

〈
y,

m∑
k=1

xkπAk (t)

〉
U

}

= lim
δ→0

m∏
k=1

E exp
{
i〈y, xk〉U πAk (t)

}

= lim
δ→0

m∏
k=1

exp
{−tν(Ak)

(
1 − ei〈y,xk 〉U

)}

= lim
δ→0

exp

{
−t

m∑
k=1

(
1 − ei〈y,xk 〉U

)
ν(Ak)

}

= exp

{
−t

∫
A

(
1 − ei〈y,x〉U

)
ν(dx)

}
.

�

Assume now that Ln , n ∈ N, is given by (4.16).

Lemma 4.26 If assumption (4.15) is satisfied then the series in (4.17) converges
P-a.s. uniformly on each bounded interval [0, T ].

Proof By Proposition 4.18(iii) and assumption (4.15),

E

∣∣∣∣∣
n∑

k=n0

Lk(T )

∣∣∣∣∣
2

U

= T
∫

{rn+1≤|y|U <rn0 }
|y|2U ν(dy)

≤ T
∫

{|y|U <rn0 }
|y|2U ν(dy) < ∞.
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Since Lk , k ∈ N, is a martingale,

Zn0,n(t) :=
∣∣∣∣∣

n∑
k=n0

Lk(t)

∣∣∣∣∣
2

U

, t ≥ 0,

is a submartingale. Note that Zn0,n is càdlàg. Thus, by Doob’s inequality,

P

(
sup

t∈[0,T ]
Zn0,m(t) ≥ ε

)
≤ E Zn,m(T )

ε
= T

ε

∫
{rn+1≤|y|U <rn0 }

|y|2U ν(dy).

Therefore, the series converges in probability uniformly on [0, T ]. Since the
Lk , k = 1, 2, . . . , are independent random elements in the space of all càdlàg
functions with the supremum norm, the desired P-a.s. convergence follows from
Corollary 3.12. �

Proof of Theorem 4.23 We show first that condition (4.15) is satisfied. The Lévy
process L̃ = L − L0 has jumps bounded by 1 and therefore, by Theorem 4.4, the
process L̃ has finite second moments. Let Ak , k = 1, . . . , n, be the sets appearing
in the formulation of the theorem. Then for each n the processes

L̃(t) −
n∑

k=1

L Ak (t),
n∑

k=1

L Ak (t), t ≥ 0,

are independent (Lévy) processes. Consequently, setting

L̃n(t) :=
(

L̃(t) −
n∑

k=1

L Ak (t)

)
− E

(
L̃(t) −

n∑
k=1

L Ak (t)

)
,

we obtain

E
∣∣L̃(t) − E L̃(t)

∣∣2
U

= E
∣∣L̃n(t)

∣∣2
U

+ E

∣∣∣∣∣
n∑

k=1

L Ak (t) − E

n∑
k=1

L Ak (t)

∣∣∣∣∣
2

U

.

Therefore, for every n ∈ N,∫
{rn+1≤|y|U <r0}

|y|2U ν(dy) = E

∣∣∣∣∣
n∑

k=1

(
L Ak (t) − EL Ak (t)

)∣∣∣∣∣
2

U

≤ E
∣∣L̃(t) − E L̃(t)

∣∣2
U < ∞,

and the first part of the theorem follows.
We now proceed to the proof of part (ii) of the theorem. The convergence of

the series is a consequence of Lemma 4.26. Define

W̃ (t) = L(t) −
∞∑

k=1

(
L Ak (t) − t

∫
Ak

yν(dy)

)
− L A0 (t), t ≥ 0.
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Then W̃ is a Lévy process with continuous trajectories. Thus a := EW̃ (1) is finite
and W (t) := W̃ (t) − at , t ≥ 0, is a mean-zero Lévy process with continuous tra-
jectories. In particular, for each vector u ∈ U the process (〈u, W (t)〉U , t ≥ 0) has
continuous trajectories and therefore, by the Lévy characterization of real-valued
Wiener processes, it is a Wiener process. Consequently, by the definition of the
infinite-dimensional Gaussian distribution, W is a Gaussian Lévy process.

4.6 Lévy–Khinchin formula

The following result is a direct consequence of the Lévy–Khinchin decomposition.
For a different proof see e.g. Parthasarathy (1967) or Linde (1986).

Theorem 4.27 (Lévy–Khinchin formula)

(i) Given a ∈ U, Q ∈ L+
1 (U ) and a non-negative measure ν concentrated on

U \ {0} satisfying (4.15), there is a convolution semigroup (μt ) of measures
such that ∫

U
ei〈x,y〉U μt (dy) = e−tψ(x), (4.18)

where

ψ(x) = −i〈a, x〉U + 1
2 〈Qx, x〉U

+
∫

U

(
1 − ei〈x,y〉U + χ{|y|U <1}(y)i〈x, y〉U

)
ν(dy). (4.19)

(ii) Conversely, for each convolution semigroup (μt ) of measures, there exist
a ∈ U, Q ∈ L+

1 (U ) and a non-negative measure ν concentrated on U \ {0}
satisfying (4.15) in such a way that (4.18) holds with ψ defined by (4.19).

Definition 4.28 Let L be a Lévy process and let (μt ) be the family of its
distributions. We call the measure ν appearing in (4.19) the Lévy measure or the
jump intensity measure of L or (μt ). We call the triple (a, Q, ν) the characteristics
of L .

The Lévy–Khinchin formula gives the characteristic function of a Lévy pro-
cess. It turns out that it is also useful for computing characteristic functionals
of stochastic integrals. As an example of a simple application, we present the
following result.

Corollary 4.29 Let L be a real-valued Lévy process with exponent ψ , and
let f : R �→ R. Assume that the Riemann–Stieltjes integrals

∫ t
0 f (s) dL(s) and
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∫ t
0 ψ (x f (s)) ds exist. Then

E exp

{
ix

∫ t

0
f (s) dL(s)

}
= exp

{
−

∫ t

0
ψ(x f (s)) ds

}
, x ∈ R.

Proof Let (sn
j ), j = 0, . . . kn , n ∈ N, be a sequence of partitions on [0, t] satis-

fying standard assumptions. Then

E exp

{
ix

∫ t

0
f (s) dL(s)

}

= lim
n→∞ E exp

{
ix

kn−1∑
j=0

f
(
sn

j

)(
L

(
sn

j+1

) − L
(
sn

j

))}

= lim
n→∞

kn−1∏
j=0

E exp
{
ix f

(
sn

j

) (
L

(
sn

j+1

) − L
(
sn

j

))}

= lim
n→∞

kn−1∏
j=0

exp
{
ψ

(
x f

(
sn

j

)) (
sn

j+1 − sn
j

)}

= exp

{
−

∫ t

0
ψ(x f (s)) ds

}
.

�

The assumptions on Riemann–Stieltjes integrability can be relaxed. This, how-
ever, requires some knowledge of stochastic integration; see Theorem 6.6.

4.7 Laplace transforms of convolution semigroups

In some situations it is more convenient to determine convolution semigroups of
measures in terms of Laplace rather than Fourier transforms.

Theorem 4.30 Let (μt ) be a convolution semigroup of measures on a Hilbert
space U, with exponent given by (4.18) and (4.19).

(i) Let x ∈ U. Then the Laplace transform
∫

U e−〈x,y〉U μt (dy) is finite for some
t > 0 (equivalently for all t > 0) if and only if∫

{|y|U ≥1}
e−〈x,y〉U ν(dy) < ∞. (4.20)

(ii) If (4.20) holds then∫
U

e−〈x,y〉U μt (dy) = e−tψ̃(x), ∀ t > 0,



58 Lévy processes

where

ψ̃(x) = 〈a, x〉U − 1
2 〈Qx, x〉U + ψ̃0(x),

ψ̃0(x) =
∫

U

(
1 − e−〈x,y〉U − 〈x, y〉U χ{|y|U ≤1}

)
ν(dy).

Proof Let L be a Lévy process with distributions μt , t ≥ 0. Note that if X and Y
are independent random variables then E e−X−Y = E e−X

E e−Y and the left-hand
side is finite if and only if both terms on the right-hand side are finite. Thus we
can assume that, in the Lévy–Khinchin decomposition of L , a = 0 and W ≡ 0.
Denote by ν0 the restriction of ν to the set A0 := {y ∈ U : |y|U ≥ r0}. Let (rk),
(Ak) and (L Ak ) be as in Theorem 4.23. Then, by (4.5),

E e−〈x,L A0 (t)〉U = e−tν0(U )
∞∑

k=0

t k

k!

(∫
U

e−〈x,y〉U ν0(dy)

)k

= exp

{
−t

∫
U

(
1 − e−〈x,y〉U

)
ν0(dy)

}

and, since ν0(U ) < ∞, E e−〈x,L A0 (t)〉U < ∞ if and only if (4.20) holds. The fact that

E exp

{
−

〈
x,

∞∑
k=1

(
L Ak (t) − t

∫
Ak

yν(dy)

)〉
U

}
< ∞

follows directly from Theorem 4.4. We prefer to give a self-contained proof for
the reader’s convenience. Namely, for every x̃ ∈ U ,

E exp

{
−

〈
x̃,

N∑
k=1

(
L Ak (t) − t

∫
Ak

yν(dy)

)〉
U

}

= exp

{
−t

∫
U

(
1 − e−〈x̃,y〉U − 〈x̃, y〉U χ[rN ,r0)(|y|U )

)
ν(dy)

}
. (4.21)

Since
∫
{y|U <r0} |y|2U ν(dy) < ∞, the right-hand side of (4.21) tends to the (finite)

quantity

exp

{
−t

∫
{|y|U <r0}

(
1 − e−〈x̃,y〉U − 〈x̃, y〉U

)
ν(dy)

}
.

Therefore, by Fatou’s lemma,

E exp

{
−

〈
x̃,

∞∑
k=1

(
L Ak (t) − t

∫
Ak

yν(dy)

)〉
U

}

≤ exp

{
−t

∫
{|y|U <r0}

(
1 − e−〈x̃,y〉U − 〈x̃, y〉U

)
ν(dy)

}
< ∞. (4.22)
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In particular, (4.22) holds for x̃ = γ x , γ ≥ 1, which implies that the random vari-
ables

exp

{
−

〈
x,

N∑
k=1

(
L Ak (t) − t

∫
Ak

yν(dy)

)〉
U

}
, N ∈ N,

are uniformly integrable. Therefore

E exp

{
−

〈
x,

∞∑
k=1

(
L Ak (t) − t

∫
Ak

yν(dy)

)〉
U

}

= lim
N→∞

E exp

{
−

〈
x,

N∑
k=1

(
L Ak (t) − t

∫
Ak

yν(dy)

)〉
U

}

= exp

{
−t

∫
U

(
1 − e−〈x,y〉U − 〈x, y〉U χ{|y|U <r0}

)
ν(dy)

}
< ∞,

which completes the proof. �

If λ is a measure on R then we denote its Laplace transform by

λ̃(r ) =
∫ +∞

−∞
e−rξ λ(dξ )

for those values of r for which the integral is finite. In particular, if λ has support
on [0, +∞) then λ̃(r ) is defined at least for r ≥ 0.

The theorem below can be proved in a similar way to the Lévy–Khinchin
formula. A different and much shorter proof, based on the theory of C0-semigroups,
is given in Appendix E. The semigroup-theoretic method can also be used to prove
the Lévy–Khinchin formula on R

d ; see Zabczyk (2003).

Theorem 4.31 A family (λt ) of measures on [0, +∞) is a convolution semigroup
of measures if and only if their Laplace transforms λ̃t are of the form

λ̃t (r ) = e−tψ̃(r ), ψ̃(r ) = γ r +
∫ +∞

0

(
1 − e−rξ

)
ν(dξ ), r > 0,

where γ is a positive constant and ν is a non-negative measure on (0, +∞) satis-
fying ∫ 1

0
ξ ν(dξ ) < ∞,

∫ +∞

1
ν(dξ ) < ∞.

The family (λt ) described in this theorem is called a subordinator. The theorem
is concerned with measures on the half line [0, +∞); it is, however, possible to
find Laplace transforms of some important families on R.
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Theorem 4.32 Assume that ν is a measure on (0, +∞) satisfying the following
conditions: ∫ 1

0
ξ 2 ν(dξ ) < ∞ and

∫ +∞

1
ξν(dξ ) < ∞.

Then there exists a convolution semigroup (μt ) of measures on R such that∫
R

eirξμt (dξ ) = e−tψ(r ), r ∈ R,

where the Lévy exponent is given by

ψ(r ) =
∫ +∞

0

(
1 − eirξ + irξ

)
ν(dξ ), r ∈ R.

Moreover, for all r > 0 and t > 0,
∫

R
e−rξμt (dξ ) < ∞ and∫

R

e−rξμt (dξ ) = e−tψ̃(r ),

where

ψ̃(r ) =
∫ +∞

0

(
1 − e−rξ − rξ

)
ν(dξ ).

Proof The first part follows directly from the general Lévy–Khinchin theorem.
Since ∫ +∞

0

(
1 − e−rξ − rξ

)
ν(dξ )

=
∫ +∞

0

(
1 − e−rξ − rξχ[−1,1](ξ )

)
ν(dξ ) − r

∫ +∞

1
ξν(dξ ),

the second part follows from Theorem 4.30. �

Remark 4.33 Clearly any Lévy process L corresponding to a convolution semi-
group of measures (λt ) with support in [0, +∞) has increasing trajectories. The
process L corresponding to the semigroup constructed in Theorem 4.32 has only
positive jumps but, owing to a drift, it takes strictly negative values with positive
probability.

4.7.1 Examples

We present some specific examples of convolution semigroups of measures im-
portant in applications.

Example 4.34 (Stable families of order β ∈ (0, 1)) We are in the framework of
Theorem 4.31. Assume that γ = 0 and ν(dξ ) = ξ−1−β dξ for β ∈ (0, 1).
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Then

ψ̃(r ) =
∫ +∞

0

(
1 − e−rξ

) dξ

ξ 1+β
, r > 0.

For α > 0, the change of variable η = rξ gives

ψ̃(r ) =
∫ +∞

0

(
1 − e−rξ

) dξ

ξ 1+β
=

∫ +∞

0

(
1 − e−η

) rβ dη

η1+β
= rβψ̃(1).

Integrating by parts we obtain ψ̃(1) = (1/β)�(1 − β).
If β = 1/2 then there exists an explicit formula for the density of λt (see Feller

1971):

λt (dξ ) = t√
2π

1√
ξ 3

e−t2/(2ξ ) dξ.

Example 4.35 (Stable families of order β ∈ (1, 2)) Assume that β ∈ (1, 2) and

ψ̃(r ) =
∫ +∞

0

(
1 − e−rξ − rξ

) dξ

ξ 1+β
, r > 0.

Then, in the same way as in Example 4.34, we obtain ψ̃(r ) = rβψ̃(1), r > 0,
where ψ̃(1) = −[1/β(β − 1)]�(2 − β).

Here are examples of convolution semigroups of measures on R
d .

Example 4.36 (α-stable families) Assume that a = 0, Q = 0 and the Lévy
measure ν on R

d is of the form ν(dξ ) = cdξ/|ξ |d+α , where c > 0, α ∈ (0, 2).
Then (4.15) is satisfied. In this case the exponent ψ is given by ψ(ξ ) = c1|ξ |α ,
ξ ∈ R

d , where c1 is a positive constant. This follows by considering

ψ(ξ ) =
∫

Rd

(1 − cos〈ξ, η〉) c dη

|η|d+α
.

It is clear that ψ is invariant under rotation around 0. Moreover, if r > 0 then

ψ(rξ ) =
∫

Rd

(1 − cos〈ξ, rη〉) c dη

|η|d+α
= rαψ(ξ ).

The semigroups (infinitely divisible families) described above are called α-stable
rotationally invariant families.

Example 4.37 (Symmetric Cauchy family on R
d ) This is the α-stable family

with parameter α = 1. Then (see Feller 1971),

λt (dξ ) = �((d + 1)/2)

π (d+1)/2

t dξ

(|ξ |2 + t2)(d+1)/2
.
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We finish this section by describing how one can produce new convolution
semigroups of measures on Hilbert spaces using subordinators. Namely, assume
that (ζt , t ≥ 0) is a convolution semigroup of measures on a Hilbert space U
with exponent ϕ, that is,

∫
U ei〈x,y〉U ζt (dy) = e−tϕ(x). Let (λt ) be a convolution

semigroup of measures on [0, +∞) such that
∫ +∞

0 e−rξ λt (dξ ) = e−tψ̃(r ). Then,
by direct computation, the family

ζ
(λt )
t :=

∫ +∞

0
ζs λt (ds), t ≥ 0,

is a convolution semigroup of measures with exponent ϕ̃(x) = ψ̃(ϕ(x)), x ∈ U .

Example 4.38 Let ϕ(x) = 1
2 〈Qx, x〉U , x ∈ U , where Q is a non-negative trace-

class operator. The corresponding infinitely divisible family corresponds to a
Wiener process on U . It follows from the preceding arguments that for arbitrary
α ∈ (0, 1) the function ψ(x) = 1

2 〈Qx, x〉αU , x ∈ U , is the exponent of an infinitely
divisible family. It could be regarded as an infinite-dimensional version of a stable
family.

4.8 Expansion with respect to an orthonormal basis

Let L be a Lévy process in U . Assume that {en} is an orthonormal basis of U .
Then

L(t) =
∑

n

〈L(t), en〉U en =
∑

n

Ln(t)en, t ≥ 0. (4.23)

It is clear that the processes Ln are real-valued càdlàg Lévy processes.

Theorem 4.39 The series in (4.23) converges, in probability, uniformly in t on
any compact interval [0, T ].

Proof Let us fix a finite time interval [0, T ]. If L is a compound Poisson process
then its trajectories are piecewise constant and right-continuous and each takes only
a finite number of values. Thus the result is true in this case. By Theorem 4.23
we can therefore assume that L is a square integrable martingale in U . Define
Mk(t) = ∑k

n=1 Ln(t)en . For any k ≥ l, the process (Mk(t) − Ml(t), t ≥ 0) is a
square integrable martingale and thus the process

(|Mk(t) − Ml(t)|2U , t ≥ 0
)

is a
submartingale. By Doob’s submartingale inequality,

P

(
sup

0≤t≤T
|Mk(t) − Ml (t)|U ≥ c

)
≤ 1

c2
E |Mk(T ) − Ml(T )|2U .

�
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Let (Ln) be a sequence of real-valued Lévy processes. Then the series in (4.23)
converges P-a.s. in U if and only if∑

n

|Ln(t)|2 < ∞, P-a.s. (4.24)

If (4.24) holds for all t ≥ 0 then
∑

n Ln(t)en , t ≥ 0, defines a process with in-
dependent increments. If it is stochastically continuous at 0 then it has a càdlàg
modification.

4.8.1 Expansion with independent terms

Assume now that the Ln are independent real-valued Lévy processes. Each has
the Lévy–Khinchin representation

E eiξ Ln (t) = e−tψn (ξ ), t ≥ 0, ξ ∈ R. (4.25)

For simplicity we assume that the Ln are pure jump processes in the sense that

ψn(ξ ) =
∫

R

(
1 − eiξ z + χ{|z|<1}(z)iξ z

)
νn(dz). (4.26)

The following theorem gives if and only if conditions under which the process
L := ( ∑

n Ln(t)en , t ≥ 0
)

takes values in U . The theorem also states that if the
process does take values in U then its Lévy measure is concentrated on the union
of the axes.

Theorem 4.40

(i) Assume that a U-valued Lévy process L is given by (4.23) with independent
Lévy processes Ln having the representation (4.25), (4.26). Then∑

n

∫
R

(|z|2 ∧ 1) νn(dz) < ∞. (4.27)

Moreover, L is square integrable if and only if∑
n

∫
R

|z|2 νn(dz) < ∞.

(ii) Conversely, if (4.25)–(4.27) hold and the Ln are independent Lévy processes
then (4.23) defines a Lévy process on U. Moreover, the series in (4.23)
converges, P-a.s., uniformly in t on any compact interval.

Proof We can assume thatU = l2 and that e1 = (1, 0, . . .), e2 = (0, 1, 0, . . .), . . .
Let Mn(t) = (

L1(t), . . . , Ln(t)
)
, t ≥ 0. Then Mn is a Lévy process on R

n .



64 Lévy processes

Moreover, for x = (x1, x2, . . . , xn),

E ei〈x,Mn (t)〉 =
n∏

k=1

e−tψk (xk ) = exp

{
−t

n∑
k=1

ψk(xk)

}
.

Consequently, the Lévy exponent �n of Mn is given by

�n(x1, . . . , xn) =
n∑

k=1

∫ (
1 − eixk zk + χ{|zk |<1}ixk zk

)
νk(dzk).

Therefore the Lévy measure of Mn is concentrated on the axes of R
n , and on the

k-axis it is exactly νk . The jump measure ν for the process L is concentrated on
the axes as well. Note that∫

l2

(|x |2l2 ∧ 1
)
ν(dx) =

∞∑
n=1

∫
R

(|z|2 ∧ 1
)
νn(dz),

and the first part follows by the Lévy–Khinchin theorem. The square integrability
condition can be shown in a similar way. Convergence P-a.s. follows from the
Lévy–Ottaviani inequality. �

The following examples are of some importance in mathematical finance; see
Cont and Tankov (2004).

Example 4.41 (One-sided exponentially tempered stable coordinates) As
the Lévy measure νn of Ln , we take

νn(dr ) = cn
e−βnr

r1+αn
χ[0,∞)(r ) dr.

Then L = ∑
n Lnen is U -valued and square integrable if and only if

∞ >
∑

n

cn

∫ ∞

0
e−βnr r1−αn dr =

∑
n

cn

β
2−αn
n

∫ ∞

0
e−r r (2−αn )−1 dr

=
∑

n

cn

β
2−αn
n

�(2 − αn).

In particular, if αn = α ∈ (0, 2) then the condition for square integrability reads∑
n cn/β

2−α
n < ∞.

Example 4.42 (Two-sided exponentially tempered stable coordinates) In this
case

dνn

dz
(z) = c−

n

1

|z|1+α−
n

e−β−
n |z|χ(−∞,0)(z) + c+

n

1

z1+α+
n

e−β+
n |z|χ(0,+∞)(z).
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Thus if α−
n = α+

n = α ∈ (0, 2) then the process L is a square integrable Lévy
process with values in U if and only if

∑
n

(
c−

n

(β−
n )2−α

+ c+
n

(β+
n )2−α

)
< ∞.

4.8.2 Expansion with uncorrelated terms

Assume now that a certain Lévy process L is square integrable with mean zero
and covariance operator Q; see Definition 4.45 below. If L has an expansion
(4.23) with independent Lévy processes Ln then Qen = λnen , whereλn = E L2

n(1),
n = 1, 2, . . . Thus the en are eigenvectors of the operator Q. Conversely, as-
sume that Q is the covariance operator of L with eigenvectors and eigenval-
ues {en} and {λn}. If L has an expansion (4.23) then the Lévy processes Ln

are in general not independent but only uncorrelated, that is, ELn(t)Lm(s) =
0 if n �= m and E Ln(t)Ln(s) = λn|t − s|. One can easily calculate the Lévy–
Khinchin exponent ψn of Ln in terms of the Lévy exponent ψ of L . In particular,
if

ψ(x) = 1
2

〈
Q̃x, x

〉
U

+
∫

U

(
1 − ei〈x,y〉U

)
ν(dy)

then ψn(z) = ψ(zen) and the measure νn corresponding to Ln is the image of ν

under the projection y �→ 〈en, y〉U .

4.9 Square integrable Lévy processes

Let L be a Lévy process in U defined on a filtered probability space satisfying the
usual conditions. We assume that for t > s the increment L(t) − L(s) is indepen-
dent of Fs .

Remark 4.43 Clearly, for all t > s, L(t) − L(s) is independent of F L
s . If L is

right-continuous then the increment L(t) − L(s) is independent of F L
s+.

If L is integrable and of mean zero then, by Proposition 3.25, L is a martingale
with respect to (Ft ).

Assume that L is square integrable. Our first result provides exact forms for
the mean and covariance of L . We denote by L+

1 (U ) the class of all symmetric
non-negative-definite nuclear operators on U ; see Appendix A.
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Theorem 4.44 There exist an m ∈ U and a linear operator Q ∈ L+
1 (U ) such

that, for all t, s ≥ 0 and x, y ∈ U,

E 〈L(t), x〉U = 〈m, x〉U t,

E 〈L(t) − mt, x〉U 〈L(s) − ms, y〉U = t ∧ s 〈Qx, y〉U , (4.28)

E |L(t) − mt |2U = t Tr Q.

Proof Since

E 〈L(t + s), x〉U = E 〈L(t + s) − L(s), x〉U + E 〈L(s), x〉U

= E 〈L(t), x〉U + E 〈L(s), x〉U

and t �→ E 〈L(t), x〉U is measurable, there is a mapping m : U �→ R such that
E 〈L(t), x〉U = m(x) t for all x ∈ U and t ≥ 0. Since x �→ m(x) is linear and
continuous, it has the desired form m(x) = 〈m, x〉U , x ∈ U .

We pass to the covariance of L . Replacing L(t) by L(t) − mt , we may assume
that L is of mean zero. Let s ≥ 0. Note that

U × U � (x, y) �→ [x, y]L := E 〈L(s), x〉U 〈L(s), y〉U

is a symmetric non-negative-definite continuous bilinear form on U . Thus there
is a symmetric non-negative-definite continuous linear operator Q(s) such that
〈Q(s)x, y〉U = [x, y]L for x, y ∈ U . Since, for any orthonormal basis {en} of U ,∑

n

〈Q(s)en, en〉U =
∑

n

E 〈L(s), en〉2
U = E |L(s)|2U < ∞,

Q(s) is nuclear and Tr Q(s) = E |L(s)|2U . Let 0 ≤ s < t , and let x, y ∈ U . Then

E 〈L(t) − L(s), x〉U 〈L(s), y〉U = E 〈L(t) − L(s), x〉U 〈L(s) − L(0), y〉U

= E 〈L(t) − L(s), x〉U E 〈L(s) − L(0), y〉U

= 0.

Hence

E 〈L(t), x〉U 〈L(s), y〉U = E 〈L(s), x〉U 〈L(s), y〉U = 〈Q(s)x, y〉U ,

and the proof is complete if we can show that Q(s) = s Q(1) for s ∈ I . Since

〈Q(s + h)x, y〉U = E
(〈L(s + h) − L(s) + L(s) − L(0), x〉U

×〈L(s + h) − L(s) + L(s) − L(0), y〉U
)

= E 〈L(s + h) − L(s), x〉U 〈L(s + h) − L(s), y〉U

+ E 〈L(s) − L(0), x〉U 〈L(s) − L(0), y〉U

= 〈Q(h)x, y〉U + 〈Q(s)x, y〉U ,



4.9 Square integrable Lévy processes 67

we have Q(s + h) = Q(s) + Q(h). Since the functions s �→ 〈Q(s)x, x〉U , x ∈ U ,
are increasing, they are measurable. Then, for all x, y ∈ U , the function

s �→ 〈Q(s)x, y〉U = 1
4

(〈Q(s)(x + y), x + y〉U − 〈Q(s)(x − y), x − y〉U
)

is measurable. Consequently 〈Q(s)x, y〉U = s 〈Q(1)x, y〉U for x, y ∈ U , which is
the desired conclusion. �

Definition 4.45 The vector m and the operator Q appearing in the theorem above
are called the mean and the covariance operator of the process L , respectively.

Remark 4.46 Note that the covariance operator of the process L is the same as
the covariance operator of L(1).

Theorem 4.47

(i) A Lévy process L on a Hilbert space U is square integrable if and only if its
Lévy measure satisfies ∫

U
|y|2U ν(dy) < ∞. (4.29)

(ii) Assume (4.29). Let L have the representation (4.17), let Q0 be the
covariance operator of the Wiener part of L and let Q1 be the covariance
operator of the jump part. Then

〈Q1x, z〉U =
∫

U
〈x, y〉U 〈z, y〉U ν(dy), x, z ∈ U,

E L(t) =
(

a +
∫

{|y|U ≥r0}
yν(dy)

)
t,

and the covariance Q of L is equal to Q0 + Q1.

Proof Since the elements appearing in the decomposition (4.17) are independent,
W is square integrable (see Theorem 4.20) and, since

E

∣∣∣∣∣
∞∑

n=1

Ln

∣∣∣∣∣
2

U

=
∫

{|y|U <r0}
|y|2U ν(dy) < ∞,

the process L is square integrable if and only if the compound Poisson process
L0 with jump intensity measure χ{|y|U ≥r0}ν(dy) is square integrable. Hence, by
Proposition 4.18(iii), L is square integrable if and only if

∫
{|y|U ≥r0} |y|2U ν(dy) <

∞. Since
∫
{|y|U <r0} |y|2U ν(dy) < ∞, we obtain the desired conclusion. In order

to compute the mean and the covariance operator of L we use (4.17) again.
Clearly the Wiener part has mean zero. The part

∑∞
n=1 Ln(t), t ≥ 0, has mean

zero as it is the sum of compensated, and hence mean-zero, processes. Thus by
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Proposition 4.18(i)

E L(t) = at + E L0(t) = at + t
∫

{|y|U ≥r0}
yν(dy).

Let L̂0(t) = L0(t) − E L0(t). Since L̂0 and the Ln , n = 0, 1, . . . , are mutually
independent compensated compound Poisson processes, we have

E

〈
L̂0(t) +

∞∑
n=1

Ln(t), x

〉
U

〈
L̂0(t) +

∞∑
n=1

Ln(t), y

〉
U

= E
〈
L̂0(t), x

〉
U

〈
L̂0(t), y

〉
U

+
∞∑

n=1

E
〈
L̂n(t), x

〉
U

〈
L̂n(t), y

〉
U
,

and the desired identity follows from Proposition 4.18(iii). �

Remark 4.48 It follows from Theorem 4.47 that if a square integrable Lévy
process does not have a Wiener part then its covariance operator coincides with
the covariance of the jump intensity measure,

〈Qx, y〉U =
∫

U
〈x, z〉U 〈y, z〉U ν(dz), x, y ∈ U.

4.9.1 Martingale property

Let us recall that the Lévy process L is adapted to (Ft ) and, for t > s, the increment
L(t) − L(s) is independent of Fs . Below, x ⊗ y(z) := 〈x, z〉U y for x, y, z ∈ U ;
L1(U ) denotes the space of all nuclear operators on U .

Theorem 4.49

(i) If L is an integrable Lévy process with mean zero then L is a martingale with
respect to (Ft ).

(ii) If L is a mean-zero and square integrable process with covariance operator
Q then the processes |L(t)|2U − t Tr Q and L(t) ⊗ L(t) − t Q, t ∈ [0, ∞),
are martingales with values in U and L1(U ), respectively. Moreover, for all
x, y ∈ U, 〈L , x〉U and 〈L , y〉U are square integrable martingales and

〈L(t), x〉U 〈L(t), y〉U − t 〈Qx, y〉U , t ≥ 0,

is a martingale.

Proof The first part follows from Proposition 3.25. In order to show part (ii) note
that, for all u, v ∈ U ,

〈L(t), x〉U 〈L(t), y〉U

= 〈L(t) − L(s), x〉U 〈L(t) − L(s), y〉U + 〈L(t) − L(s), x〉U 〈L(s), y〉U

+ 〈L(t) − L(s), y〉U 〈L(s), x〉U + 〈L(s), x〉U 〈L(s), y〉U .
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Hence, as L(t) − L(s) is independent of Fs and has mean zero,

E
(〈L(t), x〉U 〈L(t), y〉U − 〈L(s), x〉U 〈L(s), y〉U

∣∣Fs
)

= E 〈L(t) − L(s), x〉U 〈L(t) − L(s), y〉U = (t − s) 〈Qx, y〉U .

Let {en} be an orthonormal basis of U . Then

|L(t)|2U =
∑

n

〈L(t), en〉U .

For every n, 〈L(t), en〉2
U − t 〈Qen, en〉U , t ≥ 0, is a martingale and therefore so is

|L(t)|2U − t
∑

n

〈Qen, en〉U = |L(t)|2U − t Tr Q.

�

Remark 4.50 Theorem 4.49(ii) says that 〈〈L , L〉〉t = t Tr Q and 〈〈〈〈L , L〉〉〉〉t = t Q,
t ≥ 0, where 〈〈L , L〉〉 and 〈〈〈〈L , L〉〉〉〉 are the angle bracket and the operator angle
bracket and will be defined for general square integrable martingales in Section
8.1.

4.9.2 Covariance operators in L2(O)

In this subsection we give a condition under which an operator on L2(O) is nuclear,
symmetric and non-negative-definite and therefore can be the covariance of a
square integrable random element in L2(O).

Assume that Q is a symmetric non-negative-definite nuclear operator on the
space L2(O) = L2(O,B(O), dξ ), where O is a subset of R

d . Since Q is compact,
then (see Appendix A) there is an orthonormal basis {en} consisting of eigenvectors
of Q. Let {γn} be the corresponding set of eigenvalues. Then

Q1/2ψ =
∑

n

√
γn〈ψ, en〉L2(O)en, ψ ∈ L2(O),

is the square root of Q. Since Tr Q = ∑
n γn < ∞, the operator Q1/2 is Hilbert–

Schmidt. Thus, by Proposition A.7, Q1/2 is an integral operator. Let q0 be the
kernel of Q1/2. Then

Q1/2ψ(ξ ) =
∫
O

q0(η, ξ )ψ(η) dη, ξ ∈ O, ψ ∈ L2(O),

and ∫
O

∫
O

|q0(η, ξ )|2 dξ dη < ∞.

Since Q is non-negative-definite,∫
O

∫
O

q0(η, ξ ))ψ(η)ψ(ξ ) dξ dη ≥ 0, ψ ∈ L2(O).
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Proposition 4.51 Any symmetric non-negative-definite nuclear operator Q is
an integral operator with kernel

q(η, ξ ) =
∫
O

q0(η, ζ )q0(ζ, ξ ) dζ, ξ, η ∈ O.

Proof It is sufficient to show that, for each ψ ∈ L2(O), for almost all ξ ∈ O,

Qψ(ξ ) =
∫
O

q(ξ, η)ψ(η) dη.

Note that

Qψ(ξ ) =
∫
O

q0(ξ, ζ )

(∫
O

q0(ζ, η)ψ(η) dη

)
dζ.

Thus it is sufficient to justify the change in the order of integration. By the Schwarz
inequality, for almost all ξ ∈ O,∫

O

∫
O

|q0(ξ, ζ )q0(ζ, η)||ψ(η)| dη dζ

≤
∫
O

|ψ(η)|
[(∫

O
|q0(ξ, ζ )|2 dζ

)1/2 (∫
O

|q0(ζ, η)|2 dζ

)1/2
]

dη

≤
(∫

O
|ψ(η)|2 dη

)1/2 (∫
O

|q0(ξ, ζ )|2 dζ

)1/2 (∫
O

∫
O

|q0(ζ, η)|2 dζ dη

)1/2

< ∞.

Thus the result follows. �

The kernel q can be interpreted as the spatial correlation of the process L . In
fact, for each t > 0, L(t, ·) is a function-valued random variable. Thus L(t, ξ ) is a
real-valued random variable for almost all ξ ∈ O. Moreover,

E〈L(t), φ〉L2(O)〈L(t), ψ〉L2(O) = E

(∫
O

L(t, ξ )φ(ξ ) dξ

) (∫
O

L(t, η)ψ(η) dη

)
.

Reasoning as in the proof of Proposition 4.51, one can change the order of inte-
gration and expectation to obtain

t〈Qφ, ψ〉L2(O) =
∫
O

∫
O

(
E L(t, ξ )L(t, η)

)
φ(ξ )ψ(η) dξ dη.

Thus, for almost all ξ, η ∈ O and all t ≥ 0, q(ξ, η) = t−1
E L(t, ξ )L(t, η).

The following theorem, whose proof can be found in Appendix A, gives a
sufficient condition for a function q of two variables to be the kernel of a symmetric
non-negative-definite nuclear operator on L2(O).
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We recall that a continuous function q : O × O �→ R is non-negative-definite
if, for any M ∈ N, v j ∈ R, j = 1, . . . , M , and ξ j ∈ O, j = 1, . . . , M ,

M∑
i, j=1

q(ξi , ξ j )viv j ≥ 0.

We say that q is symmetric if q(η, ξ ) = q(ξ, η) for all ξ, η ∈ O.

Theorem 4.52 Let O be a bounded closed subset of R
d , and let q be a sym-

metric non-negative-definite continuous function on O × O. Then the operator
Q : L2(O) �→ L2(O) given by

Qψ(ξ ) =
∫
O

q(η, ξ )ψ(η) dη, ψ ∈ L2(O), ξ ∈ O,

is nuclear, symmetric and non-negative-definite.

We now describe a general method of constructing kernels satisfying the as-
sumptions of Theorem 4.52. Assume that

(
Z (ξ ), ξ ∈ O)

is a family of real random
variables that have finite second moments and are mean-square continuous, that
is, limη→ξ E |Z (ξ ) − Z (η)|2 for ξ ∈ O. Then q(ξ, η) = E Z (ξ )Z (η), ξ, η ∈ O, has
the required properties. Indeed, its continuity follows from the identity

E Z (ξ )Z (η) − E Z (ξ0)Z (η0)

= E (Z (ξ ) − Z (ξ0)) (Z (η) − Z (η0))

+ E Z (ξ0) (Z (η) − Z (ξ0)) + E Z (η0) (Z (ξ ) − Z (η0)) .

To prove that q is positive-definite, take v j ∈ R and ξ j ∈ O, j = 1, . . . , M . Then

M∑
i, j=1

q(ξi , ξ j )viv j = E

(
M∑

i=1

Z (ξ1)vi

)2

≥ 0.

Example 4.53 Take O = [0, π ] and q(ξ, η) := ξ ∧ η, ξ, η ∈ [0, π ]. Note that
q is the covariance of a standard Wiener process in R. Write

Qx(ξ ) :=
∫ π

0
q(ξ, η) x(η) dη, x ∈ L2(0, π ).

Then Q has eigenvectors en(ξ ) = √
2/π sin

((
n + 1

2

)
ξ

)
, ξ ∈ [0, π ], n = 0, 1, . . . ,

and the corresponding eigenvalues are λn := (
n + 1

2

)−2
. Thus, by (4.23), any

square integrable Lévy process L on L2(0, π ) with covariance Q has an expansion

L(t, ξ ) =
∞∑

n=1

L̃n(t)

n + 1
2

√
2

π
sin

((
n + 1

2

)
ξ

)
,
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where the L̃n are uncorrelated normalized Lévy processes. Note that

E L(t, ξ )L(s, η) = t ∧ s ξ ∧ η.

If, in particular, L is a Wiener process then it is often called a Brownian sheet on
[0, +∞) × [0, π ].

Necessary and sufficient conditions for the shift-invariant kernel

q(η, ξ ) = φ(ξ − η), ξ, η ∈ R
d , (4.30)

to be continuous and non-negative-definite are given by the following theorem due
to S. Bochner; see e.g. Feller (1971).

Theorem 4.54 (Bochner) Assume that q is given by (4.30) for some φ : R
d �→

R. Then q is continuous and non-negative-definite if and only if φ is the Fourier
transform of a finite positive Borel measure on R

d .

As a consequence of Theorems 4.52 and 4.54 we have the following result. For
more details see Feller (1971).

Example 4.55 The functions

q(η, ξ ) = e−|η−ξ |α , 0 < α ≤ 2,

q(η, ξ ) =
⎧⎨
⎩

sin〈a, η − ξ〉
〈a, η − ξ〉 , η �= ξ,

1, η = ξ,

q(η, ξ ) =
⎧⎨
⎩

2

|a|2
1 − cos 〈a, η − ξ〉

|η − ξ |2 , η �= ξ,

1, η = ξ,

where a ∈ R
d , are kernels of non-negative-definite nuclear operators on L2(O).

4.10 Lévy processes on Banach spaces

We conclude this chapter with a few facts about Lévy processes about Banach
spaces. Let us start from the observation that if (μt ) is a convolution semigroup of
measures on a Banach space B then μ = μ1 is infinitely divisible.

Assume that ν is a finite measure on B. We denote by B∗ the dual space. Define

π (ν) := e−ν(B)
∞∑

n=0

ν∗n

n!
.

Clearly, π (ν) = μ1 for the convolution semigroup of measures of a compound
Poisson process with intensity ν. We have the following simple result.
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Proposition 4.56

(i) The measure π(ν) is infinitely divisible. Moreover, for all f ∈ B∗,∫
B

ei f (x)π (ν)(dx) = e−ν(B)
∞∑

n=0

(∫
B

ei f (x)ν(dx)

)n

= exp

{∫
B

(
ei f (x) − 1

)}
ν(dx).

(ii) Assume that
∫

B |x |Bν(dx) < ∞. Let m := ∫
B xν(dx) and let

π̂ (ν) := π (ν) ∗ δ−m. Then∫
B

ei f (x)π̂ (ν)(dx) = exp

{∫
B

(
ei f (x) − 1 − i f (x)

)
ν(dx)

}
.

Define

T x :=
{

x, if |x |B ≤ 1,

x/|x |B, if |x |B ≥ 1.

Clearly, if ν has support in {x ∈ B : |x |B > 1} then ν ◦ T −1 is concentrated on the
sphere {x ∈ B : |x |B = 1}. Let

K ( f, x) := ei f (x) − 1 − i f (T x), x ∈ B.

Definition 4.57 A measure ν concentrated on B \ {0} is called a Lévy measure
or a jump measure if

(i) ν {x : |x |B > r} < ∞ for every r > 0,
(ii)

∫
{|x |B≤1} f 2(x)ν(dx) < ∞ for every f ∈ B∗,

(iii) exp
{∫

B K ( f, x)ν(dx)
}
, f ∈ B∗, is a characteristic functional of a

probability measure (denoted by π (ν)) on B.

Note that the integrals
∫

B K ( f, x)ν(dx), f ∈ B∗, are well defined, since∫
|x |B≤1}

K ( f, x)ν(dx) =
∫

{|x |B≤1}

(
ei f (x) − 1 − i f (x)

)
ν(dx).

Note that

∣∣ez − 1 − z
∣∣ ≤

∞∑
k=2

|z|k
k!

= |z|2
∞∑

k=0

|z|k
(k + 2)!

≤ |z|2
2

∞∑
k=0

|z|k
k!

,

because 1/2k! ≥ 1/(k + 2)!. Therefore |ez − z − 1| ≤ 1
2 |z|2e|z| for every z ∈ C,

and hence ∣∣ei f (x) − 1 − i f (x)
∣∣ ≤ 1

2 | f (x)|2 e| f (x)|.
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One can formulate an equivalent definition by putting

K ( f, x) = ei f (x) − 1 − i f (x)χ{|x |B≤1}.

However, a normalization factor (such as i f (x)χ{|x |B≤1}) is important. The follow-
ing characterization of infinitely divisible measures is due to A. Tortrat; see Tortrat
(1967, 1969), Linde (1986) or Kruglov (1984).

Theorem 4.58 (Tortrat) A probability measure μ on a Banach space is infinitely
divisible if and only if it is of the form μ = δa ∗ N ∗ π(ν), where a ∈ B, N is a
symmetric Gaussian measure on B and π (ν) is a Lévy measure.

With the help of the Itô–Nisio theorem one can derive the following result.

Corollary 4.59 If (μt ) is a convolution semigroup of measures on a Banach
space B and μ1 = δa ∗ N ∗ π (ν) then the corresponding Lévy process L is of the
form

L(t) = ta + W (t) +
∞∑

n=1

Ln(t) + L0(t), (4.31)

where W is a Wiener process, the Ln are compound Poisson martingales and L0

is a compound Poisson process with jump measure supported on {x : |x |B > 1}.
For each t the sum in (4.31) converges P-a.s.



5
Lévy semigroups

This chapter is devoted to transition semigroups of Lévy processes and their gen-
erators. A family S = (S(t), t ≥ 0) of bounded linear operators on a Banach space
(B, | · |B) is called a C0-semigroup if

(i) S(0) is the identity operator I ,
(ii) S(t)S(s) = S(t + s) for all t, s ≥ 0,

(iii) [0, ∞) � t �→ S(t)z ∈ B is continuous for each z ∈ B.

Assume that S is a C0-semigroup on B. We say that an element z ∈ B is in the
domain of the generator of S if limt↓0 t−1 (S(t)z − z) =: Az exists. The set of all
such z is denoted by D(A) and Az, z ∈ D(A), is then a linear operator called the
generator of S.

5.1 Basic properties

Let L be a Lévy process on a Hilbert space U , and let μt be the distribution of
L(t). Then (see Chapter 4) (μt ) is a convolution semigroup of measures and L is a
Markov process with transition function Pt (x, �) = μt (� − x). The corresponding
semigroup is given by

Ptϕ(x) =
∫

U
ϕ(x + y)μt (dy). (5.1)

Denote by Cb(U ) and UCb(U ) the spaces of all bounded continuous functions
on U and all bounded and uniformly continuous functions on U , equipped with the
supremum norm. The following result is due to Tessitore and Zabczyk (2001b).

Theorem 5.1 Let (Pt ) be defined on Cb(U ) by (5.1). Then (Pt ) is a C0-semigroup
on Cb(U ) if and only if either (μt ) is the convolution semigroup of measures of a
compound Poisson process or μt = δ{0}, t ≥ 0.

75
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Proof If (μt ) corresponds to a compound Poisson process with intensity α > 0
and jump measure ν then

Ptϕ(x) = e−αt
∞∑

n=0

(αt)n

n!

(∫
U

ϕ(x + y) ν∗n(dy)

)
, x ∈ U.

Hence

Ptϕ(x) − ϕ(x) = (
e−αt − 1

)
ϕ(x) + e−αt

∞∑
n=1

(αt)n

n!

∫
U

ϕ(x + y) ν∗n(dy)

and therefore

sup
x∈U

|Ptϕ(x) − ϕ(x)| ≤ (
1 − e−αt

) ‖ϕ‖∞ +
(

e−αt
∞∑

n=1

(αt)n

n!

)
‖ϕ‖∞.

Consequently, ‖Ptϕ − ϕ‖∞ → 0 as t ↓ 0. If Ptϕ = ϕ then ‖Ptϕ − ϕ‖∞ = 0.
Assume now that (μt ) is not the convolution semigroup of any compound

Poisson process and that μt ≡ δ0 does not hold. Let (xn) be a sequence of elements
in U such that |xn − xm |U ≥ 1, n 
= m. Fix ε ∈ (0, 1). By the assumptions on (μt ),
there is a sequence tn ↓ 0 such that μtn

({
x : |x |U ≤ 1

2

}) ≥ 1 − ε. For each n,
one can find rn < 1

2 such that μtn

({x : |x |U ≤ rn}
) ≤ ε. Let ϕn be a continuous

function on U taking values in [0, 1] and such that ϕn(xn) = 1 and ϕn(x) = 0 if
|x − xn|U ≥ rn . Define

ϕ(x) =
∞∑

m=1

ϕm(x), x ∈ U.

It is clear that ϕ ∈ Cb(U ) and ϕ(xm) = 1 for m = 1, 2, . . . Moreover,

Ptn ϕ(xn) = Ptn ϕn(xn) +
∑
m 
=n

Ptn ϕm(xn)

≤ μtn ({x : |x |U ≤ rn}) + μtn

({
x : |x |U > 1

2

}) ≤ 2ε.

Thus

sup
x

|Ptn ϕ(x) − ϕ(x)| ≥ |Ptn ϕ(xn) − ϕ(xn)| = |1 − Ptn ϕ(xn)| ≥ 1 − 2ε.

�

For each a ∈ U define the translation τaϕ of a function ϕ by the formula
τaϕ(x) = ϕ(x + a), a ∈ U , x ∈ U .

Definition 5.2 A semigroup P of continuous linear operators on UCb(U ) is
called translation invariant or spatially homogeneous if, for any a ∈ U , t ≥ 0 and
ϕ ∈ UCb(U ), Pt (τaϕ) = τa(Ptϕ).

The space UCb(U ) is more convenient for treating the transition semigroups of
Lévy processes, as the following theorem shows.
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Theorem 5.3

(i) If (Pt ) is defined on UCb(U ) by (5.1) then (Pt ) is a C0-semigroup on
UCb(U ).

(ii) A Markov semigroup1 (Pt ) on UCb(U ) is translation invariant if and only if
it is given by (5.1) for some convolution semigroup of measures.

Proof Assume that ϕ ∈ UCb(U ) and t > 0. Then

|Ptϕ(x) − Ptϕ(z)| =
∣∣∣∣
∫

U
(ϕ(x + y) − ϕ(z + y)) μt (dy)

∣∣∣∣
≤

∫
U

|ϕ(x + y) − ϕ(z + y)| μt (dy).

For every ε > 0 there exists a δ > 0 such that if |x − x ′|U < δ then |ϕ(x) −
ϕ(x ′)| < ε. Thus if |x − z|U < δ then |(x + y) − (z + y)|U < δ and |ϕ(x + y) −
ϕ(z + y)|< ε. This gives |Ptϕ(x) − Ptϕ(y)|< ε and consequently Pt : UCb(U ) �→
UCb(U ). Let us observe now that for each ε > 0 there exists a δ > 0 such that
|ϕ(x + y) − ϕ(x)| < ε for |y|U < δ and all x . Therefore

|Ptϕ(x) − ϕ(x)| ≤ ε

∫
{|y|U ≤δ}

μt (dy) + 2‖ϕ‖∞
∫

{|y|U >δ}
μt (dy)

≤ ε + 2‖ϕ‖∞
∫

{|y|U >δ}
μt (dy).

Since (μt ) converges weakly to δ0 as t ↓ 0, we have that Ptϕ → ϕ uniformly.
To show the second part, note that if (5.1) is satisfied then

τa(Ptϕ)(x) = Pt (τaϕ)(x), ∀ a, x ∈ U, t ≥ 0, ϕ ∈ UCb(U ). (5.2)

If (5.2) holds then, for all a, x ∈ U , t ≥ 0, and ϕ ∈ UCb(U ),∫
U

ϕ(y)Pt (x + a, dy) =
∫

U
ϕ(y + a)Pt (x, dy)

and consequently ∫
U

ϕ(y)Pt (a, dy) =
∫

U
ϕ(y + a)Pt (0, dy).

Hence it is sufficent to show that (Pt (0, dy), t ≥ 0) is a convolution semigroup
of measures. Clearly P0(0, ·) = δ0. The condition Pt (0, ·) ∗ Ps(0, ·) = Pt+s(0, ·)
follows from the semigroup property of (Pt ). Since (Pt ) is C0 on UCb(U ), Pt (x, ·)
converges weakly to δx as t → 0. Thus Pt (0, ·) converges weakly to δ0, which is

1 That is, a semigroup defined by a transition probability; see Definition 1.7.
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equivalent to

lim
t↓0

Pt (0, {x : |x |U > r}) = 0, ∀ r > 0.

�

5.2 Generators

In this section we derive the form of the generator (on regular functions) for an
arbitrary Lévy process on a Hilbert space U . However, we first consider some
special processes.

5.2.1 Compound Poisson process

We will show that the generator of a compound Poisson process L is given by

Aϕ(x) =
∫

U
(ϕ(x + y) − ϕ(x))ν(dy), ϕ ∈ UCb(U ), (5.3)

where ν is the Lévy measure of L . Note that A is a bounded linear operator on
UCb(U ); see the proof of Theorem 5.3(i). Recall that the corresponding distribu-
tions μt are given by (4.5). To show that the operator A given by (5.3) is in fact
the generator of the process L , we have to show that, for every ϕ ∈ UCb(U ),∥∥∥∥ Ptϕ − ϕ

t
− Aϕ

∥∥∥∥
∞

= sup
x∈U

∣∣∣∣
∫

U
(ϕ(x + y) − ϕ(x))

(
1

t
μt (dy) − ν(dy)

)∣∣∣∣ =: J (t) → 0

as t ↓ 0. Since

1

t
μt − ν = e−at

t
δ0 + (e−at − 1)ν + e−at

∞∑
k=2

tn−1

n!
ν∗n,

we have

J (t) ≤ 2‖ϕ‖∞

(∣∣e−at − 1
∣∣ ν(U ) + e−at

∞∑
n=2

tn−1

n!
ν∗n(U )

)
,

which gives the desired conclusion.

5.2.2 Uniform motion

Consider the deterministic process L(t) = at , where a ∈ U is a fixed parameter. It
is clearly a Lévy process and μt = δta , t ≥ 0. The generator A, acting on functions
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ϕ ∈ UC1
b (U ), satisfies

Aϕ(x) = lim
t↓0

1

t
(ϕ(x + ta) − ϕ(x)) = 〈a, Dϕ(x)〉U .

5.2.3 Wiener process

Consider a Wiener process W with covariance operator Q. Then μt = N (0, t Q),
t > 0. We will show that the domain of the generator contains UC2

b (U ) and that

Aϕ(x) = 1
2 Tr Q D2ϕ(x), ∀ ϕ ∈ UC2

b (U ).

Indeed, let {en} be an orthonormal basis of eigenvectors of Q and let {γn} be the
corresponding eigenvalues. Let I = {n : γn 
= 0}. Since W lives in the space

V :=
{∑

n∈I

xnen :
∑
n∈I

x2
n < ∞

}
,

we can assume that U = V , that is, γn 
= 0 for every n. On the product space R
N

consider the product measures

N (0, t Q)(dy) =
⊗

n

1√
2πγnt

e−y2
n /(2tγn ) dy, t ≥ 0,

N (0, I )(dy) =
⊗

n

1√
2π

e− y2
n
2 dy,

where dy := dy1 dy2 · · · . Then, for every ϕ ∈ UC2
b (U ),

Ptϕ(x) − ϕ(x) =
∫

RN

(
ϕ

(
x +

∑
n

ynen

)
− ϕ(x)

)
N (0, t Q)(dy)

=
∫

RN

(
ϕ

(
x +

∑
n

√
γnt ynen

)
− ϕ(x)

)
N (0, I )(dy).

Let ∂ jϕ := 〈Dϕ, e j 〉U and ∂2
j,kϕ := 〈D2ϕ[e j ], ek〉U . Then

ϕ(x +
∑

n

√
γnt ynen

) − ϕ(x) =
∫ 1

0

d

ds
ϕ
(

x + s
∑

n

√
λnt ynen

)
ds

=
∫ 1

0

〈
Dϕ

(
x + s

∑
n

√
γnt ynen

)
,

∑
n

√
γnt ynen

〉
U

ds

=
∑

j

∫ 1

0
∂ jϕ

(
x + s

∑
n

√
γnt ynen

)√
γ j t y j ds

=
∑

j

∂ jϕ
(
x
)√

γ j t y j

+
∑

j,k

∫ 1

0

∫ 1

0
∂2

j,kϕ
(
x + sρ

∑
n

√
γnt ynen

)√
γ j t y j

√
γk t yks ds dρ.
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Since ∫
RN

∑
j

∂ jϕ(x)
√

γ j t y jN (0, I )(dy) = 0,

it follows that

Ptϕ(x) − ϕ(x)

t
=

∑
j,k

∫
RN

∫ 1

0

∫ 1

0
∂2

j,kϕ
(

x + sρ
∑

n

√
γnt ynei

)
×√

γ j y j
√

γk yk N (0, I )(dy)s ds dρ,

which converges uniformly in x as t → 0 to

1
2

∑
j,k

∫
RN

∂2
j,kϕ(x)

√
γ j y j

√
γk yk N (0, I )(dy) = 1

2

∑
j

∂2
j, jϕ(x)γ j

= 1
2 Tr Q D2ϕ(x).

5.2.4 Arbitrary Lévy semigroup

Denote by UC1
b (U ), UC2

b (U ) the spaces of uniformly continuous bounded func-
tions together with all derivatives up to order 1 and up to order 2, respectively. We
have the following result.

Theorem 5.4 Assume that (Pt ) is the transition semigroup of a Lévy process L
on a Hilbert space U with Lévy exponent (4.19). If ϕ ∈ UC2

b (U ) then, for each,
x ∈ U,

lim
t↓0

1

t

(
Ptϕ(x) − ϕ(x)

) = Aϕ(x)

= 〈a, Dϕ(x)〉U + 1
2 Tr Q D2ϕ(x)

+
∫

U

(
ϕ(x+y)−ϕ(x)−χ{|y|U <1}(y)〈Dϕ(x), y〉U

)
ν(dy),

(5.4)

where the convergence is uniform in x.

Proof Let (Pn
t ) be the semigroup corresponding to the process

Xn(t) := at + W (t) + Zn(t),

where W is a Wiener process with covariance Q and Zn is a compound Poisson
process independent of W and with Lévy measure

νn(dy) = χ{1/n≤|y|U }(y)ν(dy).
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The generator An of (Pn
t ) is given by

Anϕ(x) = 〈a, Dϕ(x)〉U + 1
2 Tr Q D2ϕ(x)

+
∫

U

(
ϕ(x + y) − ϕ(x) − 〈Dϕ(x), y〉)νn(dy), ϕ ∈ UC1

b (U ).

(5.5)

It is easily checked that, for ϕ ∈ UC2
b (U ), Ptϕ and Pn

t ϕ belong to UC2
b (U ) and,

for each n,

Pn
t ϕ(x) = ϕ(x) +

∫ t

0
An(Pn

s ϕ)(x) ds = ϕ(x) +
∫ t

0
Pn

s (Anϕ)(x) ds. (5.6)

It is sufficent to show that (5.6) also holds for (Pt ) and A, so that

Ptϕ(x) = ϕ(x) +
∫ t

0
Ps(Aϕ(x)) ds, t ≥ 0, x ∈ U. (5.7)

Note that, for ϕ ∈ UC2
b (U ),

ϕ(x + y) = ϕ(x) + 〈Dϕ(x), y〉U +
∫ 1

0

∫ 1

0
σ 〈D2ϕ(x + σ sy)y, y〉U dσ ds.

Therefore

Aϕ(x) = 〈a, Dϕ(x)〉U + 1
2 Tr Q D2ϕ(x)

+
∫

U

∫ 1

0

∫ 1

0
σ 〈D2ϕ(x + σ sy)y, y〉U dσ ds ν(dy). (5.8)

The integral in (5.8) is well defined and Aϕ ∈ UCb(U ).
Note that (5.8) also holds when A is replaced by the operator An . It follows that

|Anϕ(x) − Aϕ(x)| ≤ 1
2

∥∥D2ϕ
∥∥

∞

∫
{|u|U <1/n}

|u|2U ν(dy)

and Anϕ → Aϕ uniformly. It is therefore enough to show that for any sequence
(ϕn) ⊂ UCb(U ), converging uniformly to ϕ ∈ UCb(U ),

sup
0≤s≤1

sup
x∈U

∣∣Pn
s ϕn(x) − Psϕ(x)

∣∣ → 0.

But ∣∣Pn
s ϕn(x) − Psϕ(x)

∣∣ ≤ ∣∣E(
ϕn(x + Xn(s)) − ϕ(x + Xn(s))

)∣∣
+ ∣∣E(

ϕ(x + Xn(s)) − ϕ(x + X (s))
)∣∣

≤ I n
1 (x, s) + I n

2 (x, s).

The sequence I n
1 converges uniformly to 0, because the sequence (ϕn) converges
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uniformly to ϕ. By the Lévy–Khinchin decomposition,

sup
s≤t

|Xn(s) − X (s)|U → 0, P-a.s.

Since ϕ is uniformly continuous the result follows. �

The idea of determining the generator of a Markov process by finite-dimensional
approximations, as described above, can be applied to solutions of equations with
Lévy noise. Note, however, that owing to the result of Nemirovskii and Semenov
(1973) we know that the space UC2

b (U ) is not dense in UCb(U ) unless U is
finite-dimensional.



6
Poisson random measures

In this chapter, the basic properties of Poisson random measures are established.
They are used for the construction and moment estimates of Lévy processes.

6.1 Introduction

Let Z+ = {0, 1, 2, . . . ,+∞} and let (E, E) be a measurable space. We denote by
P

Z+ (E) the space of all Z+-valued measures on (E, E) and consider the measurable
space (P

Z+ (E),A), where A is the σ -field generated by the mappings P
Z+ � ρ �→

ρ(�) ∈ Z+, � ∈ E .

Definition 6.1 Let λ be a σ -finite measure on (E, E). A Poisson random measure
on E with intensity measure (or mean measure) λ is a random element π inP

Z+(E)
such that for every � ∈ E the random variable π (�) has the Poisson distribution
P(λ(�)) and for any disjoint �1, . . . , �M the random variables π (�1), . . . , π(�M )
are independent.

Definition 6.2 Let π be a Poisson random measure on (E, E) with inten-
sity measure λ. Then we call π̂(dξ ) := π (dξ ) − λ(dξ ) the compensated Poisson
measure. Note that π̂ (A) is well defined if λ(A) < ∞.

Clearly the intensity measure uniquely determines the law of a Poisson random
measure.

Remark 6.3 Since λ is σ -finite there is a disjoint partition En ∈ E such that
λ(En) < ∞, n ∈ N. Let λn(�) = λ(� ∩ En), n ∈ N, � ∈ E . Assume that πn , n ∈
N, are independent Poisson random measures and that, for every n, πn corresponds
to λn . Since the sum of a sequence of independent random variables with Pois-
son distributions also has a Poisson distribution, π = ∑

n πn is a Poisson random
measure corresponding to λ. Conversely, given π we can define πn(�) = π (� ∩

83



84 Poisson random measures

En), � ∈ E . Then the πn are independent Poisson random measures, πn corre-
sponds to λn and π = ∑

πn .

The following theorem ensures the existence of a Poisson random measure with
a given intensity.

Theorem 6.4 Let λ be a σ -finite measure on (E, E). Let En ∈ E be a partition
of E, indexed by a finite or countable set I, satisfying E = ⋃

n En, λ(En) <

∞ and En ∩ Em = ∅ for n 	= m. Let qn and �n
m, n ∈ I, m ∈ N, be sequences

of independent random variables such that qn ∈ P(λ(En)) and P
(
�n

m ∈ �
) =

λ(� ∩ En)/λ(En) for n ∈ I and m ∈ N. Then π = ∑
n∈I

∑qn

m=1 δ�n
m

is a Poisson
random measure on E with intensity measure λ.

Proof Let (En), (qn), (�n
m) and π be given as above. Following Remark 6.3,

we may assume that λ is finite and #I = 1. Thus (En) = (E), (qn) = (q), and
(�n

m) = (�m). It is sufficient to show that, for any disjoint �1, . . . , �M ∈ E and
y1, . . . , yM > 0,

E exp

{
−

M∑
l=1

ylπ (�l)

}
= exp

{
M∑

l=1

λ(�l )(e
−yl − 1)

}
.

Indeed, if this holds then the multivariate Laplace transform of the vector
(π (�1), . . . , π(�M )) is equal to the product of the Laplace transforms of
π (�1), . . . , π(�M ). Let� = E \ ⋃M

l=1 �l . Since q and�1, �2, . . . are independent,

E exp

{
−

M∑
l=1

ylπ (�l)

}
= E exp

{
−

M∑
l=1

yl

q∑
i=1

δ�i (�l)

}

= e−λ(E)
∞∑

k=0

λ(E)k

k!
E exp

{
−

M∑
l=1

∑
i≤k

ylδ�i (�l)

}

= e−λ(E)
∞∑

k=0

λ(E)k

k!

(
E exp

{
−

M∑
l=1

ylδ�1 (�l)

})k

= e−λ(E)
∞∑

k=0

λ(E)k

k!

(
M∑

l=1

e−yl
λ(�l )

λ(E)
+ λ(�)

λ(E)

)k

= exp

{
M∑

l=1

(e−yl − 1)λ(�l)

}
.

�

Let us consider a Poisson random measure π on E = [0, ∞) × S, where (S,S)
is a measurable space. Assume that π is stationary in t , that is, for all t ≥ 0 and � ∈
B([0, ∞)) × S the random variables π (�) and π (τt (�)) have the same law. Here
τt (s, σ ) = (s + t, σ ), t, s ∈ [0, ∞) and σ ∈ S are translation operators. Clearly,
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π is stationary in t if and only if its intensity measure λ is of the form λ(dt, dσ ) =
dtν(dσ ), where ν is a non-negative σ -additive measure on S. Assume for now that
ν is finite. Then �(t) = π ([0, t] × S), t ≥ 0, is a Poisson process with intensity
a := ν(S). Let (τ j ) be the sequence of jumps of �. Let r1 = τ1, r j+1 = τ j+1 − τ j .
Then the r j are independent random variables with exponential distribution P(r j >

t) = e−at , j = 1, . . . , t ≥ 0. This leads us to the following result.

Theorem 6.5 Let ν be a σ -finite measure on (S,S), let (Sn) ⊂ S be a disjoint
partition of S such that ν(Sn) < ∞ for all n and let (ξ n

j ) and (rn
j ) be sequences of

mutually independent random variables with distributions

P (ξ n
j ∈ A) = ν(A ∩ Sn)

ν(Sn)
, A ∈ S, P

(
rn

j > t
) = e−μ(Sn )t , t ≥ 0.

Let τ n
k = rn

1 + · · · + rn
k . Then π = ∑

n, j δ(τ n
j ,ξ n

j ) is a Poisson random measure with
intensity measure dtν(dσ ).

6.2 Stochastic integral of deterministic fields

Let π be a Poisson random measure on (E, E) with intensity measure λ. Theo-
rems 6.4 and 6.5 suggest that π has the following structure:

π (A)(ω) =
∞∑
j=1

δξk (ω)(A), ω ∈ �, A ∈ E,

for a properly chosen sequence (ξ j ) of random elements in E . Thus π may be
identified with a random distribution of a countable number of points ξ j and π (A)
is equal to the number of points in the set A. We can also integrate with respect to
π . Assume that f is a real- or vector-valued function defined on E . We can write∫

E
f (ξ )π (dξ ) :=

∞∑
j=1

f (ξk),

provided that the series is convergent P-a.s. We can also define the integral using
the Bochner–Lebesgue scheme. Namely, let U be a Hilbert space. We say that
f : E �→ U is a simple function if it has the form

f =
n∑

j=1

u j χA j ,

where n ∈ N, (u j ) ⊂ U and (A j ) ⊂ E are such that A j ∩ Ak = ∅, j 	= k, and
π (A j ) < ∞, P-a.s., or equivalently λ(A j ) < ∞. Define∫

E
f (ξ )π (dξ ) :=

n∑
j=1

u jπ (A j ).
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Note that ∣∣∣∣
∫

E
f (ξ )π (dξ )

∣∣∣∣
U

≤
∫

E
| f (ξ )|U π (dξ ) (6.1)

and

E

∫
E

| f (ξ )|U π(dξ ) =
∫

E
| f (ξ )|U λ(dξ ) < ∞.

By taking monotone limits, we define the integral first for all measurable real-
valued non-negative f and then for arbitrary real-valued f , by splitting it into
the difference of positive and negative parts. Having defined the integral of a real-
valued function and established estimate (6.1), we can extend the integral, by a stan-
dard limiting argument, to vector-valued functions satisfying

∫
E | f (ξ )|U λ(dξ ) <

∞. We will gather together basic properties of the integral in the following theorem.
Here f : E �→ U is a measurable mapping satisfying the above estimate.

Theorem 6.6

(i) If U = R and f is non-negative then, for t ≥ 0,

E exp

{
−t

∫
E

f (ξ )π (dξ )

}
= exp

{
−

∫
E

(
1 − e−t f (ξ )

)
λ(dξ )

}
.

(ii) For z ∈ U,

E exp

{
i

〈
z,

∫
E

f (ξ )π(dξ )

〉
U

}
= exp

{
−

∫
E

(
1 − ei〈z, f (ξ )〉U

)
λ(dξ )

}
.

(iii) E
∣∣∫

E f (ξ )π (dξ )
∣∣
U

< ∞ and E
∫

E f (ξ )π̂ (dξ ) = 0.
(iv) If

∫
E | f (ξ )|2U λ(dξ ) < ∞ then

E

∣∣∣∣
∫

E
f (ξ )π̂ (dξ )

∣∣∣∣2

U

=
∫

E
| f (ξ )|2U λ(dξ ).

(v) If functions f1, f2, . . . , fM have disjoint supports then the random variables∫
E f1(ξ )π(dξ ), . . . ,

∫
E fM (ξ )π (dξ ) are independent.

Proof We prove only (i), since the proofs of the other parts of the theorem use
similar arguments. If f = ∑M

j=1 α j χA j , A j ∩ Ak = ∅, j 	= k, then

E exp

{
−t

∫
E

f (x)π(dξ )

}
=

M∏
j=1

E exp
{−tα jπ(A j )

}

=
M∏

j=1

exp
{−λ(A j )(1 − e−tα j )

}
,
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and the formula holds. By monotone passage to the limit, the result follows for all
non-negative measurable functions. �

The theorem above gives a necessary and sufficient condition under which the
integral

∫
E f (ξ )π̂ (dξ ) is square integrable and also an evaluation of its second mo-

ment. Below, we formulate a sufficient condition for the existence of its moments
of order p > 2.

Proposition 6.7 For each p ∈ N there exists a polynomial Rp of p variables
such that, if f : E �→ [0, +∞) is measurable and mk := ∫

E f k(ξ )λ(dξ ) < ∞,
k = 1, . . . , p, then

E

(∫
E

f (ξ )π (dξ )

)p

= Rp(m1, . . . , m p).

Proof Let I := ∫
E f (ξ )π (dξ ). Then

φ(u) := E e−uI = exp

{
−

∫
E

(
1 − eu f (ξ )

)
λ(dξ )

}
= e−ϕ(u), u ≥ 0.

By induction, for u > 0,

dkφ

duk
(u) = φ(u)R̃k

(
dϕ

du
(u), . . . ,

dkϕ

duk
(u)

)
,

where R̃k is a polynomial of k variables. Since

dkφ

duk
(0) = (−1)k

E I k = R̃k

(∫
E

f (ξ )λ(dξ ), . . . , (−1)k+1
∫

E
f k(ξ )λ(dξ )

)
,

the desired formula follows. �

6.3 Application to construction of Lévy processes

As an application of the concept of the random measure we present a simple way of
constructing Lévy processes, as promised in Chapter 4. This will give an additional
interpretation of the Lévy–Khinchin formula. Let ψ be the Lévy exponent of a
process. Recall (see (4.19) in Theorem 4.27) that

ψ(x) = −i〈a, x〉U + 1
2 〈Qx, x〉U + ψ0(x),

where

ψ0(x) =
∫

{|y|U ≥1}

(
1 − ei〈x,y〉U

)
ν(dy)

+
∫

{|y|U <1}

(
1 − ei〈x,y〉U + i〈x, y〉U

)
ν(dy) (6.2)
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and the Lévy measure ν is concentrated on U \ {0} and satisfies∫
{|y|U <1}

|y|2U ν(dy) + ν{y : |y|U ≥ 1} < ∞.

Theorem 6.8 Let π be a Poisson random measure on [0, ∞) × U with intensity
measure dtν(dx).

(i) The formula

L(t) =
∫ t

0

∫
{|y|U ≥1}

yπ (ds, dy)

+ lim
ε↓0

∫ t

0

∫
{ε≤|y|U <1}

yπ̂(ds, dy), (6.3)

where the limit is in L2(�,F, P; U ), defines a process with independent
increments and exponent ψ0.

(ii) The limit in (6.3) exists P-a.s. uniformly on any time interval [0, T ] if ε

tends to 0 sufficiently fast.
(iii) The process L has trajectories with bounded variation if and only if∫

{|y|U <1}
|y|U ν(dy) < ∞.

Proof of (i) In the proof, basically we follow Bertoin (1996). Consider the process

L1(t) =
∫ t

0

∫
{|y|U ≥1}

yπ (ds, dy), t ≥ 0.

It is well defined, provided that∫ t

0

∫
{|y|U ≥1}

|y|U π (ds, dy) < ∞, P-a.s.

This condition is justified as follows. Let

�n := {
ω ∈ � : π

(
[0, t] × {y : |y|U ≥ n})(ω) = 0

}
.

Since π ([0, t] × {y : |y|U ≥ 1}) < ∞, � = ⋃
�n . Thus the desired conclusion

follows from the fact that, for ω ∈ �n ,∫ t

0

∫
{|y|U ≥1}

|y|U π (ds, dy)(ω) ≤ nπ ([0, t] × {y : |y|U ≥ 1})(ω) < ∞.

Let 0 = t0 < t1 < · · · < tM . Then

L1(t j ) − L1(t j−1) =
∫

(t j−1,t j ]×{y : |y|U ≥1}
yπ(ds, dy),
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and since the sets (t j−1, t j ] × {y : |y|U ≥ 1}, j = 1, . . . , M , are disjoint the incre-
ments L1(t j ) − L1(t j−1), j = 1, . . . , M , are independent. By Theorem 6.6(ii), for
z ∈ U ,

E exp
{
i〈z, L1(t)〉U

} = E exp

{
i

〈
z,

∫ t

0

∫
{|y|U ≥1}

yπ (ds, dy)

〉
U

}

= exp

{
−

∫ t

0

∫
{|y|U ≥1}

(
1 − ei〈z,y〉U

)
ν(dy) ds

}

= exp

{
−t

∫
{|y|U ≥1}

(
1 − ei〈z,y〉U

)
ν(dy)

}
.

Write, for ε ∈ (0, 1),

L2,ε(t) :=
∫ t

0

∫
{ε≤|y|U <1}

yπ̂(ds, dy), t ≥ 0.

One can show easily that the process L2,ε is well defined, has independent incre-
ments and is independent of L1. Finally,

E exp
{
i〈z, L2,ε(t)〉U

} = exp

{
−t

∫
{ε≤|y|U <1}

(
1 − ei〈z,y〉U + i〈z, y〉U

)
ν(dy)

}
.

Since, for 0 < η < ε < 1,

E |L2,ε(t) − L2,η(t)|2U = t
∫

{η≤|y|U <ε}
|y|2U ν(dy),

convergence in L2(�,F, P; U ) follows.

Proof of (ii) It follows from Theorem 6.6(iii), (iv) that L2,ε is a square integrable
martingale. Thus by Doob’s inequality, for all T > 0 and c > 0,

P

(
sup

0≤t≤T
|L2,ε(t) − L2,η(t)|U ≥ c

)
≤ 1

c
E |L2,ε(T ) − L2,η(T )|U

= 1

c

(
E |L2,ε(T ) − L2,η(T )|2U

)1/2

=
√

T

c

(∫
{η≤|y|U <ε}

|y|2U ν(dy)

)1/2

.

Consequently, there exist a process L2 and a sequence εn ↓ 0 such that

P

(
lim

n→∞ sup
0≤t≤T

|L2,εn (t) − L2(t)|U = 0

)
= 1.
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Proof of (iii) Let �Lt = L(t) − L(t−), t ∈ (0, T ]. Then

E exp

{
−

∑
0<t≤T

|�Lt |U
}

= E exp

{
−

∫ ∞

0

∫
U

f (t, x)π (dt, dx)

}
,

where f (t, x) = χ[0,T ](t)|x |U . Consequently,

E exp

{
−

∑
0<t≤T

|�Lt |U
}

= exp

{
−T

∫
U

(
1 − e−|x |U )

ν(dx)

}

Thus if
∫

U (1 − e−|x |U )ν(dx) = ∞, or equivalently if
∫
{|x |U <1} |x |U ν(dx) = ∞, then∑

0<t≤T |�Lt |U = ∞, P-a.s. If
∫

U (1 − e−|x |U )ν(dx) < ∞, or equivalently if∫
{|x |U <1} |x |U ν(dx) < ∞, then

E

∑
0<t≤T

|�Lt |U χ{|L(t)|U ≤M} = T
∫

{|x |U ≤M}
|x |U ν(dx) < ∞,

so L is of bounded variation. �

6.4 Moment estimates in Banach spaces

In this section we prove a simple sufficient condition under which a Lévy process
with representation (6.3) in a Hilbert space U takes values in a smaller Banach
space B.

Proposition 6.9 Let L be a Lévy process on U with representation (6.3), and
let B be a Banach space continuously embedded into U. Assume that∫

U
|x |kBν(dx) < ∞ for k = 1, . . . , n.

Then L is a Lévy process in B and E |L(t)|nB < ∞ for every t ≥ 0.

Proof Let π be the Poisson measure corresponding to L . As
∫

U |x |U ν(dx) < ∞,
we have

L(t) =
∫ t

0

∫
U

xπ (ds, dx) + t
∫

{|x |U ≤1}
xν(dx).

Thus, as π is a non-negative measure,

|L(t)|B ≤
∫ t

0

∫
U

|x |Bπ (ds, dx) + t
∫

{|x |U ≤}
|x |Bν(dx),

and consequently E |L(t)|nB < ∞ by Proposition 6.7. What is left is the continuity
in probability of L in B. But, in fact, the arguments above show the continuity in
Ln(�,F, P; B). �



7
Cylindrical processes and reproducing kernels

In this chapter, the concept of the reproducing kernel space is introduced. Then
cylindrical Lévy processes are discussed and their reproducing kernel spaces are
calculated.

7.1 Reproducing kernel Hilbert space

In this book we are mainly developing the L2-theory of stochastic equations driven
by Lévy processes, and therefore solutions of the equations will be square inte-
grable processes in properly chosen state spaces. One can expect, therefore, that
the covariance operator of the noise should play a fundamental role. Instead of
the covariance, however, it is more convenient to study the reproducing kernel
Hilbert space (RKHS) of the noise; see Definition 7.2 below. The RKHS is a cer-
tain Hilbert subspace of the noise space. Unlike the covariance operator, the RKHS
is independent of the space on which the noise is considered; see Theorem 7.4. It
contains all the information on the noise necessary for developing the L2-theory.

We will define the RKHS of an arbitrary square integrable mean-zero random
variable, and the RKHS of a square integrable mean-zero Lévy process L is then
by definition the RKHS of L(1).

Let Z be a square integrable random variable with mean zero in a Hilbert space
U , and let 〈·, ·〉 : U ∗ × U �→ R be the duality form. Let

R(x, y) := E 〈x, Z〉U 〈y, Z〉U , x, y ∈ U,

K (x, y) := E 〈x, Z〉〈y, Z〉, x, y ∈ U ∗.

Finally, let Q be the covariance operator of Z . Since Q is a nuclear self-adjoint
operator on U , there is an orthonormal basis {en} of U consisting of eigenvectors
of Q; see Theorem 4.44 and Appendix A. Then Qen = γnen , n ∈ N, where γn is

91
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the eigenvalue corresponding to en . Since Q is non-negative-definite, γn ≥ 0 for
every n. The square root of Q is given by

Q1/2x =
∑

n

〈x, en〉U γ 1/2
n en, x ∈ U.

Generally, Q and Q1/2 are not injective. However, we will denote by Q−1/2 the
operator pseudo-inverse to Q1/2, that is, for h ∈ Q1/2(U ),

Q−1/2 y = x if Q1/2x = y and |x |U = inf
{|y|U : Q1/2 y = x

}
.

(7.1)

Proposition 7.1 Let (H, 〈·, ·〉H) be a Hilbert space continuously embedded into
U. Then the following conditions are equivalent.

(i) H = Q1/2(U ) and 〈x, y〉H = 〈Q−1/2x, Q−1/2 y〉U , x, y ∈ H.
(ii) For any orthonormal basis {hk} of H,

R(x, y) =
∑

k

〈x, hk〉U 〈y, hk〉U , ∀ x, y ∈ U.

(iii) For any orthonormal basis {hk} of H,

K (x, y) =
∑

k

〈x, hk〉〈y, hk〉, ∀ x, y ∈ U ∗.

Proof First we will prove the equivalence (ii) ⇔ (iii). To this end let j denote a
linear isomorphism between U and U ∗. Thus j : U �→ U ∗ and 〈 j x, y〉 = 〈x, y〉U ,
x, y ∈ U . Let {hk} be an orthonormal basis of H. Then, for x, y ∈ U ,

R(x, y) = E 〈x, Z〉U 〈y, Z〉U = E 〈 j x, Z〉〈 j y, Z〉 = K ( j x, j y)

and ∑
k

〈x, hk〉U 〈y, hk〉U =
∑

k

〈 j x, hk〉〈 j y, hk〉,

and hence

R(x, y) =
∑

k

〈x, hk〉U 〈y, hk〉U

if and only if

K ( j x, j y) =
∑

k

〈 j x, hk〉〈 j y, hk〉.

In order to show that (i) ⇒ (ii), take an arbitrary orthonormal basis {hk} of H. If
(i) holds then there is an orthonormal basis { fk} of U such that {Q1/2 fk} ∪ {0} =
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{hk} ∪ {0}. Consequently,

R(x, y) = 〈Qx, y〉U = 〈
Q1/2x, Q1/2 y

〉
U

=
∑

k

〈
Q1/2x, fk

〉
U

〈
Q1/2 y, fk

〉
U

=
∑

k

〈
x, Q1/2 fk

〉
U

〈
y, Q1/2 fk

〉
U

=
∑

k

〈x, hk〉U 〈y, hk〉U .

To show that (ii) ⇒ (i), assume that {hk} is an orthonormal basis of H such that

R(x, y) =
∑

k

〈x, hk〉U 〈y, hk〉U , ∀ x, y ∈ U.

Let { fk} be an orthonormal basis of U , and let B : U �→ H be a bounded linear
operator, uniquely determined by B fk = hk if dimH = ∞ and by

B fk =
{

hk, k ≤ dimH,

0, k > dimH,

if dimH < ∞. Since H is continuously embedded into U one has B ∈ L(U, U ).
For, denote the embedding by i , then∣∣∣∣∣B

∑
k

xk fk

∣∣∣∣∣
2

U

≤ ‖i‖2
L(H,U )

∣∣∣∣∣
∑

k

xk B fk

∣∣∣∣∣
2

H
= ‖i‖2

L(H,U )

∑
k

x2
k

≤ ‖i‖2
L(H,U )

∣∣∣∣∣
∑

k

xk fk

∣∣∣∣∣
2

U

.

Clearly H = B(U ) and 〈x, y〉H = 〈B−1x, B−1 y〉U , x, y ∈ H, where B−1 stands
for the pseudo-inverse operator. For all x, y ∈ U ,

〈Qx, y〉U = R(x, y) =
∑

k

〈x, hk〉U 〈y, hk〉U =
∑

k

〈x, B fk〉U 〈y, B fk〉U

= 〈B∗x, B∗y〉U = 〈B B∗x, y〉U .

Thus B B∗ = Q and the desired conclusion follows from Douglas’s theorem (see
appendix section A.4). �

Definition 7.2 Let Z be a square integrable mean-zero random variable taking
values in a Hilbert space U , and let Q be the covariance of Z . Then H := Q1/2(U )
is called the reproducing kernel Hilbert space (RKHS) of Z . Let L be a square
integrable mean-zero Lévy process in U . Then its RKHS is the RKHS of L(1) and
therefore it is equal to Q1/2(U ), where Q is the covariance operator of L .

Remark 7.3 Let Z be a square integrable mean-zero random variable in U ,
and let H be its RKHS. Then, since Q is nuclear, Q1/2 is Hilbert–Schmidt.
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Consequently the embedding H ↪→ U is Hilbert–Schmidt, that is, for an arbitrary
orthonormal basis {en} of H one has

∑
n |en|2U < ∞.

The next theorem shows that the RKHS of Z is independent of the space on
which the random element Z is considered. More precisely, let H and H̃ be the
RKHSs of Z considered as a random variable on U and Ũ , respectively; then
H = H̃.

Theorem 7.4 Assume that Z is a square integrable mean-zero random variable
in a Hilbert space U, continuously embedded in a Hilbert space Ũ . Let Q be the
covariance operator of Z considered as a U-valued random variable, and let Q̃
be the covariance operator of Z, considered as a Ũ -valued random variable. Then
Q1/2(U ) = Q̃1/2(Ũ ).

Proof It is sufficient to show that H = H̃. By the definition of the RKHS this
immediately implies the identity of ranges of Q1/2 and Q̃1/2.

Let {en} be an orthonormal basis of H. By Proposition 7.1, to prove that H = H̃
it is sufficient to show that, for all x, y ∈ Ũ ,

E 〈Z , x〉Ũ 〈Z , y〉Ũ =
∑

k

〈x, ek〉Ũ 〈y, ek〉Ũ . (7.2)

We first show that (7.2) holds for x, y ∈ U . To do this note that 〈·, ·〉Ũ : U × U �→
R is a symmetric continuous bilinear form on U . Therefore there is a self-adjoint
operator B ∈ L(U, U ) such that 〈x, y〉Ũ = 〈x, By〉U for all x, y ∈ U . Hence, for
all x, y ∈ U ,

E 〈Z , x〉Ũ 〈Z , y〉Ũ = E 〈Z , Bx〉U 〈Z , By〉U .

Thus by Proposition 7.1(ii),

E 〈Z , x〉Ũ 〈Z , y〉Ũ =
∑

k

〈Bx, ek〉U 〈By, ek〉U =
∑

k

〈x, ek〉Ũ 〈y, ek〉Ũ .

By continuity (7.2) holds for all x, y in the closure U of U in Ũ . We have the

orthogonal decomposition Ũ = U ⊕ U
⊥

. Since Z takes values in U and H ⊂ U

we have 〈Z , x〉Ũ = 0 and 〈x, ek〉Ũ = 0 for all x ∈ U
⊥

and k. Hence (7.2) holds
for all x, y ∈ Ũ . �

Example 7.5 Let Z = (Zn) be a sequence of independent square integrable
mean-zero random variables. Let σ 2

n = E Z2
n , n = 1, 2, . . . , and let U = l2

ρ be
a weighted l2-space with positive weight ρ = (ρn). Then E |Z |2U = ∑∞

n=1 σ 2
n ρn .

Thus if E |Z |2U < ∞ then the covariance operator Q of Z is given by Qx =
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(σ 2
n ρn xn), x = (xn) ∈ l2

ρ . Moreover,

H = Q1/2(U ) = {
h = Q1/2x : x ∈ l2

ρ

} = {
(σnγn) : (γn) ∈ l2

}
and

〈h, g〉H = 〈
Q−(1/2)h, Q−(1/2)g

〉
U

=
∞∑

n=1

hngn

σ 2
n

,

and we see explicitly that in the example the reproducing kernel is independent of
choice of weight.

The reproducing kernel has been defined thus far for square integrable ran-
dom variables. As the following example indicates, one can extend the concept
of the reproducing kernel to a non-square-integrable random variable Z taking
values in a Hilbert space U , provided that there is a bigger Ũ ←↩ U such that
E |Z |2

Ũ
< ∞.

Example 7.6 There exists a mean-zero random variable Z taking values in l2
ρ ,

for arbitrary positive weight ρ = (ρn), such that

E |Z |2l2
ρ

< ∞ if and only if
∑∞

n=1
ρn < ∞, H = l2.

For, let Z = (Zn) be a sequence of independent real-valued random variables each
taking values in {an, 0, −an} and such that

P(Zn = an) = P(Zn = −an) = 1
2 pn, P(Zn = 0) = 1 − pn, n = 1, . . .

Then E Z2
n = σ 2

n := pna2
n . Assume that σ 2

n = 1, n = 1, . . . , and
∑∞

n=1 pn < ∞.
By the Borel–Cantelli lemma, Zn = 0, P-a.s., for n sufficiently large. Thus Z ∈ l2

ρ

for an arbitrary positive weight ρ. By Example 7.5, the reproducing kernel space
H = l2. It is also clear that E |Z |2l2

ρ
< ∞ if and only if

∑∞
n=1 ρn < ∞.

7.1.1 Determination of reproducing kernels

In the two propositions below, H and U are Hilbert spaces. We assume that
H is densely embedded into U . Then, under identification of H with H∗, we
have U ∗ ↪→ H∗ ≡ H ↪→ U and we can treat U ∗ as a subspace of H. We denote
by 〈·, ·〉 the duality bilinear form on U ∗ × U . Clearly 〈x, y〉 = 〈x, y〉H, x ∈ U ∗,
y ∈ H.

Proposition 7.7 Let Z be a square integrable mean-zero random variable in
U. Assume that E 〈x, Z〉〈y, Z〉 = 〈x, y〉H for all x, y ∈ U ∗. Then H is the RKHS
of Z.
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Proof Let {ek} be an arbitrary orthonormal basis of H. Then, by the Parseval
identity,

〈x, y〉H =
∑

k

〈x, ek〉H〈y, ek〉H.

Since, for x, y ∈ U ∗, 〈x, ek〉H = 〈x, ek〉 and 〈y, ek〉H = 〈y, ek〉 we have

E 〈x, Z〉〈y, Z〉 = 〈x, y〉H =
∑

k

〈x, ek〉〈y, ek〉,

which by Proposition 7.1 completes the proof. �

Example 7.8 Let X be a mean-zero real-valued random variable that is inde-
pendent of a random variable Y uniformly distributed in [0, 1]. Define Z := XδY .
Let U be the Sobolev space W −1,2

0 , dual to the Hilbert space W 1,2
0 of all absolutely

continuous functions x on [0, 1], such that x(0) = 0 and

|x |2
W 1,2

0
:=

∫ 1

0

∣∣∣∣dx

dξ

∣∣∣∣2

dξ < ∞.

The space U contains all Dirac measures δa, a ∈ (0, 1). Note that if x, y ∈ W 1,2
0

then (x, Z ) = X x(Y ) and

E (x, Z )(y, Z ) = (
E X2

) ∫ 1

0
x(ξ )y(ξ ) dξ.

Thus the space H is identical with the space of all square integrable functions on
[0, 1] with scalar product

〈x, y〉H = (
E X2

) ∫ 1

0
x(ξ )y(ξ ) dξ.

Proposition 7.9 Assume that the embedding H ↪→ U is Hilbert–Schmidt. Let
Z : H �→ L2(	,F, P) be a linear operator such that E (Z x)2 = c |x |2H and
E Z x = 0 for x ∈ H. Then there is a unique square integrable mean-zero
random variable Z̃ in U such that

Z x = 〈x, Z̃〉, ∀ x ∈ U ∗. (7.3)

Moreover, H is the RKHS of Z̃ .

Proof Let {en} be an orthonormal basis of H. We assume that {en} ⊂ U ∗. Such
a basis exists since U ∗ is dense in H. Then

E

∣∣∣∣∣
n+m∑
j=n

(Ze j )e j

∣∣∣∣∣
2

U

=
n+m∑
j,k=n

(
E Ze j Zek

)〈e j , ek〉U =
n+m∑
j,k=n

〈e j , ek〉H 〈e j , ek〉U

=
n+m∑
j=n

|e j |2U → 0 as n, m → ∞.
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Thus the series
∑

n(Zen)en converges in L2(	,F, P; U ). We will show that its
limit Z̃ has the desired properties. To this end note that, for any x ∈ U ∗,

〈x, Z̃〉 =
∑

n

(Zen)(x, en) =
∑

n

(Zen)〈x, en〉H.

Since Z is a continuous linear operator on H,

∑
n

(Zen)〈x, en〉H = Z

(∑
n

〈en, x〉Hen

)
= Z x

and hence (7.3) holds. The uniqueness of Z̃ is obvious. The second part follows
directly from Proposition 7.7. �

Later we will identify Z̃ with Z and write Z instead of Z̃ .

Example 7.10 Given a square integrable mean-zero real-valued Lévy process
L , define Z x = ∫ 1

0 x(ξ ) dL(ξ ), x ∈ L2(0, 1). Then

E |Z x |2 = E L2(1)
∫ 1

0
|x(ξ )|2 dξ.

Thus, if U = W −1,2
0 (see Example 7.8) then Z can be identified with the distribu-

tional derivative dL/dξ .

7.1.2 Cylindrical Wiener process

Let (	,F, (Ft ), P) be a filtered probability space, and let H be a Hilbert
space.

Definition 7.11 An (Ft )-adapted cylindrical Wiener process on H is a linear
(in the second variable) mapping W : [0, ∞) × H �→ L2(	,F, P) satisfying the
following conditions.

(i) For all t ≥ 0 and x ∈ H, E |W (t, x)|2 = t |x |2H.
(ii) For each x ∈ H, (W (t, x), t ≥ 0) is a real-valued (Ft )-adapted Wiener

process.

Usually the filtration (Ft ) is specified and we just say that W is a cylindrical
Wiener process on H.

Lemma 7.12 If W is a cylindrical Wiener process then, for all t ≥ s ≥ 0 and
x, y ∈ H, E W (t, x)W (s, y) = (t ∧ s) 〈x, y〉H.
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Proof Assume that t ≥ s ≥ 0. Then

E W (t, x)W (s, y) = E E
(
(W (t, x) − W (s, y))W (s, y)

∣∣Fs
)

+ E W (s, x)W (s, y)

= E W (s, x)W (s, y)

= 1
4 E

(
(W (s, x) + W (s, y))2 − (W (s, x) − W (s, y))2

)
= 1

4 E
(
(W (s, x + y))2 − (W (s, x − y))2

)
= 1

4 s
(|x + y|2H − |x − y|2H

) = s〈x, y〉H.

�

As in the previous section, let U be a Hilbert space such that the embedding
H ↪→ U is dense and Hilbert–Schmidt. We identify U ∗ with a subspace of H
and denote by 〈·, ·〉 the bilinear form on U ∗ × U . Recall that 〈x, y〉 = 〈x, y〉H for
x ∈ U ∗ and y ∈ H. As a simple consequence of Propositions 7.7 and 7.9 we have
the following result.

Theorem 7.13

(i) If W is a cylindrical Wiener process on H then there is a U-valued Wiener
process, which we will denote also by W , such that

〈x, W (t)〉 = W (t, x), t ≥ 0, x ∈ U ∗. (7.4)

Moreover, the RKHS of W is equal to H.
(ii) Conversely, if W is a Wiener process in U with RKHS equal to H then (7.4)

defines a cylindrical Wiener process on H.

Remark 7.14 Assume that W is a cylindrical Wiener process in H. Let {en}
be an orthonormal basis of H. Let Wn(t) := W (t, en). Then (Wn) is a sequence
of independent standard real-valued Wiener processes. Let U be a Hilbert space
such that the embedding H ↪→ U is Hilbert–Schmidt. Then W (t) = ∑

n Wn(t)en ,
t ≥ 0, where the series converges in L2(	,F, P; U ).

The concept of a cylindrical Wiener process is closely related to that of space–
time white noise. Loosely speaking, the latter is the time derivative of a cylindrical
Wiener process; see Theorem 7.16 below. Assume that (E, E) is a measurable
space and that λ is a σ -finite measure on E . Write Efin := {A ∈ E : λ(A) < ∞}.
Definition 7.15 The mapping X : Efin �→ L2(	,F, P) is called a (Gaussian)
white noise on E if for all A1, . . . , An ∈ Efin the random vector (X(A1), . . . ,X(An))
is Gaussian with mean zero and covariance matrix Q = [qi, j ], where qi, j =
λ(Ai ∩ A j ), i, j = 1, . . . , n.
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Given a domain O in R
d , let E = O × [0, ∞) and let λ = dξ dt . Then the

white noise on E is called space–time white noise on O. The following theorem
establishes a relation between the concepts of a cylindrical Wiener process on
L2(O) and a space–time white noise on E . In this theorem, we assume a knowledge
of stochastic integration with respect to a real-valued Wiener process.

Theorem 7.16 Let W be a cylindrical Wiener process on L2(O). Let {en} be an
orthonormal basis of L2(O), and let Wn(t) = W (t, en). Then

X(A) =
∑

n

∫ ∞

0

∫
O

χA(ξ, t)en(ξ ) dξ dWn(t), A ∈ Efin,

defines a space–time white noise on O.

Proof Since the Wn are independent andχA and en are non-random, the stochastic
integrals

Xn(A) :=
∫ ∞

0

(∫
O

χA(t, ξ )en(ξ ) dξ

)
dWn(t), n ∈ N,

are independent Gaussian random variables in R. Thus, for A, B ∈ Efin,

EX (A)X (B) =
∑

n

∫ ∞

0

∫
O

χA(t, ξ )en(ξ ) dξ

∫
O

χB(ξ, t) dξ dt

=
∫ ∞

0

∫
O

χA∩B(ξ, t) dξ dt,

and the desired conclusion follows. �

Remark 7.17 By the theorem above, a space–time white noise on O can be
treated as a time derivative of a cylindrical Wiener process on L2(O).

Remark 7.18 Note that a cylindrical Wiener process on U has covariance equal
to the identity operator, whereas every Wiener process taking values in U has a
nuclear covariance.

Remark 7.19 Assume that W is a cylindrical Wiener process on L2(O), where
O := {ξ = (ξ1, . . . , ξd ) : ξ j ∈ [0, a]}. For any t ≥ 0 and ξ ∈ O, define

W(t, ξ1, . . . , ξd ) := W
(
t, χ{[0,ξ1]×···×[0,ξd ]}

)
.

Then W is a Gaussian random field on [0, ∞) × [0, a] × · · · × [0, a]. Note that it
is a real-valued Wiener process with respect to each parameter t, ξ1, . . . , ξd when
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the others are fixed. The field W is usually called a Brownian sheet; see also
Example 4.53. Later (see Remark 7.25) we will introduce its Poissonian analogue,
the so-called Lévy sheet. Note that the process

∂dW(t, ξ1, . . . , ξd )

∂ξ1 · · · ∂ξd
, t ≥ 0,

where the derivatives are taken in a distributional sense (see the lemma below) is
a cylindrical Wiener process.

Lemma 7.20 Given a finite measure λ on [0, a]d write

F(ξ1, . . . , ξd ) := λ ([0, ξ1] × · · · × [0, ξd ]) .

Then, for every ψ ∈ C([0, a]d ) ∩ C∞
c ((0, a)d ),

(ψ, λ) :=
∫

[0,a]d

ψ(ξ1, . . . , ξd )λ(dξ1, . . . , dξd )

= (−1)d
∫

[0,a]d

∂dψ

∂ξ1 · · · ∂ξd
F(ξ1, . . . , ξd ) dξ1 · · · dξd .

Proof We have

(ψ, μ) = (−1)d
∫

[0,a]d

(∫ a

ξ1

· · ·
∫ a

ξ d

∂dψ

∂η1 · · · ∂ηd
(η) dη

)
λ(dξ )

= (−1)d
∫

[0,a]d

∫
[0,a]d

χ[ξ1,a](η1) · · · χ[ξd ,a](ηd )
∂dψ

∂η1 · · · ∂ηd
(η)λ(dξ ) dη

= (−1)d
∫

[0,a]d

∂dψ

∂η1 · · · ∂ηd
(η)λ ([0, η1] × · · · × [0, ηd ]) dη.

�

7.2 Cylindrical Poisson processes

For a possibly unbounded domain O ⊂ R
d , consider a Poisson random measure

π on [0, ∞) × O × R with intensity measure dt λ(dξ )ν(dσ ), where λ is a non-
negative Radon measure on O. Usually λ is the Lebesgue measure �d . Let π be
defined on a probability space (	,F, P) with a filtration (Ft ). We assume that
π is adapted to (Ft ), that is, π ([0, t] × �) is (Ft )-measurable for all t ≥ 0 and
� ∈ B(O × R). Finally, we assume that π((s, t] × �) is independent of Fs for
all 0 ≤ s ≤ t and � ∈ B(O × R). We denote by P the σ -field of predictable sets
in [0, ∞) × 	. Generally ν may be an infinite measure, but we will assume that
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ν({0}) = 0 and that ∫
R

σ 2 ∧ 1 ν(dσ ) < ∞. (7.5)

The restriction of ν to each R \ [−a, a], a > 0, is a finite measure; the restriction
to [−a, a] may be infinite. Let π̂ be a compensated Poisson measure. In this
book we consider stochastic PDEs driven by a measure-valued process Z defined,
informally, by

Z (t, dξ ) :=
∫ t

0

∫
{|σ |≤1}

σ π̂ (ds, dξ, dσ ) +
∫ t

0

∫
{|σ |≥1}

σπ (ds, dξ, dσ ) (7.6)

or, if ∫
R

σ 2ν(dσ ) < ∞, (7.7)

by

Z (t, dξ ) :=
∫ t

0

∫
R

σ π̂ (ds, dξ, dσ ), t ≥ 0. (7.8)

Given a compactly supported continuous function φ, written φ ∈ Cc(O), we define
(see Proposition 7.21 below) the real-valued process

Z (t, φ) =
∫
O

φ(ξ )Z (t, dξ ).

Then (see Proposition 7.21 and Theorem 7.22) Z (·, φ) is a Lévy process such that

E eiZ (t,φ) = exp

{
−t

∫
O

[∫
R

(
1 − eiσφ(ξ ) + iσχ(0,1]φ(ξ )

)
ν(dσ )

]
λ(dξ )

}
.

To simplify the exposition we will assume (7.7) and (7.8). The assumption of (7.7)
does not exclude the possibility that∫ t

0

∫
O

∫
R

|φ(x)||σ | ds λ(dξ )ν(dσ ) = ∞.

Thus Z (t, φ) may not be defined directly by Theorem 6.6(iii) as the stochastic
integral with respect to π of the deterministic integrand (t, ξ, σ ) �→ φ(ξ )σ .

If π has representation π (t) = ∑
τn≤t δξn ,σn then, still informally,

Z (t, dξ ) =
∑
τn≤t

σnδξn (dξ ) − t

(∫
R

σν(dσ )

)
λ(dξ ).

We interpret σn as the amount of energy introduced into the system at time τn .
The random variables ξn represent the sources of energy. More formally, we define
Z as a Lévy process in a Hilbert space U such that the embedding L2(dλ) :=
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L2(O,B(O), λ(dξ )) ↪→ U is dense and Hilbert–Schmidt. We show that Z can be
regarded as a square integrable mean-zero Lévy process in U with RHKS L2(dλ).

Note that, for all t > 0, ε > 0 and φ ∈ Cc(O),∫ t

0

∫
O

∫
{|σ |≥ε}

|φ(ξ )||σ | ds λ(dξ )ν(dσ ) < ∞.

Thus by Theorem 6.6 the stochastic integral

Zε(t, φ) :=
∫ t

0

∫
O

∫
{|σ |≥ε}

φ(ξ )σ π̂ (ds, dξ, dσ )

is well defined. Note that, for all 0 < η < ε,

E
∣∣Zε(t, φ) − Zη(t, φ)

∣∣2 = t
∫

{η≤|σ |<ε}
σ 2ν(dσ )

∫
O

|φ(ξ )|2λ(dξ ).

Thus Zε(t, φ) is a Cauchy sequence in L2(	,F, P) as ε ↓ 0. We denote its
limit by Z (t, φ). In the proposition below we gather together the main proper-
ties of the process Z . The proof follows directly from the definition of Z and
Theorem 6.6.

Proposition 7.21

(i) For each φ ∈ Cc(O), (Z (t, φ), t ≥ 0) is a Lévy process with respect to (Ft ).
(ii) For all t ≥ 0 and φ ∈ Cc(O), E Z (t, φ) = 0 and

E |Z (t, φ)|2 = t
∫

R

σ 2ν(dσ )
∫
O

|φ(ξ )|2λ(dξ ).

(iii) For all t ≥ 0 and φ ∈ L2(dλ), E exp {iZ (t, φ)} = exp {−t�(φ)}, where

�(φ) =
∫
O

∫
R

(
1 − eiφ(ξ )σ + iφ(ξ )σ

)
λ(dξ )ν(dσ ). (7.9)

Proof The first two parts follows directly from the definition of Z and Theo-
rem 6.6. To see (iii) note that

E eiZ (t,φ) = lim
ε↓0

E eiZε(t,φ)

= lim
ε↓0

exp

{
−t

∫
O

∫
{|σ |≥ε}

(
1 − eiφ(ξ )σ + iφ(ξ )σ

)
λ(dξ )ν(dσ )

}
.

Since

C := sup
y∈R

∣∣1 − eiy + iy
∣∣

|y| < ∞,
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it follows that ∫
O

∫ ∞

0

∣∣e−φ(ξ )σ − 1 − iφ(ξ )σ
∣∣ λ(dξ )ν(dσ )

≤ C
∫

R

σ 2ν(dσ )
∫
O

|φ(ξ )|2λ(dξ ) < ∞.

�

Clearly Cc(O) � φ → Z (t, φ) ∈ L2(	,F, P) is linear and isometric if Cc(O) is

equipped with the norm |φ|t := a(t)|φ|L2(dλ), where a(t) =
√

t
∫

R
σ 2ν(dσ ). Thus,

as Cc(O) is dense in L2(dλ), Z (·, t) can be uniquely extended to a linear operator
acting from L2(dλ) to L2(	,F, P). By Proposition 7.9 there is a unique U -valued
process, denoted also by Z , such that

Z (t, φ) = (φ, Z (t)) , ∀ φ ∈ U ∗. (7.10)

Thus we have the following consequence of Propositions 7.7 and 7.9.

Theorem 7.22 The process Z given by (7.10) is a square integrable Lévy mar-
tingale with RKHS equal to L2(dλ).

Definition 7.23 We call Z an impulsive cylindrical process on L2(dλ) with jump
size intensity ν.

Definition 7.24 The time derivative1 ∂ Z/∂t of the impulsive cylindrical process
Z on L2(dλ) is called an impulsive white noise with jump position intensity λ and
jump size intensity ν.

Remark 7.25 Let λ = �d be Lebesgue measure on O := [0, a]d . For t ≥ 0 and
ξ ∈ O, define Z(t, ξ1, . . . , ξd ) := Z (t, χ{[0,ξ1]×···×[0,ξd ]}). Then

E eiyZ(t,ξ1,...,ξd ) = exp

{
−tξ1 · · · ξd

∫
R

(
1 − eiyσ + iyσ

)
ν(dσ )

}
, y ∈ R.

Therefore, with respect to each parameter t, ξ1, . . . , ξd , with the others fixed, the
process Z is, up to a multiplicative constant, a Lévy process with the same jump
measure ν. This is why Z is called a Lévy sheet. For the Gaussian analogue of a
Lévy sheet see Remark 7.19. Note that

∂dZ(t, ξ1, . . . , ξd )

∂ξ1 · · · ∂ξd
, t ≥ 0,

is an impulsive cylindrical process.

1 In a distributional sense; see Lemma 7.20.
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Example 7.26 The following stable white-noise process was introduced in
Mytnik (2002). We define the process using the framework that has just been
developed; see also Example 4.35. Given β ∈ (1, 2) set

νβ(dσ ) := 1

σ 1+β
χ[0,+∞)(σ ) dσ.

Let πβ be a Poisson random measure on [0, +∞) × O × [0, +∞), with intensity
dt dξ νβ(dσ ). Write

Zβ(t, ·) :=
∫ t

0

∫ +∞

0
σ π̂ (ds, dξ, dσ ).

Note that, for every Borel set A ⊂ O with �d (A) < ∞,

E e−αZβ (t,A) = lim
ε↓0

E exp

{
−α

∫ t

0

∫
O

∫ +∞

ε

χA(ξ )σ π̂(ds, dξ, dσ )

}

= lim
ε↓0

E exp

{
−α

∫ t

0

∫
O

∫ +∞

ε

χA(ξ )σπ (ds, dξ, dσ )

}

× exp

{
αt�d (A)

∫ +∞

ε

σνβ(dσ )

}
.

By Theorem 6.6(i),

E exp
{−αZβ(t, A)

} = lim
ε↓0

exp

{
−

∫ t

0

∫
O

∫ +∞

ε

(1 − e−αχA(ξ )σ ) ds dξ νβ(dσ )

}

× exp

{
αt�d (A)

∫ +∞

ε

σνβ(dσ )

}

= lim
ε↓0

exp

{
−t�d (A)

∫ +∞

ε

(1 − e−ασ − ασ )νβ(dσ )

}

= exp

{
−t�d (A)

∫ +∞

0
(1 − e−ασ − ασ )νβ(dσ )

}
.

By Example 4.35, E e−αZβ (t,A) = exp{t�d (A)cβαβ},α > 0. Thus
(
Zβ(t, A), t ≥ 0

)
is a β-stable process with positive jumps.

In Mueller (1998) an uncompensated β-stable impulsive white noise was intro-
duced for β ∈ (0, 1).

Example 7.27 Let β ∈ (0, 1). Let π be a Poisson random measure on [0, +∞) ×
O × [0, +∞) with intensity dt dξ νβ(dσ ), where

νβ(dσ ) = σ−1−βχ[0,+∞)(σ ) dσ.
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Define

Zβ(t, ·) =
∫ t

0

∫ +∞

0
σπ (ds, dξ, dσ ), t ≥ 0.

This quantity is again a measure-valued Lévy process. Using the results of Example
4.34 we obtain E e−αZβ (t,A) = exp{−t�d (A)cβαβ}, α > 0. Thus

(
Zβ(t, A), t ≥ 0

)
is a β-stable increasing process. In particular, if O = [0, 1] then Zβ(t, ξ ) :=
Zβ(t, [0, ξ ])) satisfies E e−αZβ (t,ξ ) = exp{−tξCβαβ}.

7.3 Compensated Poisson measure as a martingale

In this section we show that compensated Poisson measures can be treated as
infinite-dimensional martingales. Namely, let (E, E) be a measurable space, and
let π be a Poisson random measure on [0, ∞) × E with intensity measure dt μ(dξ ).
In applications (see Chapter 12 and the previous section), E = O × S, where O
is a region in R

d .
For t > 0 and ψ ∈ L1(E, E, μ) ∩ L2(E, E, μ), write

π̂ (t, ψ) :=
∫ t

0

∫
E

ψ(ξ )π̂ (ds, dξ ).

By Theorem 6.6(iii), (iv) we have that π̂(t, ψ) is well defined and has mean zero
and that

E (π̂ (t, ψ))2 = t |ψ |2L2(E,E,μ). (7.11)

By Theorem 6.6(v), it is a Lévy process and hence a Lévy square integrable
real-valued martingale. Let �1, �2 ∈ E be of finite μ-measure. Then, again by
Theorem 6.6(iii), (v),

E π̂(t, χ�1 )π̂ (t, χ�2 ) = E
(
π̂ (t, χ�1∩�2

)2 = t μ(�1 ∩ �2)

= t〈χ�1 , χ�2〉L2(E,E,μ). (7.12)

See Section 8.7 for more details.
Using (7.12), we can extend the definition of π̂ (t, ψ) to all ψ ∈ L2(E, E, μ),

to obtain a family π̂ (·, ψ) of square integrable Lévy martingales indexed by the
elements of L2(E, E, μ). Moreover, by (7.12),

E π̂ (t, ψ)π̂ (t, φ) = t〈ψ, φ〉L2(E,E,μ), ∀ ψ, φ ∈ L2(E, E, μ).

The theorem below follows from this together with Propositions 7.7 and 7.9.

Theorem 7.28 The compensated Poisson random measure π̂ on [0, ∞) × E can
be identified with a square integrable Lévy martingale (denoted also by π̂) in any
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Hilbert space U containingH := L2(E, E, μ) with a Hilbert–Schmidt embedding.
Moreover, H is the RKHS of π̂ .

One should be aware that π̂ is identified with a corresponding process by a
duality procedure. Note, in particular, that increasing the intensity measure μ

decreases the RKHS of π̂ and consequently increases the class of spaces on which
π̂ lives. In the limit μ = ∞, we obtain H = {0}.



8
Stochastic integration

In this chapter the concept of the stochastic integral with respect to a Hilbert-
space-valued martingale is introduced and a fundamental isometric formula is
established. The space of integrands is determined in terms of the martingale co-
variance. Stochastic integrals of predictable fields with respect to Poisson measures
are treated as well.

Throughout this chapter (U, 〈·, ·〉U ) is a Hilbert space and (�,F, (Ft ), P) is a
filtered probability space satisfying the usual conditions. The space of all càdlàg
square integrable martingales in U with respect to (Ft ) is denoted by M2(U ).

8.1 Operator-valued angle bracket process

Let M, N ∈ M2(U ). Denote by 〈〈M, N〉〉 the unique predictable process, with tra-
jectories having a locally bounded variation, for which

〈M(t), N (t)〉U − 〈〈M, N 〉〉t , t ≥ 0,

is a martingale. By the Doob–Meyer decomposition, the process 〈〈M, N 〉〉 always
exists (see Remark 3.46) and is called the angle bracket.

In this section we introduce the so-called operator angle bracket 〈〈〈〈M, N 〉〉〉〉, and
in Theorem 8.2 we will show the absolute continuity of the operator angle bracket
with respect to the angle bracket. The relevant density is called the martingale
covariance. It plays an important role in the construction of the stochastic integral
with respect to M . In particular it appears in the fundamental isometric formula.

Denote by L1(U ) the space of all nuclear operators on U equipped with the
nuclear norm; see Appendix A. Then L1(U ) is a separable Banach space. Recall
that, given x, y, z ∈ U , x ⊗ y (z) = 〈y, z〉U x . It is easy to show that x ⊗ y ∈
L1(U ) and ‖x ⊗ y‖L1(U ) = |x |U |y|U . We denote by L+

1 (U ) the subspace of L1(U )
consisting of all self-adjoint non-negative nuclear operators. If M ∈ M2(U ) then

107
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the process (M(t) ⊗ M(t), t ≥ 0) is an L1(U )-valued right-continuous process
such that

E ‖M(t) ⊗ M(t)‖L1(U ) = E |M(t)|2U ≤ E |M(T )|2U < ∞, t ≥ 0.

We will need the following result.

Lemma 8.1 Assume that M, N ∈ M2(U ). There exists a predictable process
(q(s), s ≥ 0) such that

〈〈M, N 〉〉t =
∫ t

0
q(s) d

(〈〈M, M〉〉s + 〈〈N , N 〉〉s
)
.

Proof Let T < ∞. It is enough to show that, almost surely, the measure on [0, T ]
corresponding to the process 〈〈M, N 〉〉 of bounded variation is absolutely continuous
with respect to the sum of the measures induced by 〈〈M, M〉〉 and 〈〈N , N 〉〉. For fixed
s ∈ [0, T ] and an arbitrary real a, the process

〈〈M + aN , M + aN 〉〉t − 〈〈M + aN , M + aN 〉〉s, t ∈ [s, T ]

is the angle bracket corresponding to (M(t) + aN (t), t ∈ [s, T ]). Consequently,
for all a ∈ R,

〈〈M + aN , M + aN 〉〉t − 〈〈M + aN , M + aN 〉〉s

= a2(〈〈N , N 〉〉t − 〈〈N , N 〉〉s
)+ 2a

(〈〈M, N 〉〉t − 〈〈M, N 〉〉s
)

+ (〈〈M, M〉〉t − 〈〈M, M〉〉s
) ≥ 0,

and hence(〈〈M, N 〉〉t − 〈〈M, N 〉〉s
)2 ≤ (〈〈M, M〉〉t − 〈〈M, M〉〉s

)(〈〈N , N 〉〉t − 〈〈N , N 〉〉s
)

or, equivalently,∣∣〈〈M, N 〉〉t − 〈〈M, N 〉〉s

∣∣ ≤ (〈〈M, M〉〉t − 〈〈M, M〉〉s
)1/2(〈〈N , N 〉〉t − 〈〈N , N 〉〉s

)1/2
.

Hence∣∣〈〈M, N 〉〉t − 〈〈M, N 〉〉s

∣∣ ≤ 1
2

((〈〈M, M〉〉t + 〈〈N , N 〉〉t
)− (〈〈M, M〉〉s + 〈〈N , N 〉〉s

))
.

Thus we have shown that on each subinterval of [0, T ] the total variation of the
measure corresponding to 〈〈M, N 〉〉 is smaller than the total variation corresponding
to 〈〈M, M〉〉 + 〈〈N , N 〉〉. In particular, if a Borel set � ⊂ [0, T ] is of measure zero
with respect to d(〈〈M, M〉〉 + 〈〈N , N 〉〉), it is of measure zero with respect to d〈〈M, N 〉〉,
and this implies the required absolute continuity.

To prove the predictability of q we use a real-analysis result. If μ and ν are
two finite non-negative measures on [0, ∞) and μ is absolutely continuous with
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respect to ν then, for ν-almost all t > 0,

dμ

dν
(t) = lim inf

r↑t

μ((r, t])

ν((r, t])
,

where the limit is taken with respect to r < t , r rational. Since the limit inferior of
predictable processes is predictable the result follows. �

We have the following basic result, mentioned in the introduction to this chapter,
from which the isometric formula follows.

Theorem 8.2 Let M ∈ M2(U ). Then there is a unique right-continuous L+
1 (U )-

valued increasing predictable process
(〈〈〈〈M, M〉〉〉〉t , t ≥ 0

)
such that 〈〈〈〈M, M〉〉〉〉0 =

0 and the process
(
M(t) ⊗ M(t) − 〈〈〈〈M, M〉〉〉〉t , t ≥ 0

)
is an L1(U )-valued mar-

tingale. Moreover, there exists a predictable L+
1 (U )-valued process (Qt , t ≥ 0)

such that

〈〈〈〈M, M〉〉〉〉t =
∫ t

0
Qs d〈〈M, M〉〉s, ∀ t ≥ 0. (8.1)

Proof Let {ek} be an orthonormal basis of U . Then

M(t) =
∑

k

〈M(t), ek〉U ek, t ≥ 0.

Write Mk(t) := 〈M(t), ek〉U . Since

E |M(t)|2U = E

∑
k

(
Mk(t)

)2 =
∑

k

E
(
Mk(t)

)2
< ∞, t ≥ 0,

it follows that Mk ∈ M2 for every k. Let 〈〈Mk, M j 〉〉 be the corresponding angle
bracket processes. As a candidate for an operator-valued angle bracket, we take

〈〈〈〈M, M〉〉〉〉t :=
∑
k, j

ek ⊗ e j 〈〈Mk, M j 〉〉t , t ≥ 0. (8.2)

Thus the infinite matrix (〈〈Mk, Ml〉〉t ) is a representation of the operator 〈〈〈〈M, M〉〉〉〉t

in the basis {ek}. The problem lies in the convergence of the series.
To see that (8.2) defines an L+

1 (U )-valued process, we first prove that for all
t, k, j ,

|〈〈Mk, Ml〉〉t |2 ≤ 〈〈Mk, Mk〉〉t 〈〈M j , M j 〉〉t

To see this note that, for every a ∈ R,

0 ≤ 〈〈Mk + aM j , Mk + aM j 〉〉t = a2〈〈M j , M j 〉〉t + 2a〈〈M j , Mk〉〉t + 〈〈Mk, Mk〉〉t ,

which gives the desired conclusion. We now show that the series on the right-hand
side of (8.2) converges in L1(�,F, P; L (H S)(U, U )). The Hilbert–Schmidt norm
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of the right-hand side is equal to⎛
⎝∑

k

∣∣∣∣∣
∑

j

〈〈Mk, M j 〉〉t e j

∣∣∣∣∣
2

U

⎞
⎠

1/2

=
(∑

j,k

〈〈M j , Mk〉〉2
t

)1/2

≤
(∑

j,k

〈〈M j , Mk〉〉t 〈〈Mk, Mk〉〉t

)1/2

≤
∑

j

〈〈M j , M j 〉〉t .

Since

E

∑
j

〈〈M j , M j 〉〉t = E |M(t)|2U < ∞,

the L1(�,F, P; L (H S)(U, U ))-convergence of the series follows. Thus

〈〈〈〈M, M〉〉〉〉 = (〈〈〈〈M, M〉〉〉〉t , t ≥ 0
)

is a well-defined process taking values in the space of Hilbert–Schmidt operators
on U . It is symmetric and non-negative. Note that for 0 ≤ s ≤ t < ∞ the operator
〈〈〈〈M, M〉〉〉〉t − 〈〈〈〈M, M〉〉〉〉s is also non-negative. Consequently,∥∥〈〈〈〈M, M〉〉〉〉t − 〈〈〈〈M, M〉〉〉〉s

∥∥
L1(U ) = Tr

{〈〈〈〈M, M〉〉〉〉t − 〈〈〈〈M, M〉〉〉〉s
}

=
∑

j

{〈〈M j , M j 〉〉t − 〈〈M j , M j 〉〉s
}

and

E
∥∥〈〈〈〈M, M〉〉〉〉t − 〈〈〈〈M, M〉〉〉〉s

∥∥
L1(U ) = E

(|M(t)|2U − |M(s)|2U
)

< ∞.

This shows that 〈〈〈〈M, M〉〉〉〉 is an L+
1 (U )-valued predictable increasing process. To

show that it is also right-continuous and can be represented in the form (8.2) we
will apply Lemma 8.1. Namely, it follows from the lemma that for any pair k, j
there exists a predictable process

(
qk, j (t), t ≥ 0

)
such that

〈〈Mk, M j 〉〉t =
∫ t

0
qk, j (s) d〈〈M, M〉〉s =

∫ t

0
qk, j (s) d

∑
l

〈〈Ml , Ml〉〉s .

Thus

〈〈〈〈M, M〉〉〉〉t =
∫ t

0
Qs d〈〈M, M〉〉s,

where

Qs =
∑
k, j

ek ⊗ e j qk,l(s), s ≥ 0,

is a predictable process with values in L+
1 (U ). �
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Definition 8.3 We call the L+
1 (U )-valued process Q satisfying (8.1) the martin-

gale covariance of M .

The main ingredient in the construction of the stochastic integral with respect
to a square integrable U -valued martingale is the following result.

Proposition 8.4 Let M ∈ M2(U ). Then, for any vectors x, y ∈ U and any 0 ≤
s ≤ t ≤ u ≤ v < ∞,

E
(〈M(t) − M(s), x〉U 〈M(t) − M(s), y〉U

∣∣Fs
)

= E

(∫ t

s
〈Qr x, y〉U d〈〈M, M〉〉r

∣∣Fs

)

and

E
(〈M(t) − M(s), x〉U 〈M(u) − M(v), y〉U

∣∣Fu
) = 0.

Proof The first formula is obtained as follows:

E
(〈M(t) − M(s), x〉U 〈M(t) − M(s), y〉U

∣∣Fs
)

= E
(〈M(t), x〉U 〈M(t), y〉U

∣∣Fs
)− 〈M(s), x〉U 〈M(s), y〉U

= E
(〈M(t) ⊗ M(t)x, y〉U

∣∣Fs
)− 〈M(s) ⊗ M(s)x, y〉U

= 〈
E
(
M(t) ⊗ M(t) − M(s) ⊗ M(s)

∣∣Fs
)
x, y

〉
U

= 〈
E
(〈〈〈〈M, M〉〉〉〉t − 〈〈〈〈M, M〉〉〉〉s

∣∣Fs
)
x, y

〉
U

= E

(∫ t

s
〈Qr x, y〉U d〈〈M, M〉〉r

∣∣Fs

)
.

The second formula follows from the martingale property. �

8.2 Construction of the stochastic integral

To deal with stochastic equations one needs the concept of the stochastic integral,
I M
t (�) := ∫ t

0 �(s) dM(s), where M ∈ M2(U ) and �(s, ω) are operators from U
to another Hilbert space H . As for real-valued martingales, first we define the
stochastic integral for simple processes �. Then, in the next section, we extend the
class of integrands using the isometric formula (8.3) below. The isometric formula
in the general case appeared for the first time in Métivier and Pistone (1975). We
will denote by Q the martingale covariance of M introduced in Definition 8.3.

Definition 8.5 Let L(U, H ) be the Banach space of continuous linear operators
from U into H . An L(U, H )-valued stochastic process � is said to be simple if there
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exist a sequence of non-negative numbers t0 = 0 < t1 < · · · < tm , a sequence of
operators � j ∈ L(U, H ), j = 1, . . . , m, and a sequence of events A j ∈ Ft j , j =
0, . . . , m − 1, such that

�(s) =
m−1∑
j=0

χA j χ(t j ,t j+1](s)� j , s ≥ 0.

We shall denote by S := S(U, H ) the class of all simple processes with values
in L(U, H ). For a simple process �, we set

I M
t (�) :=

m−1∑
j=0

χA j � j
(
M(t j+1 ∧ t) − M(t j ∧ t)

)
, t ≥ 0.

Let L (H S)(U, H ) be the space of all Hilbert–Schmidt operators from U into H
equipped with the Hilbert–Schmidt norm ‖ · ‖L (H S)(U,H ). We prove the isometric
formula first for simple processes.

Proposition 8.6 For any simple process �,

E
∣∣I M

t (�)
∣∣2

H = E

∫ t

0

∥∥�(s)Q1/2
s

∥∥2
L (H S)(U,H ) d〈〈M, M〉〉s, t ≥ 0. (8.3)

Proof By Definition 8.5,

E
∣∣I M

t (�)
∣∣2

H
= E

∣∣∣∣∣
m−1∑
j=0

χA j � j
(
M(t j+1 ∧ t) − M(t j ∧ t)

)∣∣∣∣∣
2

H

= E

m−1∑
k, j=0

χAk χA j Kk, j ,

where

Kk, j :=
〈
�k
(
M(tk+1 ∧ t) − M(tk ∧ t)

)
, � j

(
M(t j+1 ∧ t) − M(t j ∧ t)

)〉
H
.

By Proposition 8.4, if k > j then

E
(〈M(tk+1 ∧ t) − M(tk ∧ t), x〉U 〈M(t j+1 ∧ t) − M(t j ∧ t), y〉U

∣∣Ftk

)
= 0, (8.4)

and if k = j we have

E
(〈M(tk+1 ∧ t) − M(tk ∧ t), x〉U 〈M(t j+1 ∧ t) − M(t j ∧ t), y〉U

∣∣Ftk

)
= E

(∫ t j+1

t j

〈Qs x, y〉U d〈〈M, M〉〉s

∣∣∣Ft j

)
. (8.5)
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Let {el} be an orthonormal basis of H and k ≤ j . We have

Ik jl := E
(〈
�k(M(tk+1 ∧ t) − M(tk ∧ t)), el

〉
H

× 〈� j (M(t j+1 ∧ t) − M(t j ∧ t)), el
〉
H

∣∣Ftk

)
= E

(〈
(M(tk+1 ∧ t) − M(tk ∧ t)), �∗

k el
〉
U

× 〈(M(tl+1 ∧ t) − M(t j ∧ t)), �∗
j el
〉
U

∣∣Ftk

)
.

By (8.4) and (8.5), E Ik jlχAk χAl = 0 if k > j and

E I j jlχA j = E χA j

∫ t j+1

t j

〈
Qs�

∗
j el , �

∗
j el
〉
U d〈〈M, M〉〉s .

But (see Appendix A),∑
l

〈
Qs�

∗
j el , �

∗
j el
〉
U =

∑
l

∣∣Q1/2
s �∗

j el

∣∣2
U = ∥∥Q1/2

s �∗
j

∥∥2
L (H S)(H,U ).

Since
∥∥Q1/2

s �∗
j

∥∥2
L (H S)(H,U ) = ∥∥� j Q1/2

s

∥∥2
L (H S)(U,H ), the required identity follows by

elementary reasoning. �

Let T < ∞. Equip the class of all simple processes S = S(U, H ) with the
seminorm

‖�‖2
M,T := E

∫ T

0

∥∥�(s)Q1/2
s

∥∥2
L (H S)(U,H ) d〈〈M, M〉〉s . (8.6)

We may identify � with � if ‖� − �‖M,T = 0. LetL2
M,T (H ) be the completion of

(S, ‖ · ‖M,T ). In the next section we give an explicit construction of L2
M,T (H ). The

norm on L2
M,T (H ) will be denoted by ‖ · ‖M,T . Let L2

M,T,U (H ) be the class of all
L(U, H )-valued processes belonging to L2

M,T (H ). Note that for � ∈ L2
M,T,U (H )

the L2
M,T (H )-norm is given by (8.6).

Theorem 8.7

(i) For any t ∈ [0, T ], there is a unique extension of I M
t to a continuous linear

operator, denoted also by I M
t , from (L2

M,T (H ), ‖ · ‖M,T ) into

L2(�,F, P; H ). Moreover, for any � ∈ L2
M,T (H ), E

∣∣I M
T (�)

∣∣2
H = ‖�‖2

M,T .
(ii) For all � ∈ L2

M,T (H ) and 0 ≤ s ≤ t ≤ T , we have χ(s,t]� ∈ L2
M,T (H )

and

E
∣∣I M

t (�) − I M
s (�)

∣∣2
H

= ‖χ(s,t]�‖2
M,T ≤ ‖�‖2

M,T .

(iii) For any � ∈ L2
M,T (H ),

(
I M
t (�), t ∈ [0, T ]

)
is an H-valued martingale. It

is square integrable and mean-square continuous, and I M
0 (�) = 0.
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(iv) For any �, � ∈ L2
M,T,U (H ) and any t ∈ [0, T ],

〈
I M (�), I M (�)

〉
t
=
∫ t

0

〈
�(s)Q1/2

s , �(s)Q1/2
s

〉
L (H S)(U,H ) d〈〈M, M〉〉s .

and 〈〈
I M (�), I M (�)

〉〉
t =

∫ t

0
�(s)Qs�(s)∗ d〈〈M, M〉〉s .

(v) Let A be a bounded linear operator from H into a Hilbert space V . Then,
for every � ∈ L2

M,T (H ), A� ∈ L2
M,T (V ) and AI M (�) = I M (A�).

Proof The first two assertions follow from the linearity of I M
t onS and from (8.3)

in Proposition 8.6 for � ∈ S. Clearly, I M (�) is square integrable and I M
0 (�) = 0.

In order to prove mean-square continuity, we need to show that

lim
s→t

‖χ(s,t]�‖M,T = 0. (8.7)

To do this, consider the family of linear operators U (s) : � �→ χ(s,t]� from
L2

M,T (H ) into L2
M,T (H ). We have

sup
s

‖U (s)‖L(L2
M,T (H ),L2

M,T (H )) ≤ 1.

Thus, since (8.7) holds on a dense subspace, say S, it holds on the whole space by
a Banach–Steinhaus argument.

It is enough to check the martingale property and the identities in (iv) for
simple �, �. By additivity it is sufficent to note, and we leave this to the reader,
that

E
(
χA�(M(t ∧ t2) − M(t ∧ t1))

∣∣Fs
) = χA�

(
(M(s ∧ t2) − M(s ∧ t1))

)
for all 0 ≤ s ≤ t ≤ T , 0 ≤ t1 ≤ t2 ≤ T , A ∈ Ft1 and � ∈ L(U, H ). The last asser-
tion of the theorem clearly holds for simple � and therefore for all � by standard
limiting arguments. �

8.3 Space of integrands

The aim of this section is to characterize the space L2
M,T (H ) of admissible in-

tegrands. We assume that M is a U -valued right-continuous square integrable
martingale with martingale covariance (Qs, s ≥ 0). We denote by P[0,T ] the σ -
field of predictable sets in � × [0, T ]. In the proof of the lemma below, we will use
the following classical selection theorem from Kuratowski and Ryll-Nardzewski
(1965); see also Dynkin and Yushkevich (1978) and Wagner (1977).
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Theorem 8.8 (Kuratowski–Ryll-Nardzewski) Assume that K is a compact
metric space. Let

(
�̃, F̃, P̃

)
be a probability space, and let ψ : K × �̃ �→ R be a

function such that, for every x ∈ K , ψ(x, ·) is measurable and, for every ω̃ ∈ �̃,
ψ(·, ω̃) is continuous. Then there exists a K -valued random variable ξ : �̃ �→ K
such that

ψ(ξ (ω̃), ω̃) = sup
x∈K

ψ(x, ω̃), ∀ ω̃ ∈ �̃.

We need the following lemma.

Lemma 8.9 There are predictable real-valued processes γn = γn(t, ω) and pre-
dictable U-valued processes gn = gn(t, ω), n ∈ N, such that

Qt (ω) =
∑

n

γn(ω, t)gn(ω, t) ⊗ gn(ω, t), t ≥ 0, ω ∈ �,

and 〈gn(ω, t), gm(ω, t)〉U = δn,m for t ≥ 0, ω ∈ � and n, m ∈ N.

Proof Given T < ∞, we apply the Kuratowski–Ryll-Nardzewski theorem to
�̃ = � × [0, T ], F̃ = P[0,T ] and P̃ = T −1

P ⊗ dt , to the set K := {x ∈ U : |x |U ≤
1} endowed with the weak topology and to the function

ψ(x, ω, t) = ψ(x, ω̃) = 〈Qt (ω)x, x〉U .

Then there is a U -valued process g1(ω, t), t ≥ 0, ω ∈ �, such that

〈Qt (ω)g1(ω, t), g1(ω, t)〉U = sup
|y|U ≤1

〈Qt (ω)y, y〉U = γ1(ω, t).

Using the random variables γ1, . . . , γn and g1, . . . , gn we repeat this procedure
for the operator-valued process

Qt (ω) −
n∑

j=1

γ j (ω, t)g j (ω, t) ⊗ g j (ω, t).

�

Let H be a Hilbert space with an orthonormal basis {en}, and let T̃ (ω, t) be the
unique continuous linear operator from Q1/2

t (ω)U into H satisfying

T̃ (ω, t)
√

γn(ω, t) gn(ω, t) = en, n ∈ N.

On each space ([0, T ] × �,P[0,T ]), T ≥ 0, we introduce a σ -finite measure1

μM (dω, dt) = d〈〈M, M〉〉t (ω)P(dω).

1 Called the Doléans measure of |M |2U ; see Métivier (1982).



116 Stochastic integration

In this book we are concerned mostly with martingales that are Lévy processes.
In this case 〈〈M, M〉〉t = ct , and hence μM (dt, dω) = c dt P(dω).

Theorem 8.10 For � ∈ L2(� × [0, T ],P[0,T ], μM ; L (H S)(H, H )), it follows
that

L2
M,T (H ) = {

� ◦ T̃ : � ∈ L2(� × [0, T ],P[0,T ], μM ; L (H S)(H, H ))
}

(8.8)

and

∥∥� ◦ T̃
∥∥2

M,T
=
∫

�

∫ T

0
‖�(ω, t)‖2

L (H S)(H,H )μM (dω, dt). (8.9)

Proof Let us denote by X the space defined by the right-hand side of (8.8). To
show that S ⊂ X , take 0 ≤ s < t ≤ T , � ∈ L(U, H ) and A ∈ Fs . We have to find
a � ∈ L2(� × [0, T ],P[0,T ], μM ; L (H S)(H, H )) such that

‖χAχ(s,t]� − � ◦ T̃ ‖M,T = 0.

By the definition of ‖ · ‖M,T ,

‖χAχ(s,t]� − � ◦ T̃ ‖2
M,T

= E

∫ T

0

∥∥χAχ(s,t]� ◦ Q1/2
r − �(r ) ◦ T̃ (r ) ◦ Q1/2

r

∥∥2

L (H S)(U,H ) d〈〈M, M〉〉r .

Note that � as defined by �(ω, r ) = 0 for (ω, r ) �∈ A × (s, t] and

�(ω, r )en =
√

γn(ω, r )�gn(ω, r ) for (ω, r ) ∈ A × (s, t]

has the desired properties. The fact that S is dense in X follows from Lemma 8.13
below. It will play an essential role in the proof of the stochastic Fubini theorem;
see Section 8.5.

We now prove (8.9). It suffices to note that

‖�‖L (H S)(H,H ) = ∥∥� ◦ T̃ (ω, t) ◦ Q1/2
t (ω)

∥∥
L (H S)(U,H )

for � ∈ L(H, H ) and (ω, t) ∈ � × [0, T ]. Since {gn(ω, t)} is an orthonormal basis
of U consisting of eigenvectors of Q1/2

t (ω),∥∥� ◦ T (ω, t) ◦ Q1/2
t (ω)

∥∥2
L (H S)(U,H ) =

∑
n

∣∣� ◦ T (ω, t) ◦ Q1/2
t (ω)gn(ω, t)

∣∣2
H

=
∑

n

∣∣� ◦ T (ω, t)
√

γn(ω, t)gn(ω, t)
∣∣2

H

=
∑

n

|�en|2H = ‖�‖2
L (H S)(H,H ).

�
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8.4 Local properties of stochastic integrals

Recall (see subsection 3.7.3) that �[0,T ] denotes the class of all Markov stopping
times τ such that P (τ ≤ T ) = 1. The following result plays an important role in
the investigation of local properties of stochastic integrals.

Proposition 8.11 Assume that μM (dω, dt) = d〈〈M, M〉〉t (ω)P(dω) is absolutely
continuous with respect to dt P(dω). Let X ∈ L2

M,T (H ) and A ∈ FT be such that
X = 0 on [0, T ] × A. Then∫ t

0
X (s) dM(s)(ω) = 0, ∀ t ∈ [0, T ], P-a.s. on A.

Proof By Theorem 8.7(v),
〈
u, I M

t (X )
〉
H = I M

t (〈X, u〉H ) for every u ∈ H . We
may therefore assume that H = R. Since the process X can be approximated by
a sequence of bounded processes (X ∧ m) ∨ (−m), m = 0, 1, . . . , vanishing on
[0, T ] × A we may assume that X is bounded. Now, any bounded process can be
approximated in L2

M,T by processes with continuous trajectories,

Xn(t) := n
∫ t

(t−1/n)∨0
X (s) ds, t ∈ [0, T ].

Here we make use of the absolute continuity of μM with respect to dt P(dω). Since
Xn also vanishes on [0, T ] × A, we have reduced the proof to the case of bounded
and continuous X . Note that

Yn := X (0)χ0 +
n∑

k=0

X (T k/n)χ(T (k−1)/n,T K/n], n ∈ N,

is an approximation sequence of simple processes vanishing on [0, T ] × A. Since
for each Yn ∫ t

0
Yn(s) dM(s)(ω) = 0, ∀ (t, ω) ∈ [0, T ] × A,

the desired conclusion follows. �

Proposition 8.12 Assume that M(t) = 0 on [0, T ] × A for some A ∈ FT . Then,
for every X ∈ L2

M,T (H ),∫ t

0
X (s) dM(s)(ω) = 0, ∀ t ∈ [0, T ], P-a.s. on A.

Proof The result follows immediately for simple X . It therefore follows for all
X ∈ L2

M,T (H ) by approximation. �
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8.5 Stochastic Fubini theorem

In this section, M is an U -valued square integrable martingale with respect to a
filtration (Ft ) and λ is a finite positive measure on a measurable space (E, E).
Recall that μM (dω, dt) = d〈〈M, M〉〉t (ω)P(dω) and (see Theorem 8.10) that

∥∥� ◦ T̃
∥∥2

M,T =
∫

�

∫ T

0
‖�(ω, t)‖2

L (H S)(H,H )μM (dω, dt)

for � ∈ L2
(
� × [0, T ],P[0,T ], μM ; L (H S)(H, H )

)
.

Lemma 8.13 Assume that

� ∈ L1
(
E, E, λ; L2

(
� × [0, T ],P[0,T ], μM ; L (H S)(H, H )

))
.

Then there is a sequence of mappings �n : � × [0, T ] × E �→ L (H S)(U, H ) of the
form

�n(ω, t, x) =
Jn∑

j=1

Kn∑
k=1

Ln∑
l=1

an
k,l Hjψk(x)χ(sn

k,l ,t
n
k,l ](t)χFn

k, j
(ω),

where the an
k,l are constants, the Hj are Hilbert–Schmidt operators from U into

H, the ψk are bounded real-valued E-measurable functions and the (sn
k,l , tn

k,l] are
subintervals of [0, T ] and Fn

k,l ∈ Fsn
k,l

, such that

lim
n→∞

∫
E

∥∥�(·, ·, x) ◦ T̃ (·, ·) − �n(·, ·, x)
∥∥

M,T λ(dx) = 0.

Proof Observe that

‖�(·, ·, x)‖2
M,T =

∑
m

∫
�

∫ T

0
γm(ω, t)|�(ω, t, x)em |2HμM (dω, dt).

Therefore, since ∑
m

γm(ω, t) = ‖Qt (ω)‖L1(U ) < ∞,

we may assume that there exist m0 ∈ N and M < ∞ such that �(ω, t, x)em = 0
for all m ≥ m0 and ω, t, x and

m0−1∑
j=1

|�(ω, t, x)e j |2H ≤ M, ∀ ω, t, x .

Then �(ω, t, x) ◦ T̃ (ω, t) ∈ L (H S)(U, H ) and∥∥�(ω, t, x) ◦ T̃ (ω, t)
∥∥2

L (H S)(U,H ) ≤ M.
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In particular,

� ◦ T̃ ∈ V := L2(� × [0, T ] × E, P[0,T ] × E, μM ⊗ λ; L (H S)(U, H )
)
.

Denote the norm onV by ||| · |||. Let {Hj } be an orthonormal basis of L (H S)(U, H ),
let { fk} be an orthonormal basis of L2(� × [0, T ],P[0,T ], μM ) and let {ψl} be an
orthonormal basis of L2(E, E, λ). Clearly {Hj fk ⊗ ψl} is an orthonormal basis of
V . Then

lim
n→∞ |||�1

n − � ◦ T̃ ||| = 0,

where

�1
n (ω, t, x) =

n∑
j,l=1

b j,k,l Hj fk(ω, t)ψl (x)

and the b j,k,l are the coefficients of � ◦ T̃ in the basis {Hj fk ⊗ ψl}. Therefore
the proof of the lemma is complete as soon as we can show that each fk can be
approximated by a sequence of simple real-valued processes. To do this, denote
by G the class of all sets of the form

� =
l⋃

m=1

(sm, tm] × Fm, Fm ∈ Fsm .

Since the linear combinations of the characteristic functions of sets from P[0,T ] are
dense in L2(� × [0, T ],P[0,T ], μM ), we need to show only that for all A ∈ P[0,T ]

and ε > 0 there is a � ∈ G such that

μM
(
(A \ �) ∪ (� \ A)

) ≤ ε.

Let P̃[0,T ] be the class of all A ∈ P[0,T ] that can be approximated in the above sense
by elements from G. Then G ⊂ P̃[0,T ] ⊂ P[0,T ] = σ (G). Hence it is sufficent to
observe that P̃[0,T ] is a σ -field. This follows from the Dynkin π–λ theorem (see
Theorem 3.2), because G is a π -system and P̃[0,T ] is a λ-system. �

We can now formulate the main result of the present section.

Theorem 8.14 (Stochastic Fubini) Assume that

� ∈ L1
(
E, E, λ; L2

(
� × [0, T ],P[0,T ], μM ; L (H S)(H, H )

))
.

Then, P-a.s.,∫
E

(∫ T

0
�(t, x) ◦ T̃ (t) dM(t)

)
λ(dx) =

∫ T

0

(∫
E

�(t, x) ◦ T̃ (t)λ(dx)

)
dM(t).
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Proof We recall arguments from Da Prato and Zabczyk (1992a). From Theo-
rem 8.10 it follows that for λ-almost all x ∈ E , the predictable process �(·, ·, x) ◦
T̃ (·, ·) is integrable with respect to M . We have to show that there is an FT × E-
measurable version of the integral

I (ω, x) :=
∫ T

0
�(ω, t, x) ◦ T̃ (t) dM(ω, t),

that for P-almost all ω ∈ �, the integral is Bochner integrable with respect to λ

and that ∫
E

I (ω, x)λ(dx) =
∫ T

0
J (t, ω) dM(ω, t), P-a.s.,

where J is a predictable version of the Bochner integral

J (ω, t) :=
∫

E
�(ω, t, x) ◦ T̃ (t)λ(dx).

Let (�n) be the approximating sequence constructed in Lemma 8.13. The theorem
clearly holds for each �n . By standard use of Chebyshev’s inequality and the
Borel–Cantelli lemma, it follows from Lemma 8.13 that there is a set E0 ∈ E
such that λ(E \ E0) = 0 and a subsequence (�nm ) such that, for all x ∈ E0 and
m ≥ m(x), ∥∥�(·, ·, x) ◦ T̃ (·, ·) − �nm (·, ·, x)

∥∥
M,T ≤ 2−m .

Consequently, if

I (ω, x) := lim
m→∞

∫ T

0
�nm (ω, t, x) dM(ω, t)

on the set where the limit exists and I (ω, x) = 0 otherwise then, for any x ∈ E0,
I is an FT × E-measurable modification of∫ T

0
�(ω, t, x) ◦ T̃ (ω, t) dM(ω, t).

Note that

E

∣∣∣∣
∫

E

∫ T

0
�(t, x) ◦ T̃ (t) dM(t) λ(dx) −

∫
E

∫ T

0
�nm (t, x) dM(t) λ(dx)

∣∣∣∣
H

≤
∫

E
E

∣∣∣∣
∫ T

0

(
�(t, x) ◦ T̃ (t) − �nm (t, x)

)
dM(t)

∣∣∣∣
H

λ(dx)

≤
∫

E

∥∥�(·, ·, x) ◦ T̃ (·, ·) − �nm (·, ·, x)
∥∥

M,T λ(dx) → 0.
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Moreover,

E

∣∣∣∣
∫ T

0

∫
E

�(t, x) ◦ T̃ (t)λ(dx) dM(t) −
∫ T

0

∫
E

�nm (t, x) dM(t) λ(dx)

∣∣∣∣
H

≤ E

∣∣∣∣
∫ T

0

∫
E

(
�(t, x) ◦ T̃ (t) − �nm (t, x)

)
λ(dx) dM(t)

∣∣∣∣
H

≤
∥∥∥∥
∫

E

(
�(·, ·, x) ◦ T̃ (·, ·) − �nm (·, ·, x)

)
λ(dx)

∥∥∥∥
M,T

≤
∫

E
‖�(·, ·, x) ◦ T̃ (·, ·) − �nm (·, ·, x)‖M,T λ(dx),

and the result follows. �

8.6 Stochastic integral with respect to a Lévy process

This section is concerned with stochastic integration with respect to a Lévy process.
First we consider the L2-theory of stochastic integration with respect to square
integrable Lévy martingales, and then stochastic integration in L p-spaces. In the
latter case we first consider the stochastic integral with respect to a Wiener process.
The target space, where the stochastic integral takes values, will be a space of
the type L p(E, E, λ) with p ≥ 2. For establishing the space–time regularity of
a solution to an SPDE driven by a Wiener process, the case of large p will be
of special interest. Finally, we consider the case of integration with respect to a
Poisson random measure, which can be treated as a Lévy process taking values
in a properly chosen Hilbert space. This is an impulsive analogue of space–time
Gaussian white noise. The fact that its quadratic variation process is a purely
atomic measure enables us to develop the theory of integration with a target space
of the type L p(E, E, λ), p < 2. The fact that p is small will be an obstacle to
investigating the space regularity of a solution to the equation driven by a Poisson
random measure, but it will be very useful for establishing the existence of solutions
to SPDEs considered on a domain O ⊆ R

d with d > 1.

8.6.1 Square integrable integrators

It is convenient to introduce a special class of martingales satisfying the following
condition:

∃ Q ∈ L+
1 (U ) : ∀ t ≥ s ≥ 0, 〈〈〈〈M, M〉〉〉〉t − 〈〈〈〈M, M〉〉〉〉s ≤ (t − s)Q. (8.10)
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By Theorem 8.2, (8.10) may be stated equivalently as follows: (〈〈〈〈M, M〉〉〉〉s, s ≥ 0)
is absolutely continuous and

Qs = d

ds
〈〈〈〈M, M〉〉〉〉s ≤ Q, ∀ s ≥ 0, P-a.s. (8.11)

The following lemma gives a motivation for the assumption in (8.11).

Lemma 8.15 Assume that Q and R are non-negative operators on a Hilbert
space V and that R ≤ Q. If � is a linear operator from V into a Hilbert space H
then

∥∥�R1/2
∥∥

L (H S)(V,H ) ≤ ∥∥�Q1/2
∥∥

L (H S)(V,H ).

Proof Let {ek} and { fl} be orthonormal bases of V and H , respectively. Then∥∥�R1/2
∥∥2

L (H S)(V,H ) ≤
∑

k

∣∣�R1/2ek

∣∣2
H

=
∑

l

∣∣R1/2�∗ fl

∣∣2
V

=
∑

l

〈
R1/2�∗ fl , R1/2�∗ fl

〉
V

∑
l

〈R�∗ fl , �
∗ fl〉V

=
∑

l

〈Q�∗ fl , �
∗ fl〉V = ∥∥�Q1/2

∥∥2
L (H S)(V,H ).

�

Let Q−1/2 be the pseudo-inverse operator given by (7.1) and let us equip H :=
Q1/2(U ) with the scalar product 〈ψ, ϕ〉H = 〈(

Q−1/2
)
ψ,
(
Q−1/2

)
ϕ
〉
U

. Let

L2
H,T := L2

(
� × [0, T ],P[0,T ], P dt ; L (H S)(H, H )

)
.

A straightforward application of Theorems 8.7 and 8.10 yields:

Proposition 8.16 Assume (8.10). Then L2
M,T ⊇ L2

H,T (H ) and, for every
X ∈ L2

H,T (H ),

E

∣∣∣∣
∫ t

0
X (s) dM(s)

∣∣∣∣
2

H

≤ E

∫ t

0
‖X (s)‖2

L (H S)(H,H ) ds.

In the most important case, where M is a Lévy process, (Qt , t ≥ 0) does not
depend on t and ω, and 〈〈M, M〉〉t = c t . In fact, by Theorem 4.47 and Remark 7.3,
〈〈M, M〉〉t = t Tr Q and 〈〈〈〈M, M〉〉〉〉t = t Q for t ≥ 0, yielding Qt = Q/Tr Q, where
Q is the covariance operator of M . It follows that H as defined above is the
reproducing kernel Hilbert space of M . Note that T̃ (ω, t) = I , with I the identity
operator. Thus we have the following consequence of Theorems 8.7 and 8.10.

Corollary 8.17 If Q is constant then

L2
M,T (H ) = L2

H,T (H ) = L2
(
� × [0, T ],P[0,T ], P dt ; L2

(H S)(H, H )
)
.
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Moreover, for � ∈ L2
M,T (H ), the stochastic integral is a square integrable mar-

tingale with

E
∣∣I M

T (�)
∣∣2

H
= E

∫ T

0
‖�(s)‖2

L (H S)(H,H ) ds,

〈〈
I M (�), I M (�)

〉〉
t
=
∫ t

0
�(s)�(s)∗ ds, t ∈ [0, T ],

〈
I M (�), I M (�)

〉
t =

∫ t

0
‖�(s)‖2

L (H S)(H,H ) ds, t ∈ [0, T ].

8.6.2 General integrators

Recall (see Theorem 4.23) that an arbitrary Lévy process L taking values in a
Hilbert space U can be written in the form

L(t) = mt + M(t) + P(t), t ≥ 0, (8.12)

where m ∈ U , M is a square integrable martingale (and also a Lévy process) in
U and P is a compound (not necessarily square integrable) Poisson process with
Lévy measure μP .

We assume that M and P are defined on a filtered probability space (�,F, (Ft ),
P), M is a martingale with respect to the filtration (Ft ), P is (Ft )-adapted and for all
t, h ≥ 0 the increment P(t + h) − P(t) is independent of Ft . Finally, we assume
that μM (dω, dt) = d〈〈M, M〉〉t (ω)P(dω) is absolutely continuous with respect to
dt P(dω).

We consider a finite time interval [0, T ]. The aim of this subsection is to define
the stochastic integral

I (t) :=
∫ t

0
�(s) ds +

∫ t

0
�1(s) dM(s) +

∫ t

0
�2(s) dP(s), t ∈ [0, T ],

(8.13)

where �, �1, �2 are operator-valued processes. Clearly, this will cover, in par-
ticular, the definition of the stochastic integral

∫ t
0 �(s) dL(s) with respect to the

Lévy process given by (8.12).
Recall that P(t) = ∑�(t)

j=1 Z j , where the Z j are independent random variables
in V with distribution

P
(
Z j ∈ �

) = μP (�)

μP (V )
, j ∈ N,

and � is a Poisson process with intensity μP (V ).
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Assume that an increasing sequence (Vm) of bounded measurable subsets of V
is given. For any m > 0, we write

τm := inf {t ≥ 0: P(t) − P(t−) �∈ Vm} = inf{ j ∈ N : Z j �∈ Vm}. (8.14)

We assume that the sequence (τm) increases to ∞.

Lemma 8.18 If V = ⋃
Vm then the above hypothesis holds true.

Proof The sequence (τm) is clearly non-decreasing. It follows that

P (τm > n) ≥ P (Z1 ∈ Vm, Z2 ∈ Vm, . . . , Zn ∈ Vm)

≥ (P(Z1 ∈ Vm))n → 1 as m ↑ ∞.

�

Define Zm
j by Zm

j := Z jχVm (Z j ). Define Pm(t) := ∑�(t)
j=1 Zm

j , t ≥ 0. Then

P(t) = Pm(t) on the set {t ≤ τm}. (8.15)

Each Pm is clearly a compound Poisson process in V with Lévy measure μm(�) =
μP (� ∩ Vm). Moreover, each Pm is square integrable, since it takes values in a
bounded set Vm . Let

um :=
∫

V
zμm(dz) =

∫
Vm

zμP (dz). (8.16)

Then the processes (Mm(t) := Pm(t) − tum, t ≥ 0), m ∈ N, are square integrable
mean-zero Lévy processes with covariances

Qm =
∫

Um

z ⊗ zμP (dz), m ∈ N. (8.17)

That is,

〈Qmu, v〉V =
∫

Um

〈z, u〉V 〈z, u〉V μP (dz), u, v ∈ V .

LetHm = Q1/2
m (V ). Note that (Hm) is an increasing sequence. Recall thatL2

M,T (H )

denotes the space of all processes � such that the stochastic integral
∫ t

0 �(s) dM(s),
t ∈ [0, T ], is square integrable in H .

We will define the stochastic integral (8.13) for integrands �, �1 and �2 satis-
fying the following conditions.

(H1) � : � × [0, T ] �→ H is measurable and

P

(∫ T

0
χ[0,τm ](t)|�(t)|H dt < ∞

)
= 1, ∀ m ∈ N.

(H2) For each m ∈ N, �1χ[0,τm ] ∈ L2
M,T (H ).
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(H3) For each m ∈ N,

χ[0,τm ]�2 ∈ L2
(
� × [0, T ],PT , P dt ; L (H S)(Hm, H )

)
,

(ω, t) �→ χ[0,τm (ω)](t)�2(t)um is measurable

and

P

(∫ T

0
χ[0,τm ](t)|�2(t)um |H dt < ∞

)
= 1.

Note that (H1)–(H3) imply that, for each m,

Im(t) : =
∫ t

0
χ[0,τm ](s) (�(s) + �2(s)um) ds

+
∫ t

0
χ[0,τm ](s)�1(s) dM(s)

+
∫ t

0
χ[0,τm ](s)�2(s) dMm(s), t ∈ [0, T ],

is a well-defined process having a càdlàg modification. As usual, we take the càdlàg
version of Im . The following result is a simple consequence of Propositions 8.11
and 8.12.

Lemma 8.19 Let Im, m ∈ N be defined as above. Then, for every t ∈ [0, T ] and
all m, n ∈ N with n ≥ m, (Im(t) − In(t)) χ[0,τm ](t) = 0, P-a.s.

By definition, the stochastic integral (8.13) is a uniquely determined càdlàg pro-
cess satisfying I (ω, t) = Im(ω, t) for ω ∈ � and t ∈ [0, τm(ω) ∧ T ]. By
Lemma 8.19, the process I is well defined.

8.7 Integration with respect to a Poisson random measure

As in Section 7.3, consider a measurable space (E, E) and a Poisson random mea-
sure on [0, ∞) × E with intensity measure dt μ(dξ ). By Theorem 7.28, the com-
pensated measure π̂ (see Definition 6.2) can be treated as a square integrable Lévy
martingale in any Hilbert space U containing H := L2(E, E, μ) with a Hilbert–
Schmidt embedding. Moreover, H is the RKHS of π̂ .

In this section we are concerned with the so-called L p, p ∈ [1, 2], theory of
integration with respect to π̂ . Starting with simple fields, we define the stochastic
integrals with respect to π and π̂ of random fields X = X (t, ξ ) on [0, ∞) × E . At
the end of the section, we will relate these concepts to the stochastic integral with
respect to Hilbert-space martingales.
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It is worth noting that in the application to SPDEs (see Chapter 12) we will be
concerned with the convolution-type integral∫ t

0

∫
O

∫
S

G(t − s, x, y)g(Y (s, y), σ )π̂(ds, dy, dσ ).

An extension to such types of integrand is provided in subsection 8.8.1.
First we define the integral of a simple field. To this end, let us denote by Efin

the set of all A ∈ E such that μ(A) < ∞. A field X is said to be simple if

X =
k∑

j=0

X jχ(t j ,t j+1]χA j , (8.18)

where 0 = t0 < · · · < tk < tk+1 < ∞, A1, . . . , Ak ∈ Efin and the X j are bounded
and Ft j -measurable. We denote by L0 the set of all simple fields on [0, ∞) × E .

For a simple field X , we set∫ t

0

∫
E

X (s, ξ )π (ds, dξ ) :=
k∑

j=0

X jπ
(
(t j ∧ t, t j+1 ∧ t] × A j

)
.

We will often write I π
t (X ) instead of

∫ t
0

∫
E X (s, ξ )π (ds, dξ ). Note that

E I π
t (X ) = E

k∑
j=0

X jπ
(
(t j ∧ t, t j+1 ∧ t] × A j

)

=
k∑

j=0

E X j E π
(
(t j ∧ t, t j+1 ∧ t] × A j

)

=
k∑

j=0

E X j (t j+1 ∧ t − t j ∧ t)μ(A j )

= E

∫ t

0

∫
E

X (s, ξ ) ds μ(dξ ).

This yields the following result.

Lemma 8.20 If X is a simple field then

E
∣∣I π

t (X )
∣∣ ≤ E I π

t (|X |) =
∫ t

0

∫
E

E |X (s, ξ )| ds μ(dξ ).

Let X be given by (8.18). Then, by definition,

I π̂
t (X ) :=

k∑
j=0

X j
(
π
(
(t j ∧ t, t j+1 ∧ t] × A j

)− (t j+1 ∧ t − t j ∧ t)μ(A j )
)
.

We will often write I π̂
t (X ) = ∫ t

0

∫
E X (s, ξ )π̂ (ds, dξ ).
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Lemma 8.21 For a simple field X, the integral I π̂
t (X ), t ≥ 0, is a martingale

having all moments finite and quadratic variation[
I π̂ (X ), I π̂ (X )

]
t
= I π

t (X2), t ≥ 0.

Proof Let X be given by (8.18). We have to show that, for all t > r , E
(
I π̂
t (X )|Fr

)
= I π̂

r (X ). Clearly it is sufficent to show this for r = ti , i ≤ k, and t = tk+1. We
have

E
(
I π̂
tk+1

(X )
∣∣Fti

)− I π̂
ti (X )

=
k∑

j=i

E
(
X j
(
π
(
(t j , t j+1] × A j

)− (t j+1 − t j )μ(A j )
) ∣∣Fti

)

=
k∑

j=i

E
(
R j |Fti

)
,

where

R j := X j
(
π
(
(t j , t j+1] × A j

)− (t j+1 − t j )μ(A j )
)
.

Thus, it is sufficent to show that E
(
R j |Fti

) = 0 for i ≤ j . We have

E
(
R j |Fti

) = E
(
E
(
R j |Ft j

) ∣∣Fti

)
= E

(
X j E

(
π
(
(t j , t j+1] × A j

)− (t j+1 − t j )μ(A j )
∣∣Ft j

)∣∣Fti

)
.

Since π ((t j , t j+1] × A j ) is independent of Ft j , i ≤ j ,

E
(
π
(
(t j , t j+1] × A j

)− (t j+1 − t j )μ(A j )
∣∣Ft j

)
= E

(
π
(
(t j , t j+1] × A j

)− (t j+1 − t j )μ(A j )
) = 0,

which gives the desired conclusion. The integrability of the integral follows easily,
as the X j are bounded random variables and all moments of π ((t j , t j+1] × A j ) are
finite.

To prove the formula for the quadratic variation [I π̂ (X ), I π̂ (X )], we may assume
that X is of the form X = X1χ(t1,t2]χA, where X1 is Ft1 -measurable. We have

I π̂
t (X ) = X1

(
π
(
(t1 ∧ t, t2 ∧ t] × A

)− (t2 ∧ t − t1 ∧ t)μ(A)
)
.

Let us take a partition {tn
j } of [0, ∞) satisfying sup j

(
tn

j+1 − tn
j

) → 0 as n ↑ ∞
and tn

j ↑ ∞. Let us fix t and write

�n
j := π

((
t1 ∧ t ∧ tn

j+1, t2 ∧ t ∧ tn
j+1

]× A
)− π

((
t1 ∧ t ∧ tn

j , t2 ∧ t ∧ tn
j

]× A
)
.

Note that (π ((0, t] × A), t ≥ 0) is a Poisson process. It is therefore piecewise
constant with jumps of size 1. Thus, for every ω ∈ � and n sufficiently large,
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�n
j ∈ {0, 1}. Hence[

I π̂ (X ), I π̂ (X )
]

t = lim
n→∞

∑
j

X2
1

(
�n

j

)2 = X2
1 lim

n→∞

∑
j

�n
j

= X2
1 π
(
(t1 ∧ t, t2 ∧ t] × A

) = I π
t (X2).

�

The following lemma is taken from Saint Loubert Bié (1998).

Lemma 8.22 Let p ∈ [1, 2]. Then there exists a constant cp such that, for an
arbitrary simple field X and T < ∞,

E sup
t∈[0,T ]

∣∣I π̂
t (X )

∣∣p ≤ cp E

∫ T

0

∫
E

|X (t, ξ )|p dt μ(dξ ).

Proof By the Burkholder–Davies–Gundy inequality and Lemma 8.21,

E sup
t∈[0,T ]

∣∣I π̂
t (X )

∣∣p ≤ cp E
[
I π̂ (X ), I π̂ (X )

]p/2
T = cp E

(
I π

T

(
X2
))p/2

.

Let X be given by (8.18). Then

I π
T

(
X2
) =

k∑
j=1

X2
jπ
(
(t j ∧ T, t j+1 ∧ T ] × A j

)
.

Note that, since p/2 ≤ 1,(∑
j

x j m j

)p/2

≤
∑

j

(x j m j )
p/2 ≤

∑
j

(x j )
p/2m j

for all (x1, . . . , xk) ∈ [0, ∞)k and (m1, . . . , mk) ∈ Z
k
+. Thus since

π
(
(t j ∧ T, t j+1 ∧ T ] × A j

) ∈ Z+, j = 1, . . . , k,

we have
(
I π

T

(
X2
))p/2 ≤ I π

T (|X |p). By Lemma 8.20,

E I π
T

(|X |p
) =

∫ T

0

∫
S

E |X (t, ξ )|p dt μ(dξ ),

and the required inequality follows. �

We will generalize these results to the class of predictable fields. Given T < ∞,
we denote by P[0,T ] the σ -field of predictable sets in [0, T ] × �. Write

Lp
μ,T := L p

(
[0, T ] × � × E,P[0,T ] ⊗ E, dt Pμ

)
. (8.19)

We have proved that, for each p ∈ [1, 2] and each t > 0, the stochastic integral
I π̂
t : L0 �→ L p(�,Ft , P) is a bounded linear mapping if the class L0 of simple
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fields is equipped with the seminorm

‖X‖Lp
μ,t

=
(∫ t

0

∫
E

E |X (s, ξ )|p ds μ(dξ )

)1/p

.

The simple fields are dense in Lp
μ,T , yielding the following consequence of

Lemmas 8.20–8.22.

Theorem 8.23

(i) For p ∈ [1, 2] and t ∈ [0, T ] there is a unique extension of the stochastic
integral I π̂

t to a bounded linear operator, denoted also by I π̂
t , from Lp

μ,t into
L p(�,Ft , P).

(ii) There is a unique extension of the mapping
L0 � X �→ I π

t (X ) ∈ L1(�,Ft , P) to a bounded linear operator from L1
μ,t

into L1(�,Ft , P). The value of this operator at X is given by∫ t

0

∫
E

X (s, ξ )π (ds, dξ ),

denoted I π
t (X ).

(iii) For X ∈ L1
μ,T and 0 ≤ s ≤ t ≤ T ,

E
∣∣I π̂

t (X ) − I π̂
s (X )

∣∣ ≤ c1

∫ t

s

∫
E

E |X (r, ξ )| drμ(dξ )

and

E
∣∣I π

t (X ) − I π
s (X )

∣∣ ≤
∫ t

s

∫
E

E |X (r, ξ )| drμ(dξ ).

Hence the processes I π̂ (X ) and I π (X ) admit predictable modifications.
(iv) If X ∈ L2

μ,T then
(
I π̂
t (X ), t ∈ [0, T ]

)
is a square integrable martingale.

Moreover, for X, Y ∈ L2
μ,T and t ∈ [0, T ],

[
I π̂ (X ), I π̂ (Y )

]
t = I π

t (XY ).

As for the case of simple fields, we write
∫ t

0

∫
E X (s, ξ )π̂ (ds, dξ ) instead of

I π̂
t (X ). In the majority of cases,∫ t

0

∫
E

X (s, ξ )π (ds, dξ ) =
∫ t

0

∫
E

X (s, ξ )π̂ (ds, dξ ) +
∫ t

0

∫
E

X (s, ξ ) ds μ(dξ ).

8.7.1 Comparing two integrals

Assume that p = 2. We will show that the stochastic integral with respect to a
compensated Poisson measure, introduced above, can be regarded as a stochastic
integral with respect to a square integrable martingale, described in Section 8.2.
In fact, we will relate the integrand X ∈ L2

μ,T to X̃ ∈ L2
π̂ ,T in such a way that

I π̂
t (X ) = ∫ t

0 X̃ (s) dπ̂ (s).
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For this purpose we regard π̂(s, ·) as a U -valued random variable for a properly
chosen Hilbert space U . Namely, we assume that U is a Hilbert space such that
the embedding of the RKHS space H = L2(E, E, μ) ↪→ U is Hilbert–Schmidt.
Additionally we assume that H is dense in U . Then, under the identification of
H with its dual space, U ∗ ↪→ H = H∗ ↪→ U . By Proposition 7.9, we identify
π̂ (t) with the family

(〈ψ, π̂ (t)〉, ψ ∈ U ∗)
)
, where 〈·, ·〉 is the duality on U ∗ × U .

In Section 7.3 we started the construction by defining 〈ψ, π̂ (t)〉 as the stochastic
integral of the deterministic mapping. Thus, with the notation of Section 7.3,

〈ψ, π̂ (t)〉 = π̂ (t, ψ) =
∫ t

0

∫
E

ψ(ξ )π̂ (ds, dξ ), ψ ∈ H.

Since

I π̂
t (ψ) =

∫ t

0

∫
E

ψ(ξ )π̂ (ds, dξ )

and, under the identification of ψ with an (H∗ = H)-valued process, 〈ψ, π̂(t)〉 =∫ t
0 ψ dπ̂ (s), it follows that, for a deterministic time-independent field X , I π̂

t (ψ) =∫ t
0 ψ̃(s) dπ̂ (s), where ψ̃ ∈ H∗ = L (H S)(H, R) is given by

ψ̃[ϕ] = 〈ψ, ϕ〉H =
∫

E
ψ(ξ )ϕ(ξ )μ(dξ ), ϕ ∈ H.

Thus, for a simple field X , I π̂
t (X ) = ∫ t

0 X̃ (s) dπ̂ (s), where X̃ is a simple process
in L (H S)(H, R) given by

X̃ (s)[ϕ] =
∫

E
X (s)(ξ )ϕ(ξ )μ(dξ ), ϕ ∈ H, s ≥ 0. (8.20)

By approximation arguments we obtain the following result.

Proposition 8.24 Given X ∈ L2
μ,T we denote by X̃ the L (H S)(H, R)-valued pro-

cess defined by (8.20). Then X̃ ∈ L2
π̂ ,T (R) and

I π̂
t (X ) =

∫ t

0
X̃ (s) dπ̂ (s), t ∈ [0, T ].

From now on, we will not distinguish X from X̃ notationally.

8.8 L p-theory for vector-valued integrands

Assume that M is a square integrable Lévy martingale in a Hilbert space U with
RKHS H. So far, we have seen how to integrate processes with values in the space
of linear, possibly unbounded, operators from U or H into another Hilbert space
H . A special role is played by the space of Hilbert–Schmidt operators. One may
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ask whether it is possible to develop a similar theory of stochastic integration in
Banach spaces. Thus, given a Banach space B, we are looking for a subspace R of
the space of linear operators from U to B such that, for a simple R-valued process

� =
∑

n

αi�iχ(ti ,ti+1],

where �i ∈ R and αi is an Ft1 -measurable real-valued bounded random variable,
we have

E

∣∣∣∣
∫ T

0
�(s) dM(s)

∣∣∣∣
q

B

≤ CT,q E

∫ T

0
‖�(s)‖q

R ds, T ≥ 0, (8.21)

for some positive q. This, however, requires some geometrical properties of B; see
Brzeźniak (1997) and Neidhardt (1978).

Let (E, E) be a measurable space and let λ be a measure on (E, E). We will
establish some basic properties of stochastic integrals in the target space B =
L p(E, E, λ). We consider two cases, firstly where M is a compensated Poisson
measure and p ∈ [1, 2] and secondly where M is a Wiener process. The latter
will be considered for p ≥ 2. Our analysis of the first case will be based on
Theorem 8.23. In the second case we will use the Burkholder–Davies–Gundy
(BDG) inequality formulated in Theorem 3.49.

The results obtained here for a Wiener martingale W will be sufficient to study
the regularity properties of solutions to SPDEs driven by W .

For brevity, we set L p := L p(E, E, λ). Let K : U ∗ × U ∗ �→ R be the covariance
form of M introduced in Section 7.1.

Let us denote by RU,0(H, L p) the class of all operators � : H �→ L p given
by (�ψ)(x) = 〈Q(x), ψ〉, x ∈ E , ψ ∈ H, where the kernel Q is a measurable
mapping from E to U ∗ satisfying

�p(Q) :=
(∫

E
K
(Q(x),Q(x)

)p/2
λ(dx)

)1/p

< ∞.

Note that RU,0(H, L p), equipped with ‖�‖RU,0(H,L p) := �p(Q), is a normed space.
Here Q is such that �ψ(x) = 〈Q(x), ψ〉, λ-almost surely, for every ψ ∈ H.
Clearly, ‖ · ‖RU,0(H,L p) is a seminorm. It is also a norm as, by Proposition 7.1,

K
(Q(x),Q(x)

) =
∑

k

〈Q(x), ek〉2

for any orthonormal basis {ek} of H. Thus K (Q(x),Q(x)) = 0 implies that
〈Q(x), ek〉 = 0 for every k, and consequently the operator (on H) corresponding
to Q is equal to 0.

As in the case of stochastic integration in Hilbert spaces, we first define the
stochastic integral in L p for simple processes S (RU,0(H, L p)

)
and then extend

the integral to a properly chosen space of processes.
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Definition 8.25 An RU,0(H, L p)-valued stochastic process � is said to be sim-
ple if there exist a sequence of non-negative numbers t0 = 0 < t1 < · · · < tm , a
sequence of operators � j ∈ RU,0(H, L p), j = 1, . . . , m and a sequence of events
A j ∈ Ft j , j = 0, . . . , m − 1, such that

�(s) =
m−1∑
j=0

χA j χ(t j ,t j+1](s)� j , s ≥ 0.

We shall denote by S (RU,0(H, L p)
)

the class of all simple processes with
values in RU,0(H, L p). For simple processes � we set

I M
t (�) :=

m−1∑
j=0

χA j � j
(
M(t j+1 ∧ t) − M(t j ∧ t)

)
, t ≥ 0. (8.22)

Note that, since RU,0(H, L p) ⊂ L(U, L p) and M takes values in U , each term in
the definition above is a well-defined random element in L p.

8.8.1 Poisson case

In this subsection, M = π̂ is a compensated Poisson random measure. We denote
byLp

π̂ ,T (L p) the space of all predictable processes � : � × [0, T ] �→ RU,0(H, L p)
such that

‖�‖Lp
π̂ ,T (L p) :=

(
E

∫ T

0
‖�(t)‖p

RU,0(H,L p) dt

)1/p

.

Theorem 8.26 Let p ∈ [1, 2]. Then, for all t ≥ 0, there is a unique continuous
extension of the stochastic integral I π̂

t to a continuous linear mapping acting from
Lp

π̂ ,t (L p) into L p(�,Ft , P; L p). Moreover, for all T ∈ (0, ∞) and � ∈ Lp
π̂ ,T (L p),

the process
(
I π̂
t (�), t ∈ [0, T ]

)
is continuous in probability and adapted and

therefore admits a predictable modification.2

Proof It is enough to show that there is a constant c such that, for any simple
process �,

E
∣∣I π̂

t (�)
∣∣p

L p ≤ c E

∫ T

0
‖�(t)‖p

RU,0(H,L p) dt.

We will derive this estimate from Theorem 8.23. To this end we fix a simple
function � of the form given in Definition 8.25 and write

Q(s, x, ω) =
m−1∑
j=0

χA j (ω)χ(t j ,t j+1](s)Q j (x),

2 We will always work with predictable versions of stochastic integral processes.
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where Q j is the kernel of � j . Then, by Proposition 8.24,

I π̂
t (�)(x) =

∫ t

0
Q(s, x) dπ̂ (s).

It now follows from Theorem 8.23 that

E
∣∣I π̂

t (�)(x)
∣∣p ≤ c E

∫ t

0
K
(Q(s, x),Q(s, x)

)p/2
ds.

�

8.8.2 Wiener case

In this subsection M = W is a Wiener process. For the definitions of simple pro-
cesses with values in RU,0(H, L p) and the stochastic integral I W

t (�), � simple,
see Definition 8.25 and identity (8.22).

Lemma 8.27 For any � ∈ S(RU,0(H, L p)), the stochastic integral I W (�) is an
L p-valued (Ft )-adapted mean-zero process with continuous trajectories. More-
over, there is a constant C such that

E
∣∣I W

t (�)
∣∣p

L p ≤ C E

(∫ t

0
‖�(s)‖2

RU,0(H,L p) ds

)p/2

,

for all t ∈ [0, ∞) and � ∈ S(RU,0(H, L p)).

Proof Let us fix x ∈ E . Then

I W
t (�)(x) =

m−1∑
j=1

χA j

〈Q j (x), W (t j+1 ∧ t) − W (t j ∧ t)
〉
,

where Q j stands for the kernel of � j . Therefore
(
I W
t (�)(x), t ≥ 0

)
is a square

integrable martingale with continuous trajectories. Moreover,

〈
I W (�)(x), I W (�)(x)

〉
t
=

m−1∑
j=1

χA j K
(Q j (x),Q j (x)

) (
t j+1 ∧ t − t j ∧ t

)

=
∫ t

0
η(s, x) ds,

where η(s, x) := χA j K (Q j (x),Q j (x)) for t ∈ (t j , t j+1]. Now using the BDG in-
equality (see Theorem 3.49), we obtain

E
∣∣I W

t (�)(x)
∣∣p ≤ C p E

〈
I W (�)(x), I W (�)(x)

〉p/2
t

≤ C p E

(∫ t

0
η(s, x) ds

)p/2

.
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Since ∫
E

(∫ t

0
η(s, x) ds

)p/2

λ(dx) =
∣∣∣∣
∫ t

0
η(s, ·) ds

∣∣∣∣
p/2

L p/2

≤
(∫ t

0
|η(s, ·)|L p/2 ds

)p/2

≤
(∫ t

0
‖�(s)‖2

RU,0(H,L p) ds

)p/2

,

we have

E
∣∣I W

t (�)
∣∣p

L p = E

∫
E

∣∣I W
t (�)(x)

∣∣p
λ(dx)

≤ C p E

∫
E

(∫ t

0
η(s, x) ds

)p/2

λ(dx)

≤ C p E

(∫ t

0
‖�(s)‖2

RU,0(H,L p) ds

)p/2

,

which is the desired estimate. �

Remark 8.28 Let u ∈ U ∗ and let {ek} be an orthonormal basis of H. Then, for
every h ∈ H,

〈u, h〉2 =
(∑

k

〈h, ek〉H〈u, ek〉
)2

≤
∑

k

〈h, ek〉2
H
∑

k

〈u, ek〉2 = |h|2HK (u, u).

Therefore, given � ∈ RU,0(H, L p) with kernel Q,

‖�‖p
L(H,L p) = sup

h∈H : |h|H≤1
|�h|p

L p = sup
h∈H : |h|H≤1

∫
E
〈Q(x), h〉pλ(dx)

≤ sup
h∈H : |h|H≤1

∫
E

K
(Q(x),Q(x)

)p/2|h|pλ(dx)

≤ ‖�‖p
RU,0(H,L p).

Let (R(H, L p), ‖ · ‖R(H,L p)) be the completion of (RU,0(H, L p
ρ ), ‖ · ‖RU,0(H,L p)) to

a Banach space. By the estimate above, the space R(H, L p) is continuously em-
bedded into L(H, L p).

Let us denote by Lp
W,T (L p) the space of all predictable processes � : � ×

[0, T ] �→ R(H, L p) such that

‖�‖Lp
W,T (L p) :=

[
E

(∫ T

0
‖�(t)‖2

R(H,L p) dt

)p/2
]1/p

.



8.8 L p-theory for vector-valued integrands 135

Note the difference from the space Lp
π̂ ,T (L p) defined in subsection 8.8.1. Since

simple processes are dense in Lp
W,T (L p) we have the following consequence of

Lemma 8.27.

Theorem 8.29 Let p ∈ [2, ∞). Then, for all t ≥ 0, there is a unique continuous
extension of the stochastic integral I W

t to a continuous linear mapping acting from
Lp

W,t (L p) to L p(�,Ft , P; L p). Moreover, for all T ∈ (0, ∞) and � ∈ Lp
W,T (L p),

the process
(
I W
t (�), t ∈ [0, T ]

)
is continuous in probability and adapted and

therefore admits a predictable modification.

In the general case, when the target space B is not necessarily of L p-type, it
is useful to introduce the concept of so-called radonifying operators. To do this,
let us fix an orthonormal basis {ek} of H. Let (βk) be a sequence of independent
real-valued random variables with distribution N (0, 1) defined on a probability
space (�,F, P).

Definition 8.30 A bounded linear operator � : H �→ B is called radonifying if
the series

∑∞
k=1 βk�ek converges in L2 (�,F, P; B).

One can show that this definition does not depend on the choice of orthonormal
basis {ek} or sequence (βk). We use R(H, B) to denote the class of all radonifying
operators from H into B. Given a linear operator � from H into L p, write

‖�‖2
R(H,B) = lim sup

n
E

∣∣∣∣∣
n∑

k=1

βk�ek

∣∣∣∣∣
2

B

.

Then (see e.g. Neidhardt 1978) � is radonifying if and only if ‖�‖R(H,B) is
finite. Note that R(H, B) equipped with the norm ‖ · ‖R(H,B) is a Banach space
and that if B is a Hilbert space then the spaces R(H, B) and L (H S)(H, B) of the
radonifying and Hilbert–Schmidt operators are equal. In this setting, ‖ · ‖R(H,L p),
which appears in the definition of Lp

W,T (L p), and ‖ · ‖R(H,L p) are different norms!
Using Remark 8.32 below they may be shown to be equivalent.

The lemma below provides a useful estimate for the radonifying norm of an
operator given by a kernel. It is a reformulation of Brzeźniak and Peszat (1999),
Proposition 2.1, and Peszat and Tindel (2007), Lemma 4.3.

Lemma 8.31 Let p ∈ [2, ∞). Then RU,0(H, L p) ⊆ R(H, L p). Moreover, there
is a constant C < ∞ such that, for an arbitrary � ∈ RU,0(H, L p),

‖�‖R(H,L p) ≤ C‖�‖RU,0(H,L p).

Proof Assume that � is given by a kernelQ. Since for each x the real-valued ran-
dom variable

∑n
k=1 βk〈Q(x), ek〉 is Gaussian, there exists a constant C1 depending
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only on p such that⎛
⎝E

∣∣∣∣∣
n∑

k=1

βk�ek

∣∣∣∣∣
2

L p

⎞
⎠

p/2

=
⎡
⎣E

(∫
E

∣∣∣∣∣
n∑

k=1

βk〈Q(x), ek〉
∣∣∣∣∣

p

λ(dx)

)2/p
⎤
⎦

p/2

≤ E

∫
E

∣∣∣∣∣
n∑

k=1

βk〈Q(x), ek〉
∣∣∣∣∣

p

λ(dx)

≤ C1

∫
E

⎛
⎝E

∣∣∣∣∣
n∑

k=1

βk〈Q(x), ek〉
∣∣∣∣∣
2
⎞
⎠

p/2

λ(dx)

≤ C1

∫
E

∣∣∣∣∣
n∑

k=1

〈Q(x), ek〉2

∣∣∣∣∣
p/2

λ(dx).

Therefore, by Proposition 7.1,

‖�‖2
R(H,L p) = lim sup

n
E

∣∣∣∣∣
∞∑

k=1

βk�ek

∣∣∣∣∣
2

L p

≤ C2/p
1 �p(Q),

which is the desired conclusion. �

Remark 8.32 The lemma above provides an upper estimate for the radonifying
norm. In fact (see Brzeźniak 1997), one can show that on RU,0(H, L p) the norms
R(H, L p) and RU,0(H, L p) are equivalent.

Remark 8.33 In a general theory of stochastic integration in Banach spaces the
most suitable operator norm is the radonifying norm. Under a certain geometri-
cal assumption on B one obtains (8.21) for all q ≥ 2, whereas using the BDG
inequality we succeeded in obtaining (8.21) only for q = p.
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9
General existence and uniqueness results

This chapter is devoted to the existence and uniqueness of solutions to an abstract
stochastic evolution equation driven by a locally square integrable martingale. The
concepts of weak and mild solutions are introduced and their equivalence is shown.
Sufficient conditions for the existence and uniqueness of solutions are given. The
Markov property of solutions is proved. Linear equations are treated in some detail.

9.1 Deterministic linear equations

Let us start from an abstract situation. Let A0 be a densely defined linear operator
on a Banach space B. Denote by D0 the domain of A0. Assume that the differential
equation

dy

dt
= A0 y, y(0) = y0 ∈ D0, (9.1)

has a unique solution y(t), t ≥ 0. Since the equation is linear the solution depends
linearly on y0: y(t) = S(t)y0, t ≥ 0, where S(t) is a linear transformation from D0

into B. One says that the Cauchy problem (9.1) is well posed on B if the operators
S(t), t ≥ 0, have continuous extensions to B and, for each z ∈ B, t �→ S(t)z is a
continuous mapping. The mapping t �→ S(t)z defined now for all z ∈ B is called
the generalized solution to (9.1). Clearly the operators S(t), t ≥ 0, satisfy the
following conditions:

(i) S(0) = I and S(t)S(s) = S(t + s) for all t, s ≥ 0;
(ii) [0, ∞) � t �→ S(t)z ∈ B is continuous for each z ∈ B or, equivalently,

|S(t)z − z|B → 0 as t ↓ 0 for every z ∈ B.

Thus well-posed Cauchy problems lead to the concept of a C0-semigroup,
introduced earlier in Chapter 4 on Lévy processes. For convenience we repeat the
definition here.

139
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Definition 9.1 A family S = (S(t), t ≥ 0) of bounded linear operators on a
Banach space (B, | · |B) is called a C0-semigroup if the conditions formulated
above are satisfied.

Assume that S is a C0-semigroup on B. One says that an element z ∈ B is in the
domain of the generator of S if limt↓0 t−1 (S(t)z − z) exists. The set of all such z
is denoted by D(A). The limit, denoted by A, is called the generator of S. Clearly,
in the case considered at the beginning of the section, D(A) ⊇ D0 and A is an
extension of A0. Basic properties of semigroups are formulated in the following
theorem. For its proof we refer the reader to e.g. Davies (1980), Engel and Nagel
(2000), Pazy (1983), or Yosida (1965).

Theorem 9.2

(i) If S is a C0-semigroup on B then, for some ω and M > 0,

|S(t)z|B ≤ eωt M |z|B, ∀ z ∈ B, ∀ t ≥ 0.

(ii) If a densely defined operator A generates a C0-semigroup S then A is closed
and, for any z ∈ D(A) and t > 0,

S(t)z ∈ D(A) and
d

dt
S(t)z = AS(t)z = S(t)Az.

The final part of the theorem shows that for y0 ∈ D(A) the function t �→ S(t)y0

is a solution to the equation

dy

dt
(t) = Ay(t), y(0) = y0.

Consider, finally, the following non-homogeneous evolution equation:

dy

dt
(t) = Ay(t) + ψ(t), y(0) = y0 ∈ H, (9.2)

where ψ is an H -valued function. If y0 is in the domain of A and ψ is continuously
differentiable then the unique solution of (9.2) is given by the so-called variation-
of-constants formula,

y(t) = S(t)y0 +
∫ t

0
S(t − s)ψ(s) ds, t ≥ 0. (9.3)

This expression has a meaning for less regular functions ψ , for example, for
ψ ∈ L1

loc([0, ∞),B([0, ∞)), �1; H ). In this case y, given by (9.3), is called the
mild solution or generalized solution to (9.2).
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A continuous function y is a weak solution to (9.2) if

〈y(t), h〉H = 〈y0, h〉H +
∫ t

0
〈y(s), A∗h〉H ds +

∫ t

0
〈ψ(s), h〉H ds

for all t ≥ 0 and h from the domain of the adjoint operator A∗. One can show
that the mild solution y satisfies (9.2) in the weak sense. In Section 9.3 we
will show the equivalence of mild and weak solutions to more general stochastic
equations.

9.2 Mild solutions

We are concerned with the equation

dX = (AX + F(X )) dt + G(X ) dM, X (t0) = X0, (9.4)

where A, with domain D(A), is the generator of a C0-semigroup S on a Hilbert
space H and M is a square integrable martingale taking values in a Hilbert space
U . We assume that M is defined on a filtered probability space (�,F, (Ft )t≥0), P)
and satisfies (8.10), that is,

∃ Q ∈ L+
1 (U ) : ∀ t ≥ s ≥ 0, 〈〈〈〈M, M〉〉〉〉t − 〈〈〈〈M, M〉〉〉〉s ≤ (t − s)Q. (9.5)

We set H := Q1/2(U ). The space H is considered with an induced scalar product.
By Proposition 8.16 the space L2

T,M (H ) of integrable processes contains

L2
H,T (H ) := L2 (� × [0, T ],P[0,T ], P dt ; L (H S)(H, H )

)
.

Moreover, in the case where M is a Lévy process on H , one can takeH as the RKHS
of M . ThenL2

T,M (H ) = L2
H,T (H ). The assumption of the square integrability of M

is rather restrictive and does not cover certain important cases. In particular, it does
not cover stochastic equations in finite dimensions driven by local martingales.
These equations have unique solutions under Lipschitz-type conditions. In the
important case where M is a Lévy process the square integrability condition can
be removed. For more details see Section 9.7.

We assume that X0 is an Ft0 -measurable random variable in H . The non-linear
components of (9.4) are usually not continuous on H . Generally one should assume
that F and G are defined on some subspace (or even a subset) of H and take values
in H̃ and L0(H, H̃ ) respectively, where H̃ contains H and L0(H, H̃ ) is the space
of all (not necessarily continuous) operators from H into H̃ . In order to cover the
most natural cases (see, however, Proposition 9.7), we assume that F : D(F) �→ H
and G : D(G) �→ L(H, H ) satisfy Lipschitz-type conditions:
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(F) D(F) is dense in H and there is a function a : (0, ∞) �→ (0, ∞) satisfying∫ T
0 a(t) dt < ∞ for all T < ∞ such that, for all t > 0 and x, y ∈ D(F),

|S(t)F(x)|H ≤ a(t)(1 + |x |H ),

|S(t)(F(x) − F(y))|H ≤ a(t)|x − y|H .

(G) D(G) is dense in H and there is a function b : (0, ∞) �→ (0, ∞) satisfying∫ T
0 b2(t) dt < ∞ for all T < ∞ such that, for all t > 0 and x, y ∈ D(G),

‖S(t)G(x)‖L (H S)(H,H ) ≤ b(t) (1 + |x |H ) ,

‖S(t)(G(x) − G(y))‖L (H S)(H,H ) ≤ b(t) |x − y|H .

We will occasionally need the following strengthening of (G):

(GI) Condition (G) holds if S(t) = I , t ≥ 0.

Remark 9.3 Since the domains D(F) and D(G) are dense in H , conditions (F)
and (G) imply that, for each t > 0, S(t)F and S(t)G have unique extensions to
continuous mappings from H to H and from H to L(H, H ), respectively. We also
denote these extensions by S(t)F and S(t)G. Clearly, for all t > 0 and x, y ∈ H ,

|S(t)F(x)|H ≤ a(t) (1 + |x |H ) ,

|S(t) (F(x) − F(y)) |H ≤ a(t) |x − y|H
(9.6)

and

‖S(t)G(x)‖L (H S)(H,H ) ≤ b(t) (1 + |x |H ) ,

‖S(t) (G(x) − G(y)) ‖L (H S)(H,H ) ≤ b(t) |x − y|H .
(9.7)

Remark 9.4 The function t �→ ‖S(t)‖L(H,H ) is bounded on any finite interval
[0, T ]. Thus, if F : H �→ H and G : H �→ L (H S)(H, H ) are Lipschitz continuous
then (F) and (G) are satisfied.

We are now able to formulate the precise definition of a solution to (9.4).

Definition 9.5 Let X0 be a square integrableFt0 -measurable random variable in
H . A predictable process X : [t0, ∞) × � �→ H is called a mild solution to (9.4)
starting at time t0 from X0 if

sup
t∈[t0,T ]

E |X (t)|2H < ∞, ∀ T ∈ (t0, ∞) (9.8)

and

X (t) = S(t − t0)X0 +
∫ t

t0

S(t − s)F(X (s)) ds

+
∫ t

t0

S(t − s)G(X (s)) dM(s), ∀ t ≥ t0. (9.9)
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Of course, it is to be understood that (9.9) holds P-a.s., that is, for any fixed t
there is an �t ∈ Ft of full P-measure such that (9.9) holds for all ω ∈ �t .

Remark 9.6 The integrals appearing in (9.9) are well defined. The first is the
Bochner integral introduced in Section 3.3. Recall that it is defined if the integrand
is measurable and

IF (t) :=
∫ t

t0

|S(t − s)F(X (s))|H ds < ∞, ∀ t ∈ (t0, ∞).

Measurability follows from the continuity of S(t − s)F , while the estimate can be
shown in the following way:

E IF (t) ≤ E

∫ t

t0

a(t − s) (1 + |X (s)|H ) ds

≤
(

1 + sup
s∈[t0,t]

E |X (s)|H

)∫ t

t0

a(t − s) ds < ∞.

By Corollary 8.17, the stochastic integral is well defined provided that the integrand
is predictable and

IG(t) := E

∫ t

t0

‖S(t − s)G(X (s))‖2
L (H S)(H,H ) ds < ∞. (9.10)

Predictability follows from the predictability of X and the continuity of

[t0, t) × H � (s, x) �→ S(t − s)G(x) ∈ L (H S)(H, H ),

whereas (9.10) can be derived from (G) and (9.8) in the following way:

IG(t) ≤ E

∫ t

t0

b2(t − s) (1 + |X (s)|)2 ds

≤ 2

(
1 + sup

s∈[t0,t]
E |X (s)|2H

)∫ t

0
b2(s) ds < ∞.

As we shall see, assumptions (F) and (G) allow us to prove the existence and
uniqueness of the solution to (9.4). They are satisfied in many interesting cases,
but in special situations they may be relaxed. In particular, consider the equation

dX = AX dt + dM, X (0) = X0. (9.11)

Then, for (9.11), the assumption in (G) implies in particular that the reproducing
kernel of the noise is included in the state space. This assumption is not satisfied,
however, for a large class of linear equations having well-defined solutions. For
instance, assume (still for (9.11)) that A is a self-adjoint operator on a Hilbert
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space H . Assume that there exists an orthonormal and complete basis {en} of H
such that

Aen = −γnen, n = 1, 2, . . . , γn > 0, γn ↑ +∞. (9.12)

Then we can identify H with l2 and A with the diagonal operator A(un) = (−γnun),
(un) ∈ l2. Let M = (Mn), where Mn, n ∈ N, are independent mean-zero Lévy
processes with exponents E eix Mn (t) = e−tψn (x). Here

ψn(x) = 1
2 qn x2 +

∫
R

(
1 − eixy

)
νn(dy).

Equation (9.11) can be solved for each coordinate of X = (Xn) separately. Namely,

Xn(t) = e−γn t Xn(0) +
∫ t

0
e−γn (t−s) dMn(s), t ≥ 0.

To simplify the notation, we assume that Xn(0) = 0 for all n. By Corollary 4.29,

E eix Xn (t) = exp

{
−
∫ t

0
ψn
(
xe−γns

)
ds

}
.

Let

ψt (x) :=
∞∑

n=1

∫ t

0
ψn
(
xne−γns

)
ds, x = (x1, x2, . . .) ∈ l2.

Then X takes values in H = l2 if and only if, for each t , e−ψt (x) is the characteristic
function of a probability measure on l2. For x = (x1, x2, . . .) ∈ l2,

ψt (x) = 1
2

∞∑
n=1

∫ t

0
qn x2

n e−2γns ds +
∞∑

n=1

∫ t

0

∫
R

(
1 − exp

{
ixne−γns y

})
νn(dy) ds

= 1
4

∞∑
n=1

qn
(
1 − e−2γn t

)
γ −1

n x2
n +

∞∑
n=1

∫
R

(
1 − eixn y

)
ν t

n(dy),

where

ν t
n(�) :=

∫ t

0
νn{y : e−γns y ∈ �} ds, � ∈ B(R).

Consequently (see also the proof of Theorem 4.13), ψt is of the form

ψt (x) = 1
2 〈Q(t)x, x〉l2 +

∫
l2

(
1 − ei〈x,z〉l2

)
ν t (dz), x ∈ l2,

where

(Q(t)x)n = 1
2

(
1 − e−2γn t

) qn

γn
xn, x ∈ l2, n ∈ N,
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and νt is a measure concentrated on the axes; on the n-axis it is exactly vt
n . Hence,

by the Lévy–Khinchin theorem, X (t) takes values in l2 if and only if Q(t) is of
trace class and ν t is a measure on l2 satisfying∫

l2

(|z|2 ∧ 1
)
ν t (dz) < ∞.

Therefore, after standard manipulations we obtain the following result.

Proposition 9.7 The process X takes values in l2 if and only if

∞∑
n=1

[
qn

γn
+
∫ t

0

(
e−2γns

∫ eγn s

−eγn s

|y|2νn(dy) + νn{y : |y| > eγns}
)

ds

]
< ∞.

Note that the RKHS of M is contained in l2 if and only if the sequence qn +∫ −∞
+∞ |y|2νn(dy) is bounded; see Example 7.5. This is a much stronger condition

than that required in Proposition 9.7.

9.2.1 Comments on the concept of solutions

Assume that F : R
d �→ R

d , G : R
d �→ M(d × n) and that M is a square integrable

R
n-valued martingale. In the classical theory of stochastic equations (see e.g.

Protter 2004), one looks for càdlàg solutions to equations of the form

dy(t) = F(y(t−)) dt + G(y(t−)) dM(t), y(0) = a, t ∈ [0, T ], (9.13)

in which the left limit y(t−) of the solution, rather than the solution y(t) itself,
enters into the coefficients. Note that if y is a càdlàg solution to (9.13) then the
equation is well defined and the process (y(t−), t ∈ [0, T ]) is predictable.

The left limits in (9.13) may be replaced by the requirement of predictability,
provided that the angle bracket of the integrator is absolutely continuous with
respect to Lebesgue measure or, equivalently, (9.5) is satisfied. An example con-
structed in the section on linear equations shows that mild solutions are not in
general càdlàg and therefore, in infinite dimensions, instead of considering equa-
tions with left limits on the right-hand side, we require only that the solution should
be predictable.

In the present section we discuss the relation between equations in R
d with and

without left limits. Let ν be a finite measure on [0, T ] that may also be random.
Set d = 1 and consider the equations

y(t) = a +
∫

(0,t]
G(y(s−))ν(ds), t ∈ [0, T ], (9.14)

y(t) = a +
∫

(0,t]
G(y(s))ν(ds), t ∈ [0, T ]. (9.15)
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Proposition 9.8 Assume that G is a Lipschitz function. Then we have the
following.

(i) Bounded solutions to (9.14) and (9.15), if they exist, are càdlàg.
(ii) Equation (9.14) always has a unique solution.

(iii) Equation (9.15) may have zero, one or many solutions.
(iv) Equations (9.14) and (9.15) may have unique but different solutions.

Proof We may assume that d = n = 1. To prove (i) assume that G(y(s−)) and
G(y(s)) are bounded functions of s ∈ [0, T ]. Given a bounded function g : [0, T ] �→
R write

ψ(t) =
∫

(0,t]
g(s)ν(ds), t ∈ [0, T ].

Then, for t ∈ [0, T ) and h > 0 with t + h ≤ T ,

|ψ(t + h) − ψ(t)| =
∣∣∣∣
∫

(t,t+h]
g(s)ν(ds)

∣∣∣∣ ≤ ν((t, t + h]) sup
s∈[0,T ]

|g(s)|.

Consequently, ψ(t + h) → ψ(t) as h ↓ 0 and right-continuity follows. If h > 0
and t − h ≥ 0 then

ψ(t) =
∫

(0,t−h]
g(s)ν(ds) +

∫
(t−h,t]

g(s)ν(ds)

= ψ(t − h) +
∫

(t−h,t)
g(s)ν(ds) + g(t)ν({t}).

Consequently, limh↓0 ψ(t − h) = ψ(t) − g(t)ν({t}).
To show (ii), one considers G with Lipschitz constant K and an interval [0, T ]

such that Kν((0, T ]) < 1. Then the transformation

J (y)(t) = a +
∫

(0,t]
G(y(s−))ν(ds), t ∈ [0, T ],

is a contraction on the space of càdlàg functions on [0, T ] equipped with the
supremum norm. Indeed,

|J (y)(t) − J (ỹ)(t)| =
∣∣∣∣
∫

(0,t]

(
G(y(s−)) − G(ỹ(s−))

)
ν(ds)

∣∣∣∣
≤ K sup

s∈[0,T ]
|y(s) − ỹ(s)| ν((0, T ]).

Thus if Kν((0, T ]) < 1 then the contraction property follows. We can use the clas-
sical argument; see Protter (2004). Consider times T0 = 0 < T1 < · · · < Tk−1 <

Tk = T such that Kν((Tj , Tj+1)) < 1. We first show that, on the interval (0, T1),
(9.14) has a unique solution and the solution is bounded on [0, T1). Existence and
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uniqueness follow from the contraction principle of J on [0, S] for every S < T1.
Note that |G(x)| ≤ |G(0)| + K |x | for x ∈ R and, therefore, for t < T1,

y(t) = a +
∫

(0,t]
G(y(s−))ν(ds);

consequently,

|y(t)| ≤ |a| + |G(0)|ν((0, t]) + Kν((0, t]) sup
s≤t

|y(s)|
≤ |a| + |G(0)|ν((0, T1]) + Kν((0, T1]) sup

s≤t
|y(s)|.

Then, for δ ∈ (0, T1),

sup
t≤T1−δ

|y(t)| ≤ |a| + |G(0)|ν((0, T1)) + Kν((0, T1)) sup
t≤T1−δ

|y(t)|.

Hence

sup
t≤T1−δ

|y(t)| ≤ |a| + |G(0)|ν((0, T1))

1 − Kν((0, T1))
,

and so the required boundedness follows. Since y is uniformly bounded on (0, T1),
it follows that y(t) has a finite limit as t ↑ T1. At t = T1 the equation becomes

y(T1) = a +
∫

(0,T1]
G(y(s−))ν(ds).

This defines y at time T1. One can repeat the reasoning for other intervals [Ti , Ti+1]
to obtain the unique solution on [0, T ].

To see (iii) take ν = δt̂ and a = 0. Then any solution to (9.15) satisfies y(t) = 0
for t < t̂ and y(t) = y(t̂) for t ≥ t̂ . Moreover, y(t̂) = G(y(t̂)). Now, if G(x) = x
then there are infinitely many solutions, whereas if G(x) = x + 1 there are no
solutions. Clearly there is a unique solution if the function G has a unique fixed
point.

To show (iv) we take ν = kδt̂ , where t̂ ∈ (0, T ) is such that K k < 1, and a = 0.
Then the solution y1 to (9.14) satisfies y1(t) = 0 for t < t̂ ,

y1(t̂) =
∫

(0,t̂]
G(0)ν(ds) = kG(0)

and y1(t) = kG(0) for t > t̂ . The solution y2 of (9.15) satisfies y2(t) = 0 for t < t̂
and

y2(t̂) =
∫

(0,t̂]
G(y2(s))ν(ds) = kG(y2(t̂)).

Since kK < 1 the equation x = kG(x) has a unique solution, which, in general,
is different from kG(0). �
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The following proposition shows that the absolute continuity assumption (9.5)
allows us to introduce the concept of predictable solutions, in a unique way, up to
modification.

Proposition 9.9 Assume that M is a square integrable martingale satisfying
(9.5). Let ψ and ψ̃ be two predictable stochastically equivalent processes such
that

E

∫ t

0

(
‖ψ(s)‖2

L (H S)(H,H ) + ‖ψ̃(s)‖2
L (H S)(H,H )

)
ds < ∞.

Then the stochastic integrals∫ t

0
ψ(s)dM(s),

∫ t

0
ψ̃(s)dM(s), t ≥ 0,

are also stochastically equivalent.

Proof Since

E

∣∣∣∣
∫ t

0

(
ψ(s) − ψ̃(s)

)
dM(s)

∣∣∣∣
2

H

≤ E

∫ t

0

∥∥ψ(s) − ψ̃(s)
∥∥2

L (H S)(H,H ) ds

and E ‖ψ(s) − ψ̃(s)‖2
L (H S)(H,H ) = 0 for all s ∈ [0, T ], the result follows. �

Proposition 9.10 Assume that transformation G : H �→ L (H S)(H, H ) is Lips-
chitz and that (9.5) is satisfied. Let y be a càdlàg solution to the equation

dy(t) = G(y(t−)) dM(t), y(0) = a.

Then ỹ(t) := y(t−), t ≥ 0, is equivalent to y and is a predictable solution to

dy(t) = G(y(t)) dM(t), y(0) = a.

Proof It is sufficient to show the equivalence of y and ỹ. But this follows because

lim
s↑t

E

∫ t

s
‖G(y(σ−))‖2

L (H S)(H,H ) dσ = 0.

�

9.3 Equivalence of weak and mild solutions

This section is devoted to the concept of weak (in the sense of partial differential
equations) solutions to (9.4). Denote by D(A∗) the domain of the adjoint operator
A∗.
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Definition 9.11 Assume that (F) and (G) hold. Let t0 ≥ 0, and let X0 be a
square integrable Ft0 -measurable random variable in H . We say that a predictable
H -valued process (X (t), t ≥ t0) is a weak solution to (9.4) if it satisfies (9.8) and,
for all a ∈ D(A∗) and t ≥ t0,

〈a, X (t)〉H = 〈a, X0〉H +
∫ t

t0

〈A∗a, X (s)〉H ds

+
∫ t

t0

〈
a, F(X (s))

〉
H ds +

∫ t

t0

〈
G∗(X (s))a, dM(s)

〉
H. (9.16)

Remark 9.12 In the majority of specific cases the domain D(A∗) is not given
explicitly; it is therefore important to realize that it is sufficient to verify (9.16) for
elements a from the so-called core of A∗. A set D ⊂ D(A∗) is a core of A∗ if it is
a linearly dense set in the space D(A∗) equipped with the graph norm

‖a‖D(A∗) := (|a|2H + |A∗a|2H
)1/2

, a ∈ D(A∗).

Very useful sufficient criteria for a linear subset D of D(A∗) to be a core are that
D is dense in H and invariant for the adjoint semigroup (S∗(t), t ≥ 0); see Davies
(1980).

To cope with unbounded operators A and, consequently, to treat the term∫ t
t0

AX (s) ds, one takes scalar products of (9.4) with elements of the domain of A∗.
One then treats〈

a,

∫ t

t0

AX (s) ds

〉
H

as
∫ t

t0

〈A∗a, X (s)〉H ds.

Since non-linear mappings may not be defined on the whole H , we need the
following lemma.

Lemma 9.13 Assume that (F) and (G) hold. Then for every a ∈ D(A∗) there is
a constant c(a) < ∞ such that

|〈a, F(x)〉H | ≤ c(a) (1 + |x |H ) , ∀ x ∈ D(F),
(9.17)|〈a, F(x) − F(y)〉H | ≤ c(a)|x − y|H , ∀ x, y ∈ D(F),

|G∗(x)a|H ≤ c(a) (1 + |x |H ) , ∀ x ∈ D(G),
(9.18)|(G∗(x) − G∗(y))a|H ≤ c(a)|x − y|H , ∀ x, y ∈ D(G).

Proof Since the semigroup S generated by A is C0, there are real constants
γ > 0 and M ≥ 1 such that ‖S(t)‖L(H,H ) ≤ Meγ t for t ≥ 0. Let x ∈ D(F). Then
the mapping t �→ e−2γ t S(t)F(x) is Bochner integrable over (0, ∞) and∫ ∞

0
e−2γ t S(t)F(x) ds = (−A + 2γ I )−1 F(x).
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By (F),∫ ∞

0
e−2γ t |S(t)F(x)|H dt

=
∫ 1

0
e−2γ t |S(t)F(x)|H dt +

∫ ∞

1
e−2γ t |S(t)F(x)|H dt

≤ (1 + |x |H )

(∫ 1

0
a(t) dt +

∫ ∞

1
e−2γ t‖S(t − 1)‖L(H,H ) dt a(1)

)
.

It follows that ∣∣(−A + 2γ I )−1 F(x)
∣∣

H
≤ c1 (1 + |x |H ) ,

where c1 is a finite constant. Now let

a ∈ D(A∗) = D(−A∗ + 2γ I ) = (−A∗ + 2γ I )−1(H ).

Thus there is a b ∈ H such that a = (−A∗ + γ I )−1 b. Consequently, for all x ∈
D(F),

|〈a, F(x)〉H | = |〈b, (−A + γ I )−1 F(x)〉H | ≤ c1 |b|H (1 + |x |H ) .

In the same way one can show that

|〈a, F(x) − F(y)〉H | ≤ c1|b|H |x − y|H , ∀ x, y ∈ D(F),

which proves (9.17). To show (9.18), note that by (G), for all u ∈ U and x ∈ D(H ),

∣∣(−A + 2γ I )−1 G(x)u
∣∣

H
≤
∫ ∞

0
e−2γ t‖S(t)G(x)‖L (H S)(H,H ) dt |u|H

≤ c2 (1 + |x |H )|u|H,

where c2 is a finite constant. Let a := (−A∗ + 2γ I )−1 b ∈ D(A∗). Then∣∣G∗(x)a
∣∣
H = sup

|u|H≤1

∣∣〈u, G∗(x)a〉H
∣∣

= sup
|u|H≤1

∣∣〈(−A + 2γ I )−1 G(x)u, b〉H

∣∣
≤ c2 |b|H (1 + |x |H ) .

The proof of the second estimate in (9.18) follows in the same way. �

As a direct consequence of the lemma, we have the following result.

Corollary 9.14 Assume that (F) and (G) hold. Then for every a ∈ D(A∗) the
mappings

D(F) � x �→ 〈a, F(x)〉H ∈ R, D(G) � x �→ G∗(x)a ∈ H
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have unique continuous extensions to the mappings, denoted by 〈a, F(·)〉H and
G∗(·)a, satisfying (9.17) and (9.18).

We will consider an integral of the form

〈
a,

∫ t

t0

G(X (s)) dM(s)

〉
H

=
∫ t

t0

G∗(X (s))a dM(s)

=:
∫ t

t0

〈
G∗(X (s))a, dM(s)

〉
H ,

where a ∈ D(A∗). Using the identification L (H S)(H, R) = H, we identify the
integrand with the L (H S)(H, R)-valued process

(
G∗(X (s))a

)∼
(z) := 〈G∗(X (s))a, z

〉
H, z ∈ H.

Let {en} be an orthonormal basis of H. Then

∥∥(G∗(X (s))a
)∼∥∥2

L (H S)(H,R) =
∑

n

∣∣(G∗(X (s))a
)∼

en

∣∣2
∑

n

〈
G∗(X (s))a, en

〉2
H = |G∗(X (s))a|2H.

Theorem 9.15 Assume that (F) and (G) hold. Then X is a mild solution if and
only if X is a weak solution.

Proof We first show that the weak solution is mild. We will divide the proof of
this into two steps. We assume that X is a weak solution to (9.4). Without any loss
of generality, we may assume that t0 = 0. Let a ∈ D(A∗), g ∈ C1([0, ∞); R) and

ψ(s) := F(X (s)), φ(s) := G(X (s)). (9.19)

Step 1 Our goal is to show that, for any predictable process (z(s), s ≥ 0) with
trajectories in C1([0, ∞); D(A∗)),

〈z(t), X (t)〉H = 〈z(0), X0〉H +
∫ t

0

〈
A∗z(s) + z′(s), X (s)

〉
H ds

+
∫ t

0
〈z(s), ψ(s)〉H ds +

∫ t

0
〈z(s), φ(s) dM(s)〉H . (9.20)

We prove (9.20) first for processes of the form z(t) = g(t)a, where a ∈ D(A∗) and
g ∈ C1([0, ∞); R).
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Using the integration-by-parts formula to be established in Proposition 9.16
below, we obtain

d〈z(s), X (s)〉H = d(g(s)〈a, X (s)〉H )

= g′(s)〈a, X (s)〉H ds + g(s)
(〈A∗a, X (s)〉H ds

+ 〈a, ψ(s)〉H ds + 〈a, φ(s) dM(s)〉H
)

= 〈A∗z(s) + z′(s), X (s)〉H ds + 〈z(s), ψ(s)〉H ds

+ 〈z(s), φ(s) dM(s)〉H .

Now, using the fact that, for any T > 0, mappings of the form g(s)a, s ∈ [0, T ],
where a ∈ D(A∗) and g ∈ C1([0, T ]; R), are linearly dense in C1([0, T ]; D(A∗))
and passing to the limit, we obtain (9.20) for all z ∈ C1([0, T ]; D(A∗)).

Step 2 Given t > 0 and a ∈ D(A∗), define z(s) := S∗(t − s)a, s ∈ [0, t].
Then z′(s) = −A∗z(s), s ∈ [0, t]. Hence

〈a, X (t)〉H = 〈S∗(t)a, X0〉H +
∫ t

0
〈S∗(t − s)a, ψ(s)〉H ds

+
∫ t

0
〈S∗(t − s)a, φ(s) dM(s)〉H .

Thus

〈a, X (t)〉H =
〈
a, S(t)X0 +

∫ t

0
S(t − s)ψ(s) ds

〉
H

+
〈
a,

∫ t

0
S(t − s)φ(s) dM(s)

〉
H

. (9.21)

Since (9.21) holds for any a from the dense set D(A∗), it holds for any a ∈ H .
Consequently,

X (t) = S(t)X0 +
∫ t

0
S(t − s)ψ(s) ds +

∫ t

0
S(t − s)φ(s) dM(s).

We now prove that any mild solution is weak. We use the stochastic Fubini
theorem, applied to E = [0, T ], Lebesgue measure and

ψ(r, s) := χ[0,s](r )S(s − r )G(X (r )).

Assume for simplicity that

X (t) =
∫ t

0
S(t − s)G(X (s)) dM(s),
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and write φ(s) := G(X (s)). Let a ∈ D(A∗). Then∫ t

0
〈A∗a, X (s)〉H ds =

∫ t

0

〈
A∗a,

∫ t

0
χ[0,s](r )S(s − r )φ(r ) dM(r )

〉
H

ds

and, by the stochastic Fubini theorem,∫ t

0
〈A∗a, X (s)〉H ds

=
〈

A∗a,

∫ t

0

(∫ t

0
χ[0,s](r )S(s − r )φ(r ) dM(r )

)
ds

〉
H

=
〈

A∗a,

∫ t

0

(∫ t

0
χ[0,s](r )S(s − r ) ds

)
φ(r ) dM(r )

〉
H

.

Therefore∫ t

0
〈A∗a, X (s)〉H ds

=
〈

A∗a,

∫ t

0

(∫ t

0
χ[0,s](r )S(s − r ) ds

)
φ(r ) dM(r )

〉
H

=
∫ t

0

〈∫ t

0
χ[0,s](r )S∗(s − r )A∗a ds, φ(r ) dM(r )

〉
H

=
∫ t

0

〈∫ t

r
S∗(s − r )A∗a ds, φ(r ) dM(r )

〉
H

=
∫ t

0

〈∫ t

r

(
d

ds
S∗(s − r )a

)
ds, φ(r ) dM(r )

〉
H

=
∫ t

0

〈
S∗(t − r )a − a, φ(r ) dM(r )

〉
H

=
〈
a,

∫ t

0
S(t − r )φ(r ) dM(r )

〉
H

−
〈
a,

∫ t

0
φ(r ) dM(r )

〉
H

.

It follows that∫ t

0

〈
A∗a, X (s)

〉
H

ds = 〈a, X (t)〉H −
〈
a,

∫ t

0
φ(r ) dM(r )

〉
H

,

yielding

〈a, X (t)〉H =
∫ t

0
〈A∗a, X (s)〉H ds +

∫ t

0
〈a, φ(s) dM(s)〉H .

�

In the first step of the proof of the equivalence theorem we used a stochastic
integration-by-parts formula. Its proof requires some facts about the Riemann–
Stieltjes integral.
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Proposition 9.16 Assume that g ∈ C1([0, T ], R) and l is a càdlàg function on
[0, T ]. Then the Riemann–Stieltjes integrals

∫ T

0
g(s) dl(s),

∫ T

0
g′(s)l(s) ds

exist and

∫ T

0
g(s) dl(s) = g(T )l(T ) − g(0)l(0) −

∫ T

0
g′(s)l(s) ds.

Before proving the proposition, we recall some properties of càdlàg functions.

Lemma 9.17 Assume that l is a càdlàg function defined on [0, T ]. Then

(i) the set {t ∈ [0, T ] : l(t−) �= l(t) = l(t+)} is at most countable,
(ii) for each ε > 0, there exists a finite partition 0 = t0 < t1 < · · · < tn = T

such that, for arbitrary s, t ∈ [tk−1, tk), |l(t) − l(s)| < ε.

Proof In order to demonstrate (i), it is sufficient to show that for each n the set

Sn := {t ∈ [0, T ] : |l(t−) − l(t)| ≥ 1/n}

is finite. If this is not the case then there is a sequence (sm) converging to s such
that |l(sm−) − l(sm)| ≥ 1/n. This leads to a contradiction, since l has left limits at
each point.

In order to prove (ii), fix an ε and denote by τ the supremum of t ∈ [0, T ]
for which there is a partition satisfying the desired property. Since l(0) = l(0+),
τ must be strictly positive. Since l(τ−) exists, the interval [0, τ ] has the desired
property and consequently τ = T , as required. �

Proof of Proposition 9.16 Let 0 = s0 ≤ t0 < s1 ≤ t1 ≤ · · · ≤ sN−1 ≤ tN−1 ≤
sN = T , and let

I : =
N−1∑
i=0

g(ti )(l(si+1) − l(si )) =
N∑

i=1

l(si )g(ti−1) −
N−1∑
i=0

l(si )g(ti )

= −
N−1∑
i=1

l(si )(g(ti ) − g(ti−1)) + l(sN )g(tN−1) − l(s0)g(t0).
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By the mean-value theorem, there exists a ti ∈ [ti−1, ti ] such that

I = −
N−1∑
i=1

l(si )g
′(ti) (ti − ti−1) + l(sN )g(tN−1) − l(s0)g(t0)

= −
N−1∑
i=1

l
(
ti
)
g′(ti) (ti − ti−1) + l(T )g(tN−1) − l(0)g(t0)

+
N−1∑
i=1

(
l
(
ti
)− l(ti )

)
g′(ti) (ti − ti−1)

=: I1 + I2 + I3 + I4.

It is clear that as the mesh of the partition converges to zero, I2 → l(T )g(T )
and I3 → −l(0)g(0). Moreover, by the first part of the lemma and the Lebesgue
dominated convergence theorem, I1 → −∫ T

0 l(s)g′(s) ds. Finally, by the second
part of the lemma I4 → 0. �

9.4 Linear equations

If (9.4) is linear, that is, if

dX = AX dt + dM, X (t0) = X0,

then its mild solution is given by the formula

X (t) = S(t − t0)X0 + Y (t),

where

Y (t) =
∫ t

t0

S(t − s) dM(s), t ≥ t0.

In this section, we are interested in the regularity properties of the stochastic
convolution Y . We will show that if M is a U -valued martingale and S is a semi-
group of contractions on U then the process Y has a càdlàg version. We present two
proofs, one based on the Kotelenez maximal inequalities (see Kotelenez 1987) and
the other, due to Hausenblas and Seidler (2006), based on a dilation-type theorem.
We also show that, in general, the stochastic convolution may not have a càdlàg
version even if condition (G) is satisfied.

In the final subsection we show the existence of a càdlàg version of Y in the
case of an analytic semigroup S and an M taking values in the domain D ((−A)α)
of the generator.

The time continuity of solutions to equations driven by continuous martingales
(in particular Wiener processes) is studied separately in Chapter 11.
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9.4.1 The Kotelenez inequality

Let M ∈ M2(U ). Assume that S(t, s), S̃(t, s), t ≥ s, are families of linear operators
on U such that S(s, s), S̃(s, s) are each equal to the identity operator I and

‖S(t, s)‖L(U,U ) ≤ eβ(t−s), ‖S̃(t, s)‖L(U,U ) ≤ eβ(t−s), t ≥ s,

where β ≥ 0 is a constant. In addition, let S(·, ·) be strongly continuous with
respect to each variable separately; that is, for all t0, s0 and u,

lim
s→s0

S(s, t0)u = S(s0, t0)u, lim
s→s0

S̃(s, t0)u = S̃(s0, t0)u,

lim
t→t0

S(s0, t)u = S(s0, t0)u, lim
t→t0

S̃(s0, t)u = S̃(s0, t0)u,

where the limits are in the norm topology of U . Note that the process∫ t
0 S(t, s) dM(s), t ≥ 0, is well defined in U . We will require that, for arbitrary

t ≥ s ≥ 0,∫ s

0
S(t, σ ) dM(σ ) = S̃(t, s)

∫ s

0
S(s, σ ) dM(σ ) = S̃(t, s)Y (s).

There are two important cases where the above identity holds. The first is where
S̃(t, s) = S(t, s) is an evolution operator, that is,

S(t, u) = S(t, s)S(s, u), t ≥ s ≥ u.

Note that if S is a semigroup then S(t, s) := S(t − s) defines an evolution operator.
The semigroup S satisfying ‖S(t)‖L(U,U ) ≤ eβt , t ≥ 0, is called a semigroup of
(generalized) contractions.

The second case is where S̃(t, s) is an evolution operator and S(t, s) = S̃(t, tk)
for all s ∈ (tk, tk+1] and for an increasing sequence tk . For more details on the
following result we refer the reader to Kotelenez (1982, 1984, 1987).

Proposition 9.18 (Kotelenez) For any sequence t0 = 0 < t1 < · · · < tK = T <

∞ and for any constant c > 0,

P

(
max

1≤k≤K

∣∣∣∣
∫ tk

0
S(tk, σ ) dM(σ )

∣∣∣∣
U

> c

)
≤ 1

c2
e2βT

E |M(T )|2U .

Proof Write

Y (t) :=
∫ t

0
S(t, s) dM(s), t ≥ 0.
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Then

P

(
max

1≤k≤K
|Y (tk)|U > c

)

=
∑

1≤k≤K

P

(
k−1⋂
j=1

{|Y (t j )|U ≤ c} ∩ {|Y (tk)|U > c}
)

≤ 1

c2

∑
1≤k≤K

E

(
|Y (tk)|2U χ{|Y (tk )|U >c}

k−1∏
j=1

χ{|Y (t j )|U ≤c}

)
.

Note that, for any k,

Ik := E

(
|Y (tk)|2U χ{|Y (tk )|U >c}

k−1∏
j=1

χ{|Y (t j )|U ≤c}

)

≤ E

(
|Y (tk)|2U

k−1∏
j=1

χ{|Y (t j )|U ≤c}

)
=: Ĩ k .

Next,

Y (tk) = S̃(tk, tk−1)
∫ tk−1

0
S(tk−1, s) dM(s) +

∫ tk

tk−1

S(tk, s) dM(s)

= S̃(tk, tk−1)Y (tk−1) +
∫ tk

tk−1

S(tk, s) dM(s).

Let χk :=∏k−1
j=1 χ{|Y (t j )|U ≤c}. By the martingale property of stochastic integrals,

Ĩ k = E
(|Y (tk)|2U χk

)
= E

((∣∣∣∣S(tk, tk−1)Y (tk−1) +
∫ tk

tk−1

S(tk, s) dM(s)

∣∣∣∣
2

U

)
χk

)

= E

((∣∣S(tk, tk−1)Y (tk−1)
∣∣2
U +
∣∣∣∣
∫ tk

tk−1

S(tk, s) dM(s)

∣∣∣∣
2

U

)
χk

)

because the expectations of the cross terms disappear. Consequently, setting Jk−1:=
E
(|Y (tk−1)|2U χk

)
we obtain

Ĩ k ≤ e2β(tk−tk−1) Jk−1 + e2β(tk−tk−1)
E
∣∣M(tk) − M(tk−1)

∣∣2
U
.

Since Jk−1 + Ik−1 = Ĩ k−1, we have

Ĩ k ≤ βk
(
Ĩ k−1 + αk

)
,
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where αk := E |M(tk) − M(tk−1)|2U and βk := e2β(tk−tk−1). Thus, by iteration,

K∑
k=1

Ik ≤ βK αK + βK βK−1αK−1 + · · · + βK βK−1 · · · β1α1.

Consequently,

K∑
k=1

Ik ≤ e2βT (α1 + · · · + αK ) ≤ e2βT
E |M(T )|2U ,

and the proof is complete. �

Corollary 9.19 For any c > 0 and a countable set Q ⊂ [0, T ],

P

(
sup
t∈Q

∣∣∣∣
∫ t

0
S(t, σ ) dM(σ )

∣∣∣∣
U

> c

)
≤ 1

c2
e2βT

E |M(T )|2U .

9.4.2 Regular modifications

The following result of Kotelenez (1987) is a direct consequence of
Proposition 9.18.

Theorem 9.20 Assume that M ∈ M2(U ) and that S(t, s), t ≥ s ≥ 0, is an evolu-
tion operator on [0, T ] satisfying the generalized contraction principle
‖S(t, s)‖L(U,U ) ≤ eβ(t−s) for all t ≥ s. Then the process

Y (t) :=
∫ t

0
S(t, s) dM(s), t ∈ [0, T ],

has a càdlàg version in U. If, in addition, the martingale M has continuous paths
then Y has a continuous version.

Proof We restrict our considerations to the first assertion, as the other can be
proved in a similar way. We may assume without any loss of generality that T = 1.
For each σ ∈ (i/2k, (i + 1)/2k

]
, i = 0, 1, . . . , 2k−1, set σk = i/2k and

Y k(t) =
∫ t

0
S(t, σk) dM(σ ) =

∫
(0,t]

S(t, σk) dM(σ ).

For t ∈ (i/2k, (i + 1)/2k
]
,

Y k(t) =
∫

(i/2k ,t]
S

(
t,

i

2k

)
dM(σ ) +

i∑
j=1

∫
(( j−1)/2k , j/2k ]

S

(
t,

j − 1

2k

)
dM(σ )

= S

(
t,

i

2k

)[
M(t) − M

(
i

2k

)]
+

i∑
j=1

S

(
t,

j − 1

2k

)[
M

(
j

2k

)
− M

(
j − 1

2k

)]
.
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It is therefore clear that Y k is a càdlàg process on the intervals
(
i/2k, (i + 1)/2k

)
.

Moreover, for s = (i + 1)/2k ,

Y k(s−)

= S

(
s,

i

2k

)[
M(s−) − M

(
i

2k

)]
+

i∑
j=1

S

(
s,

j − 1

2k

)[
M

(
j

2k

)
− M

(
j − 1

2k

)]
,

Y k(s+)

= S

(
s,

i + 1

2k

)[
M(s) − M

(
i + 1

2k

)]
+

i+1∑
j=1

S

(
s,

j − 1

2k

)[
M

(
j

2k

)
− M

(
j − 1

2k

)]

=
i∑

j=1

(
S

(
s,

j−1

2k

)[
M

(
j

2k

)
− M

(
j−1

2k

)])
+ S

(
s,

i

2k

)[
M

(
i+1

2k

)
− M

(
i

2k

)]
,

Y k(s)

= S

(
s,

i

2k

)[
M(s) − M

(
i

2k

)]
+

i∑
j=1

S

(
s,

j − 1

2k

)[
M

(
j

2k

)
− M

(
j − 1

2k

)]
.

Therefore Y k(s) = Y k(s+) and the process Y k is càdlàg. Assume that m ≥ k. Then,
for any σ ≥ 0, we have σm ≥ σk . It follows that S(t, σk) = S(t, σm)S(σm, σk) and

Y m(t) − Y k(t) =
∫ t

0
(S(t, σm) − S(t, σk)) dM(σ )

=
∫ t

0
S(t, σm)(I − S(σm, σk)) dM(σ )

=
∫ t

0
S(t, σm) dM̃(σ ),

where M̃(s) = ∫ s
0 [I − S(σm, σk)] dM(σ ). Without any loss of generality we may

assume that the trajectories of all processes Y k are càdlàg. Therefore, by the corol-
lary to the Kotelenez inequality, for all c > 0,

P

(
sup

0≤t≤T

∣∣Y m(t) − Y k(t)
∣∣
U > c

)
≤ 1

c2
e2βT

E
∣∣M̃(T )

∣∣2
U

≤ 1

c2
e2βT

E

∫ T

0

∥∥(I − S(σm, σk))Q1/2
M

∥∥2
L (H S)(U,U ) d〈〈M, M〉〉s .

Recall that Q is an operator appearing in (9.5). Since∥∥(I − S(σm, σk))Q1/2
∥∥2

L (H S)(U,U ) ≤ ∥∥(I − S(σm, σk))
∥∥2

L(U,U )

∥∥Q1/2
∥∥2

L (H S)(U,U )

≤ (1 + eβt
)2 ∥∥Q1/2

∥∥2
L (H S)(U,U )
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and

lim
m,k→∞

∥∥(I − S(σm, σk))Q1/2
∥∥2

L (H S)(U,U ) = 0,

we have

lim
m,k→∞

P

(
sup

0≤t≤T
|Y m(t) − Y k(t)|U > c

)
= 0.

By a standard application of the Borel–Cantelli lemma, one can find a subsequence(
Y kl
)

that P-a.s. converges uniformly to a càdlàg modification of Y . �

9.4.3 Regularization from the dilation theorem

In this section we sketch a method for establishing the regularity of stochastic
convolutions based on the dilation theorem. We follow the ideas of Hausenblas
and Seidler (2006). We start with the dilation theorem.

Definition 9.21 A mapping S : R �→ L(U, U ) is said to be positive-definite if,
for all t1, . . . , tN ∈ R and u1, . . . , uN ∈ U ,

N∑
j,k=1

〈
S(t j − tk)u j , uk

〉
U

≥ 0.

The following dilation theorem, due to S. Nagy, is of central importance in the
theory of one-parameter semigroups on Hilbert spaces. Its proof can be found in
Davies (1980) and Nagy and Foiaş (1970).

Theorem 9.22 (Nagy) If S is a positive-definite L(U, U )-valued mapping with
S(0) = I then there exists a Hilbert space Û containing U and a group Ŝ : R �→ Û
such that P Ŝ(t) = S(t), t ∈ R, where P is the orthogonal projection of Û onto U.
Moreover, if S is strongly continuous then so is Ŝ.

We would like to apply the dilation theorem to the case where S is a semigroup.
The following result holds; see e.g. Davies (1980).

Theorem 9.23 If S is a C0-semigroup of contractions on U and S(t) is defined
for t < 0 by S(t) = S(−t)∗ then S is a positive-definite L(U, U )-valued mapping.

Assume that M ∈ M2(U ) and that S is a C0-semigroup of contractions on U .
Let Q = (Qs) be the martingale covariance of M and let � be an L(U, U )-valued
process such that t �→ �(t)u is predictable for every u ∈ U and

E

∫ t

0
‖�(s)Qs‖2

L (H S)(U,U ) ds < ∞, ∀ t ≥ 0.
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Clearly, for each t , the process s �→ S(t − s)�(s) belongs to the space L2
M,t of

admissible integrands.

Theorem 9.24 The process

Y (t) :=
∫ t

0
S(t − s)�(s) dM(s), t ≥ 0,

has a càdlàg modification in U and there is a constant κ depending only on S such
that, for all T < ∞ and α ∈ (0, 2),

P

(
sup

t∈[0,T ]
|Y (t)|U ≥ c

)
≤ κ

c2
E

∫ T

0
‖�(s)Qs‖2

L (H S)(U,U ) ds (9.22)

and

E sup
t∈[0,T ]

|Y (t)|αU ≤ 2κ

2 − α

(
E

∫ T

0
‖�(s)Qs‖2

L (H S)(U,U ) ds

)2/α

. (9.23)

Proof By Theorems 9.22 and 9.23, there exist a Hilbert space Û and a group Ŝ
of linear operators on Û satisfying P Ŝ = S, where P is an orthogonal projection.
Hence Y (t) = P Ŝ(t)Ŷ (t), where

Ŷ (t) =
∫ t

0
Ŝ(−s)�(s) dM(s).

Since s �→ Ŝ(−s)�(s) belongs toL2
M,T (Û ) for every T < ∞, we have Ŷ ∈ M2(Û )

and hence, by the Doob theorem, Ŷ has a càdlàg modification in Û . Since Ŝ is
strongly continuous on Û , Y also has a càdlàg modification in U . Since Ŝ is unitary
and P is a projection,

|Y (t)|U = |P Ŝ(t)Ŷ (t)|U ≤ |Ŷ (t)|Û .

Hence, by Theorems 3.41 and 8.7(ii),

P

(
sup

t∈[0,T ]
|Y (t)|U ≥ c

)
≤ P

(
sup

t∈[0,T ]
|Ŷ (t)|Û ≥ c

)
≤ E |Ŷ (T )|2

Û

c2

≤ 1

c2
E

∫ T

0
‖Ŝ(−s)�(s)Qs‖2

L (H S)(U,Û )
ds

≤ κ

c2
E

∫ T

0
‖�(s)Qs‖2

L (H S)(U,U ) ds,

where
√

κ is the norm of the inclusion j : U �→ Û . This proves (9.22). Using argu-
ments from the proof of Theorem 3.41 one can derive (9.23) from
(9.22). �
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9.4.4 A counterexample

We show here that conditions (F) and (G) do not imply in general the existence of
a càdlàg solution, even if Z is a Lévy process.

Proposition 9.25 There exist separable Hilbert spaces H and U, a generator A
of a C0-semigroup S on H and a U-valued square integrable mean-zero compound
Poisson process � such that the coefficients of the equation

d X = AX dt + d�, X (0) = 0, (9.24)

satisfy assumptions (F) and (G) but the solution to (9.24) does not have a càdlàg
modification in H.

Proof First of all note that � ∈ M2(U ). Let H and U be infinite-dimensional
Hilbert spaces such that H is densely embedded into U . Assume that (S(t), t ≥ 0)
is a C0-semigroup on H with the following properties:

(i)
∫ T

0 ‖S(s)‖2
L (H S)(H,H ) ds < ∞ for all T > 0;

(ii) for each t > 0, S(t) has a continuous extension to U as an H -valued
operator;

(iii) lim
t↓0

|S(t)u|H = ∞ for all u ∈ U \ H .

Let Z be a U -valued square integrable mean-zero random variable with repro-
ducing kernel H and distribution ν. Note that ν (U \ H ) = 1. If (�(t), t ≥ 0) is a
compound Poisson process with jump measure ν then the solution X of (9.24) is
given by the formula

X (t) =
∫ t

0
S(t − σ ) d�(σ ) =

∑
σn<t

S(t − σn)Zn,

where σn and Zn are respectively the jump times and jump sizes of �. It is clear
that

lim
t↓σ1

|X (t)|H = lim
t↓σ1

|S(t − σ1)Z1|H = ∞,

and the result follows from Proposition 3.17. Taking into account Example 7.8, one
can choose H = L2(0, 1), U = W −1,2

0 , S equal to the heat semigroup on L2(0, 1)
and Z = ηδξ . �

Remark 9.26 Note that if W is a cylindrical Wiener process in H = L2(0, 1),
that is, HW = L2(0, 1) and S is the heat semigroup on L2(0, 1) then (see Da Prato
and Zabczyk 1992a or Chapter 11) the equation

dX = AX dt + dW
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has a solution with continuous trajectories in L2(0, 1). However, as was shown
above, the equation driven by a Poisson process having the same RKHS does not
have a càdlàg version.

Remark 9.27 It is shown in Fuhrman and Röckner (2000) that for any linear
equation there exists a larger Hilbert space in which the solution has a càdlàg
version.

9.4.5 The case of an analytic semigroup

Assume that the semigroup S generated by (A, D(A)) is analytic on a Banach
space (B, | · |B). For the convenience of the reader we present in appendix subsec-
tion B.1.2 the definition and main properties of analytic semigroups. In particular,
we recall the concept of fractional powers of (−A).

Proposition 9.28 Assume that M is a square integrable martingale with càdlàg
trajectories in D(−A)α for some α ∈ [0, 1). Then

Y (t) :=
∫ t

0
S(t − s) dM(s), t ≥ 0,

has a càdlàg version in B.

Proof Using integration by parts we obtain

Y (t) = M(t) −
∫ t

0
(−A)S(t − s)M(s) ds := M(t) − I (t),

provided that

a(t) :=
∫ t

0
|(−A)S(t − s)M(s)|B ds < ∞.

Let 1 < p < 1/(1 − α) and q := (p + 1)/p. Then

a(t) =
∫ t

0

∣∣(−A)1−α S(t − s) (−A)α M(s)
∣∣

B
ds

≤
(∫ t

0

∥∥(−A)1−α S(t − s)
∥∥p

L(B,B) ds

)1/p

×
(∫ t

0
|(−A)α M(s)|qB ds

)1/q

.

By subsection B.1.2 the function t �→ ‖(−A)1−α S(t)‖p
L(B,B) is locally integrable.

As (−A)α M has càdlàg trajectories in B, a is locally bounded and, consequently,
P-a.s. the process Y has locally bounded trajectories in B and by an approximation
procedure it has a càdlàg modification in B. �
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9.5 Existence of weak solutions

In this section we prove the following result. See Section 9.2 for conditions (F),
(G) and (GI).

Theorem 9.29 (1) Assume that conditions (F) and (G) are satisfied. Then the
following hold.

(i) For all t0 ≥ 0 and an Ft0 -measurable square integrable random variable X0

in H there exists a unique (up to modification) solution X (·, t0, X0) of (9.4).
(ii) ∀ 0 ≤ t0 ≤ T < ∞ ∃ L < ∞ such that ∀ x1, x2 ∈ H,

sup
t∈[t0,T ]

E |X (t, t0, x1) − X (t, t0, x2)|2H ≤ L |x1 − x2|2H .

(iii) ∀ 0 ≤ t0 ≤ t , x ∈ H, the law of X (t, t0, x) does not depend on the choice of
probability space or the process Z.

(2) If (F) and (GI) hold and S is a generalized contraction then the solution has a
càdlàg version.

Proof of (1) Given 0 ≤ t0 ≤ T < ∞ we denote byXT the space of all predictable
processes Y : [t0, T ] × � �→ H such that

‖Y‖T :=
(

sup
t∈[t0,T ]

E |Y (t)|2H
)1/2

< ∞.

Given β ∈ R and Y ∈ XT , write

‖Y‖T,β :=
(

sup
t∈[t0,T ]

e−βt
E |Y (t)|2H

)1/2

.

ClearlyXT with the norm ‖ · ‖T = ‖ · ‖T,0 is a Banach space. Moreover, the norms
‖ · ‖T,β , β ∈ R are equivalent.

Note that, from (F) and (G), for all Y ∈ XT and t ∈ [t0, T ] the integrals

IF (Y )(t) :=
∫ t

t0

S(t − s)F(Y (s)) ds,

JG(Y )(t) :=
∫ t

t0

S(t − s)G(Y (s)) dM(s)

(9.25)

are well defined. By Proposition 3.21 they have predictable versions since they are
adapted and stochastically continuous. To prove their predictability one can also
approximate the processes IF (Y ) and JG(Y ) by S(1/n)IF (Y ) and S(1/n)JG(Y ).
From now on, we will always take predictable versions of IF (Y ) and JG(Y ). By



9.5 Existence of weak solutions 165

the Banach fixed-point theorem it suffices to show that, for any T < ∞, there are
β ∈ R and a constant Kβ,T < 1 such that

‖IF (Y ) + JG(Y ) − IF (V ) − JG(V )‖T,β ≤ Kβ,T ‖Y − V ‖T,β , Y, Z ∈ XT .

(9.26)
To this end, we fix Y, V ∈ XT . Then

‖IF (Y ) + JG(Y ) − IF (V ) − JG(V )‖2
T,β ≤ 2 ‖IF (Y ) − IF (V )‖2

T,β

+ 2 ‖JG(Y ) − JG(V )‖2
T,β .

Next, by (F),

‖IF (Y ) − IF (V )‖2
T,β

= sup
t∈[t0,T ]

e−βt
E

∣∣∣∣
∫ t

t0

S(t − s)
(
F(Y (s)) − F(V (s))

)
ds

∣∣∣∣
2

H

≤ sup
t∈[t0,T ]

e−βt
E

(∫ t

t0

a(t − s) |Y (s) − V (s)|H ds

)2

.

By the Schwarz inequality,∫ t

t0

a(t − s)|Y (s) − V (s)|H ds

≤
(∫ T

t0

a(s) ds

)1/2 (∫ T

t0

|Y (s) − V (s)|2H a(t − s) ds

)1/2

.

Hence, putting c1 := ∫ T
t0

a(s) ds, we obtain

‖IF (Y ) − IF (V )‖2
T,β ≤ c1 sup

t∈[t0,T ]
e−βt

∫ t

t0

a(t − s) E |Y (s) − V (s)|2H ds

≤ c1 sup
t∈[t0,T ]

e−βt
∫ t

t0

a(t − s) eβse−βs
E |Y (s) − V (s)|2H ds

≤ c1 ‖Y − V ‖2
T,β sup

t∈[t0,T ]

∫ t

t0

a(t − s)e−β(t−s) ds.

Thus

‖IF (Y ) − IF (V )‖2
T,β ≤ C1,β,T ‖Y − V ‖2

T,β

with

C1,β,T =
∫ T

t0

a(s) ds
∫ T

t0

a(s)e−βs ds.
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Similarly, applying the isometric identity for stochastic integrals together with
condition (G),

‖JG(Y ) − JG(V )‖2
T,β

= sup
t∈[t0,T ]

e−βt
E

∣∣∣∣
∫ t

t0

S(t − s)
(
G(Y (s)) − G(V (s))

)
dM(s)

∣∣∣∣
2

H

≤ sup
t∈[t0,T ]

e−βt
E

∫ t

t0

∥∥S(t − s)
(
G(Y (s)) − G(V (s))

)∥∥2
L (H S)(H,H ) ds

≤ sup
t∈[t0,T ]

e−βt
∫ t

t0

b2(t − s) E |Y (s) − V (s)|2H ds

≤ ‖Y − V ‖2
T,β

∫ T

t0

e−βs b2(s) ds.

Thus (9.26) follows with

Kβ,T =
(

2 C1,β,T + 2
∫ T

t0

e−βs b2(s) ds

)1/2

and for the existence it suffices to observe that, for sufficiently large β, Kβ,T < 1,
which concludes the proof of (i).

In order to show (ii), note that, with the notation as above,

‖X (·, t0, x1) − X (·, t0, x2)‖2
β,T

≤ 2 sup
t∈[t0,T ]

e−βt |S(t)(x1 − x2)|2H

+ 2
∥∥IF (X (·, t0, x1)) + JG(X (·, t0, x1)) − IF (X (·, x2)) − JG(·, x2))

∥∥2
T,β

≤ 2 sup
t∈[t0,T ]

e−βt ‖S(t)‖2
L(H,H )|x1 − x2|2H

+ 2K 2
β,T ‖X (·, t0, x1) − X (·, t0, x2)‖2

T,β .

Choosing β large enough, we obtain 2K 2
β,T < 1/2. Then

‖X (·, t0, x1) − X (·, t0, x2)‖2
β,T ≤ 4 sup

t∈[t0,T ]
e−βt ‖S(t)‖2

L(H,H ) |x1 − x2|2H ,

which gives the desired conclusion.

In order to show (iii) note, by the proof of (i), that the solution is a limit in
L2(�,F, P; H ) of the sequences (Xn(·, t0, x)), where X0(t, t0, x) = x and

Xn+1(t, t0, x) = S(t − t0)x +
∫ t

t0

S(t − s)F(Xn(s, t0, x)) ds

+
∫ t

t0

S(t − s)G(X (s, t0, x)) dM(s)
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for n ≥ 0. Thus the claim follows from the easily verified fact that if the joint laws
of (�, M) and (ψ̃, M̃) are the same then the joint laws of(∫ t

t0

�(s) dM(s), M(t), t ≥ 0

)
,

(∫ t

t0

ψ̃(s) dM̃(s), M̃(t), t ≥ 0

)

are also the same. �

Proof of (2) Assume that X is a solution to (9.4) and define the process

N (t) :=
∫ t

0
G(X (s)) dM(s), t ≥ 0.

Then

E |N (t)|2H = E

∣∣∣∫ t

0
G(X (s)) dM(s)

∣∣∣2
H

≤ E

∫ t

0
‖G(X (s))‖2

L (H S)(H,H ) ds ≤ E

∫ t

0
b2(s)

(
1 + |X (s)|H

)2
ds

≤ 2
∫ t

0
b2(s)

(
1 + E |X (s)|2H

)
ds < ∞,

by part (1) of the theorem. Therefore N is an H -valued square integrable martin-
gale and the regularization theorem 9.24 implies that the process

Y (t) =
∫ t

0
S(t − s) dN (s) =

∫ t

0
S(t − s)G(X (s)) dM(s),

has a càdlàg version. �

From now on we will write X (t, x) instead of X (t, 0, x).

9.6 Markov property

In this section we will be concerned with the Markov property of solutions to (9.4);
see Section 3.4. Given x ∈ H , 0 ≤ s ≤ t < ∞, we denote by X (t, s, x) the value
at time t of the solution to (9.4) starting at time s from x . Define

Ps,tϕ(x) := E ϕ(X (t, s, x)) , t ≥ s ≥ 0, ϕ ∈ Bb(H ), x ∈ H, (9.27)

and, for all t ≥ s ≥ 0, x ∈ H and � ∈ B(H ),

P(s, x, t, �) := Ps,tχ�(x) = P (X (t, s, x) ∈ �) .

We call Ps,t , 0 ≤ s ≤ t the transition semigroup and P(s, x, t, �), 0 ≤ s ≤ t , x ∈
H , � ∈ B(H ), the transition functions corresponding to (9.4).
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Theorem 9.30 Assume that (F) and (G) hold and in addition that M is a Lévy
process. Then, for all 0 ≤ s ≤ u ≤ t , ϕ ∈ Bb(H ) and any square integrable Fs -
measurable random variable ζ ,

E
(
ϕ(X (t, s, ζ ))

∣∣Fu
) = Pu,tϕ(X (u, s, ζ )), P-a.s.

Proof By the uniqueness of solutions, X (t, s, ζ ) = X (t, u, X (u, s, ζ )). It is there-
fore enough to show that, for any Fu-measurable square integrable random
variable η,

E
(
ϕ(X (t, u, η))

∣∣Fu
) = Pu,tϕ(η), P-a.s. (9.28)

Note that it is sufficient to show (9.28) for any ϕ ∈ Cb(H ). Indeed, if this is the
case then it holds in particular for ϕ = χ� , where � is a closed subset of H . For
any probability measure μ on a separable metric space E ,

μ(B) = sup
�=�⊂B

μ(�), B ∈ B(E).

It follows that (9.28) holds for the characteristic function of any measurable set
in H and, consequently, by a simple approximation argument, for any bounded
measurable ϕ. Assume now that η is simple, that is, it takes only a finite number
of values, so that we can write η =∑N

j=1 x jχ� j where

{�1, . . . , �N } ⊂ Fu,

N⋃
j=1

� j = �, � j ∩ �k = ∅ for j �= k,

and {x1, . . . , xN } ⊂ H . Then

X (t, u, η) =
N∑

j=1

X (t, u, x j )χ� j

and consequently, since X (t, u, x j ) is independent of Fu and the functions χ� j are
Fu-measurable, we have

E
(
ϕ(X (t, u, η))

∣∣Fu
) =

N∑
j=1

E
(
ϕ(X (t, u, x j ))χ� j

∣∣Fu
)

=
N∑

j=1

(
E ϕ(X (t, u, x j ))

)
χ� j

=
N∑

j=1

Pu,tϕ(x j )χ� j = Pu,tϕ(η).

Now, if η is a square integrable Fu-measurable random variable then there is a
sequence (ηn) of simple random variables such that E |η − ηn|H → 0 as n → ∞.
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Then

E
(
ϕ(X (t, u, ηn)

∣∣Fu
) = Pu,tϕ(ηn).

Since by Theorem 9.29 the solution depends continuously on the initial data and
since ϕ is bounded and continuous, we may pass to the limit and obtain the desired
conclusion. �

We have the following consequence of Theorem 9.30.

Proposition 9.31 For arbitrary ϕ ∈ Bb(H ), � ∈ B(H ), 0 ≤ s ≤ u ≤ t < ∞
and x ∈ H,

Ps,u
(
Pu,tϕ

)
(x) = Ps,tϕ(x) (9.29)

and

P(s, x, t, �) =
∫

H
P(s, x, u, dy)P(u, y, t, �). (9.30)

Proof Clearly (9.30) follows from (9.29) by taking ϕ = χ� . To show (9.29) note
that

Ps,tϕ(x) = E ϕ(X (t, s, x)) = E E
(
ϕ(X (t, s, , x))

∣∣Fu
)

= E Pu,tϕ(X (u, s, x)) = Ps,u
(
Pu,tϕ

)
(x).

�

Since Z has stationary increments, we have the following result.

Proposition 9.32 For all 0 ≤ s ≤ t , Ps,t = P0,t−s . In particular,

P(s, x, t, �) = P(0, x, t − s, �), ∀ x ∈ H, ∀ � ∈ B(H ).

Proof It is sufficient to show that for all t ≥ 0 and x ∈ H the processes (X (h, 0, x),
h ≥ 0) and (X (t + h, t, x), h ≥ 0) have the same distribution. To see this note that

X (t + h, t, x) = S(h)x +
∫ t+h

t
S(t + h − s)F(X (s, t, x)) ds

+
∫ t+h

t
S(t + h − s)G(X (s, t, x)) dM(s)

= S(h)x +
∫ h

0
S(h − s)F(X (t + s, t, x)) ds

+
∫ h

0
S(h − s)G(X (t + s, t, x)) dMt (s),

where Mt (s) = M(t + s) − M(t). Clearly Mt and M have the same law. Thus, by
Theorem 9.29(iii), X (t + h, t, x) and X (h, 0, x) have the same law. �
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From now on, we write X (t, x) instead of X (t, 0, x), Pt instead of P0,t and
P(t, x, �) instead of P(t, x, 0, �).

Remark 9.33 By Theorem 9.30, X (·, x), x ∈ H is a family of Markov processes
on the state space H with respect to the filtration (Ft ). The corresponding transition
semigroup is (Pt ) and the transition probabilities are P(t, x, �), x ∈ H , t ≥ 0,
� ∈ B(H ). By Theorem 9.29(ii), the semigroup (Pt ) is Feller, that is, for any t ≥ 0,
Pt transforms Cb(H ) into Cb(H ). In other words, (9.4) defines a homogeneous
Markov family satisfying the Feller property (a Feller family).

9.7 Equations with general Lévy processes

In this section, we discuss the existence of a solution to the equation obtained from
(9.4) by adding a Poissonian part that is not necessarily square integrable. Namely,
we consider the problem

dX = (AX + F(X )) dt + G(X ) dM + R(X ) dP, X (t0) = X0, (9.31)

where (A, D(A)), M , F and G are as in (9.4). We assume that P is a compound
Poisson process on a Hilbert space V with (finite) Lévy measure μ and that the
R(x), x ∈ H , are linear operators, usually unbounded, from V to H .

As in subsection 8.6.2, we introduce a sequence of stopping times

τm := inf {t ≥ 0: P(t) − P(t−) �∈ Vm} , m ∈ N,

where (Vm) is an increasing sequence of bounded measurable subsets of V , such
that
⋃

Vn = V . Note that τm ↑ ∞. Given m, define

Pm(t) := P(t ∧ τm) =
∑
s≤t

χVm (P(s) − P(s−)) (P(s) − P(s−)) .

Then Pm is a compound Poisson process with Lévy measure μm , which is the
restriction of μ to Vm . Let

um :=
∫

V
zμm(dz) =

∫
Vm

zμ(dz).

Then (Mm(t) := Pm(t) − tum, t ≥ 0), m ∈ N, are square integrable mean-zero
Lévy processes. Moreover, each Xm has covariance

Qm =
∫

Vm

z ⊗ zμ(dz),



9.7 Equations with general Lévy processes 171

that is,

〈Qmu, v〉V =
∫

Vm

〈z, u〉V 〈z, u〉V μ(dz), u, v ∈ V .

Let Hm = Q1/2
m (V ). Note that (Hm) is an increasing sequence.

We will assume that the nonlinear map R satisfies the following two conditions.

(R1) D(R) is dense in H , and for each m there is a function
bm : (0, ∞) �→ (0, ∞) satisfying

∫ T
0 b2

m(t) dt < ∞ for T < ∞ such that,
for all t > 0 and x, y ∈ D(R),

‖S(t)R(x)‖L (H S)(Hm ,H ) ≤ bm(t)(1 + |x |H ) ,

‖S(t) (R(x) − R(y)) ‖L (H S)(Hm ,H ) ≤ bm(t) |x − y|H .

(R2) For each m, there is a function am : (0, ∞) �→ (0, ∞) satisfying

∫ T

0
am(t) dt < ∞, ∀ T < ∞,

such that, for all t > 0 and x, y ∈ D(R),

|S(t)(R(x)um)|H ≤ am(t) (1 + |x |H ) ,∣∣S(t)
(

(R(x) − R(y)) um
)∣∣

H ≤ am(t) |x − y|H .

Given m, we consider the problem

dXm = (AXm + F(Xm) + R(Xm)um) dt

+ G(Xm) dM + R(Xm) dMm

= (AXm + F(Xm)) dt + G(Xm) dM + R(Xm) dPm, (9.32)

Xm(t0) = X0.

Note that the coefficients F(·) + R(·)um and G, R satisfy assumptions (F) and
(G) and hence that for each m there is a unique solution Xm to (9.32) satisfying
supt∈[0,T ] E |Xm(t)|2H < ∞ for T < ∞.

Theorem 9.34 For every t ∈ [0, T ] and all m ≤ n, Xm(t) = Xn(t) P-a.s. on
{t ≤ τm}. Moreover the process X given by X (t) = Xm(t) for t ≤ τm is a weak
solution to (9.31).
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Proof We have

Xm(t) − Xn(t) =
∫ t

0
S(t − s)

(
F(Xm(s)) − F(Xn(s))

)
ds

+
∫ t

0
S(t − s)

(
G(Xm(s)) − G(Xn(s))

)
dM(s)

+
∫ t

0
S(t − s)

(
R(Xm(s)) − R(Xn(s))

)
dMm(s)

+
∫ t

0
S(t − s)R(Xn(s)) d(Mm(s) − Mn(s))

+
∫ t

0
S(t − s)

(
R(Xm(s))um − R(Xn(s))un

)
ds.

Since on the set {t ≤ τm} we have Mm(s) − Mn(s) = −(um − un)s, s ≤ t , Propo-
sition 8.11 yields

(Xm(t) − Xn(t))χ{t≤τm }

=
∫ t

0
S(t − s)

(
F(Xm(s)) − F(Xn(s))

)
ds χ{t≤τm }

+
∫ t

0
S(t − s)

(
G(Xm(s)) − G(Xn(s))

)
dM(s) χ{t≤τm }

+
∫ t

0
S(t − s)

(
R(Xm(s)) − R(Xn(s))

)
dMm(s) χ{t≤τm }

+
∫ t

0
S(t − s)

(
R(Xm(s)) − R(Xn(s))

)
um ds χ{t≤τm }.

If s ≤ t and t ≤ τm then s ≤ τm . Consequently,

∣∣∣∣χ{t≤τm }
∫ t

0
S(t − s)�(s) ds

∣∣∣∣
H

≤
∣∣∣∣
∫ t

0
S(t − s)�(s)χ{s≤τm } ds

∣∣∣∣
H

and (see Proposition 8.11)

∣∣∣∣χ{t≤τm }
∫ t

0
S(t − s)�(s) dM(s)

∣∣∣∣
H

≤
∣∣∣∣
∫ t

0
S(t − s)�(s)χ{s≤τm } dM(s)

∣∣∣∣
H

.
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Thus

|Xm(t) − Xn(t)|H χ{t≤τm }

≤
∫ t

0

∣∣S(t − s)
(
F(Xm(s)) − F(Xn(s))

)∣∣
H
χ{s≤τm } ds

+
∣∣∣∣
∫ t

0
S(t − s)

(
G(Xm(s)) − G(Xn(s))

)
χ{s≤τm } dM(s)

∣∣∣∣
H

+
∣∣∣∣
∫ t

0
S(t − s)

(
R(Xm(s)) − R(Xn(s))

)
χ{s≤τm } dMm(s)

∣∣∣∣
H

+
∫ t

0

∣∣S(t − s)
(
R(Xm(s)) − R(Xn(s))

)
um

∣∣
H
χ{s≤τm } ds,

yielding

E |Xm(t) − Xn(t)|2H χ{t≤τm }

≤ 4 E

(∫ t

0

∣∣S(t − s)
(
F(Xm(s)) − F(Xn(s))

)∣∣
H
χ{s≤τm } ds

)2

+ 4 E

∣∣∣∣
∫ t

0
S(t − s)

(
G(Xm(s)) − G(Xn(s))

)
χ{s≤τm } dM(s)

∣∣∣∣
2

H

+ 4 E

∣∣∣∣
∫ t

0
S(t − s)

(
R(Xm(s)) − R(Xn(s))

)
χ{s≤τm } dMm(s)

∣∣∣∣
2

H

+ 4 E

(∫ t

0

∣∣S(t − s)
(
R(Xm(s)) − R(Xn(s))

)
um

∣∣
Hχ{s≤τm } ds

)2

.

Let Y (s) := E |Xm(s) − Xn(s)|2H χ{s≤τm }. Using assumptions (F), (G) and (H1),
(H2) we obtain, for t ≤ T ,

Y (t) ≤ 4 E

(∫ t

0
a(t − s)|Xm(s) − Xn(s)|Hχ{s≤τm } ds

)2

+ 4 E

(∫ t

0
am(t − s)|Xm(s) − Xn(s)|Hχ{s≤τm } ds

)2

+ 4
∫ t

0

(
b2(t − s) + b2

m(t − s)
)
Y (s) ds

≤ C
∫ t

0
c(t − s)Y (s) ds,

where

C = 4
∫ T

0
(1 + a(t) + am(t)) dt
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and c(t) = a(t) + am(t) + b2(t) + b2
m(t). Consequently, for any β > 0,

sup
t≤T

e−βt Y (t) ≤ Cβ sup
t≤T

e−βt Y (t),

where Cβ := C
∫ T

0 c(t)e−βt dt . Since
∫ T

0 c(t) dt < ∞, Cβ < 1 for sufficiently large
β and consequently Y (t) = 0, t ∈ [0, T ], as required. Since the processes Xm are
weak solutions of (9.31) on the intervals [0, T ∧ τm], X is also a weak solution of
(9.31). �

The following theorem may now be proved in a similar way to Theorem 9.30.

Theorem 9.35 Assume that M is a Lévy process and that P is independent of
M. Then the solution X to (9.31) is a Markov process on H.

9.8 Generators and a martingale problem

Let E be a Polish space, and let (Pt ) be a transition semigroup defined on Bb(E).

Definition 9.36 We say that φ ∈ Cb(E) belongs to the domain D(A) of the weak
generator A of (Pt ) if for every x ∈ E the limit

lim
t↓0

Ptφ(x) − φ(x)

t
=: Aφ(x) (9.33)

exists, Aφ ∈ Cb(E) and

Ptφ(x) = φ(x) +
∫ t

0
PsAφ(x) ds, x ∈ E . (9.34)

Assume that (Pt ) is the transition semigroup of the solution X of the equation

dX = (AX + F(X )) dt + G(X ) dZ , X (0) = x ∈ H, (9.35)

where A generates a C0-semigroup on a Hilbert space H and Z is a square inte-
grable Lévy martingale taking values in a Hilbert space U . Then the form of the
generator A is well known in many specific cases. For instance, if Z is a Wiener
process with covariance Q then, under appropriate conditions (see e.g. Da Prato
and Zabczyk 1992a),

Aφ(x) = 〈F(x), Dφ(x)〉H + 〈x, A∗ Dφ(x)〉H

+ 1
2 Tr G(x)Q1/2 D2φ(x)

(
G(x)Q1/2

)∗
.

Assume now that Z is a square integrable Lévy martingale in U of the form

Z (t) =
∫ t

0

∫
U

yπ̂ (ds, dy), (9.36)
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where π̂ is a compensated Poisson random measure. One can conjecture that

Aφ(x) = 〈F(x), Dφ(x)〉H + 〈x, A∗ Dφ(x)〉H + A0φ(x), (9.37)

where

A0φ(x) =
∫

U

(
φ(x + G(x)y) − φ(x) − 〈Dφ(x), G(x)y〉H

)
ν(dy),

and ν is the intensity of π . As an illustration of the applicability of Itô’s lemma,
we will show (9.37) for the so-called cylinder functions, that is, for functions φ of
the form

φ(x) = f (〈h1, x〉H , . . . , 〈hn, x〉H ), x ∈ H, (9.38)

where f : R
n �→ R and hi ∈ D(A∗), i = 1, . . . , n. The general case can be treated

as in subsection 5.2.4. Note that if φ is given by (9.38) then

A∗ Dφ(x) =
n∑

j=1

∂ f

∂ξ j
(〈h1, x〉H , . . . , 〈hn, x〉H ) A∗h j .

Proposition 9.37 Assume that

(i) F : H �→ H and G : H �→ L(U, H ) are Lipschitz and G is bounded,
(ii) f ∈ C2

b (Rn),
(iii) Z is a square integrable U-valued martingale given by (9.36).

Then φ given by (9.38) is in the domain D(A) of the weak generator of the
transition semigroup of the solution of (9.35) and Aφ is given by (9.37).

Proof To simplify the notation we assume that n = 1. We will show only that
the limit in (9.33) exists and is equal to (9.37). If h ∈ D(A∗) and X is the weak
solution of (9.35) then

〈h, X (t)〉H = 〈h, x〉H +
∫ t

0
〈A∗h, X (s)〉H ds

+
∫ t

0

〈
h, F(X (s))

〉
H ds + J1(t), (9.39)

where

J1(t) :=
∫ t

0

∫
U

〈
h, G(X (s−))y

〉
H π̂(ds, dy).

Let ξ (t) = 〈h, X (t)〉H , t ≥ 0. By Itô’s formula (see Appendix D),

φ(X (t)) = f (ξ (t)) = f (ξ (0)) +
∫ t

0
f ′(ξ (s−)) dξ (s) + J2(t),
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where

J2(t) :=
∫ t

0

∫
U

(
f (ξ (s−) + z) − f (ξ (s−)) − f ′(ξ (s−))z

)
πξ (ds, dz)

and πξ is the Poisson jump measure corresponding to ξ . By (9.39), for non-negative
predictable random fields ψ ,

∫ t

0

∫
R

ψ(s, z)πξ (ds, dz) =
∫ t

0

∫
U

ψ
(
s, 〈h, G(X (s−))y〉H

)
π (ds, dy).

Thus

φ(X (t)) − φ(x) =
∫ t

0
f ′(ξ (s−))

(〈A∗h, X (s)〉H + 〈h, F(X (s))
〉
H

)
ds

+
∫ t

0

∫
U

�(s, y)π(ds, dy),

where

�(s, y) : = f
(
ξ (s−) + 〈h, G(X (s−))y

〉
H

)− f (ξ (s−))

− f ′(ξ (s−))
〈
h, G(X (s−))y

〉
H
.

We have∫ t

0

∫
U

�(s, y)π (ds, dy) =
∫ t

0

∫
U

�(s, y)π̂ (ds, dy) +
∫ t

0

∫
U

�(s, y)ds ν(dy).

Consequently,

φ(X (t)) − φ(x) = M(t) +
∫ t

0

∫
U

�(s, y) ds ν(dy)

+
∫ t

0
f ′(〈h, X (t)〉)(〈A∗h, X (s)〉H + 〈h, F(X (s))

〉
H

)
ds

where M is a martingale, and hence

Ptφ(x) − φ(x) =
∫ t

0
E
(

f ′(〈h, X (t)〉)(〈A∗h, X (s)〉H + 〈h, F(X (s))
〉
H

))
ds

+
∫ t

0
E

∫
U

�(s, y)ν(dy) ds,

which gives the desired conclusion. �
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9.8.1 Martingale problem

Let us start with the following general observation.

Proposition 9.38 Assume that (Pt ) is the transition semigroup of a Markov
process X with respect to a filtration (Ft ). If φ belongs to the domain of the weak
generator A of (Pt ) then the process

M(t) := φ(X (t)) −
∫ t

0
Aφ(X (s)) ds, t ≥ 0, (9.40)

is a martingale.

Proof By Definition 3.22, for t ≥ s ≥ 0,

E (M(t) − M(s)|Fs) = E
(
φ(X (t)) − φ(X (s))

∣∣Fs
)− ∫ t

s
E
(Aφ(X (u))

∣∣Fs
)

ds

= Pt−sφ(X (s)) − φ(X (s)) −
∫ t

0
Pu−sAφ(X (s)) ds.

Consequently, the result follows from (9.34). �

Now let (A, D(A)) be a linear operator on Cb(E), and let � ⊂ D(A).

Definition 9.39 We say that a filtered probability space (�,F, (Ft ), P) and an
E-valued (Ft )-adapted process X is a solution to the martingale problem (A, �)
if X has measurable trajectories and, for every φ ∈ �, the processes M defined by
(9.38) are martingales with respect to (Ft ).

Assume that A is given by (9.37). Then the solutions of the corresponding
martingale problem are, in a sense, generalized solutions of (9.35) and exist under
assumptions weaker than Lipschitz-type conditions. It is clear that the existence
and uniqueness of the solution of any martingale problem depend on the family �.
For small � the existence is easier to establish whereas for large � the uniqueness
is easier to prove. An example of an interesting martingale problem is discussed
in the following subsection.

9.8.2 Mytnik’s equation

The following equation was studied in Mytnik (2002):

dX (t, ξ ) = �X (t, ξ ) dt + (X (t−, ξ ))δ dZβ(t, ξ ), ξ ∈ R
d . (9.41)

Here Zβ , β ∈ (1, 2), is the cylindrical process introduced in Example 7.26. Let us
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recall that

Zβ(t, dξ ) =
∫ t

0

∫
R

σ π̂ (ds, dξ, dσ ),

where π̂ is the compensated Poisson measure on [0, +∞) × R
d × [0, +∞) with

intensity ds dξ σ−(1+β) dσ . Assume that X is a weak solution of (9.41) and that
h : R

d �→ R and its first and second derivatives belong to any L p(Rd ), p ≥ 1,
spaces. Let H = L2(Rd ). Then

〈h, X (t)〉H − 〈h, x〉H

=
∫ t

0
〈�h, X (s)〉H ds +

∫ t

0

∫
Rd

∫ +∞

0
(X (s−, ξ ))δh(ξ )σ π̂ (ds, dξ, dσ ).

If f (z) = e−z , z ≥ 0, then, applying Itô’s formula to f (〈h, X (t)〉H , t ≥ 0, in the
same way as in the proof of Proposition 9.37, we find that the process

M(t) = e−〈h,X (t)〉H −
∫ t

0
e−〈h,X (s−)〉H

×
∫

Rd

[
�h(ξ )X (s, ξ ) − cβ

(
(X (s−, ξ ))δh(ξ )

)β]
dξ ds,

cβ = �(2 − β)

β(β − 1)
,

is a martingale. In Mytnik (2002) it is proved that under appropriate conditions on
δ, β and d there exists a process X for which M is a martingale. One can arrive at
the same definition of M deriving, formally, the formula for the generator of the
solution of (9.41).



10
Equations with non-Lipschitz coefficients

In the present chapter, the Lipschitz-type conditions imposed on the coefficients
F and G are relaxed. However, only problems with additive noise,

dX = (AX + F(X )) dt + G dZ , X (0) = x ∈ H, (10.1)

will be treated. In (10.1), Z is a square integrable mean-zero Lévy process with
RKHS embedded into a Hilbert space U , G is a linear operator from U to H and F is
an operator on H that may be non-linear and is not necessarily defined everywhere.
The existence and uniqueness of solutions to (10.1) are proven under the condition
that A and F are dissipative in type and that the solution to the linear problem

dY = AY dt + G dZ , Y (0) = 0,

is a càdlàg process in the domain of the map F . It is worth noting that the solution
will be càdlàg as well.

10.1 Dissipative mappings

We start by recalling basic results on dissipative operators. For the proofs, we
refer to subsection 5.5.1 in Da Prato and Zabczyk (1996) and Appendix D in
Da Prato and Zabczyk (1992a). Let (B, | · |B) be a separable Banach space. The
subdifferential ∂|x |B of | · |B at x is defined by the formula

∂|x |B := {
x∗ ∈ B∗ : |x + y|B − |x |B ≥ 〈x∗, y〉, ∀ y ∈ B

}
.

Proposition 10.1 Let u : [0, T ] �→ B be a continuous function whose left
derivative

d−u

dt
(t0) := lim

ε→0
ε<0

u(t0 + ε) − u(t0)

ε

179
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exists at t0 ∈ [0, T ]. Then the function γ (t) = |u(t)|B, t ∈ [0, T ], is left differen-
tiable at t0 and

d−γ

dt
(t0) = min

{〈
x∗,

d−u

dt
(t0)

〉
: x∗ ∈ ∂|u(t0)|B

}
.

Definition 10.2 A mapping F : D(F) ⊂ B �→ B is said to be dissipative if for
any x, y ∈ D(F) there exists a z∗ ∈ ∂|x − y|B such that 〈z∗, F(x) − F(y)〉 ≤ 0.

Example 10.3 If B = H is a Hilbert space then ∂|x |H = {x/|x |H } for x �= 0,
and F is dissipative if and only if 〈x − y, F(x) − F(y)〉H ≤ 0 for all x, y ∈ D(F).

A dissipative mapping F is called maximal dissipative or m-dissipative if the
image of λI − F is equal to the whole space B for some λ > 0 (and so for any
λ > 0). Finally, a mapping F is called almost m-dissipative if F + ηI is m-
dissipative for some η ∈ R.

Assume that F is an m-dissipative mapping. Then its Yosida approximations
Fα , α > 0, are defined by

Fα(x) = F(Jα(x)) = 1

α
(Jα(x) − x), x ∈ B,

where Jα(x) = (I − αF)−1(x), x ∈ B. The basic properties of the operators Fα ,
Jα , α > 0, are listed in the following two propositions; see Appendix D in Da
Prato and Zabczyk (1992a).

Proposition 10.4 Let F : D(F) �→ B be an m-dissipative mapping on B. Then
the following hold.

(i) For all α > 0 and x, y ∈ B, |Jα(x) − Jα(y)|B ≤ |x − y|B.
(ii) The mappings Fα , α > 0, are dissipative and Lipschitz continuous:

|Fα(x) − Fα(y)|B ≤ 2

α
|x − y|B, x, y ∈ B.

Moreover |Fα(x)|B ≤ |F(x)|B for x ∈ D(F).

(iii) lim
α→0

Fα(x) = x, ∀ x ∈ D(F).

Proposition 10.5 Let B = H be a Hilbert space, let F : D(F) �→ H be an
m-dissipative mapping on H and let α, β > 0. Then

〈x − y, Fα(x) − Fβ(y)〉H ≤ (α + β)
(|Fα(x)|H + |Fβ(y)|H

)2
, x, y ∈ H.
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10.1.1 Examples

Example 10.6 Let (S,S, λ) be a space with a measure. Assume that B = L p :=
L p(S,S, λ), where p > 1. If x �= 0 then ∂|x |L p consists of the unique element x∗

of Lq (S,S, μ), q = p/(p − 1), given by

x∗(ξ ) = (|x |L p

)1−p|x(ξ )|p−2x(ξ ), ξ ∈ S.

Example 10.7 Let B = L p, p > 1, be as in Example 10.6. Let

F(x(ξ )) = f (x(ξ )), ξ ∈ S, (10.2)

where f is a decreasing function. Then F with domain

D(F) =
{

x ∈ L p :
∫

S
| f (x(ξ ))|p λ(dξ ) < ∞

}
(10.3)

is m-dissipative.

Example 10.8 Let B = L p, p > 1. Assume that, for some η ∈ R, f (x) + ηx ,
x ∈ R, is decreasing. Then the mapping F given by (10.2) and (10.3) is almost
m-dissipative. In particular, if

f (x) = −x2n+1 + a2n x2n + · · · + a0 (10.4)

then the corresponding F is almost m-dissipative.

Example 10.9 If A is the infinitesimal generator of a C0-semigroup S(t), t ≥ 0,
on B then, by Proposition 10.11 below, A is almost m-dissipative if and only
if, for some ω ∈ R, ‖S(t)‖L(B,B) ≤ eωt , t ≥ 0, that is, if and only if S is a semi-
group of generalized contractions; see subsection 9.4.1. For more details about the
dissipativity of generators see the next subsection and Section 10.3.

Our final example deals with the Laplace operator. It is based on Proposi-
tion 9.4.5 from Da Prato and Zabczyk (1996); see also appendix section B.2.

Example 10.10 Let d = 1, 2, . . . , and let

S(t)ψ(ξ ) :=
∫

Rd

g(t)(ξ − η)ψ(η) dη = g(t) ∗ ψ(ξ ),

where g(t)(ξ ) = (4π t)d/2e−|ξ |2/(4t) for t > 0 and ξ ∈ R
d . Let κ > 0. Assume that

λ is the measure on (Rd ,B(Rd )) given by λ(dξ ) := e−κ|ξ | d ξ . Then (S(t), t ≥ 0) is
a C0-semigroup on B = L p(dλ) := L p(Rd ,B(Rd ), λ). Moreover, ‖S(t)‖L(B,B) ≤
exp{(κ2/p)t}, t ≥ 0. Similarly, if λ(dξ ) := (1 + κ|ξ |r )−1 dξ , where κ > 0
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and r > d, then S is a C0-semigroup on B = L p(dλ) and ‖S(t)‖L(B,B) ≤
exp{κ2/r (δ/p)t}, t ≥ 0, where

δ = r − d + 2

r
(r − 1)2(1−1/r ).

Thus, in both these cases, the Laplace operator (i.e. the generator of S) is almost
m-dissipative.

10.1.2 Dissipativity of generators

We have the following result on m-dissipative generators.

Proposition 10.11 Let (A, D(A)) be the generator of a C0-semigroup S on a
Banach space B. Then the following conditions are equivalent.

(i) ‖S(t)‖L(B,B) ≤ 1 for all t ≥ 0.
(ii) A is m-dissipative.

(iii) 〈x∗, Ax〉 ≤ 0 for all x ∈ D(A) and some x∗ ∈ ∂|x |B.
(iv) 〈x∗, Ax〉 ≤ 0 for all x ∈ D(A) and all x∗ ∈ ∂|x |B.

Proof We show first that (i) ⇒ (iv). Note that, for all x ∈ B and x∗ ∈ ∂|x |B ,

0 ≥ |S(t)x |B − |x |B = ∣∣x + (S(t)x − x)
∣∣

B
− |x |B ≥ 〈x∗, S(t)x − x〉.

If also x ∈ D(A) then t �→ S(t)x is continuously differentiable and S(t)x − x =∫ t
0 S(s)Ax ds. Consequently,〈

x∗,
1

t

∫ t

0
S(s)Ax ds

〉
≤ 0

and thus (iv) follows. To see that (iii) ⇒ (i) we fix an x ∈ D(A). Then, for all t > 0
and x∗ ∈ ∂|S(t)x |B ,

d−

dt
|S(t)x |B ≤

〈
x∗,

d−S(t)x

dt

〉
and hence, by (iii),

d−

dt
|S(t)x |B ≤ 〈x∗, AS(t)x〉 ≤ 0.

However, the function t �→ |S(t)x |B is absolutely continuous for all x ∈ D(A)
and therefore the function t �→ |S(t)x |B is non-increasing. As |S(0)x |B = |x |B , (i)
follows. By the definition of maximal dissipativity, (ii) implies (iii). But if A is a
generator then, by the Hille–Yosida theorem, for large enough λ > 0 the image of
λI − A is equal to B, and thus (iii) implies (ii). �
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10.2 Existence theorem

Let Z A denote the Lévy Ornstein–Uhlenbeck process

Z A(t) :=
∫ t

0
S(t − s)G dZ (s), t ≥ 0.

As in Da Prato and Zabczyk (1996), we make some assumptions on the operators
A and F and on the process Z A. In what follows, (B, | · |B) is a reflexive Banach
space continuously embedded into H as a dense Borel subset.

(H1) The operators A, F and their restrictions AB, FB to B are almost
m-dissipative respectively in H and B. Moreover, D(F) ⊃ B and F maps
bounded sets in B into bounded sets of H .

(H2) The process Z A is càdlàg in B and, for all T > 0, P-a.s.,

∫ T

0
|F(Z A(t))|B dt < ∞.

Definition 10.12 An adapted B-valued process X is said to be a càdlàg mild
solution to (10.1) if it is càdlàg in B and satisfies, P-a.s., the equation

X (t) = S(t)x +
∫ t

0
S(t − s)F(X (s)) ds + Z A(t), t ≥ 0.

In the definition it is required that X (s) ∈ D(F) for s ≥ 0, and consequently
that X (0) = x ∈ D(F).

Definition 10.13 If x ∈ H and there exist a sequence (xn) ⊂ B and a sequence
(Xn) of unique càdlàg mild solutions of (10.1) with Xn(0) = xn , such that, P-a.s.,
|Xn(t) − X (t)|H → 0 uniformly on each bounded interval then X is said to be a
generalized solution to (10.1).

In the proof of our main existence result (see Theorem 10.14 below), we use the
main ideas of the proof of Theorem 5.5.8 in Da Prato and Zabczyk (1996). But, in
contrast with Da Prato and Zabczyk (1996), where Z is assumed to be Gaussian,
here Z can be a general Lévy process. We also use a different approximating
scheme.

Theorem 10.14 Under assumptions (H1) and (H2), (10.1) has a unique càdlàg
mild solution for any x ∈ B. For each x ∈ H, there exists a unique generalized
solution to (10.1). Moreover, (10.1) defines Feller families on B and on H.
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Proof Assume first that x ∈ B. Given a càdlàg f : [0, ∞) �→ B, consider the
deterministic equation

y(t) = S(t)x +
∫ t

0
S(t − s)F(y(s) + f (s−)) ds, t ≥ 0,

which may be written formally as

dy

dt
(t) = Ay(t) + F(y(t) + f (t−)), t ≥ 0,

y(0) = x .

(10.5)

In the first equation above we take the left limit f (t−) since, thanks to Proposi-
tion 10.1, we can estimate the left derivatives.

Note that if, for any càdlàg f , (10.5) has a unique solution then, denoting by
yA the solution to (10.5) with f = Z A and setting

X (t) = yA(t) + Z A(t), t ≥ 0,

one arrives at the càdlàg mild solution to (10.1).
For α > 0, β > 0 and sufficiently small η, denote by (F + η)α and (A + η)β

the Yosida approximations of the m-dissipative mappings F + η and A + η:

(F + η)α := 1

α

(
(I − α(F + η))−1 − I

)
,

(A + η)β := 1

β

(
(I − β(A + η))−1 − I

)
.

We will use the same notation for operators on H and for their restrictions to B.
Denote by yαβ a solution to the approximating problem

d−

dt
yαβ(t) = (A + η)β yαβ(t) + (F + η)α(yαβ(t) + f (t−))

− 2ηyαβ(t) − η f (t−), t ≥ 0,
(10.6)

yαβ(0) = x ∈ B.

The left limit in f (t−) is needed to prove that the solution yαβ satisfies the equation
for all t ≥ 0. The Yosida approximations are Lipschitz and therefore (10.6) has a
unique continuous solution. We will show that

lim
α↓0

lim
β↓0

yαβ(t) = y(t), t ≥ 0,

exists in H and defines the mild solution of the deterministic problem (10.5).
We assume that η = 0 to simplify the notation, but all the estimates can be

performed when η �= 0; compare also the proof of Theorem 16.6. We solve
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the equation

yα(t) = S(t)x +
∫ t

0
S(t − s)Fα(yα(s) + f (s − )) ds.

Since the transformation Fα is Lipschitz continuous both in H and in B and f is
càdlàg in H and in B, there exists a solution, continuous in H and B. We show
now that there exists a constant c > 0 such that, for all α > 0 and t ∈ [0, T ],
|yα(t)|B ≤ c. Note that, for α > 0 and β > 0,

yα(t) − yαβ = S(t)x − Sβ(t)x

+
∫ t

0

(
S(t − s) − Sβ(t − s)

)
Fα(yα(s) + f (s−)) ds.

+
∫ t

0
Sβ(t − s)

(
Fα(yα(s) + f (s − )) − Fα(yαβ(s) + f (s−))

)
ds.

Let M, ω and Cα be such that for all t ≥ 0, v, w ∈ B and β > 0,

‖Sβ(t)‖L(B,B) ≤ Meωt , |Fα(v) − Fα(w)|B ≤ Cα|v − w|B .

Then

|yα(t) − yαβ(t)|B

≤ |S(t)x − Sβ(t)x |B + MCα

∫ t

0
eω(t−s)|yα(s) − yαβ(s)|B ds

+
∫ t

0

∣∣(Sβ(t − s) − S(t − s)
)
Fα(yα(s) + f (s − ))

∣∣
B ds. (10.7)

By the Hille–Yosida theorem (see Appendix B), it follows that Sβ(t)x → S(t)x
as β → 0 uniformly in t on bounded intervals and in x on compact subsets of B.
Consequently, the first and the third terms in (10.7) vanish uniformly on bounded
intervals as β → 0 and by Gronwall’s lemma we obtain

lim
β→0

sup
t≤T

|yα(t) − yαβ(t)|B = 0, ∀ T < ∞. (10.8)

From (10.6), by Proposition 10.1,

d−

dt
|yαβ(t)|B = min

{〈
x∗,

d−

dt
yαβ(t)

〉
: x∗ ∈ ∂|yαβ(t)|B

}

= min
{〈

x∗, Aβ yαβ(t) + Fα(yαβ(t) + f (t−))
〉
: x∗ ∈ ∂|yαβ(t)|B

}
.

Both transformations Aβ and Fα are m-dissipative. Therefore, by Definition 10.2,
the linearity of Aβ and Proposition 10.4(ii),

d−

dt
|yαβ(t)|B ≤ |Fα( f (t−))|B ≤ |F( f (t−))|B
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and consequently

|yαβ(t)|B ≤ |x |B +
∫ t

0
|F( f (s − ))|B ds, t ≥ 0. (10.9)

By (10.8), for all α > 0,

|yα(t)|B ≤ |x |B +
∫ T

0
|F( f (s−))|B ds, t ∈ [0, T ].

Similarly, for t ∈ [0, T ],

1

2

d−

dt
|yαβ(t) − yγβ(t)|2H =

〈
d−

dt
(yαβ(t) − yγβ(t)), yαβ(t) − yγβ(t)

〉
H

= 〈
(Aβ yαβ(t) − Aβ yγβ(t))

+ (
Fα(yαβ(t) + f (t−)) − Fγ (yγβ(t) + f (t−))

)
, yαβ(t) − yγβ(t)

〉
H

≤ 〈
Fα(yαβ(t) + f (t−)) − Fγ (yγβ(t) + f (t−)), yαβ(t) − yγβ(t)

〉
H

and so, using Proposition 10.5 and then Proposition 10.4(ii),

1

2

d−

dt
|yαβ(t) − yγβ(t)|2H

≤ (α + γ )
(∣∣Fα(yαβ(t) + f (t−))

∣∣
H

+ ∣∣Fγ (yγβ(t) + f (t−))
∣∣

H

)2

≤ (α + γ )
(∣∣F(yαβ(t) + f (t−))

∣∣
H

+ ∣∣F(yγβ(t) + f (t−))
∣∣

H

)2
.

By (H1) and (10.9) there is a constant C such that

1

2

d−

dt

∣∣yαβ(t) − yγβ(t)
∣∣2

H ≤ C(α + γ ), t ∈ [0, T ].

Consequently,

1
2

∣∣yαβ(t) − yγβ(t)
∣∣2

H ≤ C(α + γ )T, t ∈ [0, T ].

By (10.8),

1
2

∣∣yα(t) − yγ (t)
∣∣2

H
≤ C(α + γ )T, α, γ > 0, t ∈ [0, T ].

Thus yα(t) → y(t) in H , uniformly on [0, T ], as α → 0.
The proof that y is in fact a mild solution of (10.5) is given in Da Prato and

Zabczyk (1996). By similar reasoning one can show that there exists a constant
c > 0 such that, for all x, x̃ ∈ B, the solutions y(t, x), y(t, x̃), t ∈ [0, T ], of (10.5)
with initial conditions x, x̃ satisfy

sup
t≤T

|y(t, x) − y(t, x̃)|H ≤ c |x − x̃ |H .

This proves the existence of generalized solutions for any x ∈ H .
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The fact that (10.1) defines Feller families on B and H follows from the con-
tinuous dependence of solutions on the initial data. �

10.3 Reaction–diffusion equation

In this section we present a typical example of (10.1), the so-called stochastic
reaction–diffusion equation. Its long-time behavior is studied in Section 16.3.

Let O be an open bounded subset of R
d . Given p ∈ (1, ∞) write L p :=

L p(O,B(O), dξ ). Let A = A(ξ, D) be a second-order elliptic differential opera-
tor,

A = A(ξ, D) =
d∑

i, j=1

ai, j (ξ )
∂2

∂ξi∂x j
+

d∑
i=1

bi (ξ )
∂

∂ξi
+ c(ξ )I, ξ ∈ O,

and let f be given by (10.4). Finally, let Z be a square integrable mean-zero Lévy
process in a Hilbert space U with RKHS H ⊂ L2.

We are concerned with the existence of generalized solutions to the following
problem:

dX (t, ξ ) = (AX (t, ξ ) + f (X (t, ξ ))
)
dt + dZ (t, ξ ),

X (t, ξ ) = 0 for ξ ∈ ∂O, (10.10)

X (0, ξ ) = x(ξ ) for ξ ∈ O.

We assume that O and the coefficients ai, j , b j and c satisfy the assumptions
formulated in Section 2.5. In particular we assume that the coefficients are of
class C∞

b (O) and that A is uniformly elliptic on O. Note that, in (10.10), A is
considered in conjunction with the Dirichlet boundary operator Bψ(ξ ) = ψ(ξ ),
ξ ∈ ∂O. Given p ∈ (1, ∞) define

D(Ap) := {
ψ ∈ W 2,p(O) : ψ(ξ ) = 0 for ξ ∈ ∂O}

,

Apψ(ξ ) =Aψ(ξ ), ψ ∈ D(Ap), ξ ∈ O.

Then, see appendix section B.2, (Ap, D(Ap)) generates an analytic C0-semigroup
Sp on L p. Since Sq = Sp on L p ∩ Lq we will often write A and S instead of Ap

and Sp.

Theorem 10.15 Let p ≥ 2n + 1 and let Z = W + L, where W is a Wiener
process and L is a Lévy process in L2. Assume that

WA(t) =
∫ t

0
S(t − s) dW (s), t ≥ 0,
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has continuous trajectories in L2p(2n+1) and that there exist κ > 0 and α > 0 such
that L has càdlàg trajectories in D

(( − A2p(2n+1) − κ I
)α)

. Then

(i) for every x ∈ L2p there is a unique càdlàg solution to (10.10) in B = L2p,
(ii) for every x ∈ L2 there is a unique generalized solution to (10.10) in H = L2.

Moreover, (10.10) defines Feller families on L2p and L2.

Proof We treat (10.10) as (10.1) with F the Nemytskii operator corresponding
to f and H = L2, B = L2p. We have to verify the hypothesis of Theorem 10.14.
By Example 10.8, F and FB are almost m-dissipative. The fact that A is almost
m-dissipative on H and B follows from Lemma 10.17 below. Therefore (H1) of
Theorem 10.14 is satisfied. To see (H2) it is sufficient to show that L A has càdlàg
trajectories in L2p(2n+1). This follows from Proposition 9.28. �

Remark 10.16 The assumption that WA has continuous trajectories in the space
L2p(2n+1) or even in L∞ can be easily verified for many different cases; see subsec-
tions 12.2.2 and 12.4.3. For more details on stochastic reaction–diffusion equations
with Wiener noise we refer the reader to e.g. Bally, Gyöngy and Pardoux (1994),
Cerrai (2001), Da Prato and Zabczyk (1992b, 1996), Manthey and Zausinger
(1999) and Peszat (1995).

Since the proof of the following result is rather long and technical it is given in
appendix section B.6.

Lemma 10.17 For all p ≥ 2 the operator (Ap, D(Ap)) is almost m-dissipative
on L p.

Example 10.18 Assume thatO = (a, b) ⊂ R, that is,O is one-dimensional. Let
Z = W be a cylindrical Wiener process on L2. Then WA has continuous trajectories
in C

(
O

)
, and therefore (10.10) defines Feller families on L2 and L2p.

Example 10.19 Let p ≥ 2n + 1 and let Z be a Lévy process in L2(O) with
Lévy exponent (6.2). Assume that the Lévy measure ν satisfies∫

L2(O)
|Cαx |Lq ν(dx) < ∞, (10.11)

where α > 0, Cα = (−A4p(n+1) − κ I
)α

and q = 2p(2n + 1). Then, by Proposi-
tion 6.9, Z satisfies the assumption of Theorem 10.15. For more details see the
proof of Theorem 16.7. Since α is an arbitrary strictly positive number, the domain
of Cα is known (see e.g. Lunardi 1995); instead of (10.11) it is sufficient to assume
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that there is a β > 0 such that∫
L2(O)

|x |W β,q (O) ν(dx) < ∞,

where W β,q (O) is a fractional Sobolev space. For the definition of fractional
Sobolev spaces see e.g. Lunardi (1995).

Example 10.20 Assume that Z is finite-dimensional and equal to
∑N

k=1 fk Lk ,
where the Lk are real-valued Lévy square integrable martingales and the fk ∈
L2(O) are sufficiently regular, for example fk ∈ C1

c (O). Then the assumptions of
the theorem are satisfied.



11
Factorization and regularity

The regularity of solutions to stochastic partial differential equations is of great
importance. In general, when the integrator is a càdlàg process one cannot expect
to establish regularity better than càdlàg. If the operator A in the drift term of an
equation generates a generalized contraction then, under some additional assump-
tions, the càdlàg regularity of the solution is established by Theorem 9.20. In this
chapter the so-called factorization method, introduced in Da Prato, Kwapień and
Zabczyk (1987) (see also Zabczyk 1993) is introduced. This method is useful in
many important cases for showing the time continuity of solutions to stochastic
evolution equations driven by continuous processes. The method also leads to
some maximal inequalities for stochastic convolutions with arbitrary semigroups;
see Zabczyk (1993).

To motivate the method, the deterministic finite-dimensional case is considered
first. This is then generalized to infinite dimensions. Finally, the regularity of the
solutions is established.

11.1 Finite-dimensional case

A crucial aspect of the factorization method is the semigroup property of the
Liouville–Riemann operators IA,α . Namely, given a matrix A ∈ M(d × d), a
parameter α > 0 and a function ψ : (0, ∞) �→ R

d , we set

IA,αψ(t) := 1

�(α)

∫ t

0
eA(t−s)(t − s)α−1ψ(s) ds, t ≥ 0,

where

�(α) :=
∫ ∞

0
tα−1e−t dt, α > 0,

is the Euler �-function.

190
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Theorem 11.1 For all α, β > 0 and A ∈ M(d × d), IA,α+β = IA,α IA,β . In par-
ticular, for α ∈ (0, 1), we have IA,1 = IA,α IA,1−α .

In the proof of the theorem we will use the following lemma.

Lemma 11.2 For all β > 0, α > 0,∫ 1

0
(1 − z)α−1zβ−1 dz = �(α)�(β)

�(α + β)
. (11.1)

Proof Consider the so-called γ -distribution

fa,γ (t) := 1

�(γ )
aγ tγ−1e−atχ[0,∞)(t), t ∈ R.

Denote by ∗ the convolution operator

f ∗ g(t) =
∫ +∞

−∞
f (t − s)g(s) ds, t ∈ R.

Then, for t ≥ 0,

fa,α ∗ fa,β(t) = aα+β

�(α)�(β)
e−at

∫ t

0
(t − s)α−1sβ−1 ds

= fa,α+β(t)
�(α + β)

�(α)�(β)
t1−(α+β)

∫ t

0
(t − s)α−1sβ−1 ds

= fa,α+β(t)
�(α + β)

�(α)�(β)

∫ 1

0
(1 − z)α−1zβ−1 dz.

Now, since fa,α and fa,β are densities of probability measures, their convolution
is also the density of a probability measure. Since fa,α+β is also the density of a
probability measure, the desired identity holds. �

Proof of Theorem 11.1 We have

IA,α IA,βψ(t)

= 1

�(α)�(β)

∫ t

0
eA(t−s)(t − s)α−1

∫ s

0
eA(s−v)(s − v)β−1ψ(v) dv ds

= 1

�(α)�(β)

∫ t

0
eA(t−v)

(∫ t

v

(t − s)α−1(s − v)β−1 ds

)
ψ(v) dv.

Thus we need to show that∫ t

v

(t − s)α−1(s − v)β−1 ds = �(α)�(β)

�(α + β)
(t − v)(α+β)−1.

This is, however, a simple consequence of Lemma 11.2. �

Let Lq (0, T ; R
d ) := Lq

(
(0, T ),B((0, T )), dt ; R

d
)
.
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Theorem 11.3 Assume that A ∈ M(d × d) and 1/q < α < 1. Then for ev-
ery T ∈ (0, ∞) there is a constant c = cα,q,A,T < ∞ such that, for every ψ ∈
Lq (0, T ; R

d ),

|IA,αψ(t) − IA,αψ(s)| ≤ c |t − s|α−1/q |ψ |Lq (0,T ;Rd ), t, s ∈ (0, T ).

Proof Let 0 ≤ s ≤ t ≤ T ; then IA,αψ(t) − IA,αψ(s) = J1 + J2 + J3, where

J1 := 1

�(α)

∫ t

s
eA(t−v)(t − v)α−1ψ(v) dv,

J2 := 1

�(α)

∫ s

0
eA(t−v)

(
(t − v)α−1 − (s − v)α−1

)
ψ(v) dv,

J3 := 1

�(α)

∫ s

0

(
eA(t−v) − eA(s−v)

)
(s − v)α−1ψ(v) dv.

Let p = q/(q − 1), so that 1/p + 1/q = 1, and let

C1 := sup
t∈[0,T ]

∥∥et A
∥∥ (�(α))−1,

where ‖ · ‖ stands for the operator norm on L(Rd , R
d ) ≡ M(d × d). Note that

C1 < ∞. It follows that

|J1| ≤ 1

�(α)

∫ t

s

∥∥eA(t−v)
∥∥|t − v|α−1|ψ(v)| dv

≤ C1

(∫ t

s
(t − v)(α−1)p dv

)1/p (∫ t

s
|ψ(v)|q dv

)1/q

≤ C1

(∫ t−s

0
u(α−1)p du

)1/p

|ψ |Lq (0,T ;Rd )

≤ C1(t − s)α−1/q

((α − 1)p + 1)1/p |ψ |Lq (0,T ;Rd ).

To estimate J2, note that

|J2|p ≤ C p
1

(∫ s

0

(
(s − v)α−1 − (t − v)α−1)p

dv

)
|ψ |p

Lq (0,T ;Rd ).

For a > b and p > 1, we have (a − b)p ≤ a p − bp. It follows that

|J2|p ≤ C p
1

∫ s

0

(
(s − v)(α−1)p − (t − v)(α−1)p

)
dv |ψ |p

Lq (0,T ;Rd )

≤ C p
1

(
(t − s)(α−1)p+1

(α − 1)p + 1
+ s(α−1)p+1 − t (α−1)p+1

(α − 1)p + 1

)
|ψ |p

Lq (0,T ;Rd )

≤ C p
1

(t − s)(α−1)p+1

(α − 1)p + 1
|ψ |p

Lq (0,T ;Rd )
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and consequently

|J2| ≤ C1
(t − s)α−1/q

((α − 1)p + 1)1/p |ψ |Lq (0,T ;Rd ).

To estimate the last term, note that, for all t, s ∈ (0, T ],∥∥eAt − eAs
∥∥ ≤ |t − s| sup

r∈(0,T ]

∥∥AeAr
∥∥ .

Let C2 := (�(α))−1 supt∈(0,T ]

∥∥AeAt
∥∥. Then

J3 ≤ C2(t − s)
∫ s

0
(s − v)α−1|ψ(v)| dv

≤ C2(t − s)

(∫ T

0
v(α−1)p dv

)1/p

|ψ |Lq (0,T ;Rd ),

which completes the proof. �

Let us denote by Cγ ([0, T ]; R
d ) the space of all Hölder continuous functions

ψ : [0, T ] �→ R
d with exponent γ ∈ (0, 1). On Cγ ([0, T ]; R

d ) we consider the
Hölder norm (see Section 2.2). The following result is a direct consequence of
Theorem 11.3.

Corollary 11.4 Assume that A ∈ M(d × d) and 1/q < α < 1. Then, for ev-
ery T ∈ (0, ∞), IA,α is a bounded linear operator acting from Lq (0, T ; R

d ) into
Cα−1/q ([0, T ]; R

d ).

11.2 Infinite-dimensional case

11.2.1 General semigroups

Let A be the generator of a C0-semigroup S on a separable Banach space B.
Formally S(t) = eAt . Thus the infinite-dimensional analogues of the Liouville–
Riemann operators introduced in the previous section have the form

IA,αψ(t) := 1

�(α)

∫ t

0
(t − s)α−1S(t − s)ψ(s) ds. (11.2)

Let Lq (0, T ; B) := Lq
(
(0, T ),B((0, T )), dt ; B

)
, and let C([0, T ]; B) be the space

of all continuous B-valued mappings equipped with the supremum norm.

Theorem 11.5

(i) For all α > 0 and β > 0, IA,α IA,β = IA,α+β .
(ii) Assume that 1/q < α < 1. Then IA,α is a bounded linear operator from

Lq (0, T ; B) to C([0, T ]; B).



194 Factorization and regularity

Proof The first assertion of the theorem can be proved in the same way as
Theorem 11.1. To show the second, we fix a T < ∞. Let p be such that 1/p +
1/q = 1. Since there are constants M and γ such that ‖S(t)‖ ≤ Meγ t for every
t ≥ 0, ∣∣∣∣

∫ t

0
(t − v)α−1S(t − v)ψ(v) dv

∣∣∣∣
B

≤
(∫ t

0
(t − v)(α−1)p dv

)1/p (∫ t

0
|S(t − v)ψ(v)|qB dv

)1/q

≤ Meγ t

(
t (α−1)p+1

(α − 1)p + 1

)1/p

|ψ |Lq (0,t ;B).

Consequently, there is a constant C < ∞ such that

sup
t∈[0,T ]

|IA,αψ(t)|B ≤ C |ψ |Lq (0,T ;B). (11.3)

Let 0 ≤ s ≤ t ≤ T . Then

�(α)
(
IA,αψ(t) − IA,αψ(s)

)
=

∫ t

s
vα−1S(v)ψ(t − v) dv +

∫ s

0
vα−1S(v)(ψ(t − v) − ψ(s − v))dv.

Hence, there is a constant C1 such that

|IA,αψ(t) − IA,αψ(s)|B

≤ C1

(∫ t

s
v(α−1)p dv

)1/p

|ψ |Lq (0,T ;B)

+ C1

(∫ s

0
v(α−1)p dv

)1/p (∫ s

0
|ψ(t − v) − ψ(s − v)|qB dv

)1/q

.

Therefore, IA,αψ ∈ C([0, T ]; B) provided that ψ ∈ C([0, T ]; B). Since the space
C([0, T ]; B) is dense in Lq (0, T ; B), the desired conclusion follows from
(11.3). �

11.2.2 Analytic semigroups

Denote by Cγ ([0, T ]; B) the space of all Hölder continuous B-valued functions
with exponentγ ∈ (0, 1). As in the finite-dimensional case, the space Cγ ([0, T ]; B)
is equipped with the norm

|ψ |Cγ ([0,T ];B) := sup
t∈[0,T ]

|ψ(t)|B + sup
t,s∈[0,T ], t �=s

|ψ(t) − ψ(s)|B

|t − s|γ .



11.2 Infinite-dimensional case 195

In the finite-dimensional case we proved the Hölder continuity of IA,αψ for
ψ ∈ Lq (0, T ; R

d ) with 1/q < α < 1. In the proof we used the fact that

sup
t∈[0,T ]

∥∥AeAt
∥∥ < ∞, ∀ T < ∞. (11.4)

In the infinite-dimensional case, the estimate (11.4) does not hold unless A is a
bounded operator. However, Hölder continuity does hold if et A is an analytic semi-
group. For these semigroups a condition slightly weaker than (11.4) is satisfied.
For the definition of an analytic semigroup see appendix section B.1.2.

Theorem 11.6 Assume that A generates an analytic C0-semigroup. Let q > 2
and α ∈ (0, 1) be such that 1/q < α. Then, for any γ ∈ (0, α − 1/q), IA,α is a
bounded linear operator from Lq (0, T ; B) to Cγ ([0, T ]; B).

Proof Let 0 ≤ s ≤ t ≤ T . Let p be such that 1/p + 1/q = 1; then

IA,αψ(t) − IA,αψ(s) = J1 + J2 + J3,

where

J1 := 1

�(α)

∫ t

s
S(t − v)(t − v)α−1ψ(v) dv,

J2 := 1

�(α)

∫ s

0
S(t − v)

(
(t − v)α−1 − (s − v)α−1) ψ(v) dv,

J3 := 1

�(α)

∫ s

0
(S(t − v) − S(s − v)) (s − v)α−1ψ(v) dv.

For the first two terms, we proceed as in the proof of Theorem 11.3; namely,

|J1|B ≤ C1
(t − s)α−1/q

((α − 1)p + 1)1/p |ψ |Lq (0,T ;B)

and

|J2|B ≤ C1
(t − s)α−1/q

((α − 1)p + 1)1/p |ψ |Lq (0,T ;B),

where C1 := supt∈[0,T ] ‖S(t)‖L(B,B) (�(α))−1 < ∞. Now the last term needs to be
considered. We have

∣∣(S(t − v) − S(s − v))ψ(v)
∣∣

B
=

∣∣∣∣
∫ t−v

s−v

d

du
S(u)ψ(v) du

∣∣∣∣
B

=
∣∣∣∣
∫ t−v

s−v

AS(u)ψ(v) du

∣∣∣∣
B

.
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By the analyticity of S it is clear that there is a constant C2 such that ‖AS(u)‖L(B,B)

≤ C2/u for u ∈ (0, T ]. Therefore, for all γ ∈ (0, 1),∣∣(S(t − v) − S(s − v))ψ(v)
∣∣

B

≤ C2 |ψ(v)|B

∫ t−v

s−v

1

u
du = C2 |ψ(v)|B

∫ t−v

s−v

1

uγ u1−γ
du

≤ C2 |ψ(v)|B (s − v)−γ

∫ t−v

s−v

1

u1−γ
du

≤ C2 |ψ(v)|B (s − v)−γ

∫ t−v

s−v

1

u1−γ
du

≤ C2

γ
|ψ(v)|B (s − v)−γ ((t − v)γ − (s − v)γ )

≤ C2

γ
|ψ(v)|B (s − v)−γ (t − s)γ

and, consequently,

J3 ≤ C2(t − s)γ

γ�(α)

∫ s

0
(s − v)α−1−γ |ψ(v)|B dv

≤ C2(t − s)γ

γ�(α)
|ψ |Lq (0,T ;B)

(∫ s

0
(s − v)(α−1−γ )p dv

)1/p

.

The proof now follows by noting that, for any γ ∈ (0, α − 1/q),∫ s

0
(s − v)(α−1−γ )p dv < ∞.

�

In appendix subsection B.1.2 we recall the concept of the fractional power
(−A)γ of an operator A. For the proof of the theorem below we can adapt the
argument from the proof of Theorem 11.6. For a complete proof we refer the
reader to Da Prato and Zabczyk (1996), Appendix A, but here we will assume that
A generates an analytic semigroup on B satisfying (B.5). We equip the domain
D((−A)γ ) with the graph norm

|x |D((−A)γ ) := |x |B + |(−A)γ x |B, x ∈ D((−A)γ ).

Theorem 11.7 Let α ∈ (0, 1), q ≥ 1 and γ ∈ (0, 1) be such that α > γ + 1/q.
Then, for any T < ∞, IA,α is a bounded linear operator from Lq (0, T ; B) to
Cα−γ−1/q ([0, T ]; D((−A)γ )).
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11.3 Applications to time continuity

In this section we will apply the factorization method to study the time continuity
of solutions to the stochastic equation

dX = (AX + F(X )) dt + G(X ) dW, X (0) = X0; (11.5)

where A, with domain D(A), is the generator of a C0-semigroup S on a Hilbert
space H , W is a Wiener process taking values in a Hilbert space U defined on
a filtered probability space (�,F, (Ft ), P) and X0 is an F0-measurable random
variable in H .

We denote by H the RKHS of W . We assume that the coefficients A, F and G
satisfy assumptions (F) and (G) given in Section 9.2. This implies in particular that
for any t > 0 the mappings S(t)F and S(t)G have unique extensions to continuous
mappings from H to H and from H to L (H S)(H, H ), respectively.

Our goal is to show the existence of solutions that are continuous and, when the
semigroup is analytic, Hölder continuous trajectories in H . Given T < ∞, q ≥ 1
and γ ∈ (0, 1) we denote by CT,q and Cγ

T,q the classes of all processes Y : � ×
[0, T ] �→ H adapted and having respectively continuous and Hölder continuous
trajectories in H such that

‖Y‖CT,q := (
E |Y |qC([0,T ];H )

)1/q
< ∞,

‖Y‖Cγ

T,q
:= (

E |Y |qCγ ([0,T ];H )

)1/q
< ∞,

respectively.

Theorem 11.8 Let q and α ∈ (0, 1/2) be such that 1/q < α. Assume that for
each T < ∞ there are functions a, b : (0, T ] �→ (0, ∞) satisfying∫ T

0

(
a(t)t−α + b2(t)t−2α

)
dt < ∞,

such that, for all t ∈ (0, T ] and x, y ∈ H,

|S(t)F(x)|H ≤ a(t)(1 + |x |H ),∣∣S(t) (F(x) − F(y))
∣∣

H
≤ a(t)|x − y|H ,

‖S(t)G(x)‖L (H S)(H,H ) ≤ b(t)(1 + |x |H ),

‖S(t)(G(x) − G(y))‖L (H S)(H,H ) ≤ b(t)|x − y|H .

If E |X0|qH < ∞ then there is a unique solution X to (11.5) such that X ∈ CT,q for
T < ∞. If, moreover, S is analytic then X ∈ Cγ

T,q for every T < ∞ and for every
exponent γ ∈ (0, α − 1/q).
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Proof Let us fix T < ∞. Denote by ZT,q the class of all predictable processes
Y : � × [0, T ] �→ H such that

‖Y‖ZT,q :=
(

sup
t∈[0,T ]

E |Y (t)|qH
)1/q

< ∞.

Using the Banach fixed-point theorem as in the proof of Theorem 9.20, one can
easily show the existence (and uniqueness) of a solution X to (11.5) in the class
ZT,q . To control the qth moment of the stochastic term, the Burkholder–Davis–
Gundy inequality may be used, as will be seen below.

Having established the existence of a solution X in the class ZT,q we will show
that in fact X ∈ CT,q in the general case and X ∈ Cγ

T,q , γ ∈ (0, α − 1/q), in the
analytic case. To do this we will use factorization. We will concentrate on the
stochastic term

I (t) :=
∫ t

0
S(t − s)G(X (s)) dW (s), t ∈ [0, T ];

the analysis of the term

J (t) := S(t)X0 +
∫ t

0
S(t − s)F(X (s)) ds, t ∈ [0, T ],

is left to the reader.
Write

Y (t) := 1

�(1 − α)

∫ t

0
(t − s)−α S(t − s)G(X (s)) dW (s), t ∈ [0, T ].

Note that ∫ t

0
(t − s)−2α

E ‖S(t − s)G(X (s))‖2
L (H S)(H,H ) ds

≤
∫ t

0
(t − s)−2αb2(s) ds sup

s∈[0,t]
E (1 + |X (s)|H )2 < ∞.

Thus Y is a well-defined process in H . In fact,
∫ T

0 E |Y (t)|qH dt < ∞ for T > 0.
This follows by the Burkholder–Davis–Gundy inequality:∫ T

0
E |Y (t)|qH dt

≤ c1

∫ T

0

(∫ t

0
(t − s)−2α

E ‖S(t − s)G(X (s))‖2
L (H S)(H,H ) ds

)q/2

dt

≤
∫ T

0

(∫ t

0
(t − s)−2αb2(s) ds

)q/2

dt sup
s∈[0,T ]

E (1 + |X (s)|H )q ,
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where c1, depending only on q , appears in the BDG inequality. We show that

I = �(1)IA,αY. (11.6)

This relationship ensures that I ∈ CT,q in the general case and I ∈ Cγ

T,q in the ana-
lytic case because, by Theorem 11.5, IA,α is a bounded operator from Lq (0, T ; H )
to C([0, T ]; H ), T ≥ 0. Thus, if (11.6) holds, I has continuous trajectories in H
and

sup
t∈[0,T ]

|I (t)|H ≤ C

(∫ T

0
|Y (t)|qH dt

)1/q

,

where the constant C is independent of X (see the proof of Theorem 11.5).
To show (11.6) we use the stochastic Fubini theorem in the same way as in the

proof of Theorem 11.1. We have

�(α)�(1 − α)IA,αY (t)

=
∫ t

0
S(t − s)(t − s)α−1

∫ s

0
S(s − v)(s − v)−αG(X (v)) dW (v) ds

=
∫ t

0
S(t − v)

(∫ t

v

(t − s)α−1(s − v)−α ds

)
G(X (v)) dW (v)

= �(α)�(1 − α)

�(1)

∫ t

0
S(t − v)G(X (v)) dW (v).

Assume now that S is analytic; then the desired Hölder continuity of I follows
directly from Theorem 11.6 and (11.6). �

11.4 The case of an arbitrary martingale

Assume now that M is a square integrable càdlàg martingale taking values in a
Hilbert space U . In this section, we discuss possible applications of the
factorization method to the study of stochastic convolutions such as

Y (t) =
∫ t

0
S(t − s)	(s) dM(s), t ≥ 0,

where S is a C0-semigroup on a Hilbert space H . We assume that, for t ≥ 0, the pro-
cess (ω, s) �→ S(t − s)	(ω, s) ∈ H belongs to the space of integrable processes
L2

M,t (H ); see Section 8.3. Consequently, Y is a well-defined square integrable
process in H . As we have already seen, it is not necessarily càdlàg; see Proposi-
tion 9.25. However, it might seem that the factorization method is based only on
the stochastic Fubini theorem (valid in the general case) and on a certain (determin-
istic) integral representation of the Euler �-function. To see that this supposition



200 Factorization and regularity

fails, we assume that there is a constant α ∈ (0, 1/2) such that

Yα(t) := 1

�(1 − α)

∫ t

0
(t − s)−α S(t − s)	(s) dM(s)

is a well-defined square integrable predictable process in H ; that is, for every t ,
(ω, s) → S(t − s)	(ω, s) ∈ H belongs to L2

M,t (H ). Then with the generalized
Liouville–Riemann operator IA,α defined by (11.2), Y (t) = �(1)IA,α(Yα)(t). We
know that IA,α is a bounded linear operator from Lq (0, T ; H ) to C([0, T ]; H )
provided that 1/q < α, and hence for sufficiently large q. It remains to show that
Yα has trajectories in Lq (0, T ; H ). To do this one can use the BDG inequality
but, unlike the Wiener case, one obtains a condition expressed in terms of the
quadratic variation [[M, M]] of M . It turns out that in many cases one can show
that Yα ∈ Lq (0, T ; H ) only for q < 2. For more details we refer the reader to
Section 8.7, which is on stochastic integration with respect to Poisson random
measures.
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Stochastic parabolic problems

The results of Chapter 9 will be applied here to the parabolic problem

dX (t, ξ ) = (AX (t, ξ ) + f (ξ, X (t, ξ ))
)
dt

+ g(ξ, X (t, ξ )) dW (t, ξ )

+
∫

S
g1(ξ, σ, X (t, ξ ))π̂1(dt, dξ, dσ )

+
∫

S
g2(ξ, σ, X (t, ξ ))π2(dt, dξ, dσ ), t > 0, ξ ∈ O, (12.1)

with homogeneous boundary conditions

B j X (t, ξ ) = 0, j = 1, . . . , m for (t, ξ ) ∈ (0, ∞) × ∂O, (12.2)

and with the initial-value condition

X (0, ξ ) = x(ξ ) for ξ ∈ O. (12.3)

In (12.1), (S,S) is a measurable space, W is a cylindrical Wiener process
on L2(O) and π1, π2 are Poisson random measures on [0, ∞) × O × S with
Lévy measures dt dξ νi (dσ ), i = 1, 2; see Section 7.2. Here ν1 is an arbitrary
non-negative measure on (S,S). The assumptions on g1, however, will guarantee
the square integrability of the corresponding stochastic integral.

12.1 Introduction

As in Section 2.5, we assume that A is a uniformly elliptic operator of order 2m
on a bounded region O ⊂ R

d and that {B j , j = 1, . . . , m} is a system of boundary
operators. We assume that O, A and {B j } satisfy the conditions formulated at the
beginning of Section 2.5.

201
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We assume further that ν2 is a finite measure and that the following represen-
tation holds:

π2 =
∑

j

δt j ,ξ j ,σ j . (12.4)

Here ξk and σk are independent random variables; each ξ j is uniformly dis-
tributed on O and each σ j has distribution ν2/ν2(S). Moreover, t j = r1 + · · · + r j ,
where the rk are independent random variables, independent of ξ j and σ j , with
exponential distribution1

P
(
r j > t

) = e−t�d (O)ν2(S). (12.5)

Note that π2 has only isolated jumps and can be treated as a compound Poisson
process in any Hilbert space V containing Dirac measures on O × S.

To simplify the exposition, we assume that W , π1 and π2 are independent. In
this book we consider mostly mild solutions, but for better clarity we will take the
weak form of (12.1)–(12.3) below; see (12.6).

Our first task is to rewrite the problem (12.1)–(12.3) in the abstract form (9.4) or
(9.31) introduced in Chapter 9, where the general existence results were discussed.
This will be done in the next section. Then, in subsections 12.1.2 and 12.1.3, we
verify the existence of a solution by applying the general theorems 9.29 and 9.34.
More precisely, we first develop the L2-theory. We assume that g2 ≡ 0 and treat
(12.1) as a special case of the evolution equation (9.4). The existence of a mild
solution X (in the sense of Definition 9.5) follows from Theorem 9.29. Next, we
consider the equation with a non-vanishing term g2(ξ, X (t, ξ ), σ )π2(dt, dξ, dσ ).
It turns out that in this case (12.1) is of the type (9.31), and the existence of a
weak solution, in the sense of Definition 9.11, follows from Theorem 9.34. In
Section 12.2 we consider the Gaussian case. Using the L p-theory of integration
with respect to Wiener processes, developed in subsection 8.8.2, and the factoriza-
tion method we obtain the existence of a solution having continuous trajectories
in the space L p(O), where p ≥ 2. Finally, we discuss the space (and space–time)
continuity of the solution. In Section 12.3 we set g = 0 and, consequently, obtain
the pure jump case. We show the existence of a solution taking values in a certain
L p(O)-space for p ∈ [1, 2). Special examples of (12.1), namely stochastic heat
equations with Dirichlet or Neumann boundary conditions, are considered in the
final section of the chapter.

We consider only equations on a bounded region with f , g, g1 and g2 satisfy-
ing certain Lipschitz conditions. Equations on O = R

d and equations in which

1 The quantity �d stands for Lebesgue measure on R
d .
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the noise enters through the boundary are considered in Chapters 14 and 15
respectively.

Some standard generalizations of the results presented here are possible. In par-
ticular, one can consider (12.1) driven by a Wiener process with nuclear covariance
on L2(O) or, in particular, by a process taking values in a finite-dimensional space.
Also, one can consider the case where the equation is driven by a cylindrical Wiener
process on a space L2(O,B(O), λ), with λ a given measure on O. A much more
ambitious task would be presented by equations with non-Lipschitz coefficients.
In particular, equations where

f (ξ, r ) =
2l+1∑
j=0

a j (ξ )r j

is a polynomial of odd order with a strictly negative leading coefficient a2l+1 are
of great interest; see Example 10.8. They include the so-called reaction–diffusion
equations. These equations with Gaussian noise were studied intensively in Da
Prato and Zabczyk (1992b, 1996), Brzeźniak and Peszat (1999) and Cerrai (2001).
In this book, we consider only stochastic reaction–diffusion equations with additive
noise; see Section 10.3.

Stochastic parabolic equations with noise coefficients of the type c|r |γ , γ < 1,
appear naturally in some models of interacting-particle systems. So far, these
equations have been treated as martingale problems; see Mytnik (2002), Mueller
(1998) and Section 12.5.

12.1.1 Abstract form

Our goal is to write (12.1)–(12.3) in the standard form

dX = (AX + F(X )) dt + G(X ) dM + R(X ) dP, X (0) = x,

with properly chosen coefficients and state and noise spaces.
To this end, we take H = L2(O) as the state space. Next, for A we take the

realization of A with the boundary conditions B j ; see appendix section B.2.
For the martingale part, we take M := (W, π̂1). Since W and π̂1 are independent,

the RKHS of M is the product of the RKHSs of W and π̂1. Thus, by Theorem 7.28,
M is a square integrable Lévy martingale with RKHS equal to

H = HW × Hπ̂1 := L2(O) × L2(O × S,B(O) × S, dξ ν1) .

For the noise space U , we take any Hilbert space containing H with a Hilbert–
Schmidt embedding. Clearly, the non-linear drift term F in the abstract formulation
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is the composition operator corresponding to f :

F(ψ)(ξ ) := f (ξ, ψ(ξ )), ψ ∈ L2(O), ξ ∈ O. (12.6)

Before identifying the coefficients G and H it is useful to find the weak form
of (12.1)–(12.3). Assume first that g2 ≡ 0. A predictable L2(O)-valued process X
is a weak solution of (12.1)–(12.3) if

sup
t≤T

E |X (t)|2L2(O) < ∞, ∀ T > 0, (12.7)

and, for all a ∈ D(A∗) and t > 0,∫
O

a(ξ )X (t, ξ ) dξ =
∫
O

a(ξ )x(ξ ) dξ

+
∫ t

0

∫
O

(
A∗a(ξ )X (s, ξ ) + a(ξ ) f (s, X (s, ξ ))

)
dξ ds

+
∫ t

0
ag(·, X (s, ·)) dW (s)

+
∫ t

0

∫
O

∫
S

a(ξ )g1(ξ, σ, X (s, ξ ))π̂1(ds, dξ, dσ ). (12.8)

In the term involving W , �(s) := ag(·, X (s, ·)), s ≥ 0 is an L2(O)-valued or,
under the proper identification,

(
L2(O)

)∗ = L (H S)(L2(O), R) = L (H S)(HW , R)-
valued process. Thus, assuming that � ∈ L2

W,T (R), T > 0, the integral is con-
sidered in the sense developed in Chapter 8. Similarly, in the Poisson term,
a(ξ )g1(ξ, σ, X (s, ξ )), ξ ∈ O, s ∈ [0, T ], σ ∈ S, is understood as an element of
L2

π̂ ,T (R); see Proposition 8.24.
However (see (9.16)), the diffusion operator G should map D(G) ⊂ L2(O) into

the space of linear operators from H to L2(O) in such a way that〈
a, G(ψ)(ϕ, ϕ1)

〉
L2(O)

=
∫
O

a(ξ )g(ξ, ψ(ξ ))ϕ(ξ ) dξ +
∫
O

∫
S

g1(ξ, σ, ψ(ξ ))ϕ1(ξ, σ ) dξν1(dσ ).

Thus G is determined; namely, it is a generalized composition operator,

G(ψ)[(ϕ, ϕ1)](ξ ) := g(ξ, ψ(ξ ))ϕ(ξ ) +
∫

S
g1(ξ, σ, ψ(ξ ))ϕ1(ξ, σ )ν1(dσ ). (12.9)

In order to identify the finite-variation term, let V be a Hilbert space containing
the Dirac measures δξ,σ , ξ ∈ O and σ ∈ S. We assume that the mapping j : O ×
S 
 (ξ, σ ) �→ δξ,σ ∈ V is measurable. Then

P(t) :=
∑
t j ≤t

δξ j ,σ j ,
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where t j , ξ j , σ j appear in (12.4), is a compound Poisson process in V with jump
intensity measure ν2 ◦ j−1. The corresponding term in the definition of the weak
solution is

∑
t j ≤t g2(ξ j , σ j , X (t j , ξ j ))a(ξ j ). We would like to rewrite this in the

form
∫ t

0 R∗(X (s))a dP(s). Thus〈
R(ψ)δξ,σ , a

〉
L2 = g2(x, σ, ψ(ξ ))a(ξ ). (12.10)

If g2 ≡ 0, and consequently the term in (9.31) containing the compound Poisson
process vanishes, we treat (12.1) as (9.4) with the terms defined as above.

Remark 12.1 Let W be the Brownian sheet corresponding to W ; see Re-
mark 7.19. Using an approach based on the concept of multiparameter stochastic
integration, as in Walsh (1986), we obtain∫ t

0
ag(·, X (s, ·)) dW (s) =

∫ t

0

∫
O

a(ξ )g(ξ, X (s, ξ ))W(ds, dξ ).

12.1.2 L2-theory

In this section, we consider (12.1) with g2 ≡ 0. We impose several conditions on
the coefficients A, f and g1. The first establishes a relation between the order of
the operator A and the dimension of the region O. Namely, we require

2m > d. (12.11)

Remark 12.2 It is not difficult to prove that (12.11) is a necessary condition for
the solution to the linear Gaussian problem

dX (t, ξ ) = AX (t, ξ ) dt + dW (t, ξ ), (t, ξ ) ∈ (0, ∞) × O,

B j X (t, ξ ) = 0, (t, ξ ) ∈ (0, ∞) × ∂O,

to be a function-valued process. In Section 12.3 we will see that in the pure jump
case we can drop (12.11) and still obtain a function-valued solution, but this
solution will take values in L p(O)-spaces with p < 2.

Using the notation introduced in Section 2.4 we will formulate Lipschitz and
linear-growth conditions on f , g and g1. The main result of the present section is
the following theorem.

Theorem 12.3 Assume that (12.11) holds and that g2 ≡ 0, f ∈ Lip (2,O, �d )
and g ∈ Lip (∞,O, �d ). Assume that there are functions l1 ∈ L2(S,S, ν1) and
l2 ∈ L∞(O) such that, for all ξ ∈ O, σ ∈ S and r, u ∈ R,

|g1(ξ, σ, r )| ≤ l1(σ )(l2(ξ ) + |r |),
|g1(ξ, σ, r ) − g1(ξ, σ, u)| ≤ l1(σ )|r − u|. (12.12)
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Then, for any x ∈ L2(O), there is a unique predictable L2(O)-valued process X
satisfying (12.1) such that, for all T < ∞, supt≤T E |X (t)|2L2(O) < ∞. Moreover,

(12.1) defines a Feller family on L2(O).

Proof We will show that assumptions (F) and (G) of Section 9.2 are satisfied.
We first check (F). Note that in our case D(F) is equal to the class of all

ψ ∈ L2(O) such that ξ �→ f (ξ, ψ(ξ )) belongs to L2(O). Since f ∈ Lip (2,O, �d ),
we have D(F) = L2(O). Next, F is in fact a Lipschitz continuous mapping from
L2(O) to L2(O), which clearly implies (F).

We now show (G). Note that G : L∞(O) �→ L(H, L2(O)). Thus we can take
L∞(O) for D(G). Note that for ψ ∈ L2(O) and t > 0 the operator S(t)G(ψ) is
given by a kernel. In fact,

S(t)G(ψ)[(ϕ, ϕ1)](ξ )

=
∫
O

I (t, ψ, ξ, η)ϕ(η) dη +
∫
O

∫
S

I1(t, ψ, ξ, η, σ )ϕ1(η, σ ) dη ν1(dσ ),

where

I (t, ψ, ξ, η) = G(t, ξ, η)g(η, ψ(η)),

I1(t, ψ, ξ, η, σ ) = G(t, ξ, η)g1(η, σ, ψ(η))

and G is the Green function for A, {B j }. Thus, by Proposition A.7 from
Appendix A,

‖S(t)G(ψ)‖2
L (H S)(H,L2(O))

≤ 2
∫
O

∫
O

|I (t, ψ, ξ, η)|2 dξ dη + 2
∫
O

∫
O

∫
S
|I1(t, ψ, ξ, η, σ )|2 dξ dη ν1(dσ ).

By the Aronson estimates (see Theorem 2.6) for an arbitrary T we can find a
constant K such that, for all t ∈ [0, T ], η ∈ O and σ ∈ S,∫

O
|I (t, ψ, ξ, η)|2 dξ ≤ K t−d/2m |g(η, ψ(η))|2 (12.13)

and ∫
O

|I1(t, ψ, ξ, η, σ )|2 dξ ≤ K t−d/2m |g1(η, σ, ψ(η))|2 . (12.14)

By the assumptions on g and g1, for an arbitrary T we can find a constant C such
that, for all t ∈ [0, T ] and ψ ∈ L2(O),

‖S(t)G(ψ)‖2
L (H S)(H,L2(O)) ≤ Ct−d/2m

(
1 + |ψ |2L2(O)

)
. (12.15)
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The same arguments yield

‖S(t)(G(ψ1) − G(ψ2))‖2
L (H S)(H,L2(O)) ≤ Ct−d/2m |ψ1 − ψ2|2L2(O) , (12.16)

for all t ∈ [0, T ] and ψ1, ψ2 ∈ L2(O), which, by (12.11), ensures (G). �

Remark 12.4 The assumptions that f ∈ Lip (2,O, �d ) and g ∈ Lip (∞,O, �d )
and that g1 satisfies (12.12) with l1 ∈ L2(S,S, ν1) and l2 ∈ L∞(O) can be weak-
ened, but then the framework of Theorem 9.29 is exceeded. For the drift f it
suffices to assume that f ∈ Lip (q,O, �d ), where q is such that∫ T

0
‖S(t)‖L(Lq (O),L2(O)) dt < ∞

for all, or equivalently for a certain, T > 0. By (B.15), it is sufficient to assume
that

− d

2m

(
1

q
− 1

2

)
> −1.

This is necessary for the solution to the deterministic problem

dX (t, ξ ) = (AX (t, ξ ) + f (ξ )) dt, (t, ξ ) ∈ (0, ∞) × O,

B j X (t, ξ ) = 0, (t, ξ ) ∈ (0, ∞) × ∂O,

to be bounded in time in L2(O).
By (12.13), for g it is sufficient to assume that it belongs to the space Lip

(2,O, �d ). Finally, for g1 it suffices to assume that it satisfies (12.12) with l1 ∈
L2(O); see (12.14).

12.1.3 Adding the finite-variation part

Let us add to the equation considered in the previous subsection (see Remark 12.2)
a finite-variation term ∫

S
g2(ξ, σ, X (t, ξ ))π2(dt, dξ, dσ );

equivalently, we could add to (9.4) the term R(X (s)) dP(s), where R is given by
(12.10) and P is a compound Poisson process on the space V containing the Dirac
measures on O × S.

Given a sequence {Sm} ⊂ S we denote by Sm the restriction of S to Sm and by
ν2,m the restriction of ν2 to Sm . Finally, we define

Vm := {δξ,σ : ξ ∈ O, σ ∈ Sm}.
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Theorem 12.5 Let (12.11) hold, and let f , g and g1 satisfy the assumptions of
Theorem 12.3. Assume that S = ⋃

Sm, where {Sm} ⊂ S is an increasing sequence
such that the Vm are measurable and bounded in V and that for every m there
are functions l1,m ∈ L2(Sm,Sm, ν2,m) and l2,m ∈ L∞(O) such that for all ξ ∈ O,
σ ∈ Sm and r, u ∈ R,

|g2(ξ, σ, r )| ≤ l1,m(σ ) (l2,m(ξ ) + |r |),
|g2(ξ, σ, r ) − g2(ξ, σ, u)| ≤ l1,m(σ ) |r − u|.

Then for any x ∈ L2(O) there is a unique weak solution to (12.1). Moreover, (12.1)
defines a Feller family on L2(O).

Proof One can show easily that, given m, the equation obtained from (12.1),
by replacing π2 with χSm (σ )(π̂2(dt, dξ, dσ ) − dt dξ ν2(dσ )) and by adding to
the drift f the term fm(ξ, r ) = ∫

Sm
g2(ξ, σ, r )ν2(dσ ), satisfies the assumptions of

Theorem 12.3. �

12.2 Space–time continuity in the Wiener case

In this section we consider (12.1)–(12.3) in the case where the jump terms g1 and
g2 vanish. We aim to prove the existence of solutions, regular in time and space,
to the equation

dX (t, ξ ) = (AX (t, ξ ) + f (ξ, X (t, ξ ))
)

dt

+ g(ξ, X (t, ξ )) dW (t, ξ ), t > 0, ξ ∈ O, (12.17)

driven by a cylindrical Wiener process W on L2(O). We consider (12.17) with
homogeneous boundary and initial-value conditions (12.2) and (12.3). We assume
that f and g are Lipschitz continuous. To simplify the exposition, we assume
further that f and g are measurable and satisfy the Lipschitz and linear-growth
conditions

∃ K < ∞ : ∀ ξ ∈ O, ∀ r, u ∈ R :

| f (ξ, r )| + |g(ξ, r )| ≤ K (1 + |r |), (12.18)

| f (ξ, r ) − f (ξ, u)|
+ |g(ξ, r ) − g(ξ, u)| ≤ K |r − u|.

12.2.1 Time continuity in L p(O)

Given p, q ∈ [2, ∞) and T < ∞ we denote by ZT,p,q the class of all adapted
processes Y : � × [0, T ] �→ L p(O) with continuous trajectories in L p(O) and
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satisfying

‖Y‖ZT,p,q :=
(

E sup
t∈[0,T ]

|Y (t)|qL p(O)

)1/q

< ∞.

Our first result deals with the existence of a solution to (12.17), (12.2) and (12.3)
with continuous trajectories in L p(O). We assume (12.11) and (12.18). Hence, by
Theorem 12.3, for any x ∈ L2(O) there is a unique solution to (12.17), (12.2) and
(12.3) satisfying (12.7).

Theorem 12.6 Assume (12.11) and (12.18). Let X be a solution to (12.17),
(12.2) and (12.3) starting from an x ∈ L2(O). Then the following hold.

(i) X ∈ ZT,2,q for all T < ∞ and q ∈ [2, ∞).
(ii) Assume that p ∈ (2, ∞) is such that there is an α ∈ (0, 1) satisfying

α >
1

p
and − d

2m

(
1 + 2

p
∧

(
1 − 2

p

))
− 2α > −1. (12.19)

If x ∈ L p(O) then X ∈ ZT,p,p for every T < ∞. Moreover (12.17), (12.2)
and (12.3) define a Feller family on L p(O).

Proof Fix T . The first statement follows directly from Theorem 11.8, because
our problem can be written in the form (11.5), with F and G as defined in sub-
section 12.1.1. Let α > 0 be such that −2α − d/(2m) > −1. Clearly such an
α exists. It is enough to show that X ∈ ZT,2,q for q sufficiently large, say for
q : 1/q < α. To do this it suffices to check the hypothesis of Theorem 11.8. Since
F : L2(O) → L2(O) is a Lipschitz mapping, S(t)F satisfies the assumptions if a is
a constant function. Next, by (12.15) and (12.16), S(t)G satisfies the assumptions
with b(t) = Ct−d/m .

We now prove the second assertion. Assume that α satisfies (12.19) and that
p : 1/p < α. We use the Banach contraction principle, the theory of stochas-
tic integration in L p-spaces developed in subsection 8.8.2 and the factorization
established in Chapter 11.

First of all we need to estimate the second moment of the stochastic integral.
The following lemma plays a crucial role. It provides analogues of (12.14) and
(12.15) in terms of radonifying norms. Recall that H = L2(O) is the RKHS of W .
Assume that U is a Hilbert space such that H ↪→ U is dense and Hilbert–Schmidt.
Then the Wiener process W takes values in U . Recall that the spaces R(H, L p(O))
and RU,0(H, L p(O)), the norms ‖ · ‖RU,0(H,L p(O)) and ‖ · ‖R(H,L p(O)) and the space
of integrable processes Lp

W,T (L p(O)) were introduced in subsection 8.8.2.

Lemma 12.7 For all t > 0 and ψ ∈ L p(O) the operator ϕ �→ S(t)G(ψ)ϕ be-
longs to R(H, L p(O)). Moreover, there is a constant C such that, for all t ∈ [0, T ]
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and ψ, φ ∈ L p(O),

‖S(t)G(ψ)‖2
R(H,L p(O)) ≤ Ctρ

(
1 + |ψ |2L p(O)

)
, (12.20)

‖S(t) (G(ψ) − G(φ)) ‖2
R(H,L p(O)) ≤ Ctρ |ψ − φ|2L p(O) , (12.21)

where

ρ := − d

2m

(
1 + 2

p
∧

(
1 − 2

p

))
.

Proof Assume that the duality 〈·, ·〉 on U ∗ × U is given by the scalar product on
H = L2(O). Therefore we identify the adjoint space U ∗ with a dense subspace of
H. Assume that ψ ∈ C(O). Let G be the Green function for (A, {B j }). Then

(S(t)G(ψ)ϕ)(ξ ) =
∫
O
Q(t, ψ, ξ, η)ϕ(η) dη,

where the kernel is given by Q(t, ψ, ξ, η) := G(t, ξ, η)g(η, ψ(η)). By the Hölder
inequality,

〈Q(t, ψ, ξ, ·),Q(t, ψ, ξ, ·)〉 =
∫
O

|G(t, ξ, η)|2 |g(η, ψ(η))|2 dη

≤
(∫

O
|g(η, ψ(η))|p dη

)2/p (∫
O

|G(t, ξ, η)|2p/(p−2) dη

)(p−2)/p

.

By the Aronson estimates,∫
O

|G(t, ξ, η)|2p/(p−2) dη

≤ C1

∫
O

t−(d/2m)(2p/(p−2)) exp

{
−C2

( |ξ − η|2m

t

)1/(2m−1)
}

dη

≤ t−(d/2m)(p+2)/(p−2)C1

∫
Rd

t−d/2m exp

{
−C2

( |ξ − η|2m

t

)1/(2m−1)
}

dη

≤ C3t−(d/2m)(p+2)/(p−2).

Taking into account the linear growth of g we obtain∫
O

|g(η, ψ(η))|p dη ≤ C4(1 + |ψ |L p )p.

Summing up, we can find a constant C5 such that, for all t ∈ (0, T ], ξ ∈ O and
ψ ∈ C(O),

〈Q(t, ψ, ξ, ·),Q(t, ψ, ξ, ·)〉 ≤ C5t−(d/2m)(p+2)/p
(
1 + |ψ |2L p

)
.
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Consequently, there is a constant C6 such that, for all t ∈ (0, t] and ψ ∈ C(O),

I :=
(∫

O
〈Q(t, ψ, ξ, ·),Q(t, ψ, ξ, ·)〉p/2 dξ

)2/p

≤ C6t−(d/2m)(p+2)/p
(
1+|ψ |2L p(O)

)
.

In order to estimate I we can also use the Jensen inequality. This will lead to a
slightly different estimate. Namely, since O is of finite measure and p ≥ 2,

I ≤ c1

(∫
O

∫
O

|G(t, ξ, η)|p |g(η, ψ(η))|p dξ dη

)2/p

≤ c2t−(d/2m)(2p−2)/p
(
1 + |ψ |2L p(O)

)
.

Combining these two estimates on I we obtain

I ≤ Ctρ
(
1 + |ψ |2L p(O)

)
,

where

ρ := − d

2m

(
1 + 2

p
∧

(
1 − 2

p

))
.

Recall (see subsection 8.8.2) that for the case where the operator � is given by a
kernel Q(ξ ) ∈ U ∗, ξ ∈ O,

‖�‖2
RU,0(H,L p(O)) =

(∫
O
〈Q(ξ ),Q(ξ )〉p/2 dξ

)2/p

.

Since U ∗ is dense in H we can approximate Q(t, ψ, ξ, ·) by kernels taking values
in U ∗. Thus S(t)G(ψ) belongs to the completion R(H, L p(O)) of RU,0(H, L p(O))
and satisfies (12.20). Inequality (12.21) follows in the same way. Thus the proof
of the lemma is complete. �

We now go back to the proof of Theorem 12.6(ii) and use the Banach contraction
principle on the space Z := ZT,p,p. On Z, we consider the family of equivalent
norms

‖Y‖β :=
(

E sup
t∈[0,T ]

e−βt |Y (t)|p
L p(O)

)1/p

, β > 0.

Let

J1(Y )(t) := S(t)x +
∫ t

0
S(t − s)F(Y (s)) ds,

J2(Y )(t) :=
∫ t

0
S(t − s)G(Y (s)) dW (s).
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It is sufficient to show that J1, J2 : Z �→ Z and that there is a β such that

‖Ji (Y ) − Ji (Z )‖β ≤ 1
3 ‖Y − Z‖β, i = 1, 2, ∀ Y, Z ∈ Z.

We concentrate on the stochastic term, using the factorization method introduced
in Chapter 11.

Recall that IA,α is the infinite-dimensional Liouville–Riemann operator
defined by (11.2). Since 1/p < α < 1 by Theorem 11.5, IA,α maps the space
L p(0, T ; L p(O)) into C([0, T ]; L p(O)).

Let Y ∈ Z and let t ∈ [0, T ]. It follows from Lemma 12.7 that

� : � × [0, t] 
 (ω, s) �→ (t − s)−α S(t − s)G(Y (s, ω)) ∈ R(H, L p(O))

belongs to the space Lp
W,t (L p(O)) of integrable processes and that

E

(∫ t

0
(t − s)−2α‖S(t − s)G(Y (s))‖2

R(H,L p(O)) ds

)p/2

≤ C1
(
1 + ‖Y‖p

0

) (∫ t

0
s−2α+ρ ds

)p/2

≤ C2(1 + ‖Y‖0)p,

where ρ is given in Lemma 12.7, C2 is a constant independent of Y and of t ∈ [0, T ]
and ‖ · ‖0 is the norm on Z corresponding to β = 0. Let

I (Y )(t) = 1

�(1 − α)

∫ t

0
(t − s)−α S(t − s)G(Y (s)) dW (s), t ∈ [0, T ].

By the estimate above and Theorem 8.23, I (Y ) is a well-defined process satis-
fying supt∈[0,T ] E |I (Y )(t)|p

L p(O) < ∞. Thus, in particular, I (Y ) has trajectories in
L p(0, T ; L p(O)). We have (see the proof of Theorem 11.8) J2(Y )=�(1)IA,α(I (Y ))
and consequently J2(Y ) ∈ Z. We now show that J2 is contractive. In what follows,
the C j are constants independent of t ∈ [0, T ], Y, Z ∈ Z and β. We have

‖J2(Y ) − J2(Z )‖p
β = E sup

t∈[0,T ]
e−βt |J2(Y )(t) − J2(Z )(t)|p

L p(O)

≤ C1 E sup
t∈[0,T

e−βt |IA,α(I (Y ) − I (Z ))(t)|p
L p(O).

Let β ′ = β/p and q = p/(p − 1). Since∣∣∣∣
∫ t

0
(t − s)α−1e−β ′(t−s)S(t − s)e−β ′s(I (Y )(s) − I (Z )(s)

)
ds

∣∣∣∣
L p(O)

≤ C2

(∫ T

0
tq(α−1)e−qβ ′t dt

)1/q (∫ T

0
e−βs |I (Y )(s) − I (Z )(s)|p

L p(O) ds

)1/p
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we have

‖J2(Y ) − J2(Z )‖β ≤ c(β)C3

(∫ T

0
e−βt

E |I (Y )(t) − I (Z )(t)|p
L p(O) dt

)1/p

where

c(β) :=
(∫ T

0
tq(α−1)e−qβ ′t dt

)1/q

→ 0 as β ↑ ∞. (12.22)

Now, by Lemma 12.7 and Theorem 8.23,

E |I (Y )(t) − I (Z )(t)|p
L p(O) ≤ C4 E sup

s∈[0,t]
|Y (s) − Z (s)|p

L p(O).

Thus

e−βt
E |I (Y )(t) − I (Z )(t)|p

L p(O) ≤ C4 E sup
s∈[0,t]

e−βs |Y (s) − Z (s)|p
L p(O)

≤ C4 ‖Y − Z‖p
β .

Summing up,

‖J2(Y ) − J2(Z )‖β ≤ C5c(β)‖Y − Z‖β,

and the desired estimate follows from (12.22). �

12.2.2 Space continuity

Generally one cannot obtain solutions that are continuous in time in the space of
all continuous functions C(O) on O. In fact S(t) transforms C(O) into a certain
smaller subspace depending on the boundary condition. Therefore, even the linear
deterministic problem

dX = AX dt, B j X = 0, X (0) = x

does not have a space–time continuous solution for all x ∈ C(O).
We show below the existence of a solution to (12.17) that is bounded in time

and continuous in space. For the space–time continuity of solutions, starting from
C0(0, 1), to the stochastic heat equations on the interval (0, 1) with Dirichlet bound-
ary conditions we refer the reader to Remark 12.9 and subsection 12.4.3 below.

Let us equip C(O) with the supremum norm ‖ · ‖∞.

Theorem 12.8 Assume (12.11) and (12.18). Let X be a solution to (12.17),
(12.2) and (12.3). If x ∈ C(O) then

E sup
t∈[0,T ]

‖X (t)‖q
∞ < ∞, ∀ T < ∞, ∀ q > 1. (12.23)
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Proof First note that for each sufficiently large p there is an α ∈ (0, 1) satisfying
(12.19). By Theorem 12.6,

E sup
t∈[0,T ]

|X (t)|p
L p(O) < ∞, ∀ T < ∞, ∀ p > 1. (12.24)

Let us fix a T < ∞. We will show that the factorization and estimates (B.16) and
(B.17) from Appendix B allow us to deduce (12.23) from (12.24). We have

X (t) = S(t)x + I1(t) + I2(t),

where

I1(t) :=
∫ t

0
S(t − s)F(X (s)) ds, I2(t) :=

∫ t

0
S(t − s)G(X (s)) dW (s).

By (B.16), supt∈[0,T ] ‖S(t)x‖∞ < ∞. Next, let α > 0 and p be such that

α − d

2mp
>

1

p
, −2α − d

2m

(
1 + 2

p
∧

(
1 − 2

p

))
> −1. (12.25)

Let IA,α be given by (11.2). We have I1(t) = �(1)IA,α(Y1)(t) and I2(t) =
�(1)IA,α(Y2)(t), where

Y1(t) := 1

�(1 − α)

∫ t

0
(t − s)−α S(t − s)F(X (s)) ds,

Y2(t) := 1

�(1 − α)

∫ t

0
(t − s)−α S(t − s)G(X (s)) dW (s).

By (12.24), (12.25) and Lemma 12.7,

E

∫ T

0
|Yi (t)|p

L p(O) dt < ∞, ∀ p ≥ p0, i = 1, 2,

and the desired conclusion follows since, by (B.17), IA,α maps L p(0, T ; L p(O))
to L∞(0, T ; C(O)). �

Remark 12.9 Given t > 0, define C := S(t)C(O). Then S is also a C0-
semigroup on C. Hence, for every x ∈ C, the solution is continuous in space and
time. Moreover, for all x ∈ C(O) and T0 > 0, (X (t), t ≥ T0) is continuous in
space and time.

12.3 The jump case

In this section we consider problem (12.1)–(12.3) in the case where the Wiener
term vanishes. For simplicity we take the finite-variation term to be zero also.
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Therefore we are concerned with the following SPDE:

dX (t, ξ ) = (AX (t, ξ ) + f (ξ, X (t, ξ ))
)

dt

+
∫

S
g1(ξ, σ, X (t, ξ ))π̂1(dt, dξ, dσ ), (12.26)

subject to the boundary and initial-value conditions (12.2) and (12.3). Recall that
π1 is a Poisson random measure on [0, ∞) × O × S with Lévy measure dtdξν1(dσ ).

We will show that in this case we do not require (12.11). Thus, in particular,
we can consider the second-order problem in all dimensions. However, we have
to look for solutions taking values in L p(O)-spaces with p ∈ [1, 2).

Let G be the Green function for the system {A, B1, . . . , Bm}. Let us denote by
XT,p the space of all predictable fields X : � × [0, T ] �→ L p(O) such that

‖X‖XT,p := sup
t∈[0,T ]

(
E |X (t)|p

L p(O)

)1/p
< ∞.

Definition 12.10 We say that X ∈ XT,p is an XT,p solution to (12.26), (12.2)
and (12.3) if it satisfies the following integral equation:

X (t, ξ ) =
∫
O
G(t, ξ, η)x(η) dη +

∫ t

0

∫
O
G(t − s, ξ, η) f (η, X (s, η)) dη ds

+
∫ t

0

∫
O

∫
S
G(t − s, ξ, η)g1(η, σ, X (s, η))π̂1(ds, dη, dσ ).

In the definition above we have assumed that each integral is a well-defined
process in XT,p, and the equation is understood as the equality of two elements of
XT,p.

Theorem 12.11 Let p ∈ [1, 2]. Assume that

(i) 1 ≤ p < 2m/d + 1,
(ii) f : O × R �→ R and g1 : O × S × R �→ R are measurable, and there are a

constant L and a function l ∈ L p(S,S, ν1) such that, for all u, v ∈ R, ξ ∈ O
and σ ∈ S,

| f (ξ, u)| ≤ L(1 + |u|),
| f (ξ, u) − f (ξ, v)| ≤ L|u − v|,

|g1(ξ, σ, u)| ≤ l(σ )(1 + |u|),
|g1(ξ, σ, u) − g1(ξ, σ, v)| ≤ l(σ )|u − v|.

Then for each x ∈ L p(O) there exists a unique XT,p solution to (12.26), (12.2)
and (12.3). Moreover, (12.26) defines a Feller family on L p(O).
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Proof Let us fix an x ∈ L p(O). We define a family ‖ · ‖β , β ∈ R, of norms on
X := XT,p by

‖X‖β := sup
t∈[0,T ]

e−βt
(
E |X (t)|p

L p(O)

)1/p
, X ∈ X .

Note that each ‖ · ‖β is equivalent to the original norm ‖ · ‖XT,p . Let

J (X )(t) := J1(t) + J2(X )(t) + J3(X )(t),

where

J1(t)(ξ ) :=
∫
O
G(t, ξ, η)x(η) dη,

J2(X )(t)(ξ ) :=
∫ t

0

∫
O

∫
S
G(t − s, ξ, η) f (η, X (s, η)) dη ds,

J3(X )(t)(ξ ) :=
∫ t

0

∫
O

∫
S
G(t − s, ξ, η)g1(η, σ, X (s, η))π̂1(ds, dη, dσ ).

We will show that J : X �→ X and that J is a contraction for large enough β. This
will complete the proof, on using the Banach fixed-point theorem.

By Theorem B.9, S is a C0-semigroup on L p(O). Thus in particular there is a
constant C < ∞ such that ‖S(t)‖L(L p(O),L p(O)) ≤ C for t ∈ [0, T ]. Since J1(t) =
S(t)x we have J1 ∈ X . Let X ∈ X and let F be the composition operator corre-
sponding to f . Then

J2(X )(t) =
∫ t

0
S(t − s)F(X (s)) ds.

Note that F : L p(O) → L p(O) is Lipschitz continuous. Then, with constants ci

independent of X ,

sup
t∈[0,T ]

(
E |J2(X )(t)|p

L p(O)

)1/p
≤ c1 sup

t∈[0,T ]

(
E (1 + |X (t)|L p(O))

p
)1/p

≤ c2(1 + ‖X‖X ).

The process J2(X ) is predictable since it is adapted and has continuous trajectories.
As far as J3 is concerned, by Theorems 8.23 and 2.6,1

E |J3(X )(t)|p
L p(O)

=
∫
O

E

∣∣∣∣
∫ t

0

∫
O

∫
S
G(t − s, ξ, η)g1(η, σ, X (s, η))π̂1(ds, dη, dσ )

∣∣∣∣
p

dξ

≤ C1

∫
O

∫ t

0

∫
O

∫
S

E |G(t − s, ξ, η)g1(η, σ, X (s, η))|p ds dη ν1(dσ ) dξ,

1 Recall that gm is given by (2.4).
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which is less than or equal to

C2

∫
O

∫ t

0

∫
O

∫
S

E gp
m(C3(t − s), |ξ − η|)∣∣g1(η, σ, X (s, η))

∣∣p
ds dη ν1(dσ ) dξ.

Consequently,

E |J3(X )(t)|p
L p(O)

≤ C4

∫
O

∫ t

0

∫
O

∫
S
(t − s)(1−p)d/2mgm(C3(t − s), |ξ − η|)l p(σ )

× (
1 + E |X (s, η)|p

)
ds dη ν1(dσ ) dξ

≤ C5

∫ t

0

∫
O

(t − s)(1−p)d/2m
(
1 + E |X (s, η)|p

)
ds dη

≤ C6

∫ t

0
(t − s)(1−p)d/2m

(
1 + E |X (s)|p

L p(O)

)
ds

≤ C7
(
1 + ‖X‖p

X
) ∫ t

0
(t − s)(1−p)d/2m ds.

Since p < 1 + 2m/d implies that (1 − p)d/2m > −1, it follows that

E |J3(X )(t)|p
L p(O) ≤ C8

(
1 + ‖X‖p

X
)

and consequently that supt∈[0,T ] E |J3(X )(t)|p
L p(O) < ∞. Note that

lim
s→t

E |J3(X )(s) − J3(X )(t)|p
L p(O) = 0.

Hence, as the stochastic continuity of the adapted process implies the existence of
a predictable version, we have J3 : X �→ X .

Now let X, Y ∈ X . Then

‖J (X ) − J (Y )‖β ≤ ‖J2(X ) − J2(Y )‖β + ‖J3(X ) − J3(Y )‖β,

and, with C := supt∈[0,T ] ‖S(t)‖p
L(L p(O),L p(O)),

‖J2(X ) − J2(Y )‖p
β

= sup
t∈[0,T ]

e−pβt
E

∣∣∣∣
∫ t

0
S(t − s)

(
F(X (s)) − F(Y (s))

)
ds

∣∣∣∣
p

L p(O)

≤ C sup
t∈[0,T ]

E

∫ t

0
e−pβ(t−s)e−pβs |F(X (s)) − F(Y (s))|p

L p(O) ds

≤ C L p sup
t∈[0,T ]

∫ t

0
e−pβ(t−s)e−pβs

E |X (s) − Y (s)|p
L p(O) ds

≤ C L p ‖X − Y‖p
β

∫ T

0
e−pβt dt ≤ C L p

pβ
‖X − Y‖β.
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Finally, using the arguments from the estimate E |J3(X )(t)|p
L p(O) we obtain

e−pβt
E |J3(X ) − J3(Y )|p

L p(O)

≤ Ce−pβt
∫ t

0
(t − s)(1−p)d/2m

E |X (t) − Y (t)|p
L p(O) ds

≤ C
∫ t

0
(t − s)(1−p)d/2me−pβ(t−s)e−pβs

E |X (t) − Y (t)|p
L p(O) ds

≤ C ‖X − Y‖p
β

∫ T

0
e−pβt t (1−p)d/2m dt.

Consequently,

‖J3(X ) − J3(Y )‖p
β ≤ C ‖X − Y‖p

β

∫ T

0
e−pβt t (1−p)d/2m dt.

Summing up, there is a constant C such that, for all β ∈ R and X, Y ∈ X ,

‖J (X ) − J (Y )‖β ≤ CCβ ‖X − Y‖β,

where

Cβ = β−1/p +
(∫ T

0
e−pβt t (1−p)d/2m dt

)1/p

.

Since Cβ → 0 as β → ∞ we have

‖J (X ) − J (Y )‖β ≤ 1
2 ‖X − Y‖β

for β large enough, which completes the proof. �

12.3.1 Equations on the whole space

Although the present chapter is devoted mainly to the parabolic boundary problem
on a bounded domain, we formulate here some results concerning the existence
and uniqueness of solutions to the problem on the whole space,

dX (t, ξ ) = (AX (t, ξ ) + f (ξ, X (t, ξ ))
)

dt

+
∫

S
g1(ξ, σ, X (t, ξ ))π̂1(dt, dξ, dσ ), t > 0, ξ ∈ R

d ,

(12.27)
X (0, ξ ) = x(ξ ), ξ ∈ R

d .

Analogously to (12.26), in the above problem π1 is a Poisson random measure on
[0, ∞) × R

d × S with Lévy measure dtdξν1(dσ ).
One has to look for a solution in weighted L p-spaces. We will formulate our

result for the system L p
ρ with exponential weights introduced in Section 2.3. A
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similar result holds for polynomial weights. As in the case of an equation on a
bounded domain (see Theorem 12.11), we assume that p ∈ [1, 2].

Let G be the Green function for A. Let us denote by XT,p,ρ the space of all
predictable fields X : � × [0, T ] �→ L p

ρ such that

‖X‖XT,p,ρ
:= sup

t∈[0,T ]

(
E |X (t)|p

L p
ρ

)1/p
< ∞.

Definition 12.12 We say that X ∈ XT,p,ρ is an XT,p,ρ solution to (12.27) if it
satisfies the integral equation

X (t, ξ ) =
∫

Rd

G(t, ξ, η)x(η) dη +
∫ t

0

∫
Rd

G(t − s, ξ, η) f (η, X (s, η)) dη ds

+
∫ t

0

∫
Rd

∫
S
G(t − s, ξ, η)g(η, σ, X (s, η))π̂1(ds, dη, dσ ).

Since one can prove the theorem below simply using arguments from the proof
of Theorem 12.11, we will leave this to the reader. We note that the only dif-
ferences are caused by the fact that constant functions on R

d are no longer inte-
grable with respect to Lebesgue measure but belong to any L p

ρ -space with strictly
positive ρ.

Theorem 12.13 Let p ∈ [1, 2] and ρ ∈ R. Assume that

(i) 1 ≤ p < 2m/d + 1,
(ii) f : R

d × R �→ R and g : R
d × S × R �→ R are measurable and there are a

constant L and functions l ∈ L p(S,S, ν1) and h ∈ L p
ρ such that, for all

u, v ∈ R, ξ ∈ R
d and σ ∈ S,

| f (ξ, u)| ≤ L(h(ξ ) + |u|),
| f (ξ, u) − f (ξ, v)| ≤ L |u − v|,

|g(ξ, σ, u)| ≤ l(σ )(h(ξ ) + |u|),
|g(ξ, σ, u) − g(ξ, σ, v)| ≤ l(σ )|u − v|.

Then for each x ∈ L p
ρ there exists a unique XT,p,ρ solution to (12.27).

12.4 Stochastic heat equation

In this section we are concerned with the L2-theory of the stochastic heat equation
on a bounded interval (b, c) ⊂ R. We will apply results from subsection 12.1.2.
The existence of solutions in L p-spaces for equations with purely jump noise can
be derived easily from the results of Section 12.3. We will consider equations with
Dirichlet and Neumann boundary conditions.
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In this section W is a cylindrical Wiener process on L2(b, c) and Z is an
impulsive cylindrical noise on L2(b, c) with jump size intensity ν; see Section 7.2.
We assume that ν is supported on an interval [−a, a] and that∫ a

−a
σ 2ν(dσ ) < ∞. (12.28)

Finally, to simplify the notation we assume that Z and W are independent.

12.4.1 Dirichlet boundary conditions

Consider the problem

∂ X

∂t
(t, ξ ) = ∂2 X

∂ξ 2
(t, ξ ) + f (X (t, ξ )) + g(X (t, ξ ))

∂W

∂t
(t, ξ )

+ h(X (t, ξ ))
∂ Z

∂t
(t, ξ ), t > 0, ξ ∈ (b, c),

(12.29)
X (t, b) = 0 = X (t, c), t > 0,

X (0, ξ ) = x(ξ ), ξ ∈ (b, c),

where f, g, h : R �→ R. Then (12.29) is a special case of (12.1)–(12.3). Indeed, in
this case

h(X (t, ξ ))
∂ Z

∂t
(t, dξ ) =

∫ a

−a
h(X (t, ξ ))σ π̂ (dt, dξ, dσ ).

As the operator A we take the Laplace operator with Dirichlet boundary conditions,
that is, Aψ(ξ ) := d2ψ(ξ )/dξ 2, ψ ∈ D(A) := W 2,2(b, c) ∩ W 2,1

0 (b, c). Clearly, A
is a differential operator of the type introduced in Section 2.5 with (Bψ)(b) = ψ(b)
and (Bψ)(c) = ψ(c).

The following theorem follows directly from Theorem 12.3.

Theorem 12.14 Assume that (12.28) holds and that f, g and h are Lipschitz
continuous. Then for any x ∈ L2(b, c) there is a unique predictable L2(b, c)-valued
process X satisfying (12.29) such that, for all T < ∞,

sup
t∈[0,T ]

E |X (t)|2L2(b,c) < ∞.

Moreover, (12.29) defines a Feller family on L2(b, c).

Remark 12.15 Note that (12.29) is a special case of (9.4) with H = L2(c, b),
H = L2(c, b) × L2(c, b) and G(ψ)(ϕ, φ) = g(ψ)ϕ + h(ψ)φ. Note that G(ψ) ∈
L(H, L2(b, c)) if and only if g(ψ) and h(ψ) belong to L∞(b, c). In fact one can
show that, even if g and h are bounded, G maps L2(b, c) into L (H S)

(H, L2(b, c)
)



12.4 Stochastic heat equation 221

if and only if g = 0 = h. Of course, the existence follows from the much weaker
facts that S(t)G(ψ) ∈ L (H S)

(H, L2(b, c)
)

for all t > 0 and ψ ∈ L2(c, b) and that

sup
t∈(0,T ]

t1/4‖S(t)G(ψ)‖L (H S)(H,L2(b,c)) ≤ L
(
1 + |ψ |L2(c,b)

)
,

sup
t∈(0,T ]

t1/4‖S(t) (G(ψ1) − G(ψ2)) ‖L (H S)(H,L2(b,c)) ≤ L |ψ1 − ψ2|L2(c,b)

where the constant L is independent of ψ, ψ1 and ψ2.

12.4.2 Neumann boundary conditions

Let us consider now the problem defined by the heat equation with Neumann
boundary conditions:

∂ X

∂t
(t, ξ ) = ∂2 X

∂ξ 2
(t, ξ ) + f (X (t, ξ )) + g(X (t, ξ )

∂W

∂t
(t, ξ )

+ h(X (t, ξ ))
∂ Z

∂t
(t, ξ ), t > 0, ξ ∈ (b, c),

(12.30)
X (0, ξ ) = x(ξ ), ξ ∈ (b, c),

∂ X

∂ξ
(t, b) = 0 = ∂ X

∂ξ
(t, c), t > 0.

The only difference from (12.29) is that now the operator A is defined as the
Laplace operator with Neumann boundary conditions, that is,

Aψ(ξ ) := d2ψ

dξ 2
(ξ ) and D(A) :=

{
ψ ∈ W 2,2(b, c) :

dψ

dξ
(b) = 0 = dψ

dξ
(c)

}
.

We have, therefore, the following result.

Theorem 12.16 Assume that (12.28) holds and that f, g and h are Lipschitz
continuous. Then for any x ∈ L2(b, c) there is a unique predictable L2(b, c)-valued
process X satisfying (12.30) such that, for each T < ∞,

sup
t∈[0,T ]

E |X (t)|2L2(b,c) < ∞.

Moreover, (12.30) defines a Feller family on L2(b, c).
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12.4.3 Space–time continuity in the Wiener case

Let us consider the stochastic heat-equation problem

∂ X

∂t
(t, ξ ) = ∂2 X

∂ξ 2
(t, ξ ) + f (X (t, ξ ))

+ g(X (t, ξ ))
∂W

∂t
(t, ξ ), t > 0, ξ ∈ (b, c),

(12.31)
X (t, b) = 0 = X (t, c), t > 0,

X (0, x) = x(ξ ), ξ ∈ (b, c),

driven by a cylindrical Wiener process W on L2(b, c). As in the case of (12.29)
and (12.30) we assume that f and g are Lipschitz functions on R.

For brevity we write L p = L p(b, c). Recall that C0(b, c) is the space of all
continuous functions on [b, c] that vanish on the boundary. Then from Theorems
12.6 and 12.8 and Remark 12.9 we have the following regularity result.

Theorem 12.17 Assume that f and g are Lipschitz continuous. Let X be the
(unique) solution to (12.31) starting from x ∈ L2. Then the following hold.

(i) X has continuous trajectories in L2 and E supt∈[0,T ] |X (t)|qL2 < ∞ for all
T < ∞ and q ≥ 2.

(ii) If x ∈ L p for some p ∈ [2, ∞) then X has continuous trajectories in L p and
E supt∈[0,T ] |X (t)|p

L p < ∞ for all T < ∞.
(iii) If x ∈ C0(b, c) then X has continuous trajectories in C0(b, c) and

E supt∈[0,T ] |X (t)|qC0(b,c) < ∞ for all T < ∞ and q ≥ 2.
(iv) If x ∈ C([b, c]) then X has bounded trajectories in C([b, c]) and E supt∈[0,T ]

|X (t)|qC([b,c]) < ∞ for all T < ∞ and q ≥ 2.

Given γ ∈ [0, 1) we denote by Cγ

0 ([0, T ] × [b, c]) the space of all Hölder
continuous functions ψ : [0, T ] × [b, c] �→ R, with exponent γ , vanishing on
[0, T ] × {b, c}. On Cγ

0 ([0, T ] × [b, c]) we consider the norm

‖ψ‖Cγ

0 ([0,T ]×[b,c])

:= sup
(t,ξ )∈[0,T ]×[b,c]

|ψ(t, ξ )| + sup
t,s∈[0,T ], t �=s, ξ,η∈[b,c], ξ �=η

|ψ(t, ξ ) − ψ(s, η)|(|t − s|2 + |ξ − η|2)γ /2 .

We denote by Cγ

0 (b, c) the space of all ψ ∈ Cγ ([b, c]) vanishing on the boundary.
Then, using the analyticity of the heat semigroup on L p- and C0(b, c)-spaces (see
e.g. Lunardi 1995) and the factorization theorems 11.6 and 11.7, one can obtain
the following result. For more details see e.g. Peszat (1995), Brzeźniak and Peszat
(1999) or Peszat and Seidler (1998).
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Theorem 12.18 Assume that f and g are Lipschitz continuous, γ < 1/4 and
x ∈ Cγ

0 (b, c). Then for every T < ∞ the solution X to (12.31) starting from x has
a modification from Cγ

0 ([0, T ] × [b, c]). Moreover,

E ‖X‖q
Cγ

0 ([0,T ]×[b,c])
< ∞, ∀ T < ∞, ∀ q ≥ 2.

12.5 Equations with fractional Laplacian and stable noise

Let Zβ(t, ·) be the stable white-noise process introduced in Examples 7.26 and
7.27. In Mueller (1998) and Mytnik (2002) the existence of a solution to the
martingale problem (see Section 9.8) for the equation

dX (t, ξ ) = −(−�)γ X (t, ξ ) dt + (X (t, ξ ))δ dZβ(t, ξ ) (12.32)

was investigated. In (12.32), β ∈ (0, 2) \ {1} γ > 0, δ > 0 and ξ ∈ O. Mytnik
considered (12.32) on R

d . This equation with δ = 1 is a special case of the problem

dX (t, ξ ) = −(−�)γ X (t, ξ ) dt + g(X (t, ξ )) dZβ(t, ξ ), (12.33)

where g : R �→ R is Lipschitz continuous. In this section we consider (12.33) on
a bounded domain O ⊂ R

d , and we look for a solution in L p := L p(O).

Theorem 12.19 Let β ∈ (1, 2) and γ > 0. Assume that g is Lipschitz continuous
and β < p < 2 ∧ (1 + 2γ /d). Then (12.33) defines a Feller family on L p.

Proof Recall that

Zβ(t, dξ ) =
∫ t

0

∫ +∞

0
σ π̂ (ds, dξ, dσ ),

where π is a Poisson random measure with intensity dsdξσ−1−β dσ . We decom-
pose Zβ(t, dξ ) into two parts, the martingale part

Zβ,N (t, dξ ) :=
∫ t

0

∫ N

0
σ π̂ (ds, dξ, dσ )

and the finite-variation part
∫ s

0

∫ +∞
N σ π̂ (ds, dξ, dσ ). Thus we will treat (12.33) as

an equation of the type (9.31). In particular, we will not be able to show that the
solution has a moment of order p in L p-space.

In order to solve (12.33) one should first fix N and solve separately

dX (t, ξ ) = −(−�)γ X (t, ξ ) dt + g(X (t, ξ )) dZβ,N (t, ξ ). (12.34)

In fact we will only sketch the proof of the existence of a solution to (12.34). Let
Gγ be the Green function for −(−�)γ (see appendix section B.5). Given T < ∞
we denote by X the class of all predictable fields X : � × [0, T ] �→ L p such that
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‖X‖p
X := supt∈[0,T ] E |X (t)|p

L p < ∞. The proof can be based on the ideas used in
the proof of Theorem 12.11. The most difficult part is to show that the stochastic
convolution integral

J (X )(t)(ξ ) :=
∫ t

0
Gγ (t − s, ξ, η)X (s, η) dZβ,N (s, η)

is a well-defined bounded linear operator from X to X . Taking into account that
p − 1 − β > −1, by Lemma B.23 we can find a constant C1 independent of X
such that∫

O

∫ t

0

∫
O

∫ N

0
E

∣∣Gγ (t − s, ξ, η)X (s, η)
∣∣p

ds dη dξ σ p−1−β dσ

≤ C1‖X‖p
X

∫ t

0
s(1−p)d/2γ ds.

Since (1 − p)d/2γ > −1 we conclude the proof by using Theorem 8.23(i). �

Remark 12.20 A similar result can be stated for O = R
d if L2 is replaced by

one of the weighted spaces L2
ρ or L2

ρ introduced in Section 2.3. The required
modification of the proof, which is made in a standard way, is left to the reader.



13
Wave and delay equations

In this chapter, stochastic wave equations on finite intervals and stochastic wave
equations on R

d , d = 1, 2, driven by an impulsive cylindrical process on L2(Rd )
are considered. It is shown that the general theory is applicable to stochastic delay
equations.

13.1 Stochastic wave equation on [0, 1]

We start this section by recalling a generation result. Then we treat the wave equa-
tion driven by a process with a nuclear covariance. Finally, we consider equations
driven by Gaussian and Poissonian space–time white noise.

13.1.1 Noise with nuclear covariance

Let (A, D(A)) be a negative-definite operator on a Hilbert space V . Then

H :=
(

D
(
(−A)1/2

)
V

)

with the scalar product〈(
x
y

)
,

(
u
v

)〉
H

:= 〈
(−A)1/2x, (−A)1/2u

〉
V

+ 〈y, v〉V

is a real separable Hilbert space. By Lemma B.3, the operator

A :=
(

0 I
A 0

)
, D(A) :=

(
D(A)

D
(
(−A)1/2

)) (13.1)

generates a C0-semigroup of contractions on H .

225
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Consider the Cauchy problem for the wave equation on the interval [0, 1] with
Dirichlet boundary conditions:

∂2 X

∂t2
(t, ξ ) = ∂2 X

∂ξ 2
(t, ξ ) + f (X (t, ξ )) + g1(X (t, ξ ))

∂ Z1

∂t
(t, ξ )

+ g2(X (t, ξ ))
∂ Z2

∂t
(t, ξ ), t > 0, ξ ∈ (0, 1),

X (t, 0) = X (t, 1) = 0, t > 0,
(13.2)

X (0, ξ ) = x(ξ ), ξ ∈ (0, 1),
∂ X

∂t
(0, ξ ) = y(ξ ), ξ ∈ (0, 1).

In (13.2) we have assumed that Z1 and Z2 are independent Lévy processes taking
values in H = L2 = L2(0, 1) and that f, g1, g2 : R �→ R are Lipschitz continuous.
Thus the RKHS H of M = (Z1, Z2) is a subspace of L2 × L2 and the embedding
H ↪→ L2 × L2 is Hilbert–Schmidt. In the most interesting case Z1 is a Wiener
process and Z2 is a Lévy jump process.

Our first goal will be to write (13.2) in the form (9.4), with properly chosen co-
efficients. To this end we denote by A the Laplace operator with Dirichlet boundary
conditions (see subsection 12.4.1). Set

X :=
⎛
⎝ X

∂ X

∂t

⎞
⎠ =:

(
X
Y

)
.

Then

∂X
∂t

(t, ξ ) =

⎛
⎜⎝

∂ X

∂t
∂Y

∂t

⎞
⎟⎠ =

⎛
⎝ Y

∂2 X

∂t2

⎞
⎠ .

Write V := D
(
(−A)1/2

)
. We will write (13.2) as

dX = (AX + F(X)) dt + G(X)(dZ1, dZ2), X(0) =
(

x
y

)
, (13.3)

on the Hilbert space

H :=
(

V
L2

)
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with (A, D(A)) given by (13.1) and with F and G defined by

F

(
u
v

)
=
(

0
F(u)

)
, G

(
u
v

)
(ψ1, ψ2) =

(
0

G(u)(ψ1, ψ2)

)
,

F(u)(ξ ) = f (u(ξ )),

G(u)[(ψ1, ψ2)](ξ ) = g1(u(ξ ))ψ1(ξ ) + g2(u(ξ ))ψ2(ξ ).

Here (ψ1, ψ2) belongs to the RKHS of the driven process, that is, to the space H =
Q1/2

1

(
L2
)× Q1/2

2

(
L2
)
, where Q1 and Q2 are the covariance operators of Z1 and

Z2, respectively. By Lemma B.3, (A, D(A)) generates a C0-semigroup on H . We
will show that F : H �→ H and G : H �→ L (H S)(H, H ) are Lipschitz continuous.
Taking into account that F and G do not depend on the second coordinate, it is
sufficent to show that the mappings F : V �→ L2,

G(·)(Q1/2
1 , Q1/2

2

)
: V �→ L (H S)

(
L2 × L2, L2)

are Lipschitz continuous. Since F is a Lipschitz continuous mapping from L2

to L2, it is also Lipschitz continuous from V to L2 because V is continuously
embedded into L2. To show the Lipschitz continuity of the diffusion coefficient
it is sufficient to prove that, given a Hilbert–Schmidt operator Q and a Lipschitz
continuous function g, the mapping

G̃(·)Q1/2 : V �→ L (H S)
(
L2, L2)

defined by G̃(u)Q1/2ψ = g(u)Q1/2ψ is Lipschitz continuous. To do this, fix an
orthonormal basis {en} of L2. Then, for u ∈ L∞ := L∞([0, 1],B([0, 1]), �1),

∑
n

∣∣G̃(u)Q1/2en

∣∣2
L2 =

∑
n∈N

∫ 1

0

∣∣g(u(ξ ))
(
Q1/2en

)
(ξ )
∣∣2dξ

≤ |g(u)|2L∞
∥∥Q1/2

∥∥2
L (H S)(L2,L2).

Similarly, for u, v ∈ L∞,∑
n

∣∣(G̃(u) − G̃(v)
)
Q1/2en

∣∣2
L2 ≤ |g(u) − g(v)|2L∞

∥∥Q1/2
∥∥2

L (H S)(L2,L2).

Thus the proof of the Lipschitz property of G̃(·)Q1/2 is complete if we can show that
the mapping V 	 u �→ Ng(u) ∈ L∞ is Lipschitz.1 Note (see e.g. Theorem 15.6)
that V = W 1,2

0 (0, 1). Next, W 1,2
0 (0, 1) ↪→ C([0, 1]). This follows from the fact that

for every ψ ∈ W 1,2
0 (0, 1) we have ψ(ξ ) = ∫ ξ

0 ψ ′(η) dη and ψ ′ ∈ L2. Now, since g

1 Ng is the composition operator corresponding to g.
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is Lipschitz, the mapping

C([0, 1]) 	 u �→ Ng(u) ∈ C([0, 1]) ↪→ L∞

is also Lipschitz. We have shown that conditions (F) and (G) formulated in Sec-
tion 9.2 are satisfied. Thus we have the following consequence of the abstract
existence and uniqueness theorem.

Theorem 13.1 Assume that f, g1, g2 : R → R are Lipschitz continuous and
that Z1 and Z2 are independent Lévy processes on L2 with a nuclear covariance
operator. Let A be the Laplace operator on L2 with Dirichlet boundary conditions.
Then, for any initial value

x =
(

x
y

)
∈ H =

(
D
(
(−A)1/2

)
L2

)
,

there is a unique solution to (13.2). Moreover, for any T < ∞ there is a constant
K such that for all x0, x1 ∈ H the solutions X(·, x0) and X(·, x1) starting from x0

and x1 satisfy

sup
t∈[0,T ]

E |X(t, x0) − X(t, x1)|2H ≤ K |x0 − x1|2H .

Finally, (13.2) defines a Feller family on H.

13.1.2 Cylindrical noise

Consider the problem

∂2 X

∂t2
(t, ξ ) = ∂2 X

∂ξ 2
(t, ξ ) + f (X (t, ξ )) + g1(X (t, ξ ))

∂W

∂t
(t, ξ )

+ g2(X (t, ξ ))
∂ Z

∂t
(t, ξ ), t > 0, ξ ∈ (0, 1),

X (t, 0) = X (t, 1) = 0, t > 0,
(13.4)

X (0, ξ ) = x(ξ ), ξ ∈ (0, 1),
∂ X

∂t
(0, ξ ) = y(ξ ), ξ ∈ (0, 1).

Here W is a cylindrical Wiener process on L2 and Z is an impulsive cylindrical
process on L2.

It is easy to show that in this case conditions (G) and (F) formulated in Sec-
tion 9.2 are not satisfied for the space H defined in the previous subsection. We
will show, however, that the solution exists on a larger state space H ←↩ H . Since
the problem is non-linear, X must be function-valued. In fact we are looking
for a solution in H = (L2, V )T , where V is a space of distributions such that
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L2 = D((−A)1/2) for the Laplace operator A considered on V . In order to define
V recall that en(ξ ) = √

2 sin(πnξ ), n ∈ N, ξ ∈ (0, 1), is an orthonormal basis of
L2 consisting of eigenvectors of the Laplace operator. Moreover, {−γn}, where
γn = π2n2, is the corresponding sequence of eigenvalues. Define

V :=
{∑

n

xnen :
∑

n

γ −1
n x2

n < ∞
}

.

Then V , with the scalar product〈∑
n

xnen,
∑

n

ynen

〉
V

:=
∑

n

γ −1
n xn yn,

is a real separable Hilbert space. On V we define A by the formula

A
∑

n

xnen =
∑

n

xn Aen = −
∑

n

γn xnen.

Clearly

D(A) =
{∑

n

xnen : − A
∑

n

xnen ∈ V

}

=
{∑

n

xnen :
∑

n

γn xnen ∈ V

}
=
{∑

n

xnen :
∑

n

γn x2
n < ∞

}
.

As A is given in diagonal form, it is easy to see that A is a self-adjoint and
negative-definite operator. Since (−A)1/2en = γ

1/2
n en , n ∈ N, we have

(
(−A)1/2) =

{∑
n

xnen : (−A)1/2
∑

n

xnen ∈ V

}

=
{∑

n

xnen :
∑

n

xn(−A)1/2en ∈ V

}

=
{∑

n

xnen :
∑

n

x2
n < ∞

}
= L2.

As before we assume that f, g : R �→ R are Lipschitz continuous. We treat (13.3) as
(13.2) on H. We will show that the mappings F : H �→ H and G : H �→ L (H S)(H, H)
corresponding to f and g are Lipschitz continuous. The Lipschitz continuity of
F follows from the Lipschitz continuity of F(u)(ξ ) = f (u(ξ )) from L2 to L2. To
show the Lipschitz continuity of G, it is sufficent to show the Lipschitz continuity
of the mapping

G(u)[ψ](ξ ) = g(u(ξ ))ψ(ξ ), u, ψ ∈ L2, ξ ∈ (0, 1),
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from L2 to L (H S)(L2, V ). Let u ∈ L2, and let {en} be an orthonormal basis of L2

consisting of eigenvectors of A. Then

∑
n

|G(u)en|2V =
∑

n

∣∣∣∣∣
∑

k

〈G(u)en, ek〉L2 ek

∣∣∣∣∣
2

V

=
∑

n

∑
k

γ −1
k 〈G(u)en, ek〉2

L2 =
∑

n

∑
k

γ −1
k 〈en, G(u)ek〉2

L2

=
∑

k

γ −1
k |G(u)ek |2L2 ≤ 2

∑
k

γ −1
k

∫ 1

0
|g(u(ξ ))|2 dξ,

since |ek(ξ )| ≤ √
2, k ∈ N, ξ ∈ (0, 1). In the same way one can show that, for

u, v ∈ L2,

∑
n

|(G(u) − G(v))en|2V ≤ 2
∑

k

γ −1
k

∫ 1

0
|g(u(ξ )) − g(v(ξ ))|2 dξ.

Thus the Lipschitz continuity of G follows from the Lipschitz continuity of g and
the summability of the series

∑
γ −1

n . Hence we have the following consequence
of the general existence theorem.

Theorem 13.2 Assume that f and g are Lipschitz continuous. Then for any
initial value (x, y)T ∈ H there is a unique solution to (13.4) taking values in H.
Moreover, (13.4) defines a Feller family on H.

13.2 Stochastic wave equation on R
d driven by impulsive noise

In this section we are concerned with the stochastic wave problem

∂2 X

∂t2
(t, ξ ) = �X (t, ξ ) + f (X (t, ξ ))

+ g1(σ, X (t, ξ ))π̂ (dt, dξ, dσ ), t > 0, ξ ∈ R
d ,

(13.5)
X (0, ξ ) = x(ξ ), ξ ∈ R

d ,

∂ X

∂t
(0, ξ ) = y(ξ ), ξ ∈ R

d ,

where �X (t, ξ ) = ∑d
j=1 ∂2 X (t, ξ )/∂ξ 2 is the Laplace operator with respect to

the space variable ξ and π is a Poisson random measure on [0, ∞) × R
d × S with

intensity measure dt dξ ν(dσ ). We will consider (13.5) in dimensions d = 1, 2. We
are looking for a solution in weighted L p-spaces, p ∈ [1, 2). Recall that the spaces
L p

ρ , p ≥ 1, ρ ∈ R, were introduced in Section 2.3. By definition the solution will be
a process satisfying a certain integral equation involving the fundamental solution
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to the wave equation; see Definition 13.8 below. A similar definition of a solution
to the wave equation driven by a Wiener process is considered in e.g. Dalang and
Frangos (1998), Mueller (1998) and Peszat and Zabczyk (2004). We cannot show
the existence of a Markov solution. In fact (see e.g. Da Prato and Giusti 1967 or
Littman 1963) the linear deterministic problem for d �= 1 and p �= 2 does not have
Markov solutions. The L2-theory of (Markov) solutions to the stochastic wave
equation on R

d will be considered in Chapter 14.

13.2.1 Linear deterministic wave equation

Consider the linear wave problem on R
d

∂2u

∂t2
(t, ξ ) = �u(t, ξ ), t > 0, ξ ∈ R

d ,

u(0, ξ ) = u0(ξ ), ξ ∈ R
d , (13.6)

∂u

∂t
(0, ξ ) = v0(ξ ), ξ ∈ R

d ,

where u0 and v0 belong to the space S ′(Rd ; C) of tempered distributions. Denote
by Fu the Fourier transform of u. Then we arrive at the problem

d2

dt2
Fu(t)(ξ ) = −4π2|ξ |2Fu(t)(ξ ), t > 0,

with initial conditions Fu(0) = Fu0 and (dFu/dt)(0) = Fv0. Hence, by direct com-
putation we get

Fu(t)(ξ ) = cos(2π |ξ |t) Fu0(ξ ) + sin(2π |ξ |t)
2π |ξ | Fv0(ξ ).

In this formula, we have multiplied the distributions u0 and v0 by functions
cos(2π |ξ |t) and (2π |ξ |)−1 sin(2π |ξ |t) of the ξ -variable. These products are well
defined because the functions are infinitely differentiable, all derivatives being
of polynomial growth. Note that (Fu(t), t ≥ 0) is an S ′(Rd ; C)-valued mapping
infinitely differentiable in t .

Let G be the solution to (13.6) with G(0) ≡ 0 and ∂G(0)/∂t equal to the Dirac
δ0-distribution. Then

F

(
∂

∂t
G(t)

)
(ξ ) = cos(2π |ξ |t) and FG(t)(ξ ) = sin(2π |ξ |t)

2π |ξ | .

Consequently, the unique solution to (13.6) is given by

u(t) = ∂

∂t
G(t) ∗ u0 + G(t) ∗ v0,

where ∗ denotes the convolution operator.
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We call G the fundamental solution to the wave equation ∂2u/∂t2 − �u =
0. Explicit formulae for (G(t), t ≥ 0) are well known (see e.g. Mizohata 1973,
pp. 279–80). Namely, if d = 1 then G(t)(ξ ) = χ{|ξ |<t}/2. If d = 2k + 1 for some
integer k ≥ 1 then

G(t) = 1

2(2π )k

(
1

t

∂

∂t

)k−1
σ d

t

t
,

where σ d
t is the surface measure on the sphere in R

d with its center at 0 and with
radius t . If d = 2k then

G(t)(ξ ) = 1

(2π )k

(
1

t

∂

∂t

)k−1 1

(t2 − |ξ |2)1/2
χ{|ξ |<t}.

Recall that in any dimension G(0) ≡ 0. Clearly, if d = 1, 2, 3 then each G(t) is a
finite non-negative measure with support contained in the closed ball B(0, t) in R

d

with its center at 0 and radius t .
Recall that the weight ϑρ is a symmetric strictly positive function equal to

e−ρ|ξ | for |ξ | ≥ 1. Let us denote by W 1,p
ρ the Sobolev space of order 1 that is the

completion of S(Rd ) with respect to the norm

|ψ |W 1,p
ρ

=
(∫

Rd

(|ψ(ξ )|2 + |∇ψ(ξ )|2)p/2
ϑ p

ρ (ξ ) dξ

)1/p

.

Note that for each ρ there is a constant Cρ such that

ϑρ(ξ − η) ≤ Cρe|ρ|tϑρ(ξ ) for t ≥ 0, ξ ∈ R
d , η ∈ B(0, t). (13.7)

Lemma 13.3 Let d = 1, 2, 3, ρ ∈ R, p ∈ [1, ∞), and let T < ∞. Then there is
a constant C < ∞ such that, for all t ∈ [0, T ] and ξ ∈ R

d ,

G(t, ·) ∗ ϑ p
ρ (ξ ) =

∫
Rd

ϑ p
ρ (ξ − η)G(t, dη) ≤ Cϑ p

ρ (ξ ). (13.8)

Proof By direct calculation∫
Rd

G(t)(dη) = t, t ≥ 0. (13.9)

Hence, by (13.7),

G(t) ∗ ϑ p
ρ (ξ ) =

∫
B(0,t)

ϑ p
ρ (ξ − η)G(t)(dη) ≤ Cρe|ρ|t tϑ p

ρ (ξ ).

�

Lemma 13.4 Let ρ ∈ R, T < ∞ and d = 1, 2. Assume that p ≥ 1 if d = 1 and
p ∈ [1, 2) if d = 2. Then there is a constant C < ∞ such that, for all t ∈ [0, T ]



13.2 Stochastic wave equation on R
d driven by impulsive noise 233

and ξ ∈ R
d ,

|G(t)|p ∗ ϑ p
ρ (ξ ) =

∫
Rd

ϑ p
ρ (ξ − η)|G(t, η)|p dη ≤ Cϑ p

ρ (ξ ).

Proof If d = 1 then |G(t, η)|p = 21−pG(t, η), and the desired estimate follows
directly from the previous lemma.

If d = 2 and p ∈ [1, 2) then

|G(t)|p ∗ ϑ p
ρ (ξ ) =

∫
B(0,t)

1

(2π )p

(
t2 − |η|2)−p/2

ϑ p
ρ (ξ − η) dη

≤ Cϑ p
ρ (ξ )

∫
B(0,t)

1

(2π )p

(
t2 − |η|2)−p/2

dη.

Since ∫
B(0,t)

1

2π

(
t2 − |η|2)−p/2

dη =
∫ t

0
(t2 − r2)−p/2r dr < ∞,

we have the desired conclusion. �

Lemma 13.5 Let d = 1, 2, ρ ∈ R, p ∈ [1, 2), and let T < ∞. Then there is a
constant C < ∞ depending on ρ, p and T such that, for every t ∈ [0, T ],

|G(t) ∗ ψ |L p
ρ

≤ C |ψ |L p
ρ
, ∀ ψ ∈ L p

ρ , (13.10)∣∣∣∣ ∂

∂t
G(t) ∗ ψ

∣∣∣∣
L p

ρ

≤ C |ψ |W 1,p
ρ

, ∀ ψ ∈ W 1,p
ρ . (13.11)

Proof Using (13.9), the Jensen inequality and (13.8) we obtain∫
Rd

∣∣∣∣
∫

Rd

ψ(ξ − η)G(t, dη)

∣∣∣∣p

ϑ p
ρ (ξ ) dξ

≤ t p−1
∫

Rd

∫
Rd

|ψ(ξ − η)|pG(t, dη)ϑ p
ρ (ξ ) dξ

≤ t p−1
∫

Rd

∫
Rd

|ψ(z)|pϑ p
ρ (z + η)G(t, dη) dz

≤ C1

∫
Rd

|ψ(z)|pϑ p
ρ (z) dz,

which proves (13.10).
We now prove (13.11). To this end note that if d = 1 then

∂

∂t
G(t) ∗ ψ(ξ ) = 1

2

∂

∂t

∫ t

−t
ψ(ξ + η) dη = 1

2

(
ψ(ξ + t) − ψ(ξ − t)

)
.
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Consequently, using (13.7) we obtain easily∣∣∣∣ ∂

∂t
G(t) ∗ ψ

∣∣∣∣
L p

ρ

≤ C |ψ |L p
ρ
.

Now, for d = 2,∣∣∣∣ ∂

∂t
G(t) ∗ ψ(ξ )

∣∣∣∣
= 1

2π

∣∣∣∣ ∂

∂t

∫
{|η|<t}

ψ(ξ − η)

(t2 − |η|2)1/2
dη

∣∣∣∣
= 1

2π

∣∣∣∣ ∂

∂t

(
t
∫

{|z|<1}

ψ(ξ − t z)

(1 − |z|2)1/2
dz

)∣∣∣∣ ≤ 1

t
G(t) ∗ |ψ |(ξ ) + G(t) ∗ |∇ψ |(ξ ).

By Jensen’s inequality and (13.9),∫
R2

∣∣∣∣1t G(t) ∗ |ψ |(ξ )

∣∣∣∣p

ϑ p
ρ (ξ ) dξ ≤

∫
R2

∫
R2

1

t
G(t, dη)|ψ(ξ − η)|pϑ p

ρ (ξ ) dξ

≤
∫

R2

∫
R2

1

t
G(t, dη)|ψ(z)|pϑ p

ρ (z + η) dz.

Since (see the proof of (13.8)) we can choose a constant C < ∞ such that, for all
t ∈ [0, T ],

1

t

∫
R2

ϑ p
ρ (z + η)G(t, dη) ≤ C ϑ p

ρ (z), z ∈ R
2,

we have ∫
R2

∣∣∣∣1t G(t) ∗ |ψ |(ξ )

∣∣∣∣p

ϑ p
ρ (ξ ) dξ ≤ C

∫
R2

|ψ(ξ )|pϑ p
ρ (ξ ) dξ.

By (13.10),
∣∣G ∗ |∇ψ |∣∣L p

ρ
≤ C |ψ |W 1,p

ρ
, which completes the proof. �

As a direct consequence of the lemma we have the following corollary.

Corollary 13.6 Let ρ ∈ R, p ∈ [1, 2), and let d = 1, 2. Then for any t ≥ 0
there are unique operators R(t) ∈ L(L p

ρ , L p
ρ ) and Ṙ(t) ∈ L(W 1,p

ρ , L p
ρ ) such that,

for every ψ ∈ S(Rd ), R(t)ψ = G(t) ∗ ψ and Ṙ(t) = ∂G(t)/∂t ∗ ψ . Moreover, for
every T > 0 there is a constant C such that

‖R(t)‖L(L p
ρ ,L p

ρ ) + ‖Ṙ(t)‖L(W 1,p
ρ ,L p

ρ ) ≤ C, ∀ t ∈ (0, T ].

13.2.2 Stochastic convolution

Let ν be a σ -finite measure on (S,S), and let π be a Poisson random measure on
[0, ∞) × R

d × S with intensity dt dξ ν(dσ ). Assume that π is defined on a filtered
probability space U = (�,F, (Ft ), R).
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Let

Lp
ρ := L p

(
R

d × S, B(Rd ) × S, ϑ p
ρ (ξ ) dξ ν(dσ )

)
.

Given ρ ∈ R and p ∈ [1, 2] we denote by X p
ρ,T and Y p

ρ,T the spaces of all pre-
dictable fields u : � × [0, T ] �→ L p

ρ and v : � × [0, T ] �→ L
p
ρ such that

‖u‖X p
ρ,T

:= sup
t∈[0,T ]

(
E |u(t)|p

L p
ρ

)1/p
< ∞,

‖v‖Y p
ρ,T

:=
(

E

∫ T

0
|v(t)|p

L
p
ρ

dt

)1/p

< ∞.

The main goal of this section is to show that, given v ∈ Y p
ρ,T , the stochastic

integral

Iv(t)(ξ ) :=
∫ t

0

∫
Rd

∫
S
G(t − s, ξ − η)v(s)(η, σ )π̂ (ds, dη, dσ )

is a well-defined predictable L p
ρ -valued process. Note that in dimensions 1, 2 the

fundamental solution G is a function, whereas if d = 3 it is a measure. Thus the
case of d = 3 will need special treatment.

Lemma 13.7 Let ρ ∈ R, T ∈ [0, ∞) and d = 1, 2. Assume that p ∈ [1, 2] if
d = 1 and p ∈ [1, 2) if d = 2. Then v �→ Iv is a bounded linear operator from
Y p

ρ,T to X p
ρ,T .

Proof By Theorem 8.23 there is a constant C1, depending only on p, such that

E

∣∣∣∣
∫ t

0

∫
Rd

∫
S
G(t − s, ξ − η)v(s)(η, σ )π̂ (ds, dη, dσ )

∣∣∣∣
p

≤ C1

∫ t

0

∫
Rd

∫
S
|G(t − s, ξ − η)|p

E |v(s)(η, σ )|p ds dη ν(dσ ).

Taking into account Lemma 13.4 one can find a constant C2 such that∫
Rd

E

∣∣∣∣
∫ t

0

∫
Rd

∫
S
G(t − s, ξ − η)v(s)(η, σ )π̂ (ds, dη, dσ )

∣∣∣∣
p

ϑ p
ρ (ξ ) dξ

≤ C2

∫ t

0

∫
Rd

∫
S

E |v(s)(η, σ )|p ds ν(dσ )ϑ p
ρ (η) dη ≤ C2 ‖v‖p

Y p
ρ,T

.

What is left is the proof of the predictability of Iv . Clearly Iv is adapted. Thus we
need to show that it is stochastically continuous. To do this, given 0 ≤ t̃ < t ≤ T
we write Gt,t̃ (s, z) := G(t − s, z) − G(t̃ − s, z). We have

E
∣∣Iv(t) − Iv

(
t̃
)∣∣p

L p
ρ

≤ C
∫ t

t̃

∫
S

E |v(s)(·, σ )|p
L p

ρ
ν(dσ ) ds +

∫
Rd

|It,t̃ (ξ )|ϑ p
ρ (ξ ) dξ,
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where

It,t̃ (ξ ) = E

∣∣∣∣∣
∫ t̃

0

∫
Rd

∫
S
Gt,t̃ (s, ξ − η)v(s)(η, σ )π̂(ds, dη, dσ )

∣∣∣∣∣
p

≤ C1

∫ t̃

0

∫
Rd

∫
S

∣∣Gt,t̃ (s, ξ − η)
∣∣p |v(s)(η, σ )|p ds dη ν(dσ ).

Now, there is a constant C independent of t, t̃ ∈ [0, T ] such that∫
Rd

|Gt,t̃ (s, ξ − η)|pϑ p
ρ (ξ ) dξ ≤ Cϑρ(ξ )

∫
Rd

|Gt,t̃ (s, η)|p dη,

and the stochastic continuity follows from the identity

lim
t̃→t

∫
Rd

|Gt,t̃ (s, η)|p dη = 0.

�

13.2.3 Main result

Let ρ ∈ R, p ∈ [1, 2] and d = 1, 2. Assume that u0 ∈ W 1,p
ρ , v0 ∈ L p

ρ and that
F(u)(ξ ) := f (u(ξ ), ξ ), ξ ∈ R

d , and G(u)(ξ, σ ) := g1(u(ξ ), ξ, σ ), ξ ∈ R
d , σ ∈ S,

are composition operators corresponding to the functions f : R × R
d �→ R and

g1 : R × R
d × S �→ R.

Definition 13.8 We say that u is an X p
ρ,T -valued solution to (13.5) if u ∈ X p

ρ,T

and u satisfies the integral equation

u(t, ξ ) = ∂

∂t
G(t) ∗ u0(ξ ) + G(t) ∗ v0(ξ ) +

∫ t

0
G(t − s) ∗ F(u(s))(ξ ) ds

+
∫ t

0

∫
Rd

∫
S
G(t − s, ξ − η)G(u(s))(η, σ )π̂ (ds, dη, dσ ),

where the equality is considered in X p
ρ,T .

Theorem 13.9 Let ρ ∈ R, p ∈ [1, 2], and let d = 1, 2. Assume that

(i) 1 ≤ p < 2/d + 1,
(ii) f : R × R

d �→ R and g1 : R × R
d × S �→ R are measurable and there are

functions l1 ∈ L p(S,S, ν), l2 ∈ L p
ρ and a constant L such that, for all

u, v ∈ R, ξ ∈ R
d and σ ∈ S,

| f (u, ξ )| ≤ L(l2(ξ ) + |u|),
| f (u, ξ ) − f (v, ξ )| ≤ L |u − v|

|g1(u, ξ, σ )| ≤ l1(σ )(l2(ξ ) + |u|),
|g1(u, ξ, σ ) − g1(v, ξ, σ )| ≤ l1(σ ) |u − v|.
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Then for all u0 ∈ W 1,p
ρ and v0 ∈ L p

ρ there exists a unique X p
ρ,T -valued solution to

(13.5).

Proof Let us fix u0, v0 and T < ∞. By (ii), F : X p
ρ,T �→ X p

ρ,T and G : X p
ρ,T �→

Y p
ρ,T are Lipschitz continuous. Write

I1(t) := ∂

∂t
G(t) ∗ u0(ξ ) + G(t) ∗ v0(ξ ), t ∈ [0, T ],

I2(u)(t) :=
∫ t

0
G(t − s) ∗ F(u(s)) ds, t ∈ [0, T ], u ∈ X p

ρ,T .

Recall that Iv was introduced in subsection 13.2.2. Consider on X p
ρ,T the family

of norms

‖u‖β :=
(

sup
t∈[0,T ]

e−βt
E |u(t)|p

L p
ρ

)1/p

, β > 0.

The proof will be complete as soon as we can show that for β large enough
the mapping J (u) := I1 + I2(u) + IG(u), u ∈ X p

ρ,T , is a contraction on X p
ρ,T . We

leave to the reader the proof that if u ∈ X p
ρ,T then I1, I2(u), IG(u) ∈ Xρ,T . We

shall concentrate on the estimate of the Lipschitz constant. To do this we note
that, by (13.10) and the Lipschitz continuity of F , there is a constant C such
that

‖I2(u) − I2(v)‖p
β

≤ sup
t∈[0,T ]

e−βt
E

∫ t

0

∣∣G(t − s) ∗ (F(u(s)) − F(v(s)
)∣∣p

L p
ρ

ds

≤ sup
t∈[0,T ]

E

∫ t

0
e−β(t−s)e−βs C |u(s) − v(s)|p

L p
ρ

ds

≤ C ‖u‖p
β

∫ T

0
e−βs ds ≤ C

β
‖u‖p

β .

Using Lemma 13.7 we can find a constant C such that

∥∥IG(u) − IG(v)

∥∥p

β
≤ C sup

t∈[0,T ]
e−βt

E

∫ t

0
|u(s) − v(s)|p

L p
ρ

ds

≤ sup
t∈[0,T ]

E

∫ t

0
e−β(t−s)e−βs C |u(s) − v(s)|p

L p
ρ

ds

≤ C ‖u‖p
β

∫ T

0
e−βs ds ≤ C

β
‖u‖p

β .

�



238 Wave and delay equations

13.3 Stochastic delay equations

We are concerned with the delay problem

dx(t) =
(∫ 0

−h
μ(dξ )x(t + ξ ) + f (x(t))

)
dt + g(x(t)) dW (t) + g1(x(t)) dZ (t),

(13.12)
x(ξ ) = ψ(ξ ), ξ ∈ (−h, 0],

where h > 0, μ is an M(n × n)-valued measure on (−h, 0] with finite variation,
W is a standard d-dimensional Wiener process, Z is a square integrable mean-zero
Lévy process in R

m and f , g, g1 are Lipschitz continuous mappings from R
n to

R
n , M(n × d) and M(n × m), respectively.
Let

L2(−h, 0; R
n) := L2

(
(−h, 0],B((−h, 0]), dξ ; R

n
)
,

W 1,2(−h, 0; R
n) := W 1,2

(
(−h, 0],B((−h, 0]), dξ ; R

n
)
.

We interpret (13.12) as (9.4) on the state space

H :=
(

L2(−h, 0; R
n)

R
n

)
,

the operator A from (9.4) being given by

A

(
ψ

v

)
:=

(∫ 0
h μ(dξ )ψ(ξ )

ψ(0)

)
,

where the domain of A is equal to

D(A) =
{(

ψ

v

)
: ψ ∈ W 2,2(−h, 0; R

n) and v = ψ(0)

}
.

Note that the RKHS of M = (W, Z ) is a subspace of R
d × R

m and that

F

(
ψ

v

)
:=

(
N f (ψ)

v

)
and G

(
ψ

v

)
u :=

(
Ng(ψ)u1 + Ng1 (ψ)u2

v

)
.

Then (see e.g. Chojnowska-Michalik 1978 or Da Prato and Zabczyk 1992a) the
operator (A, D(A)) generates a C0-semigroup on H .

With the process x(·) on (−h, +∞) having values in R
n we associate a process

X (·) defined on [0, +∞) having values in H , whose second coordinate, at time t ,
is the vector x(t) and whose first coordinate is the segment

xt (ξ ) := x(t + ξ ), ξ ∈ (−h, 0],

of x . It is easy to show that the Lipschitz continuity of f , g and g1 guarantees the
Lipschitz continuity of F and G, and consequently conditions (F) and (G). Thus
we have the following consequence of Theorem 9.29.
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Theorem 13.10 Assume that f , g and g1 are Lipschitz continuous mappings
from R

n to R
n, M(n × d) and M(n × m), respectively. Let W be a standard d-

dimensional Wiener process, and let L be a square integrable mean-zero Lévy
process in R

m. Then the following hold.

(i) For any initial value x0 ∈ H there is a unique solution X (·, x0), t ≥ 0, of
(13.12).

(ii) For any T < ∞ there is a constant L such that for all x0, x1 ∈ H we have

sup
t∈[0,T ]

E |X (t, x0) − X (t, x1)|2H ≤ L |x0 − x1|2H .

(iii) Equation (13.12) defines a Feller family on H.



14
Equations driven by a spatially

homogeneous noise

In this chapter, Lévy processes on the space of tempered distributions are intro-
duced and their reproducing kernel spaces are determined. Non-linear heat and
wave equations with spatially homogeneous noise are investigated.

14.1 Tempered distributions

We denote by S(Rd ) and S(Rd ; C) the spaces of infinitely differentiable real- and
complex-valued functions ψ such that

pn(ψ) := sup
ξ∈Rd

sup
|α|≤n

(
1 + |ξ |2)n ∣∣∣∣∂ |α|ψ

∂ξα
(ξ )

∣∣∣∣ < ∞, ∀ n ∈ N.

On S(Rd ) and S(Rd ; C) we consider the topology defined by the family of semi-
norms (pn, n ∈ N). The spaces of tempered distributions S′(Rd ) and S′(Rd ; C)
are the dual spaces to S(Rd ) and S(Rd ; C). We denote by 〈u, ψ〉 the value of the
distribution u on a test function ψ . Every complex or real tempered Borel measure
λ on R

d , that is, a measure whose variation ‖λ‖Var satisfies∫
Rd

(
1 + |ξ |2)−n‖λ‖Var(dξ ) < ∞ for some n ∈ N,

can be identified with the distribution 〈λ, ψ〉 = ∫
Rd ψ(ξ )λ(dξ ). Sometimes in this

book we will denote by (ψ, λ) the integral
∫

E ψ(ξ )λ(dξ ).
We denote by Fψ the Fourier transform of a test function ψ :

Fψ(η) := 1

(2π )d/2

∫
Rd

e−2iπηξψ(ξ ) dξ,

where ηξ =∑d
i=1 ηiξi and ξ, η ∈ R

d . Next we define Fu for u ∈ S′(Rd ; C) by the

240
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formula 〈Fu, ψ〉 = 〈u, F−1ψ〉, ψ ∈ S(Rd ; C), where

F−1ψ(η) := 1

(2π )d/2

∫
Rd

e2iπηξψ(ξ ) dξ

is the inverse Fourier transform. Then F is a bijection on S(Rd ; C) and an isometry
on L2(Rd ; C) := L2(Rd ,B(Rd ), 	d ; C).

Definition 14.1 We say that a topological vector space E is nuclear if the topol-
ogy on E is given by the family of norms (| · |Hn ), |u|Hn = √〈u, u〉Hn , n ∈ N,
u ∈ E , where ((Hn, 〈·, ·〉Hn )) is a decreasing sequence of Hilbert spaces such that
E ⊂ Hn and the embedding Hn+1 ↪→ Hn is nuclear for every n.

Theorem 14.2 The space S(Rd ) is nuclear.

Proof Let Hn be the completion of S(Rd ) with respect to the norm |ψ |Hn =√〈ψ, ψ〉Hn , where

〈ψ, ϕ〉Hn =
∫

Rd

(
1 + |ξ |2)an

∑
|α|≤an

∂ |α|ψ
∂ξα

(ξ )
∂ |α|ϕ
∂ξα

(ξ ) dξ.

Then choosing the an such that they go to ∞ sufficiently fast, one gets the desired
conclusion. For more details see e.g. Yosida (1965). �

Let Hn be as above. Then Hn ↪→ L2 := L2(Rd ). Identifying (L2)∗ with L2 we
obtain Hn ↪→ L2 = (L2)∗ ↪→ H∗

n , n ∈ N. Thus the following result holds.

Theorem 14.3 We have S′(Rd ) =⋃∞
n=1 H∗

n .

14.2 Lévy processes in S′(Rd)

We now consider equations driven by Lévy processes taking values in S′(Rd ). Since
the space of distributions is not metrizable we have to adapt Definition 4.1 to our
purposes. Let us note that a Lévy–Khinchin-type description of Lévy processes on
S′(Rd ), more generally on co-nuclear spaces, was developed in Ustunel (1984).

Definition 14.4 A stochastic process L taking values in S′(Rd ) is called a Lévy
process in S′(Rd ) if it is càdlàg, satisfies L(0) = 0 and has stationary independent
increments.

Throughout the chapter we assume that (�,F, (Ft ), P) is a filtered probability
space satisfying the usual conditions and that L is a Lévy process defined on �

and adapted to the filtration (Ft ). Moreover, we assume that, for all t ≥ s ≥ 0,
L(t) − L(s) is independent of Fs .
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For our further purposes, it will be convenient to introduce the class of square
integrable Lévy processes.

Definition 14.5 A Lévy process L in S′(Rd ) is square integrable (has mean zero)
if, for every test function ψ ∈ S(Rd ), the real-valued process (〈L(t), ψ〉, t ≥ 0) is
square integrable (has mean zero).

Using arguments from the proof of Theorem 4.32 one can easily obtain the
following result.

Lemma 14.6 Assume that L is a square integrable Lévy process in S′(Rd ). Then
there are a unique mL ∈ S′(Rd ) called the mean of L and a unique symmetric
positive-definite bilinear form K : S′(Rd ) × S′(Rd ) �→ R called the covariance
form of L such that, for all t, s ≥ 0 and ψ, ϕ ∈ S(Rd ),

E 〈L(t), ψ〉 = t 〈mL , ψ〉,
E 〈L(t) − mL , ψ〉〈L(s) − mL , ϕ〉 = t ∧ s K (ψ, ϕ).

14.2.1 Wiener processes

Definition 14.7 A continuous (in time) mean-zero Lévy process W taking values
in S′(Rd ) is called a Wiener process.

It follows from this definition that for any finite set of test functions {ψ1, . . . , ψn}
⊂ S(Rd ) the R

n-valued process

(〈W (t), ψ1〉, . . . , 〈W (t), ψn〉) , t ≥ 0,

is a continuous mean-zero Lévy process in R
n . Thus (see Theorem 4.12) it is a

Wiener process in R
n . In particular it is Gaussian, and hence W is square integrable.

Let K be the covariance of W . Then for all non-negative t1, . . . , tn the random vec-
tor (〈W (t1), ψ1〉, . . . , 〈W (tn), ψn〉) has the normal distribution N (0, [qi, j ]), where
qi, j = ti ∧ t j K (ψi , ψ j ), i, j = 1, . . . , n.

14.3 RKHS of a square integrable Lévy process in S′(Rd)

The aims of this section are to show that any square integrable mean-zero Lévy
process L in S′(Rd ) can be regarded as a square integrable Lévy process on a
properly chosen Hilbert space and to compute the RKHS of such a process L in
terms of its covariance form K . To this end, define H as the set of all u ∈ S′(Rd )
such that

|〈u, ψ〉| ≤ L
√

K (ψ, ψ), ∀ ψ ∈ S(Rd ),
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with a constant L < ∞ independent of ψ . Let

|u|H = sup
ψ∈S(Rd ) : K (ψ,ψ)�=0

|〈u, ψ〉|√
K (ψ, ψ)

, u ∈ H, (14.1)

〈u, v〉H = 1
4

(|u + v|2H − |u − v|2H
)
, u, v ∈ H. (14.2)

We have the following result.

Theorem 14.8

(i) The quantity 〈·, ·〉H is a scalar product and | · |H is the corresponding norm.
Moreover, (H, 〈·, ·〉H) is a real separable Hilbert space.

(ii) For any orthonormal basis {ek} of H,

K (ψ, ϕ) =
∑

k

〈ek, ψ〉〈ek, ϕ〉, ∀ ψ, ϕ ∈ S(Rd ).

(iii) There is a Hilbert space (U, 〈·, ·〉U ) embedded into S′(Rd ) such that L is a
square integrable Lévy process in U. Moreover,1 the RKHS of L, considered
as a U-valued process, is equal to H.

The proof will be preceded by a few lemmas. Let ((Hn, 〈·, ·〉Hn )) be a sequence
of separable Hilbert spaces such that Hn+1 ↪→ Hn with a nuclear embedding and
the topology on S(Rd ) is given by a sequence of norms (| · |Hn ); see Section 14.1.
Taking, if necessary, an equivalent scalar product we can assume that |ψ |Hn ≤
|ψ |Hn+1 for all n ∈ N and ψ ∈ S(Rd ). Clearly, we have S′(Rd ) =⋃n∈N

H∗
n .

Lemma 14.9 There exist n and C such that |K (ψ, ϕ)| ≤ C |ψ |Hn |ϕ|Hn for all
ψ, ϕ ∈ S(Rd ).

Proof Since

K (ψ, ϕ) = 1
4

(
K (ψ + ϕ, ψ + ϕ) − K (ψ − ϕ, ψ − ϕ)

)
it suffices to show that there exist n and L such that K (ψ, ψ) ≤ C |ψ |2Hn

for every
ψ ∈ S(Rd ). Suppose, contrary to our claim, that there is a sequence (ψn) ⊂ S(Rd )
such that K (ψn, ψn) ≥ n |ψn|2Hn

for every n ∈ N. Set

ϕn =
√

n ψn√
K (ψn, ψn)

.

Then, for n ≥ m,

|ϕn|Hm =
√

n |ψn|Hm√
K (ψn, ψn)

≤ 1√
n
.

1 See Proposition 7.1.
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Thus ϕn → 0 in S(Rd ) and, since K is continuous on S(Rd ), K (ϕn, ϕn) → 0 as
n ↑ ∞. But K (ϕn, ϕn) = n, which leads to a contradiction. �

Corollary 14.10 For n sufficiently large, K has a unique extension to a sym-
metric non-negative continuous bilinear form on Hn × Hn.

We will denote the extension of K to Hn × Hn also by K . Since K is symmetric
and continuous we have the following (see also e.g. Mlak 1991).

Corollary 14.11 For n sufficiently large there is a symmetric bounded operator
An : Hn �→ Hn such that

K (ψ, ϕ) = 〈Anψ, Anϕ〉Hn , ψ, ϕ ∈ Hn. (14.3)

Lemma 14.12 Assume that n is such that K : Hn × Hn �→ R is given by (14.3)
with a symmetric and continuous An. Then H = A∗

n H∗
n . Moreover, |v|H =∣∣(A∗

n)−1v
∣∣

H∗
n

for v ∈ A∗
n H∗

n .

Proof Let u ∈ H ∗
n . Then, for any ψ ∈ S(Rd ),

|〈A∗
nu, ψ〉| = |〈u, Anψ〉| ≤ |u|H∗

n
|Anψ |Hn = |u|H∗

n

√
K (ψ, ψ).

Thus A∗
nu ∈ H. Moreover, for u ∈ H ∗

n orthogonal to Ker A∗
n ,

|A∗
nu|H = sup

ψ : 0�=|Anψ |Hn

|〈u, Anψ〉|
|Anψ |Hn

= |u|H∗
n
.

We now show that H ⊂ A∗
n H∗

n . To this end take a vector u ∈ H. Then by the
definition of H there is a constant C < ∞ such that

|〈u, ψ〉| ≤ C
√

K (ψ, ψ) = C |Anψ |Hn , ∀ ψ ∈ S(Rd ).

Since S(Rd ) is dense in Hn , we have |〈u, ψ〉| ≤ C |Anψ |Hn for every ψ ∈ Hn . �

Proof of Theorem 14.8(i) Let (A∗
n)−1 be the operator pseudo-inverse to A∗

n . Then,
by Lemma 14.12, |u|H = ∣∣(A∗

n)−1u
∣∣

H∗
n
, u ∈ H. Thus | · |H is the norm correspond-

ing to the scalar product

〈u, v〉H = 〈(A∗
n)−1u, (A∗

n)−1v
〉
H∗

n

= 1
4

(∣∣(A∗
n)−1(u + v)

∣∣
H∗

n
− ∣∣(A∗

n)−1(u − v)
∣∣

H∗
n

)
= 1

4 (|u + v|H − |u − v|H) .

Consequently, (H, 〈·, ·〉H) is a real separable Hilbert space, since A−1
n : H �→ H∗

n

is a linear isometry. �

Proof of Theorem 14.8(ii) Let {ek} be an orthonormal basis of H. Let n be such
that (A∗

n)−1 : H �→ H∗
n is a linear isometry. Set fk = (A∗

n)−1ek . Then { fk} is an



14.3 RKHS of a square integrable Lévy process in S′(Rd ) 245

orthonormal (but not necessarily complete) system in H∗
n , and ek = A∗

n fk . Thus
for any ψ ∈ S(Rd ), in fact for any ψ ∈ Hn ,∑

k

〈ek, ψ〉2 =
∑

k

〈A∗
n fk, ψ〉2 =

∑
k

〈 fk, Anψ〉2 = |Anψ |2Hn
< ∞.

Since K (ψ, ϕ) = 〈Anψ, Anϕ〉Hn , we have the desired identity. �

Proof of Theorem 14.8(iii) Assume that n is such that K : Hn × Hn �→ R is given
by (14.3) with An symmetric and continuous. Since the embedding i : Hn+1 ↪→
Hn is nuclear, it is compact. Then the symmetric operator i∗i : Hn+1 �→ Hn+1

is also compact. Assume that { fk} is an orthonormal basis of Hn+1 consisting
of eigenvectors of κ := √

i∗i with corresponding eigenvalues {γk}. Since κ is
Hilbert–Schmidt, ∑

k

γ 2
k < ∞. (14.4)

Note that as Hn+1 is dense in Hn , γk �= 0 for every k. Next,

〈 f j , fk〉Hn = 〈i f j , i fk〉Hn = 〈 f j , i∗i fk〉Hn+1 = 〈 f j , κ
2 fk
〉
Hn+1

= γ 2
k δk, j .

Let f̃ k = γ −1
k fk . Then { f̃ k} is an orthonormal basis of Hn such that〈

f̃ k, f̃ j
〉
Hn+1

= γ −2
k δk, j , k, j ∈ N. (14.5)

Let { f̃ ∗
k} be the dual basis, that is, the orthonormal basis of H∗

n such that
〈
f̃ ∗

k , f̃ j
〉 =

δk, j for all k, j . Note that〈
f̃ ∗

k , f̃ ∗
j

〉
H∗

n+1
=
∑

l

〈
f̃ ∗

k , fl
〉 〈

f̃ ∗
j , fl

〉 = δ j,k
〈
f̃ ∗

k , fk
〉2

= γ 2
k δ j,k

〈
f̃ ∗

k , f̃ k
〉2 = γ 2

k δk, j , k, j ∈ N. (14.6)

We will show that

L(t) =
∑

k

〈
L(t), f̃ k

〉
f̃ ∗

k , t ≥ 0, (14.7)

where the series converges in L2(�,F, P; H∗
n+1). First we will show the conver-

gence. By (14.6),

E

∣∣∣∣∣
M∑

k=N

〈
L(t), f̃ k

〉
f̃ ∗

k

∣∣∣∣∣
2

H∗
n+1

=
M∑

k,l=N

E
〈
L(t), f̃ k

〉 〈
L(t), f̃ l

〉 〈
f̃ ∗

k , f̃ ∗
j

〉
Hn+1

=
M∑

k,l=N

t K
(

f̃ k, f̃ l
) 〈

f̃ ∗
k , f̃ ∗

j

〉
Hn+1

=
M∑

k=N

t K
(

f̃ k, f̃ k
)
λ2

k .
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Since K is continuous on Hn × Hn there is a constant C such that∣∣K ( f̃ k, f̃ k
)∣∣ ≤ C

∣∣ f̃ k

∣∣
Hn

≤ C, ∀ k.

Consequently, by (14.4),

E

∣∣∣∣∣
M∑

k=N

〈
L(t), f̃ k

〉
f̃ ∗

k

∣∣∣∣∣
2

H∗
n+1

≤ Ct
M∑

k=N

γ 2
k → 0 as N , M → ∞,

which proves the convergence of the series. To see the identity we fix a test function
ψ ∈ S(Rd ). We have

IN := E

∣∣∣∣∣〈L(t), ψ〉 −
N∑

k=1

〈
L(t), f̃ k

〉 〈
f̃ ∗

k , ψ
〉∣∣∣∣∣

2

= t

(
K (ψ, ψ) − 2

N∑
k=1

K
(

f̃ k, ψ
) 〈

f̃ ∗
k , ψ

〉+ N∑
k, j=1

K
(

f̃ k, f̃ j
) 〈

f̃ ∗
k , ψ

〉 〈
f̃ ∗

j , ψ
〉)

.

Since ψ =∑k〈 f̃ ∗
k , ψ〉 f̃ k , the sum being convergent in Hn , and since K is con-

tinuous on Hn × Hn , we have

K (ψ, ψ) =
∑

k

K
(

f̃ k, ψ
) 〈

f̃ ∗
k , ψ

〉
and ∑

k

K
(

f̃ k, ψ
) 〈

f̃ ∗
k , ψ

〉 =∑
k, j

K
(

f̃ k, f̃ j
) 〈 f ∗

k , ψ〉〈 f ∗
l , ψ〉.

Thus IN → 0, which proves the desired identity. Clearly, L is a process with
stationary and independent increments in H∗

n+1. It is stochastically continuous
since it is mean-square continuous. Indeed,

E |L(t) − L(s)|2H∗
n+1

=
∑

k

E
〈
L(t) − L(s), f̃ k

〉2 ∣∣ f̃ ∗
k

∣∣2
H∗

n+1

≤ (t − s)
∑

k

K
(

f̃ k, f̃ k
)
λ2

k ≤ C(t − s),

where C < ∞. Thus L can be treated as a square integrable mean-zero Lévy
process in H ∗

n+1. By Proposition 7.12 and the first part of the theorem, its RKHS
is equal to H. �

14.4 Spatially homogeneous Lévy processes

Define the group of translations {τξ }ξ∈Rd on S(Rd ) by the formula

τξψ(η) = ψ(ξ + η), ψ ∈ S(Rd ), ξ, η ∈ R
d .

Next we extend {τξ } on S′(Rd ) by putting 〈τξ u, ψ〉 = 〈u, τ−ξψ〉, ψ ∈ S(Rd ), u ∈
S′(Rd ).
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Definition 14.13 A Lévy process L taking values in S′(Rd ) is called spatially
homogeneous or stationary if for every t ≥ 0 the law L(L(t)) of L(t) in S′(Rd ) is
invariant with respect to the group of translations {τξ }, that is, if for every Borel
set X ⊂ S ′(Rd )

L(L(t))(X ) := P (L(t) ∈ X ) = P
(
L(t) ∈ τ−1

ξ X ) = L(L(t))
(
τ−1
ξ X )

=: τξ ◦ L(L(t))(X ), ξ ∈ R
d .

Lemma 14.14 Assume that L is a spatially homogeneous square integrable Lévy
process in S′(Rd ). Then its mean and covariance form are invariant with respect
to translations, that is, mL = τξ mL for every ξ ∈ R

d and

K (ψ, ϕ) = K (τξψ, τξϕ), ∀ ξ ∈ R
d , ∀ ψ, ϕ ∈ S(Rd ).

Proof Let ψ ∈ S(Rd ), and let ξ ∈ R
d . Then

〈mL , ψ〉 = E 〈L(1), ψ〉 =
∫

S′(Rd )
〈u, ψ〉L(L(1))(du)

=
∫

S′(Rd )
〈u, ψ〉τ−ξ ◦ L(L(1))(du) =

∫
S′(Rd )

〈τξ u, ψ〉L(L(1))(du)

=
∫

S′(Rd )
〈u, τ−ξψ〉L(L(1))(du) = E 〈L(1), τ−ξψ〉 = 〈mL , τ−ξψ〉

= 〈τξ mL , ψ〉.
In the same way one can show that desired property of the covariance form. �

Remark 14.15 Clearly if L is spatially homogeneous then its Lévy measure

ν(�) := E # {t ∈ [0, 1] : L(t) − L(t−) ∈ �}
is translation invariant.

Definition 14.16 We say that a square integrable Lévy process L in S′(Rd ) is
weakly spatially homogeneous if its mean mL and covariance form are invariant
with respect to the group of translations.

Remark 14.17 A Wiener process W is spatially homogeneous if and only if it
is weakly spatially homogeneous, since its law L(W (t)) is uniquely determined by
the laws of all pairs 〈W (t), ψ〉〈W (t), ϕ〉, where ψ, ϕ ∈ S(Rd ), and consequently
by its mean and covariance form.

A proof of the following theorem can be found in Gelfand and Vilenkin (1964),
p. 169.

Theorem 14.18 Let K : S(Rd ) × S(Rd ) �→ R. Then K is a continuous sym-
metric non-negative-definite bilinear form invariant with respect to the group
of translations if and only if there exists a non-negative tempered and
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symmetric1 measure μ on (Rd ,B(Rd )) such that

K (ψ, ϕ) = 〈Fμ, ψ ∗ ϕ(s)
〉
, ψ, ϕ ∈ S(Rd ), (14.8)

where ϕ(s)(ξ ) := ϕ(−ξ ), ϕ ∈ S(Rd ) ξ ∈ R
d and the convolution operator ∗ is de-

fined by

ψ ∗ ϕ(ξ ) =
∫

Rd

ψ(ξ − η)ϕ(η) dη, ξ ∈ R
d , ψ, ϕ ∈ S(Rd ).

As a direct consequence of Lemma 14.14 and Theorem 14.18 we have the
following result.

Corollary 14.19 Let L be a square integrable weakly homogeneous Lévy pro-
cess in S′(Rd ). Then its covariance form K satisfies (14.8) with a non-negative
measure μ.

Definition 14.20 We call the quantity μ appearing in (14.8) the spectral measure
of L and � := Fμ its covariance.

14.5 Examples

14.5.1 Wiener case

In this subsection we assume that W is a Wiener process in S′(Rd ).

Example 14.21 Assume that the spectral measure of W is equal to δ0. Then
Fδ0 = (2π )−d/2, which should be treated as the density of Fδ0 with respect to
Lebesgue measure dξ . Thus, for any test functions ψ and ϕ,

K (ψ, ϕ) = (2π )−d/2
∫

Rd

∫
Rd

ψ(η − ξ )ϕ(s)(η) dη dξ

= (2π )−d/2
∫

Rd

ψ(ξ ) dξ

∫
Rd

ϕ(ξ ) dξ.

Therefore the process W has the form W (t, ξ ) = (2π )−d/4β(t), t ≥ 0, ξ ∈ R
d ,

where β is a one-dimensional (that is, real-valued) Wiener process.

Example 14.22 Assume now that μ ≡ 	d . Then Fμ = (2π )d/2δ0. Thus

K (ψ, ϕ) = (2π )d/2ψ ∗ ϕ(s)(0) = (2π )d/2
∫

Rd

ψ(0 − η)ϕ(s)(η) dη

= (2π )d/2
∫

Rd

ψ(−η)ϕ(−η) dη = (2π )d/2
∫

Rd

ψ(η)ϕ(η) dη.

1 For a symmetric measure μ, μ(−A) = μ(A) for A ∈ B(Rd ).
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Consequently, (2π )−d/4W is a cylindrical Wiener process on L2(Rd ).

Example 14.23 Assume that the spectral measure μ of W is finite. Then its co-
variance � = Fμ is a bounded uniformly continuous function on R

d .
Moreover,

K (ψ, ϕ) =
∫

Rd

∫
Rd

�(ξ )ψ(ξ − η)ϕ(−η) dξ dη

=
∫

Rd

∫
Rd

�(ξ − η)ψ(ξ )ϕ(η) dξ dη.

From the theorem below it follows that W can be treated as a spatially stationary
random field on [0, ∞) × R

d .

Theorem 14.24 If the spectral measure μ of W is finite then W can be identified
with a random field W (t, ξ ), t ≥ 0, ξ ∈ R

d , that is,

〈W (t), ψ〉 =
∫

Rd

W (t, ξ )ψ(ξ ) dξ, t ≥ 0, ψ ∈ S(Rd ).

Moreover, the field W has the following properties.

(i) W is Gaussian, that is, for any N ∈ N, t1, . . . , tn ∈ [0, ∞) and
ξ1, . . . , ξn ∈ R

d the random vector (W (t1, ξ1), . . . , W (tn, ξn)) is Gaussian.
(ii) For any ξ ∈ R

d , t �→ W (t, ξ ) is a Wiener process.
(iii) Let � = Fμ. Then, for all t, s ≥ 0, ξ, η ∈ R

d ,

E W (t, ξ )W (s, η) = t ∧ s �(ξ − η).

Proof Consider an approximation of δ0 by a sequence (ρn) of test functions
satisfying

ρn(ξ ) = ρn(−ξ ), ξ ∈ R
d , ρn ≥ 0,

∫
Rd

ρn(ξ ) dξ = 1, ∀ n ∈ N,

lim
n,m→∞(� ∗ ρn) ∗ ρm(0) = �(0) (14.9)

and

lim
n→∞

∫
Rd

|ψ(ξ ) − ρn ∗ ψ(ξ )| dξ = 0, ∀ ψ ∈ S(Rd ). (14.10)

Let Wn(t, ξ ) := 〈W (t), τ−ξ ρn〉. Since W is Gaussian, the random fields Wn on
[0, ∞) × R

d are Gaussian. Moreover,

E Wn(t, ξ )Wm(t, ξ ) = E 〈W (t), τ−ξ ρn〉〈W (t), τ−ξ ρm〉
= 〈�, (τ−ξ ρn) ∗ (τ−ξ ρm)(s)

〉
.
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Thus

E |Wn(t, ξ ) − Wm(t, ξ )|2
= E |Wn(t, ξ )|2 − 2 E Wn(t, ξ )Wm(t, ξ ) + E |Wm(t, ξ )|2
= 〈�, (τ−ξ ρn) ∗ (τ−ξρn)(s)

〉+ 〈�, (τ−ξ ρm) ∗ (τ−ξ ρm)(s)
〉

− 2
〈
�, (τ−ξ ρn) ∗ (τ−ξ ρm)(s)

〉
.

Since

〈
�, (τ−ξ ρn) ∗ (τ−ξ ρm)(s)

〉 = ∫
Rd

∫
Rd

�(η − ζ )(τ−ξ ρn)(η)(τ−ξρm)(ζ ) dη dζ

=
∫

Rd

∫
Rd

�(η − ζ )ρn(−ξ + η)ρm(−ξ + ζ ) dη dζ

=
∫

Rd

∫
Rd

�(η − ζ )ρn(η)ρm(ζ ) dη dζ

= (� ∗ ρn) ∗ ρm(0),

we obtain

E |Wn(t, ξ ) − Wm(t, ξ )|2
= (� ∗ ρn) ∗ ρn(0) + (� ∗ ρm) ∗ ρm(0) − 2(� ∗ ρn) ∗ ρm(0).

Consequently, it follows by (14.9) that (Wn(t, ξ )) is a Cauchy sequence. We have

E

∣∣∣∣〈W (t), ψ〉 −
∫

Rd

Wn(t, ξ )ψ(ξ ) dξ

∣∣∣∣2

= E

〈
W (t), ψ −

∫
Rd

ψ(ξ )τ−ξρn dξ

〉2

.

Therefore, as

E

∣∣∣∣〈W (t), ψ〉 −
∫

Rd

Wn(t, ξ )ψ(ξ ) dξ

∣∣∣∣2

=
∫

Rd

∫
Rd

�(η − ζ )

(
ψ(η) −

∫
Rd

ρn(η − ξ )ψ(ξ ) dξ

)

×
[
ψ(ζ ) −

∫
Rd

ρn(ζ − ξ )ψ(ξ ) dξ

]
dη dζ

≤ |�|L∞(Rd )

(∫
Rd

∣∣∣∣ψ(η) −
∫

Rd

ρn(η − ξ )ψ(ξ ) dξ

∣∣∣∣ dη

)2

≤ |�|L∞(Rd )

(∫
Rd

|ψ(η) − ρn ∗ ψ(η)| dη

)2

,
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from (14.10) the limit W (t, ξ ) of the sequence (Wn(t, ξ )) satisfies

E

∣∣∣∣〈W (t), ψ〉 −
∫

Rd

W (t, ξ )ψ(ξ ) dξ

∣∣∣∣2

= lim
n→∞ E

∣∣∣∣〈W (t), ψ〉 −
∫

Rd

Wn(t, ξ )ψ(ξ ) dξ

∣∣∣∣2 = 0.

The field W is Gaussian since, for fixed N , t1, . . . , tN ∈ [0, ∞) and ξ1, . . . , ξN ∈
R

d , the Gaussian vectors (Wn(t1, ξ1), . . . , Wn(tN , ξN )), n ∈ N, converge in
L2(�,F, P) to (W (t1, ξ1), . . . , W (tN , ξN )). Moreover, for a fixed ξ ∈ R

d , t �→
W (t, ξ ) is a square integrable martingale with angle bracket

〈W (·, ξ ), W (·, ξ )〉(t) = lim
n→∞〈Wn(·, ξ ), W (·, ξ )〉(t) = lim

n→∞ E |Wn(t, ξ )|2

= t lim
n→∞(� ∗ ρn) ∗ ρn(0) = t �(0).

Thus, for every ξ ∈ R
d , W (·, ξ ) is a Wiener process. The proof will be complete

as soon as we show (iii). To this end, let us fix t, s ∈ [0, ∞) and ξ, η ∈ R
d . Then

E W (t, ξ )W (s, η) = lim
n→∞ E Wn(t, ξ )Wn(s, η)

= t ∧ s lim
n→∞ E 〈W (1), τ−ξ ρn〉〈W (1), τ−ηρn〉

= t ∧ s lim
n→∞

〈
�, τ−ξ ρn ∗ (τ−ηρn)(s)

〉
= t ∧ s lim

n→∞

∫
Rd

∫
Rd

�(γ − ζ )ρn(γ − ξ )ρn(ζ − η) dγ dζ

= t ∧ s �(ξ − η).

�

14.5.2 Impulsive case

Another important example of a homogeneous Lévy noise is the impulsive cylin-
drical process on L2(Rd ) introduced in Section 7.2 (see the first example below).
In Example 14.26 we introduce a “colored impulsive” noise.

Example 14.25 Let π be a Poisson measure on [0, ∞) × R
d × R with intensity

measure dt dξ ν(dσ ), where ν is a measure on (R,B(R)) satisfying ν({0}) = 0 and∫
R

σ 2ν(dσ ) < ∞. (14.11)

Let π̂ be a compensated Poisson measure, and let

Z (t) =
∫ t

0

∫
R

σ π̂ (ds, dξ, dσ ).
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For more details see Section 7.2. Then Z is a square integrable mean-zero Lévy
process taking values in any Hilbert space U such that the embedding L2(Rd ) ↪→ U
is Hilbert–Schmidt. In particular, as U one can take any H∗

n , n ≥ 1. Moreover,
L2(Rd ) is the RKHS of L , for any U . Since there is a Hilbert space U such that
L2(Rd ) ↪→ U ↪→ S′(Rd ) and the first inclusion is Hilbert–Schmidt, Z is a Lévy
process in S′(Rd ). It is spatially homogeneous since the jump position intensity 	d

is invariant with respect to the group of translations. Note that

K (ψ, ϕ) = E 〈Z (1), ψ〉〈Z (1), ϕ〉 =
∫

Rd

ψ(ξ )ϕ(ξ ) dξ, ψ, ϕ ∈ S(Rd ).

Hence the spectral measure μ of Z is, up to a constant, equal to 	d . Consequently,
again up to a constant, its covariance � is equal to the Dirac delta function.

Let {U j } be the partition of R
d × R into disjoint measurable sets such that

a j := 	d × ν(U j ) < ∞, j ∈ N. It is convenient to write Z in the form

Z (t) =
∑
τ n

j ≤t

σ n
j δξ n

j
− tσν(dσ ) dξ,

where
(
ξ n

j , σ
n
j

)
is a sequence of mutually independent random variables with

distributions

P
((

ξ n
j , σ

n
j

) ∈ A
) = 	d × ν(A ∩ U j )

a j
, n, j ∈ N;

τ n
j = r1

j + r2
j + · · · + rn

j and the rk
j are mutually independent random variables

(which are also independent of (ξ n
j , σ

n
j )) with exponential distribution P

(
rn

j ≥ t
)

= e−a j t , t ≥ 0.
We interpret σ n

j as the amount of energy introduced into the system at time τ n
j .

The random variables ξ n
j represent the sources of energy.

Example 14.26 Let P be a tempered measure, and let Z be an impulsive cylin-
drical process on L2(Rd ) with jump size intensity ν. We assume that P ∗ 	d and
P ∗ P(s) are tempered measures.

Then the convolution P ∗ Z (t) is a well-defined S′(Rd )-valued Lévy process.
In fact it is a measure-valued process. It is spatially homogeneous, since

τξ (P ∗ Z (t)) = P ∗ (τξ Z (t)), t ≥ 0, ξ ∈ R
d .

Indeed, for any test function ψ ,

〈τξ (P ∗ Z (t)), ψ〉 = 〈P ∗ Z (t), τ−ξψ〉 =
∫

Rd

P(s) ∗ τ−ξψ(η)Z (t)(dη)

=
∫

Rd

(
P(s) ∗ ψ

)
(η)(τξ Z (t))(dη) = 〈P ∗ (τξ Z (t)), ψ〉.
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Note that P ∗ Z is a square integrable mean-zero process with covariance form

K (ψ, ϕ) = E 〈P ∗ Z (1), ψ〉〈P ∗ Z (1), ϕ〉
= E

〈
Z (1), P(s) ∗ ψ)

〉 〈
Z (1), P(s) ∗ ϕ

〉 = ∫
Rd

P(s) ∗ ψ(x)P(s) ∗ ϕ(x) dx

= 〈(P ∗ P(s)
) ∗ ψ, ϕ

〉 = 〈P ∗ P(s), ϕ ∗ ψ(s)
〉
.

Thus the covariance � and the spectral measure of P ∗ Z are given by � = P ∗ P(s),
μ = FPFP .

14.6 RKHS of a homogeneous noise

Our goal is to find the RKHS of a spatially homogeneous square integrable mean-
zero Lévy process L . Let us recall that its covariance form K is given by K (ψ, ϕ) =〈
Fμ, ψ ∗ ϕ(s)

〉
for ψ, ϕ ∈ S(Rd ), where μ is a non-negative symmetric tempered

measure on R
d and ϕ(s)(ξ ) = ϕ(−ξ ), ξ ∈ R

d , ψ ∈ S(Rd ). For ϕ ∈ S(Rd ; C) we
set ϕ(s)(ξ ) := ϕ(−ξ ), ξ ∈ R

d . Let

L2
(s)(R

d , μ; C) := {ψ ∈ L2 (
R

d ,B(Rd ), μ; C
)

: ψ = ψ(s)
}
.

Note that L2
(s)(R

d , μ; C) is a closed subspace of L2(Rd , μ; C).

Remark 14.27 For any ψ ∈ L2
(s)(R

d , μ; C), ψμ ∈ S′(Rd ; C). Moreover
F(ψμ) ∈ S′(Rd ). For, as μ is a tempered measure there is an n ∈ N such that∫

Rd

(
1 + |ξ |2)−n

μ(dξ ) < ∞. Now ψμ is a tempered measure and belongs to
S′(Rd ; C) since∫

Rd

(
1 + |ξ |2)−n/2 |ψ(ξ )|μ(dξ )

≤
(∫

Rd

|ψ(ξ )|2μ(dξ )

)1/2 (∫
Rd

(
1 + |ξ |2)−n

μ(dξ )

)1/2

< ∞.

In order to show that F(ψμ) is real-valued we have to show that F(ψμ) = F(ψμ).
This follows from the equalities ψ(η) = ψ(−η) and μ(dη) = μ(−dη) in the fol-
lowing way:

F(ψμ)(ξ ) = (2π )−d/2

∫
Rd

e−iξηψ(η)μ(dη)

= (2π )−d/2
∫

Rd

eiξηψ(η)μ(dη) = F(ψμ)(ξ ).

Theorem 14.28 Let L be a spatially homogeneous square integrable mean-zero
Lévy process in S′(Rd ) with spectral measure μ. Then its RKHS is given by

H = {F(ψμ) : ψ ∈ L2
(s)(R

d , μ; C)
}

(14.12)
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and the scalar product is equal to

〈F(ψμ), F(ϕμ)〉H = 〈ψ, ϕ〉L2(Rd ,μ;C) =
∫

Rd

ψ(ξ )ϕ(ξ )μ(dξ ). (14.13)

Proof By Theorem 14.8,

H = {u ∈ S′(Rd ) : ∃ c < ∞ : ∀ ϕ ∈ S(Rd ), |〈u, ϕ〉|2 ≤ c
〈
Fμ, ϕ ∗ ϕ(s)

〉}
.

Assume that u ∈ H. Then 〈u, ϕ〉 = 〈F−1u, F−1ϕ
〉

and

〈
Fμ, ϕ ∗ ϕ(s)

〉 = 〈μ, F−1(ϕ ∗ ϕ(s))
〉 = 〈μ, F−1ϕF−1ϕ

〉
because F−1ϕ(s) = F−1ϕ. Therefore

∣∣〈F−1u, F−1ϕ
〉∣∣2 ≤ c

∫
Rd

F−1ϕ(ξ )F−1ϕ(ξ )μ(dξ ).

Since

F−1 : S(Rd ) �→ S(s)(R
d ; C) = {ϕ ∈ S(Rd ; C) : ϕ(s) = ϕ}

is a bijection,

∣∣〈F−1u, ϕ
〉∣∣2 ≤ c

∫
Rd

|ϕ(ξ )|2μ(dξ ), ∀ ϕ ∈ S(s)(R
d ; C).

Since S(s)(Rd ; C) is dense in L2
(s)(R

d , μ; C), F−1u can be extended to the whole
space L2

(s)(R
d , μ; C). Thus there is a ψ ∈ L2

(s)(R
d , μ; C) such that

∀ ϕ ∈ S(s)(R
d ; C),

〈
F−1u, ϕ

〉 = 〈ψ, ϕ〉L2(Rd ,μ;C) = 〈ψμ, ϕ
〉
.

Hence u = F
(
ψμ
)
. As ψ �→ ψ is bijective on L2

(s)(R
d , μ; C) we have the follow-

ing fact:

∀ u ∈ H ∃ ψ ∈ L2
(s)(R

d , μ; C) such that u = F(ψμ).

To show (14.12) it is sufficient to prove that

∀ ψ ∈ L2
(s)(R

d , μ; C), u = F(ψμ) ∈ H. (14.14)

Let us fix a ψ ∈ L2
(s)(R

d , μ; C). Then for any ϕ ∈ S(Rd ),

|〈F(ψμ), ϕ〉|2 = |〈ψμ, Fϕ〉|2

≤
∫

Rd

|ψ(ξ )|2μ(dξ )
∫

Rd

|Fϕ|2 μ(dξ )

≤
∫

Rd

|ψ(ξ )|2μ(dξ )
〈
�, ϕ ∗ ϕ(s)

〉
,
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which gives (14.14). What is left is to show that

∀ ψ ∈ L2
(s)(R

d , μ; C), |F(ψμ)|2H =
∫

Rd

|ψ(ξ )|2μ(dξ ).

To this end we fix a ψ ∈ L2
(s)(R

d , μ; C). Then, by (14.1),

|F(ψμ)|2H = sup
ϕ∈S(Rd ) : K (ϕ,ϕ)�=0

|〈F(ψμ), ϕ〉|2
K (ϕ, ϕ)

= sup
ϕ∈S(Rd ) : |Fϕ|

L2(Rd ,μ;C) �=0

|〈F(ψμ), ϕ〉|2
|Fϕ|2L2(Rd ,μ;C)

= sup
ϕ∈S(Rd ) : |Fϕ|

L2(Rd ,μ;C) �=0

|〈μ, ψF−1ϕ〉|2
|Fϕ|2L2(Rd ,μ;C)

.

Since〈
μ, ψF−1ϕ

〉 = 〈ψ, F−1ϕ
〉
L2(Rd ,μ;C) = 〈ψ,F ϕ〉L2(Rd ,μ;C) = 〈ψ, Fϕ〉L2(Rd ,μ;C),

for real-valued ϕ, we have

|F(ψμ)|2H = sup
ϕ∈S(Rd ); |Fϕ|L2(Rd ,μ;C) �=0

|〈ψ, Fϕ〉L2(Rd ,μ;C)|2
|Fϕ|2L2(Rd ,μ;C)

= |ψ |2L2(Rd ,μ;C),

which completes the proof. �

14.7 Stochastic equations on R
d

In the following sections we shall consider stochastic heat and wave equations
driven by spatially homogeneous Lévy process, as follows:

∂ X

∂t
(t, ξ ) = �X (t, ξ ) + f (X (t, ξ )) + g(X (t, ξ ))

∂L

∂t
(t, ξ ),

t > 0, ξ ∈ R
d , (14.15)

X (0, ξ ) = x(ξ ), ξ ∈ R
d .

∂ X

∂t2
(t, ξ ) = �X (t, ξ ) + f (X (t, ξ )) + g(X (t, ξ ))

∂L

∂t
(t, ξ ),

t > 0, ξ ∈ R
d , (14.16)

X (0, ξ ) = x(ξ ),
∂ X

∂t
(0, ξ ) = y(ξ ), ξ ∈ R

d .

We assume that f, g : R �→ R are Lipschitz continuous and that L is a spatially
homogeneous square integrable mean-zero Lévy process with spectral measure μ

and covariance �.
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The results on heat equations are based on Peszat and Zabczyk (1997, 2000)
and Peszat and Tindel (2007). Conditions for the existence of function-valued so-
lutions, formulated in the text, appeared for the first time in Dalang and Frangos
(1998) in the two-dimensional case and for all dimensions in Karczewska and
Zabczyk (2000a, 2001). More information on parabolic equations driven by a spa-
tially homogeneous Wiener process can be found in Brzeźniak and Peszat (1999),
Carmona and Molchanow (1994), Da Prato and Zabczyk (1996), Dawson and
Salehi (1980), Kifer (1997), Manthey and Zausinger (1999), Peszat (2001, 2002),
Karczewska and Zabczyk (2000a, 2001), Peszat and Zabczyk (1997, 2000). The
section on wave equations is based on Peszat (2002) and Peszat and Zabczyk
(2000). More information on stochastic wave equations driven by a spatially ho-
mogeneous Wiener process can be found in Dalang (1999), Dalang and Frangos
(1998), Dalang and Sanz-Solé (2006), Karczewska and Zabczyk (2000a, 2001),
Millet and Morien (2001), Millet and Sanz-Solé (1999, 2000), Peszat (2001, 2002),
Peszat and Tindel (2007), Peszat and Zabczyk (2000) and Quer-Sardanyons and
Sanz-Solé (2004b).

First we construct a state space. We require that in the case of the heat equation
the Laplace operator, and in the case of the wave equation the operator(

0 I
� 0

)
,

generates a C0-semigroup on the state space. We are looking for a solution to
the heat equation in the spaces L2

ρ and L2
ρ introduced in Section 2.3. In the case

of the wave equation the state space is of the form
(
L2

ρ, H−1
ρ

)T
, where H−1

ρ :=
H−1(Rd , ϑ2

ρ (ξ ) dξ ) is the Sobolev space of order −1 with weight ϑρ . Thus H−1
ρ

is a subspace of the space of distributions.

14.8 Stochastic heat equation

This section is devoted to (14.15). Note that (see Example 10.10) the semi-
group S is given by S(t)ψ(ξ ) = g(t) ∗ ψ(ξ ), t > 0, ξ ∈ R

d , where g(t)(ξ ) :=
(4π t)−d/2 e−|ξ |2/(4t) for t > 0 and ξ ∈ R

d . Recall that L is a square integrable
mean-zero spatially homogeneous Lévy process on R

d with spectral measure μ.
We interpret (14.15) as the stochastic evolution equation

dX = (AX + F(X )) dt + G(X ) dL

on a Hilbert space H = L2
ρ , where A is the generator of the heat semigroup S

on L2
ρ , F = N f , and G(ψ)ϕ[ξ ] = Ng(ψ)(ξ )ϕ(ξ ) where ψ ∈ L2

ρ and ϕ belongs to
RKHS of L .
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Theorem 14.29 Assume that � = Fμ is a measure separate from −∞, that is,
there is a constant C < ∞ such that �(dξ ) + C dξ is a non-negative measure and∫

{|ξ |≤1}
log
(|ξ |−1)�(dξ ) < ∞ if d = 2,

(14.17)∫
{|ξ |≤1}

|ξ |−d+2�(dξ ) < ∞ if d �= 2.

Assume that f and g are Lipschitz continuous. Let ρ ≥ 0. Then for any x ∈ L2
ρ

there is a unique solution to (14.15) in L2
ρ . If ρ ≤ 0 and f (0) = 0 = g(0) then

for each x ∈ L2
ρ there is a a unique solution to (14.15) in L2

ρ . Moreover, (14.15)
defines a Feller family.

Proof By Theorem B.9, the heat semigroup is C0 on L2
ρ . By Lemma 2.5 the

composition operators N f and Ng are Lipschitz with linear growth on L2
ρ . In

particular condition (F) of the general existence theorem is satisfied. We need to
verify condition (G) for the diffusion term. We have to show that if ψ is from a
dense set H0 ⊂ L2

ρ then S(t)G(ψ) ∈ L (H S)
(H, L2

ρ

)
and, moreover, that there is a

locally square integrable function a : (0, ∞) �→ R such that

‖S(t)G(ψ)‖L (H S)(H,L2
ρ ) ≤ a(t)

(
1 + |ψ |L2

ρ

)
,

‖S(t)(G(ψ) − G(φ)‖L (H S)(H,L2
ρ ) ≤ a(t) |ψ − φ|L2

ρ

for t ∈ (0, ∞) and ψ, φ ∈ H0. For H0 we take S(Rd ). Let Mt (ψ)ϕ = S(t) (ψϕ).
As Ng : L2

ρ �→ L2
ρ is Lipschitz with linear growth and S(t)G(ψ)ϕ = Mt (Ng(ψ))ϕ,

it is sufficient to show that, for every t > 0, Mt is a continuous linear operator from
L2

ρ to L (H S)
(H, L2

ρ

)
and∫ T

0
‖Mt‖2

L(L2
ρ ,L (H S)(H;L2

ρ )) dt < ∞, ∀ T < ∞. (14.18)

Then for the function a we can take ‖Mt‖L(L2
ρ ,L (H S)(H;L2

ρ )) multiplied by a Lipschitz
constant of the mapping Ng .

In order to show (14.18) we take ψ ∈ S(Rd ), t > 0 and an orthonormal basis
{en} of H. It follows from the form of H that one can choose {en} ⊂ Cb(Rd ).
Indeed, en = F(unμ) where {un} is an orthonormal basis in L2

(s)(R
d , μ; C). Taking

{un} ⊂ S(Rd ; C) we obtain {en} ⊂ Cb(Rd ). Thus ψen ∈ L2
ρ for all ψ ∈ S(Rd ) and

n. In particular S(t)(ψen) is well defined and belongs to L2
ρ for all ψ , t and n. We

have ∑
n

|Mt (ψ)en|2L2
ρ

=
∑

n

|S(t)(ψen)|2L2
ρ

=
∑

n

∫
Rd

∣∣∣∣
∫

Rd

g(t)(ξ − η)ψ(η)en(η) dη

∣∣∣∣2 ϑ2
ρ (ξ ) dξ.
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Recall (see Theorem 14.8(ii)) that any square integrable mean-zero Lévy process
L in S′(Rd ) has covariance form

K (ψ, ψ) =
∑

n

〈en, ψ〉2, ψ ∈ S(Rd ),

where {en} is an orthonormal basis of RKHS of L . Hence

∑
n

∣∣∣∣
∫

Rd

g(t)(ξ − η)ψ(η)en(η) dη

∣∣∣∣2

=
∑

n

〈en, g(t)(ξ − ·)ψ(·)〉2

= K
(
g(t)(ξ − ·)ψ(·), g(t)(ξ − ·)ψ(·))

= 〈�, g(t)(ξ − ·)ψ(·) ∗ (g(t)(ξ − ·)ψ(·))(s)

〉
.

Let C be such that �̃(dη) =: �(dη) + C dη is a non-negative measure. From the
inequality

〈
	d , φ ∗ φ(s)

〉 ≥ 0, valid for φ ∈ S(Rd ), we have〈
�, g(t)(ξ − ·)ψ(·) ∗ (g(t)(ξ − ·)ψ(·))(s)

〉
≤ 〈�̃, g(t)(ξ − ·)ψ(·) ∗ (g(t)(ξ − ·)ψ(·))(s)

〉
.

Hence ∑
n

|Mt (ψ)en|2L2
ρ

≤
∫

Rd

〈
�̃, g(t)(ξ − ·)ψ(·) ∗ (g(t)(ξ − ·)ψ(·))(s)

〉
ϑ2

ρ (ξ ) dξ.

Since

g(t)(ξ − ·)ψ(·) ∗ (g(t)(ξ − ·)ψ(·))(s)(η)

=
∫

Rd

g(t)(ξ − η + ζ )ψ(η − ζ )g(t)(ξ + ζ )ψ(−ζ ) dζ,

we have∑
n

|Mt (ψ)en|2L2
ρ

≤
∫

Rd

∫
Rd

∫
Rd

g(t)(ξ − η + ζ )ψ(η − ζ )g(t)(ξ + ζ )ψ(−ζ )ϑ2
ρ (ξ )�̃(dη) dζ dξ

≤
∫

Rd

∫
Rd

∫
Rd

|ψ(η + ξ − z)||ψ(ξ − z)|ϑ2
ρ (ξ ) dξ g(t)(z − η)g(t)(z)�̃(dη) dz.
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Note that there is a constant c1 depending on ρ such that, for all η, z ∈ R
d ,

ϑρ(η − z) ≤ ϑρ(z)c1e|ρ||η|. Thus, by the Schwarz inequality,∫
Rd

|ψ(η + ξ − z)||ψ(ξ − z)|ϑ2
ρ (ξ ) dξ

≤
(∫

Rd

|ψ(η + ξ − z)|2ϑ2
ρ (ξ ) dξ

)1/2 (∫
Rd

|ψ(ξ − z)|2ϑ2
ρ (ξ ) dξ

)1/2

≤
(∫

Rd

|ψ(ζ )|2ϑ2
ρ (−η + z + ζ ) dζ

)1/2 (∫
Rd

|ψ(ζ )|2ϑ2
ρ (ζ + z) dζ

)1/2

≤ |ψ |2L2
ρ
c2

1 e|ρ||z−η|+|ρ||z| ≤ |ψ |2L2
ρ
c2

1 e|ρ|(|z−η|+|z|).

Consequently,∑
n

|Mt (ψ)en|2L2
ρ

≤ c2
1|ψ |2L2

ρ

∫
Rd

∫
Rd

e|ρ|(|z−η|+|z|)g(t)(z − η)g(t)(z)�̃(dη) dz.

Using now the fact that for all t, ζ and ρ,

−|ζ |2
2t

+ |ρ||ζ |
2

= −|ζ |2
4t

+
(

−|ζ |2
4t

+ |ρ||ζ |
2

)
≤ −|ζ |2

4t
+ tρ2

4

we obtain ∫
Rd

∫
Rd

e|ρ|(|z−η|+|z|)g(t)(z − η)g(t)(z)�̃(dη) dz

≤ 2de2tρ2
∫

Rd

∫
Rd

g(2t)(z − η)g(2t)(z)�̃(dη) dz.

Since S is a semigroup we have g(2t) ∗ g(2t) = g(4t). Hence∑
n

|Mt (ψ)en|2L2
ρ

≤ 2dc2
1e2tρ2 |ψ |2L2

ρ

∫
Rd

g(4t)(η)�̃(dη).

To show (14.18) it is sufficient to prove that (14.17) implies∫ T

0

∫
Rd

g(4t)(η)�̃(dη) dt < ∞.

To this end we need to estimate

K (T, d, η) :=
∫ T

0
g(4t)(η) dt.

By the lemma below it follows that K (T, d, η) decreases to 0 as η goes to infinity
faster than |η|−m with any m. Since � is a measure and the Fourier transform of a
tempered distribution, � is a tempered measure. Thus∫

{|η|≥1}
K (T, d, η)�̃(dη) < ∞
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and it suffices to show that (14.17) ensures that∫
{|η|≤1}

K (T, d, η)�̃(dη) < ∞. (14.19)

If d = 1 then, by Lemma 14.30 below, K (T, 1, ·) is bounded on [−1, 1]. Thus
(14.19) holds true. If d = 2 then, by Lemma 14.30(iii), K (T, 2, η) ≤ C log(|η|−1).
Thus (14.19) follows from (14.17) and from the fact that∫

{|η|≤1}
log
(|η|−1

)
dη < ∞.

If d > 2, then by Lemma 14.30(iv) we have K (T, 2, η) ≤ C |η|2−d . Thus again
(14.19) follows from (14.17) and

∫
{|η|≤1} |η|2−d dη < ∞. �

Let T > 0, and α ≥ 0. For r ≥ 0 we set

κ(α, T, r ) :=
∫ T

0
t−αe−r/t dt. (14.20)

Lemma 14.30

(i) For α ≥ 0, n ∈ N and T > 0, r nκ(α, T, r ) → 0 if r → ∞.
(ii) If α ∈ [0, 1) then κ(α, T, ·) is a bounded function.

(iii) There are constants C1, C2 ∈ (0, ∞) such that

C1 log
(|r |−1) ≤ κ(1, T, r ) ≤ C2 log

(|r |−1) , ∀ r ∈ (0, 1].

(iv) If α > 1 then there are constants C1, C2 ∈ (0, ∞) such that

C1|r |1−α ≤ κ(α, T, r ) ≤ C2|r |1−α, ∀ r ∈ (0, 1].

Proof After changing variables to s = t/r we obtain

κ(α, T, r ) = r1−α

∫ T/r

0
s−αe−1/s ds.

Thus (i) follows from the fact that

lim
a↓0

a−m
∫ a

0
s−αe−1/s ds = 0, ∀ α > 0, ∀ m ∈ N.

If α ∈ [0, 1) then

κ(α, T, r ) ≤
∫ T

0
t−α dt < ∞,

which proves (ii). Let α = 1. Then (iii) follows from

lim
a→+∞

∫ a
0 t−1e−1/t dt

log a
= lim

a→+∞
a−1e−1/a

a−1
= lim

a→+∞ e−1/a = 1.
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Finally (iv) follows from

lim
a→+∞

aα−1
∫ a

0 t−αe−1/t dt

aα−1
=
∫ ∞

0
t−αe−1/t dt ∈ (0, ∞).

�

Remark 14.31 We leave it as an exercise for the reader (see, however,
Karczewska and Zabczyk 2000a, 2001) to show that if � is separate from −∞
(see Theorem 14.29) then (14.17) holds if and only if∫

Rd

μ(dξ )

1 + |ξ |2 < ∞. (14.21)

Remark 14.32 From the remark above it follows that the Fourier transform of
a measure satisfying (14.21) does not has to be separate from −∞. As an example
one can take the measure μ on R given by

μ =
∑
n∈N

nα(δ−n + δn),

where α ∈ (0, 1).

Remark 14.33 If � is a measure separate from −∞ then it is finite on any ball.
Thus (14.17) is always satisfied for dimension d = 1.

14.9 Space–time regularity in the Wiener case

In this section we consider the stochastic problem

∂ X

∂t
(t, ξ ) = �X (t, ξ ) + f (X (t, ξ )) + g(X (t, ξ ))

∂W

∂t
(t, ξ ), t > 0, ξ ∈ R

d ,

(14.22)
X (0, ξ ) = x(ξ ), ξ ∈ R

d

where W is a spatially homogeneous Wiener process with spectral measure μ and
covariance �. We will assume that � = Fμ is a measure separate from −∞ and
that f and g are Lipschitz continuous.

Let p ∈ [2, ∞), and letρ ∈ R. LetCρ := Cρ(Rd ); see Section 2.3. Given T < ∞
we denote by ZT and CT the classes of all adapted processes Y : � × [0, T ] �→ L p

ρ

and Y : � × [0, T ] �→ L p
ρ ∩ Cρ with continuous trajectories in L p

ρ and in L p
ρ ∩ Cρ ,

respectively, and such that

‖Y‖ZT :=
(

E sup
t∈[0,T ]

|Y (t)|p
L p

ρ

)1/p

< ∞
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and

‖Y‖CT :=
(

E sup
t∈[0,T ]

(
|Y (t)|p

L p
ρ
+ |Y (t)|p

Cρ

))1/p

< ∞.

Theorem 14.34 Let ρ ∈ R, and p ∈ (2, ∞). If ρ ≤ 0 assume that f (0) = 0 =
g(0).

(i) If there exists an α ∈ (1/p, 1/2) such that∫
{|ξ |≤1}

|ξ |−d−4α+2�(dξ ) < ∞2 (14.23)

then for every x ∈ L p
ρ there is a unique solution X to (14.22) satisfying

X ∈ ZT for every T > 0. Moreover, (14.22) defines a homogeneous Markov
family on L p

ρ satisfying the Feller property.
(ii) If 1/p + 2d/p < 1/2 and there is an α ∈ (1/p + 2d/p, 1/2) such that

(14.23) holds then for every x ∈ L p
ρ ∩ Cρ there is a unique solution X to

(14.22) such that X ∈ CT for every T > 0. Moreover, (14.22) defines a
homogeneous Markov family on L p

ρ ∩ Cρ satisfying the Feller property.

14.9.1 Proof of Theorem 14.34

By Theorem B.9 the Laplace operator generates a C0-semigroup S on L p
ρ . Let

H be the RKHS of W , and let U ⊂ S′(Rd ) be a Hilbert space such that the em-
bedding H ↪→ U is Hilbert–Schmidt. By Theorem 14.8 such a space exists. We
may assume that L2 is a dense subspace of U , and identifying L2 with (L2)∗ we
obtain U ∗ ↪→ (L2)∗ ≡ L2 ↪→ U . Then in particular S(Rd ) is a dense subspace of
U ∗, and the covariance form (introduced in Section 7.1) of W on U ∗ × U ∗ is the
unique continuous extension of the bilinear form K appearing in Theorem 14.18.
Recall that the space R

(H, L p
ρ

)
, the norm ‖ · ‖R(H,L p

ρ ) and the spaces Lp
W,T

(
L p

ρ

)
of

integrable processes were introduced in subsection 8.8.2. In our considerations a
fundamental role is played by the following result.

Lemma 14.35 For all t > 0 and ψ ∈ S(Rd ) the operator Mt (ψ) given by
Mt (ψ)ϕ := S(t)(ψϕ) belongs to RU,0

(H, L p
ρ

)
. Moreover, there are constants C, c

independent of t and ψ such that

‖Mt (ψ)‖RU,0(H,L p
ρ ) ≤ CeCt |ψ |L p

ρ

√〈
�̃, g(ct)

〉
.

Proof We will use some arguments from the proof of (14.18). Let us fix t and ψ .
We have Mt (ψ)(ϕ)(ξ ) = 〈Q(ξ ), ϕ〉, whereQ(ξ ) = g(t)(ξ − ·)ψ(·) ∈ S(Rd ). Then

2 Note that as � is a tempered measure (14.23) is always satisfied if −d − 4α + 2 ≥ 0.
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(for the definition of �p(Q) see Section 8.8) we have

�p
p(Q) =

∫
Rd

K (Q(ξ ),Q(ξ ))p/2ϑ p
ρ (ξ ) dξ

=
∫

Rd

〈
�, g(t)(ξ − ·)ψ(·) ∗ (g(t)(ξ − ·)ψ(·))(s)

〉p/2
ϑ p

ρ (ξ ) dξ

≤
∫

Rd

(∫
Rd

∫
Rd

|ψ(ξ + η − ζ )||ψ(ξ + η)|μt (dζ, dη)

)p/2

ϑ p
ρ (ξ ) dξ,

where

μt (dζ, dη) := g(t)(η − ζ )g(t)(η)�̃(dζ ) dη.

Thus, by Jensen’s inequality,

�p
p(Q) ≤

(∫
Rd

∫
Rd

μt (dζ, dη)

)p/2−1

×
∫

Rd

∫
Rd

∫
Rd

|ψ(ξ + η − ζ )|p/2|ψ(ξ + η)|p/2ϑ p
ρ (ξ ) dξμt (dζ, dη).

We have ∫
Rd

∫
Rd

μt (dζ, dη) = 〈�̃, g(t) ∗ g(t)
〉 = 〈�̃, g(2t)

〉
and ∫

Rd

|ψ(ξ + η − ζ )|p/2|ψ(ξ + η)|p/2ϑ p
ρ (ξ ) dξ

≤
(∫

Rd

|ψ(ξ + η − ζ )|pϑ p
ρ (ξ ) dξ

)1/2 (∫
Rd

|ψ(ξ + η)|pϑ p
ρ (ξ ) dξ

)1/2

≤ C1|ψ |p
L p

ρ
exp
{

1
2 |pρ| (|ζ − η| + |η|)} .

Thus

�p
p(Q) ≤ C1|ψ |p

L p
ρ

〈
�̃, g(2t)

〉p/2−1
R,

where

R :=
∫

Rd

∫
Rd

exp
{

1
2 |pρ| (|ζ − η| + |η|)}μt (dζ, dη).

It is easy to see (compare with the proof of (14.18)) that

R ≤ C2eC2t
〈
�̃, g(C3t)

〉
.

Consequently, there are constants C4, C5 such that

||Mt (ψ)||p
RU,0(H,L p

ρ )
= �p

p(Q) ≤ C4eC4t |ψ |p
L p

ρ

〈
�̃, g(C5t)

〉p/2
,

as required. �
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Since S(Rd ) is dense in L p
ρ and since ψ ∈ L p

ρ =⇒ g(ψ) ∈ L p
ρ we have the

following consequence of Lemma 14.35.

Corollary 14.36 For all ψ ∈ L p
ρ and t > 0, S(t)G(ψ) ∈ R

(H, L p
ρ

)
. Moreover,

there are constants C, c such that, for all ψ, ϕ ∈ L p
ρ and t > 0,

‖S(t)G(ψ)‖R(H,L p) ≤ CeCt
(
1 + |ψ |L p

ρ

)√〈
�̃, g(ct)

〉
,

‖S(t)(G(ψ) − G(ϕ))‖R(H,L p) ≤ CeCt |ψ − ϕ|L p
ρ

√〈
�̃, g(ct)

〉
.

Proof of Theorem 14.34(i) Let us fix a T < ∞. In the proof we use the Ba-
nach contraction principle on the space Z := ZT . On Z we consider the family of
equivalent norms

‖Y‖β :=
(

E sup
t∈[0,T ]

e−βt |Y (t)|p
L p

ρ

)1/p

, β > 0.

Let

J1(Y )(t) := S(t)x +
∫ t

0
S(t − s)F((Y (s)) ds,

J2(Y )(t) :=
∫ t

0
S(t − s)G((Y (s)) dW (s).

We should show that J1, J2 : Z �→ Z and that there is a β such that

‖Ji (Y ) − Ji (Z )‖β ≤ 1
3 ‖Y − Z‖β, i = 1, 2, ∀ Y, Z ∈ Z.

However, we will consider only the stochastic term.
We use the factorization method introduced in Chapter 11. Recall that, for α >

0, the infinite-dimensional Liouville–Riemann operator IA,α is given by (11.2). By
Theorem 11.3, IA,α maps L p(0, T ; L p

ρ ) into C
(
[0, T ]; L p

ρ

)
provided that 1/p <

α < 1.
Let α ∈ (1/p, 1/2) be such that∫

{|ξ |≤1}
|ξ |−d−4α+2�(dξ ) < ∞.

Note that, since α < 1/2,
∫
{|ξ |≤1} |ξ |−d−4α+2 dξ < ∞. Consequently,∫

{|ξ |≤1}
|ξ |−d−4α+2�̃(dξ ) < ∞. (14.24)

Replacing, if necessary, α by α′ ∈ (1/p, α) we may assume that d/2 + 2α �= 1.
As a consequence of (14.24) we have∫ T

0
t−2α

〈
�̃, g(ct)

〉
dt < ∞, ∀ c > 0. (14.25)
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Indeed, ∫ T

0
t−2α

〈
�̃, g(ct)

〉
dt = c1

∫
Rd

κ
(
2α + 1

2 d, c2T, |ξ |2) �̃(dξ ),

where κ is given by (14.20), and (14.25) then follows from Lemma 14.30(iv).
Let Y ∈ Z. Let t ∈ [0, T ]. It follows from Corollary 14.36 and (14.25) that

� : � × [0, t] � (ω, s) �→ (t − s)−α S(t − s)G(Y (s, ω)) ∈ RU
(H, L p

ρ

)
belongs to the space Lp

W,t

(
L p

ρ

)
of integrable processes and that

E

(∫ t

0
(t − s)−2α‖S(t − s)G(Y (s))‖2

R(H,L p
ρ ) ds

)p/2

≤ C1
(
1 + ‖Y‖p

0

) (∫ t

0
s−2α

〈
�̃, g(ct)

〉
dt

)p/2

≤ C2
(
1 + ‖Y‖0

)p
,

where C2 is a constant independent of Z and t ∈ [0, T ] and ‖ · ‖0 is the norm on
Z corresponding to β = 0. Let

I (Y )(t) = 1

�(1 − α)

∫ t

0
(t − s)−α S(t − s)G(Y (s)) dW (s), t ∈ [0, T ].

By the estimate above and Theorem 8.23, I (Y ) is a well-defined process satisfying

sup
t∈[0,T ]

E |I (Y )(t)|p
L p

ρ
< ∞.

Thus I (Y ) has trajectories in L p
(
0, T ; L p

ρ

)
. Using arguments from the proof of The-

orem 11.5, we can show that J2(Y ) = �(1)IA,α(I (Y )) and consequently J2(Y ) ∈ Z.
We now show the contractivity of J2. In what follows, the C j are constants inde-
pendent of t ∈ [0, T ], Y, Z ∈ Z and β. We have

‖J2(Y ) − J2(Z )‖p
β ≤ C1 E sup

t∈[0,T ]
e−βt |J2(Y )(t) − J2(Z )(t)|p

L p
ρ

≤ C2 E sup
t∈[0,T ]

e−βt |IA,α(I (Y ) − I (Z ))(t)|p
L p

ρ
.

Let β ′ = β/p and q = p/(p − 1). Since∣∣∣∣
∫ t

0
(t − s)α−1e−β ′(t−s)S(t − s)e−β ′s(I (Y )(s) − I (Z )(s)

)
ds

∣∣∣∣
L p

ρ

≤ C3

(∫ T

0
tq(α−1)e−qβ ′t dt

)1/q (∫ T

0
e−βs |I (Y )(s) − I (Z )(s)|p

L p
ρ

ds

)1/p

,

we have

‖J2(Y ) − J2(Z )‖β ≤ c(β)C4

(∫ T

0
e−βt

E |I (Y )(t) − I (Z )(t)|p
L p

ρ
dt

)1/p

,
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where

c(β) :=
(∫ T

0
tq(α−1)e−qβ ′t dt

)p/q

→ 0 as β ↑ ∞. (14.26)

Now, by Corollary 14.36 and Theorem 8.23,

E |I (Y )(t) − I (Z )(t)|p
L p

ρ
≤ C5 E sup

s∈[0,t]
|Y (s) − Z (s)|p

L p
ρ
.

Thus

e−βt
E |I (Y )(t) − I (Z )(t)|p

L p
ρ

≤ C5 E sup
s∈[0,t]

e−βs |Y (s) − Z (s)|p
L p

ρ

≤ C5‖Y − Z‖p
β .

Summing up, we have

‖J2(Y ) − J2(Z )‖β ≤ C6c(β) ‖Y − Z‖β,

and the desired estimate follows from (14.26). �

In the proof of the second part of the theorem we need the following analytical
result.

Lemma 14.37 Let p > 2 and α ∈ (1/p + d/2p, 1/2). Then IA,α is a bounded
linear operator from L p

(
0, T ; L p

ρ

)
to C

(
[0, T ]; Cρ ∩ L p

ρ

)
.

Proof By Theorem B.7, ‖S(t)‖L(L p
ρ ,Cρ ) ≤ Ct−d/2p for t ∈ [0, T ]. Let q satisfy

1/q + 1/p = 1. By the assumption, (α − 1)q − dq/2p > −1 and hence∫ t

0
s(α−1)q−dq/2p ds < ∞, ∀ t > 0.

Thus for all ψ ∈ L p
(
0, T ; L p

ρ

)
and t > 0, IA,α(ψ)(t) ∈ Cρ and

|IA,α(ψ)(t)|Cρ
≤ C1

(∫ t

0
s(α−1)q−dq/2p ds

)1/q

|ψ |L p(0,T ;L p
ρ ).

Since IA,α(ψ) ∈ C([0, T ]; Cρ) for ψ ∈ C([0, T ]; Cρ) (see the proof of
Theorem 11.3) and C([0, T ]; Cρ) is dense in L p

(
0, T ; L p

ρ

)
, the desired conclu-

sion follows. �

Proof of Theorem 14.34(ii) Let us fix a T < ∞. By the first part of the theorem
we know that there is a solution X ∈ ZT . Our goal is to show that X ∈ CT ⊂ ZT .
By the definition of a solution we have X = J1 + J2, where

J1(t) := S(t)x +
∫ t

0
S(t − s)F((X (s)) ds,

J2(t) :=
∫ t

0
S(t − s)G((X (s)) dW (s).



14.10 Stochastic wave equation 267

We will show that J2 ∈ CT ; the proof that J1 ∈ CT , which is simpler, is left to
the reader. We use the factorization method. This method can be applied also to
establish that J1 ∈ CT .

Let α ∈ (1/p + d/2p, 1/2) be such that (14.23) holds. We have J2 =
�(1)IA,α(I ), where

I (t) := 1

�(1 − α)

∫ t

0
(t − s)−α S(t − s)G(X (s)) dW (s), t ∈ [0, T ].

By Theorem 8.23 and Corollary 14.36,

E

(∫ t

0
(t − s)−2α‖S(t − s)G(X (s))‖2

RU (H,L p
ρ ) ds

)

≤ C
(
1 + ‖X‖ZT

)p
(∫ T

0
s−2α

〈
�̃, g(cs)

〉
ds

)p/2

.

Since (see Lemma 14.30)
∫ T

0 s−2αg(cs)(ξ ) ds is of order |ξ |2−d−4α , we conclude
from (14.23) that (∫ T

0
s−2α

〈
�̃, g(cs)

〉
ds

)p/2

< ∞
and, consequently,

sup
t∈[0,T ]

E

(∫ t

0
(t − s)−2α‖S(t − s)G(X (s))‖2

RU (H,L p
ρ ) ds

)p/2

< ∞.

Therefore,

E

∫ T

0
|I (t)|p

L p
ρ

dt < ∞.

Since, by Lemma 14.37, IA,α ∈ L
(
L p
(
0, T ; L p

ρ

)
, C
(
[0, T ]; Cρ ∩ L p

ρ

))
the process

J2 = �(1)IA,α(I ) has trajectories in C
(
[0, T ]; Cρ ∩ L p

ρ

)
and there is a constant

C such that

‖J2‖CT ≤ C

(
E

∫ T

0
|I (t)|p

L p
ρ

dt

)1/p

< ∞,

which completes the proof. �

14.10 Stochastic wave equation

14.10.1 Preliminaries

As in the case of the heat equation, first of all we need to construct a state space.
Recall that (ϑρ) is a family of exponential weights. Given r ∈ R let Hr

ρ be the
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completion of S(Rd ) with respect to the norm

|ψ |2Hr
ρ

:=
∫

Rd

(
1 + |ξ |2)r ∣∣F(ϑ1/2

ρ ψ
)
(ξ )
∣∣2 dξ.

Obviously Hr
ρ is a Hilbert space. Let

Hρ :=
(

L2
ρ

H−2
ρ

)
,

and let

A :=
(

0 I
� 0

)
, D(A) :=

(
H 1

ρ

L2
ρ

)
. (14.27)

Lemma 14.38 Let ρ ∈ R. Then (A, D(A)) generates a C0-semigroup on Hρ .

Proof If ρ = 0 then the result follows from the Lumer–Phillips theorem (see
Theorem B.4 and Lemma B.3) in the same way as for the wave equation on a
bounded interval. Assume that ρ �= 0. Consider the isometric isomorphism of Hρ

onto H0 given by the formula

j

(
ψ

ϕ

)
=
(

ϑ
1/2
ρ ψ

ϑ
1/2
ρ ϕ

)
.

Now let S be the C0-semigroup generated by A on H0. Let S̃(t) = j−1S(t) j , t ≥ 0.
Clearly S̃ is a C0-semigroup on Hρ . Its generator is equal to

Ã = j−1 Aj =
(

0 I

ϑ
−1/2
ρ �ϑ

1/2
ρ 0

)

with domain

D( Ã) = {v : jv ∈ D(A)} =
(

H 1
ρ

L2
ρ

)
.

Thus the domain of Ã is equal to the domain of A considered on Hρ . Note that for
any function ψ ,

ϑ−1/2
ρ �ϑ1/2

ρ ψ = �ψ +
d∑

j=1

ϑ−1/2
ρ

∂ϑρ

∂ξ j

∂ψ

∂ξ j
+ (ϑ−1/2

ρ �ϑ1/2
ρ

)
ψ.

Since the functions ϑ
−1/2
ρ ∂ϑρ/∂ξ j , j = 1, . . . , d, and ϑ

−1/2
ρ �ϑ

1/2
ρ are of class

Cb(Rd ), we have

ϑ−1/2
ρ �ϑ1/2

ρ ψ = �ψ + Bψ,



14.10 Stochastic wave equation 269

where B is a differential operator of the first order with coefficients of the class
Cb(Rd ). Thus Ã = A + B̃, where

B̃ :=
(

0 0
B 0

)
.

Note that B̃ is a bounded operator on Hρ . Consequently, A generates a C0-
semigroup on Hρ as a bounded perturbation of the generator Ã. �

For polynomial weights we have the following analogue of Lemma 14.38.
Namely let K r

ρ be the completion of S(Rd ) to a Hilbert space with respect to the
norm

|ψ |2K r
ρ

:=
∫

Rd

(
1 + |ξ |2)r ∣∣F (θ1/2

ρ ψ
)

(ξ )
∣∣2 dξ.

Let

Kρ =:

(
L2

ρ

K −2
ρ

)
,

and let

A :=
(

0 I
� 0

)
, D(A) :=

(
K 1

ρ

L2
ρ

)
. (14.28)

Lemma 14.39 Let ρ ∈ R. Then (A, D(A)) generates a C0-semigroup on Kρ .

Since the proof of the lemma is similar to the proof of Lemma 14.38 we leave it
to the reader.

Given a function f : R �→ R write

N f

(
ψ

ϕ

)
:=
(

0
N f (ψ)

)
.

The proofs of the lemmas below are standard and are left to the reader.

Lemma 14.40 Assume that f : R �→ R is Lipschitz continuous. For ρ > 0, N f

is a Lipschitz mapping with linear growth on Hρ . If ρ ≤ 0 then N f is Lipschitz
with linear growth on Hρ if and only if f (0) = 0.

A similar result can be stated for polynomial weights.

Lemma 14.41 Assume that f : R �→ R is Lipschitz continuous. Then, for ρ >

d/2, N f is Lipschitz with linear growth on Kρ . If ρ ≤ d/2 then N f is Lipschitz
with linear growth on Kρ if and only if f (0) = 0.
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14.10.2 Main result

Let

X :=
⎛
⎝ X

∂ X

∂t

⎞
⎠ =

(
X
Y

)
.

Then

∂X

∂t
=

⎛
⎜⎝

∂ X

∂t
∂Y

∂t

⎞
⎟⎠ =

⎛
⎝ Y

∂2 X

∂t2

⎞
⎠ .

Thus we can treat (14.16) as the equation

dX = (AX + F(X)) dt + G(X) dL

on a Hilbert space Hρ with A given by (14.27), F = N f and G(u)ϕ[ξ ] =
Ng(u)(ξ )ϕ(ξ ); u ∈ Hρ and ϕ belongs to the RKHS of L .

Theorem 14.42 Assume that the spectral measure μ of L satisfies the following
integral condition:

sup
ξ∈Rd

∫
Rd

μ(dη)

1 + |ξ + η|2 < ∞. (14.29)

Assume also that the functions f and g are Lipschitz continuous. Let ρ ≥ 0.
Then for any z0 ∈ Hρ there is a unique solution to (14.16) in Hρ . If ρ ≤ 0 and
f (0) = 0 = g(0), then for any z0 ∈ Hρ there is a unique solution to (14.16) in Hρ .
Moreover, (14.16) defines a Feller family on Hρ .

Proof It follows from Lemma 14.38 that A generates a C0-semigroup on Hρ . By
Lemma 14.40, N f and Ng are Lipschitz continuous. Since G = MNg , where

M
(

ψ

φ

)
ϕ =

(
0

ϕφ

)
,

it is sufficient to show that M : φ �→ Mφ is a bounded linear operator from L2
ρ

to L (H S)(H, H−1
ρ ). To this end fix φ ∈ S(Rd ) and an orthonormal basis {en} of

L2
(s)(R

d , μ; C). Then {F(ekμ)} is an orthonormal basis of H and

∑
k

|MφF(ekμ)|2H−1
ρ

=
∑

k

∫
Rd

(
1 + |ξ |2)−1 ∣∣F(ϑ1/2

ρ φ F(ekμ)
)
(ξ )
∣∣2 dξ

=
∫

Rd

(
1 + |ξ |2)−1

(∑
k

∣∣F(ϑ1/2
ρ φ F(ekμ)

)
(ξ )
∣∣2) dξ.
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Since {ek} is an orthonormal sequence in L2(Rd , μ; C), we obtain

∑
k

∣∣F(ϑ1/2
ρ φ F(ekμ)

)
(ξ )
∣∣2 =

∑
k

∣∣∣∣
∫

Rd

F
(
ϑ1/2

ρ u
)
(ξ − η)ek(η)μ(dη)

∣∣∣∣2

≤
∫

Rd

∣∣F(ϑ1/2
ρ u

)
(ξ − η)

∣∣2μ(dη).

Hence∑
k

|MφF(ekμ)|2H−1
ρ

≤
∫

Rd

(
1 + |ξ |2)−1

∫
Rd

∣∣F(ϑ1/2
ρ φ

)
(ξ − η)

∣∣2μ(dη) dξ

≤
∫

Rd

∫
Rd

(
1 + |ξ + η|2)−1 ∣∣F(ϑ1/2

ρ φ
)
(ξ )
∣∣2μ(dη) dξ

≤
(

sup
ξ∈Rd

∫
Rd

μ(dη)

1 + |ξ + η|2
)∫

Rd

∣∣F(ϑ1/2
ρ φ

)
(ξ )
∣∣2 dξ

≤ |φ|2L2
ρ

sup
ξ∈Rd

∫
Rd

μ(dη)

1 + |ξ + η|2 .

�

Remark 14.43 Under the assumption that � = F(μ) is a measure separate from
−∞, condition (14.29) is equivalent to either of the following conditions:∫

Rd

μ(dη)

1 + |η|2 < ∞,⎧⎪⎪⎨
⎪⎪⎩

∫
{|η|≤1}

log
(|η|−1

)
�(dη) < ∞ if d = 2,∫

{|η|≤1}
|η|−d+2�(dη) < ∞ if d �= 2.



15
Equations with noise on the boundary

This chapter is devoted to partial differential equations of the second order with
non-homogeneous boundary conditions of white-noise type. The chapter is orga-
nized as follows. First an integral version of the equation is derived in a slightly
informal way. Then in the remaining part of the chapter problems involving the
Laplace operator with Dirichlet or Neumann boundary conditions are considered
and the equivalence of the concepts of weak and mild solutions is discussed.

15.1 Introduction

Assume that either O = (0, 1) or O ⊂ R
d is a bounded domain with boundary ∂O

of class C∞,

A :=
∑
|α|≤2

aα(ξ )
∂ |α|

∂ξα
, ξ ∈ O,

is a second-order differential operator on O and

B :=
∑
|α|≤1

bα(ξ )
∂ |α|

∂ξα
, ξ ∈ O,

is a first-order differential operator. Let Z be a Lévy process taking values in a
Hilbert space U embedded into the space D(∂O) of distributions on the boundary
∂O. We are concerned with the following problem:

∂ X

∂t
(t, ξ ) = AX (t, ξ ) + f (X (t, ξ )), t > 0, ξ ∈ O,

X (0, ξ ) = x(ξ ), ξ ∈ O, (15.1)

B X (t, ξ ) = Ż (t, ξ ) = ∂ Z

∂t
(t, ξ ), t > 0, ξ ∈ ∂O,

272
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where f : R �→ R is Lipschitz continuous and the initial value x belongs to L p(O)
for some p ∈ [1, ∞). In this book we are concerned only with solutions that are
p-integrable processes taking values in L p(O). We will impose the following
assumptions on A, B and O.

(i) The operator A with domain D(A) := {ψ ∈ W 2,p(O) : Bψ = 0} generates a
C0-semigroup S on L p(O).

(ii) There are γ ∈ R and DB,γ ∈ L (L p(∂O), L p(O)) such that
Im DB,γ ⊂ W 2,p(O) and, for every ψ ∈ L p(O), v = DB,γ ψ is a solution of
the elliptic problem Av(ξ ) = γ v(ξ ) for ξ ∈ O and Bv(ξ ) = ψ(ξ ) for
ξ ∈ ∂O.

Following Da Prato and Zabczyk (1993) we derive the integral version of (15.1)
by replacing the distributional-valued process Ż by a process V regular in t and
ξ . Namely, assume that X is a solution to the problem

∂ X

∂t
(t, ξ ) = AX (t, ξ ) + f (X (t, ξ )), t > 0, ξ ∈ O,

X (0, ξ ) = x(ξ ), ξ ∈ O,

B X (t, ξ ) = V (t, ξ ), t > 0, ξ ∈ ∂O.

Then Y := X − DB,γ V satisfies

BY (t, ξ ) = B X (t, ξ ) − B DB,γ V (t, ξ ) = 0, ξ ∈ ∂O, t > 0.

Moreover

Y (0, ξ ) = x(ξ ) − DB,γ V (0, ξ ), ξ ∈ O,

and, for t > 0 and ξ ∈ O, we have

∂Y

∂t
(t, ξ ) = ∂ X

∂t
(t, ξ ) − ∂ DB,γ V

∂t
(t, ξ )

= AX (t, ξ ) + f (X (t, ξ )) − ADB,γ V (t, ξ ) + γ DB,γ V (t, ξ )

− ∂ DB,γ V

∂t
(t, ξ )

= AY (t, ξ ) + f (X (t, ξ )) + γ DB,γ V (t, ξ ) − ∂ DB,γ V

∂t
(t, ξ ).

Thus Y solves the problem

∂Y

∂t
(t, ξ ) = AY (t, ξ ) + f (X (t, ξ )) + γ DB,γ V (t, ξ ) − ∂ DB,γ V

∂t
(t, ξ ),

t > 0, ξ ∈ O,

Y (0, ξ ) = x(ξ ) − DB,γ V (0, ξ ), ξ ∈ O,

BY (t, ξ ) = 0, t > 0, ξ ∈ ∂O.
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Hence (see Section 9.1) Y satisfies the integral equation

Y (t) = S(t)(x − DB,γ V (0))

+
∫ t

0
S(t − s)

(
F(X (s)) + γ DB,γ V (s) − ∂ DB,γ V

∂s
(s)

)
ds,

where F(ψ)(ξ ) = f (ψ(ξ )) = N f (ψ)(ξ ), ψ ∈ L p(O) and ξ ∈ O. Integrating by
parts we obtain

−
∫ t

0
S(t − s)

∂ DB,γ V

∂s
(s) ds

= −DB,γ V (t) + S(t)DB,γ V (0) −
∫ t

0
AS(t − s)DB,γ V (s) ds.

Hence X satisfies

X (t) = S(t)x +
∫ t

0
S(t − s)F(X (s)) ds +

∫ t

0
(γ − A) S(t − s)DB,γ V (s) ds.

Putting V = Ż we obtain the integral version of (15.1),

X (t) = S(t)x +
∫ t

0
S(t − s)F(X (s)) ds +

∫ t

0
(γ − A) S(t − s)DB,γ dZ (s).

(15.2)

Note that, somewhat informally, X solves the stochastic evolution equation

dX = (AX + F(X )) dt + (γ − A) DB,γ dZ

obtained in Da Prato and Zabczyk (1993).
Let us denote byX p

T , T < ∞, the space of all predictable processes X : [0, T ] ×
� �→ L p(O) satisfying

‖X‖X p
T

:= sup
t∈[0,T ]

(
E |X (t)|p

L p(O)

)1/p
< ∞.

Let X p be the class of all processes X : [0, ∞) × � �→ L p(O) whose restriction
to each finite interval [0, T ] belongs to X p

T .

Theorem 15.1 Assume that the stochastic integral

I (t) =
∫ t

0
(γ − A) S(t − s)DB,γ dZ (s), t ∈ [0, ∞)

is a well-defined process from X p and that f : R �→ R is Lipschitz continuous.
Then for any x ∈ L p(O) there is a unique X ∈ X p satisfying (15.2).

The theorem can easily be shown by using the Banach contraction principle in the
space X p

T , T < ∞.
In the important case p = 2 we have the following more explicit result.
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Theorem 15.2 Assume that Z is a square integrable mean zero Lévy process
with RKHS H and that f : R �→ R is Lipschitz continuous. If

∫ t

0

∥∥(γ − A) S(s)DB,γ

∥∥2
L (H S)(H,L2(O)) ds < ∞ for t > 0 (15.3)

then for any x ∈ L2(O) there is a unique solution X ∈ X 2 to (15.1).

By Corollary 8.17, (15.3) is a necessary and sufficient condition for the stochas-
tic integral

I (t) =
∫ t

0
(γ − A) S(t − s)DB,γ dZ (s), t ≥ 0,

to be a well-defined square integrable process taking values in L2(O). More-
over, under this assumption I ∈ X 2. Thus the theorem follows from our previous
result.

15.2 Weak and mild solutions

This section is based on Peszat and Russo (2007). Here we assume that A is the
Laplace operator �. Since, by Theorems 15.1 and 15.2, the existence of a solution
to the linear equation implies the existence of a solution to the non-linear problem
with Lipschitz f , we restrict our attention to the case of f ≡ 0.

We consider (15.1) with Dirichlet or Neumann boundary conditions. In the
Dirichlet case the boundary operator B = BD is given by BDψ(ξ ) = ψ(ξ ), ξ ∈
∂O, whereas in the Neumann case BN ψ(ξ ) = ∂ψ(ξ )/∂n, ξ ∈ ∂O, where n is
the interior normal to the boundary. Thus we are concerned with the following
problems:

∂ X

∂t
= �X on (0, ∞) × O,

X = dZ

dt
on (0, ∞) × ∂O, (15.4)

X (0, ξ ) = x(ξ ), ξ ∈ O
and

∂ X

∂t
= �X on (0, ∞) × O,

∂ X

∂n
= dZ

dt
on (0, ∞) × ∂O, (15.5)

X (0, ξ ) = x(ξ ).
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Note that � considered with homogeneous Dirichlet or Neumann boundary
conditions is a self-adjoint operator on L2(O). Taking into account Green’s formula∫

O
�uv d	d =

∫
∂O

(
−∂u

∂n
v + ∂v

∂n
u

)
dσ +

∫
O

u�v d	d

we arrive at the following definition of a weak solution. Below, (·, ·) stands for the
canonical bilinear form on either D(O) × C∞(O) or D(∂O) × C∞(∂O).

Definition 15.3 We say that an L p(O)-valued process X is a weak solution to
(15.4) if

(X (t), ψ) = (x, ψ) +
∫ t

0
(X (s), �ψ) ds +

(
Z (t),

∂ψ

∂n

)

for all t > 0 and ψ ∈ C∞(O)
satisfying ψ = 0 on ∂O.

We call an L p(O)-valued process X a weak solution to (15.5) if

(X (t), ψ) = (x, ψ) +
∫ t

0
(X (s), �ψ) ds − (Z (t), ψ)

for all t > 0 and ψ ∈ C∞(O)
satisfying ∂ψ/∂n = 0 on ∂O.

Let SD and SN be the semigroups generated by the Laplace operators�D and�N

with homogeneous Dirichlet and Neumann boundary conditions, respectively. Let
DD and DN be the boundary operators. In the Dirichlet case we set the parameter
γ appearing in the definition of the operator Dτ,γ equal to 0. Then DDψ is the
unique solution to the Laplace problem �u = 0 on O and u = ψ on ∂O. Since
the problem �u = 0 on O and ∂u/∂n = ψ on ∂O is not well posed, we have to
take γ �= 0 in the Neumann case.

Let

ID(t) : = −
∫ t

0
�D SD(t − s)DD dZ (s),

IN (t) : =
∫ t

0
(γ − �N ) SN (t − s)DN dZ (s).

Theorem 15.4

(i) Assume that ID ∈ X p
T for every T > 0. Then there is a unique weak solution

X to (15.4) such that X ∈ X p
T for every T > 0. Moreover,

X (t) = SD(t)x + ID(t). (15.6)

(ii) Assume that IN ∈ X p
T for every T > 0. Then there is a unique weak solution

X to (15.5) such that X ∈ X p
T for every T > 0. Moreover,

X (t) = SN (t)x + IN (t). (15.7)
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Proof Assume that ID ∈ X p
T for every T > 0. First we show that every weak

solution X of (15.4) is given by the mild formula (15.6). To this end we adopt the
strategy from the proof of our general equivalence theorem 9.15. Namely, we fix
t > 0 and ψ ∈ C∞(O)

satisfying ψ = 0 on ∂O. Then ψ belongs to the domain
D(�D) of �D . Define z(s) := SD(t − s)ψ . Then

d(X (s), z(s)) = (
X (s), �Dz(s) + ż(s)

)
ds +

(
dZ (s),

∂z

∂n
(s)

)

= (
X (s), �Dz(s) − �Dz(s)

)
ds +

(
dZ (s),

∂z

∂n
(s)

)
= −(

DD dZ (s), �Dz(s)
)
.

Thus

(X (t), ψ) = (x, SD(t)ψ) −
∫ t

0

(
DD dZ (s), �D SD(t − s)ψ

)
= (SD(t)x, ψ) −

∫ t

0

(
�D SD(t − s)DDdZ (s), ψ

)
.

Since the class of all ψ ∈ C∞(O)
satisfying ψ = 0 on ∂O is dense in L2(O) we

obtain X (t) = SD(t)x + ID(t).
In order to show that the mild solution X is weak note that, by the stochastic

Fubini theorem for every ψ ∈ C∞(O)
satisfying ψ = 0 on ∂O,

∫ t

0

(
X (s), �Dψ

)
ds =

(∫ t

0
�D SD(t − s)x ds, ψ

)

−
(∫ t

0

∫ t

r
�D SD(s − r ) ds DD dZ (r ), �Dψ

)

= (−x + SD(t)x, ψ) −
(∫ t

0
(SD(t − r ) − I ) DD dZ (r ), �Dψ

)
− (ψ, x) + (ψ, X (t)) + (

DD Z (t) − DD Z (0), �Dψ
)

= − (x, ψ) + (X (t), ψ) −
(

Z (t),
∂ψ

∂n

)
.

The case of the Neumann boundary condition is left to the reader. �

15.3 Analytical preliminaries

Let us denote by DD(θ, p) and DN (θ, p), θ ∈ [0, 1], the real-interpolation spaces
between L p(O) and the domains of �D and �N considered as generators on
L p(O). For an exposition of the theory of interpolation spaces we refer the reader
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to e.g. Lunardi (1995) or Grisvard (1966). The following theorem was proven in
Peszat and Russo (2007).

Theorem 15.5 Let p ∈ [1, ∞) and θ ∈ [0, 1]. Then, for every t > 0, �D SD(t)
and �N SN (t) are bounded linear operators from D�D (θ, p) to L p(O) and from
D�N (θ, p) to L p(O), respectively. Moreover, if p ≥ 1 and θ ∈ (0, 1] are such that
(θ − 1)p > −1 then∫ t

0
‖�D SD(s)‖p

L(D�D (θ,p),L p(O)) ds < ∞, ∀ t > 0,∫ t

0
‖�N SN (s)‖p

L(D�N (θ,p),L p(O)) ds < ∞, ∀ t > 0.

Proof Since SD is an analytic semigroup, the operators �D SD(t), t > 0, are
bounded from L p(O) into L p(O), and from D(�D) into D(�D). Moreover (see
Definition 2.4), for every T > 0,

sup
t∈(0,T ]

{
t‖�D SD(t)‖L(L p(O),L p(O)) + ‖�D SD(t)‖L(D(�D ),L p(O))

}
< ∞.

By definition D�D (0, p) = L p(O) and D�D (1, p) is equal to the domain of �D

equipped with the graph norm. Hence

sup
t∈(0,T ]

{
t‖�D SD(t)‖L(D�D (0,p),L p(O)) + ‖�D SD(t)‖L(D�D (1,p),L p(O))

}
< ∞.

By the interpolation property,

sup
t∈(0,T ]

t1−θ‖�D SD(t)‖L(D�D (θ,p),L p(O)) < ∞, ∀ T > 0,

which gives the desired estimate for the Dirichlet case. The estimates in the
Neumann case can be proven using the above arguments. �

For further references we present the following theorem, which provides char-
acterizations of DD(θ, p) and DN (θ, p) in terms of Sobolev spaces. It follows as
a special case from Theorem 3.2.3 of Lunardi (1995); see also Grisvard (1966).

Theorem 15.6 Let p ∈ (1, ∞) and θ ∈ (0, 1) be such that 2θ and 2θ − 1/p are
not integers. Then

D�D (θ, p) =
{

W 2θ,p(O) if 2θ < 1/p,{
u ∈ W 2θ,p(O) : u = 0 on ∂O}

if 2θ > 1/p,

D�N (θ, p) =
{

W 2θ,p(O) if 2θ < 1 + 1/p,{
u ∈ W 2θ,p(O) : ∂u/∂n = 0 on ∂O}

if 2θ > 1 + 1/p.
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15.4 L2 case

In this section we will show that unless Z = 0 the Dirichlet problem (15.4) does
not have a solution from the class X 2. However, the Neumann problem (15.5) can
be solved in X 2 for some non-trivial random perturbations. We will first consider
the problems on O = (0, 1). This part of the discussion is based on Da Prato
and Zabczyk (1993). The multidimensional case will be considered in the last
subsection.

15.4.1 Stochastic heat equation on (0, 1)

Assume that O = (0, 1) and x ∈ L2(0, 1). Then ∂O = {0, 1}. Therefore we can
identify L2(∂O) with R

2, and any Lévy process Z on L2(∂O) is of the form
Z = (Z0, Z1), where Z0 and Z1 are real-valued Lévy processes. Hence problems
(15.4) and (15.5) can be written as follows:

∂ X

∂t
(t, ξ ) = ∂2 X

∂ξ 2
(t, ξ ), t > 0, ξ ∈ (0, 1),

X (0, ξ ) = x(ξ ), ξ ∈ (0, 1), (15.8)

X (t, 0) = Ż0(t), X (t, 1) = Ż1(t), t > 0

and

∂ X

∂t
(t, ξ ) = ∂2 X

∂ξ 2
(t, ξ ), t > 0, ξ ∈ (0, 1),

X (0, ξ ) = x(ξ ), ξ ∈ (0, 1), (15.9)
∂ X

∂ξ
(t, 0) = Ż0(t),

∂ X

∂ξ
(t, 1) = Ż1(t), t > 0.

Denote by BD and BN the corresponding boundary operators, that is,

BDv = (v(0), v(1)) and BN v =
(

dv

dξ
(0),

dv

dξ
(1)

)
.

For the Dirichlet problem we put γ = 0. Then DD = DτD ,0 can be computed as
follows. Given w = (w0, w1) ∈ R

2, v = DDw solves

d2v

dξ 2
(ξ ) = 0 for ξ ∈ (0, 1), v(0) = w0, v(1) = w1.

Thus DD(w)(ξ ) = w0 + (w1 − w0)ξ for ξ ∈ (0, 1) or, equivalently,

DD(w) = w0ψ0 + (w1 − w0)ψ1,

ψ0(ξ ) := 1, ψ1(ξ ) := ξ, ξ ∈ (0, 1).
(15.10)

For the Neumann problem we take γ = 1. Then DN = DBN ,1 can be computed as
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for the Dirichlet problem. Namely, given w = (w0, w1) ∈ R
2, v = DN w solves

d2v

dξ 2
(ξ ) = v(ξ ) for ξ ∈ (0, 1),

dv

dξ
(0) = w0,

dv

dξ
(1) = w1.

Hence

DN (w) = ew0 − w1

e−1 − e
ϕ0 + e−1w0 − w1

e−1 − e
ϕ1,

ϕ0(ξ ) := e−ξ , ϕ1(ξ ) := eξ , ξ ∈ (0, 1).
(15.11)

We have the following result.

Theorem 15.7

(i) For the Dirichlet boundary problem, condition (15.3) is satisfied if and only
if Z = 0. Thus problem (15.8) does not have a square integrable solution in
L2(0, 1) if Z �= 0.

(ii) For the Neumann boundary problem, condition (15.3) is satisfied for any
square integrable Lévy process in R

2. Thus if Z is square integrable then for
every x ∈ L2(0, 1) there is a unique solution to (15.9) from X 2.

Proof of (i) Assume that Z �= 0. Then its RKHS H is a non-zero subspace of R
2.

Hence there exists w = (w0, w1) ∈ H such that |w|H = 1. Since

l(t) :=
∫ t

0
|�D SD(s)DDw|2L2(0,1) ds

≤
∫ t

0
‖�D SD(s)DD‖2

L (H S)(H,L2(0,1)) ds

it is enough to show that l(t) = ∞ for t > 0. From (15.10),

l(t) =
∫ t

0

∣∣�D SD(s) (w0ψ0 + (w1 − w0)ψ1)
∣∣2

L2(0,1)ds.

Let {en}, en(ξ ) = √
2 sin(πnξ ), be an orthonormal basis consisting of eigenvectors

of �D . Then, for ψ ∈ L2(0, 1),∫ t

0
|�D SD(s)ψ |2L2(0,1) ds =

∑
n

∫ t

0
〈�D SD(s)ψ, en〉2

L2(0,1) ds

=
∑

n

∫ t

0
〈ψ, �D SD(s)en〉2

L2(0,1) ds

=
∑

n

〈ψ, en〉2
L2(0,1)

∫ t

0
e−2π2n2sπ4n4 ds

=
∑

n

〈ψ, en〉2
L2(0,1)π

2n2 1
2

(
1 − e−2π2n2t

)
.
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Thus l(t) < ∞ for every (or equivalently for some) t > 0 if and only if

l :=
∑

n

π2n2〈w0ψ0 + (w1 − w0)ψ1, en〉2
L2(0,1) < ∞.

Since π2n2, n ∈ N, is the sequence of eigenvalues of �D ,

l = ∣∣(−�D)1/2 (w0ψ0 + (w1 − w0)ψ1)
∣∣2

L2(0,1)

= |w0ψ0 + (w1 − w0)ψ1|2D((−�D )1/2) .

Since (see e.g. Grisvard 1966, Lions and Magenes 1972 or Lunardi 1995)
D

(
(−�D)1/2

)
is equal to D�D (1/2, 2), Theorem 15.6 yields

D
(
(−�D)1/2) = {

u ∈ W 1,2(0, 1) : u(0) = 0 = u(1)
}
.

Thus it is enough to observe that w0ψ0 + (w1 − w0)ψ1 does not vanish on the
boundary {0, 1} provided that (w0, w1) �= (0, 0).

Proof of (ii) Let ε0 := (1, 0) and ε1 := (0, 1). Since the RKHS H of Z is a
subspace of R

2 there is a constant C such that

J (t) :=
∫ t

0
‖�N SN (s)DN ‖2

L (H S)(H,L2(0,1)) ds

≤ C
∑
i=0,1

∫ t

0
|�N SN (s)DN εi |2L2(0,1) ds.

We have to show that J (t) < ∞ for t > 0. Taking into account (15.11) it is enough
to show that ∫ t

0
|�N SN (s)ϕi |2L2(0,1) ds < ∞, i = 0, 1, t > 0,

where ϕi , i = 0, 1, are the functions appearing in (15.11). This (see the proof of
the first part of the theorem) is equivalent to the following estimates:∑

n

π2n2〈ϕi , fn〉2
L2(0,1) < ∞, i = 0, 1, (15.12)

where fn(ξ ) = √
2 cos(πnξ ), n ∈ N, is an orthonormal basis of L2(0, 1) con-

sisting of eigenvectors of �N with corresponding eigenvalues {−nπ}. By an el-
ementary calculation, the estimates in (15.12) are equivalent to the claim that
ϕ0, ϕ1 ∈ D

(
(−�N )1/2

)
. Since, by Theorem 15.6,

D
(
(−�N )1/2

) = D�N (1/2, 2) = W 1,2(0, 1)

it is enough to observe that ϕ0, ϕ1 ∈ W 1,2(0, 1). This follows from the facts that ϕ0

and ϕ1 are smooth functions and that in W 1,2(0, 1) there are no hidden boundary
conditions. �
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15.4.2 Multidimensional case

Let us now consider (15.4) and (15.5) on a domain O ⊂ R
d . We assume that Z is

a Lévy process of the form

Z (t) =
∑

k

γk Zk(t) fk, (15.13)

where the Zk are uncorrelated square integrable real-valued Lévy processes, (γk)
is a sequence of real numbers and ( fk) is a sequence of functions defined on ∂O.
Let D, equal either to DD or to DN , be a suitable boundary operator. Then (see
the proof of Theorem 15.7) it is easy to see that condition (15.3) can be written in
the form ∑

k

γ 2
k |D fk |2D((−�D )1/2) =

∑
k

γ 2
k |D fk |2D�D (1/2,2) < ∞.

By Theorem 15.5, D�(1/2, 2) = {
u ∈ W 1,2(O) : u = 0 on ∂O}

in the Dirichlet
case and D�(1/2, 2) = W 1,2(O) in the Neumann case. Clearly τD Du = 0 if and
only if u = 0. Thus we have the following result.

Theorem 15.8 Assume that Z is given by (15.13).

(i) For the Dirichlet boundary problem (15.4), condition (15.3) is satisfied if and
only if Z = 0. Thus problem (15.4) does not have a solution in L2(O) if
Z �= 0.

(ii) For the Neumann boundary problem (15.5), condition (15.3) if satisfied if
and only if ∑

k

γ 2
k |DN fk |2W 1,2(O) < ∞. (15.14)

Thus, provided (15.14) holds, for every x ∈ L2(O) there is a unique solution
to (15.5) in X 2.

In order to study the Dirichlet problem (15.4) with Gaussian white noise one
should introduce a weighted L2-space, namely, L2(O, κ(ξ ) dξ ) where κ vanishes
on the boundary ∂O. For more details we refer the reader to Da Prato and Zabczyk
(1993), Sowers (1994), Alòs and Bonaccorsi (2002a, b) or Peszat and Russo (2007).

15.5 Poisson perturbation

Let π be a Poisson random measure on [0, ∞) × ∂O × S with intensity
ds σ d (dξ )ν(dκ). Following Peszat and Russo (2007) we assume that

Z (t)(ξ ) =
∫ t

0

∫
∂O

∫
S
φ(ξ, η, κ)π̂ (ds, dη, dκ),
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where φ : [0, ∞) × ∂O × S �→ R is a certain (regularization) kernel. We first deal
with the following Dirichlet boundary problem:

∂ X

∂t
(t, ξ ) = �X (t, ξ ) + f (X (t, ξ )), t > 0, ξ ∈ O,

X (0, ξ ) = x(ξ ), ξ ∈ O, (15.15)

X (t, ξ ) = Ż (t)(ξ ), t > 0, ξ ∈ ∂O,

where f : R �→ R is Lipschitz continuous.

Theorem 15.9 Let p ∈ (1, 2]. Assume that there is a parameter θ ∈ (0, 1], sat-
isfying

1 − 1

p
< θ <

1

2p
, (15.16)

such that DDφ(·, η, κ) is well defined, belongs to W 2θ,p(O) for almost all η and κ

and satisfies

bφ :=
∫

∂O

∫
S
|DDφ(·, η, κ)|p

W 2θ,p(O)σ
d (dη)ν(dκ) < ∞. (15.17)

Then for every x ∈ L p(O) there is a unique solution X ∈ X p to (15.15). Moreover,
(15.15) defines a Feller family on L p(O).

Proof It is enough to show that

I (t)(ξ ) :=
∫ t

0

∫
∂O

∫
S
�D SD(t − s)DDφ(ξ, η, κ)π̂(ds, dη, dκ), t > 0, ξ ∈ O,

belongs to X p. To this end note that, by Theorem 8.26, there is a constant cp such
that for all t > 0,

E

∫
O

∣∣∣∣
∫ t

0

∫
∂O

∫
S
(�D SD(t − s)DDφ)(·, η, κ)(ξ )π̂ (ds, dη, dκ)

∣∣∣∣
p

dξ

≤ cp

∫ t

0

∫
∂O

∫
S
|(�D SD(s)DDφ)(·, η, κ)|p

L p(O) ds σ d (dη)ν(dκ).

We need to estimate |�D SD(s)DDφ(·, η, κ)|p
L p(O). We have∫ t

0
|�D SD(s)DDφ(·, η, κ)|p

L p(O) ds

≤
∫ t

0
‖�D SD(s)‖p

L(W 2θ,p(O),L p(O)) ds |DDφ(·, η, κ)|p
W 2θ,p(O).

Write

a(t) :=
∫ t

0
‖�D SD(s)‖p

L(W 2θ,p(O),L p(O)) ds.
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By Theorem 15.6 and the assumption that 2θ < 1/p we have W 2θ,p(O) =
D�D (θ, p). Hence, by Theorem 15.5 and the assumption that (θ − 1)p > −1,
a is a continuous function. Thus, for t ∈ [0, T ],

E

∣∣∣∣
∫ t

0

∫
∂O

∫
S
�D SD(t − s)DDφ(·, η, κ)(ξ )π̂(ds, dη, dκ)

∣∣∣∣
p

L p(O)

≤ cpa(T )b f < ∞.

�

Remark 15.10 It follows from the proof of the theorem that it is enough to
assume that, with a certain θ satisfying (θ − 1)p > −1,∫

∂O

∫
S
|DDφ(·, η, κ)|p

D�D (θ,p)σ
d (dη)ν(dκ) < ∞.

However, unless 2θ < 1/p, it follows from DDφ ∈ D�D (θ, p) that DDφ(ξ, η, κ)
must equal 0 for ξ ∈ ∂O. Since DDφ(ξ, η, κ) = φ(ξ, η, κ) for ξ ∈ ∂O, the function
φ must equal 0.

Remark 15.11 If (15.16) holds then necessarily p ∈ (1, 3/2). Since (see e.g.
Lions and Magenes 1972) DD is a linear operator from W s+3/2,2(∂O) to W s+2,2(O)
⊂ W s+2,p(O), the hypotheses of the theorem are satisfied providing that∫

∂O

∫
S
|φ(·, η, κ)|p

W 3/2,2(∂O)σ
d (dη)ν(dκ) < ∞.

A similar result holds true for the Neumann boundary problem

∂ X

∂t
(t, ξ ) = �X (t, ξ ) + f (X (t, ξ )), t > 0, ξ ∈ O,

X (0, ξ ) = x(ξ ), ξ ∈ O, (15.18)
∂ X

∂n
(t, ξ ) = Ż (t)(ξ ), t > 0, ξ ∈ ∂O.

Taking into account that D�N (θ, p) = W 2θ,p(O) for 2θ < 1 + 1/p we obtain the
following result.

Theorem 15.12 Let p ∈ (1, 2]. Assume that there is a parameter θ ∈ (0, 1]
satisfying 1 − 1/p < θ < 1/2 + 1/(2p) such that DN φ(·, η, κ) is well defined,
belongs to W 2θ,p(O) for almost all η and κ and satisfies

bφ :=
∫

∂O

∫
S
|DN φ(·, η, κ)|p

W 2θ,p(O)σ
d (dη)ν(dκ) < ∞.

Then for every x ∈ L p(O) there is a unique solution X ∈ X p to (15.18). Moreover,
(15.18) defines a Feller family on L p(O).
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16
Invariant measures

One of the most important problems in applying stochastic analysis is the question
of the existence and uniqueness of invariant measures for specific processes. This
chapter is devoted to this question for a class of so-called dissipative systems of
great physical significance. The results obtained will be applied, in the following
chapters, to lattice systems and equations of financial mathematics.

16.1 Basic definitions

Let (Pt ) be the transition function of a Markov process X = (X (t), t ≥ 0) on a
Polish space E .

Definition 16.1 A probability measure μ is invariant with respect to the transi-
tion function (Pt ) or invariant for X if, for any Borel set � ⊂ E and any t ≥ 0,

μ(�) =
∫

μ(dx)Pt (x, �).

If the initial position X (0) of X is a random variable with distribution μ then the
distribution of X (t) is equal to μ for any t ≥ 0. Thus one can expect that processes
with invariant measures exhibit some kind of stability.

Let M1(E) denote the space of all Borel probability measures on E , and let
(ψ, λ) = ∫

E ψ(y)λ(dy), ψ ∈ Bb(E), λ ∈ M1(E).
By definition μ is an invariant measure for (Pt ) if and only if P∗

t μ = μ, t ≥ 0,
where (P∗

t ) denotes the adjoint transition semigroup defined on M1(E) by

P∗
t λ(�) =

∫
E

Pt (x, �)λ(dx).

Clearly, (Ptψ, λ) = (
ψ, P∗

t λ
)

for t ≥ 0, ψ ∈ Bb(E) and λ ∈ M1(E).

287
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The following classical result provides a method of proving the existence of
invariant measures for Feller semigroups.

Theorem 16.2 (Krylov–Bogolyubov) Assume that (Pt ) is a Feller transition
semigroup on E and there is an x ∈ E such that Pt (x, ·) converges weakly to a
probability measure μ. Then μ is an invariant measure.

Proof Let t > 0. Then P∗
t μ = μ if and only if, for any ψ ∈ Cb(E), (ψ, P∗

t μ) =
(ψ, μ). Let ψ ∈ Cb(E). Since (Pt ) is Feller, we have Ptψ ∈ Cb(E). Thus

(ψ, P∗
t μ) = (Ptψ, μ) = lim

s↑∞
(Ptψ, Ps(x, ·)) = lim

s↑∞
(ψ, Pt+s(x, ·)) = (ψ, μ).

�

Assume now that E is a Banach space. Let Lip (E) be the space of all Lipschitz
continuous functions ψ : E �→ R; see Section 2.4. In the following sections we will
show the existence, uniqueness and exponential mixing of an invariant measure
for so-called dissipative systems.

Definition 16.3 We say that an invariant measure μ for (Pt ) is exponentially
mixing with exponent ω > 0 and function c : E �→ (0, +∞) if

|Ptψ(x) − (ψ, μ)| ≤ c(x)e−ωt‖ψ‖Lip, ∀ x ∈ E, ∀ t > 0.

Let us equip the space M1(E) with the so-called Fortet–Mourier norm

‖ρ‖F M = sup
{|(ψ, ρ)| : ψ ∈ Lip (E), ‖ψ‖∞ ≤ 1, ‖ψ‖Lip ≤ 1

}
.

Then μ is exponentially mixing with exponent ω and function c if and only if

‖Pt (x, ·) − μ‖F M ≤ c(x)e−ωt , ∀ t > 0, ∀ x ∈ E .

It is known (see e.g. Lasota and Yorke 1994) that weak convergence onM1(E) is
equivalent to convergence in the Fortet–Mourier norm. Thus, if μ is exponentially
mixing then, for any x ∈ E , Pt (x, ·) converges weakly to μ as t ↑ ∞. In fact one
can show (see e.g. Da Prato and Zabczyk 1996) that if μ is exponentially mixing
then Pt (x, �) → μ(�) for any � ∈ B(E).

The following result provides useful conditions for the existence, uniqueness
and exponential mixing of an invariant measure. For a different approach see e.g.
Lasota and Szarek (2006).

Proposition 16.4 Assume that (Pt ) is a Feller transition semigroup satisfying
the following conditions.

(i) There is an x0 ∈ E such that Pt (x0, ·) converges weakly to a probability
measure μ.
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(ii) There are functions c : E �→ (0, +∞) and c̃ : E × E �→ (0, +∞) and a
constant ω > 0 such that, for all s ≥ t ≥ 0, ψ ∈ Lip (E) and x, x̃ ∈ E,

|Ptψ(x) − Psψ(x)| ≤ c(x)e−ωt ‖ψ‖Lip,

|Ptψ(x) − Ptψ(x̃)| ≤ c̃(x, x̃)e−ωt ‖ψ‖Lip.

Then μ is a unique invariant measure for (Pt ) and it is exponentially mixing with
exponent ω and function c.

Proof By the Krylov–Bogolyubov theorem, μ is an invariant measure. The fact
that it is exponentially mixing follows from (ii). Indeed, let x ∈ E , t ≥ 0, and
ψ ∈ Lip (E). Then

|Ptψ(x) − (ψ, μ)| = lim
s↑∞

|Ptψ(x) − Psψ(x0)|

≤ lim sup
s↑∞

|Ptψ(x) − Psψ(x)| + lim sup
s↑∞

|Psψ(x) − Psψ(x0)|

≤ c(x)e−ωt‖ψ‖Lip.

The uniqueness of the invariant measure follows from the exponential mixing of μ.
Indeed, assume that μ̃ is an invariant measure. Since μ is exponentially mixing, for
every ψ ∈ Lip (E) and every x ∈ E we have Ptψ(x) → (ψ, μ) as t ↑ ∞. Hence

(ψ, μ̃) = (Ptψ, μ̃) →
∫

E
(ψ, μ)μ̃(dx) = (ψ, μ).

�

16.2 Existence results

The next two subsections are concerned with the exponential mixing and unique-
ness of an invariant measure for the Markov family defined by the equation

dX = (AX + F(X )) dt + G(X ) dZ (16.1)

driven by a square integrable Lévy process Z . We outline the strategy of the proofs.
Let X (t, x) be the value at time t of a solution X (t, x) starting at time 0 from x .
Clearly, we have imposed conditions that guarantee the existence and uniqueness
of the solution. Taking into account the Krylov–Bogolyubov theorem we would
like to show the weak convergence of Pt (x, ·) = L(X (t, x)). To do this one can
ask whether X (t, x) converges in probability (or in L2) to a random variable. This
is however not true even in the simplest case, that of one-dimensional Ornstein–
Uhlenbeck diffusion, for which

dX = − 1
2 X dt + dW, X (0) = 0.
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Indeed, in this case

L(X (t, 0)) = L
(∫ t

0
e−(t−s)/2 dW (s)

)

= L
(∫ t

0
e−s/2 dW (s)

)
⇒ L

(∫ ∞

0
e−s/2 dW (s)

)
= N (0, 1),

but X (t, 0) does not converge in probability to any random variable.
To overcome this difficulty we consider a double-sided Lévy process Z , that

is, a process defined on R such that Z (t) = Z (t), t ≥ 0, and Z (−t), t ≥ 0, are
independent, identically distributed, Lévy processes. Given −∞ < t0 ≤ t < +∞
and x , let X (t, t0, x) be the value at time t of the (mild) solution to the equation

dX = (AX + F(X )) dt + G(X ) dZ , X (t0) = x . (16.2)

From the uniqueness of the solution, L(X (t, x)) = L(X (t0 + t, t0, x)). We will
show that, under certain conditions on A, F and G, X (t0, 0, x) converges in prob-
ability as t0 ↓ −∞.1 In this way we obtain the existence of an invariant measure.
To show its exponential mixing we will use Proposition 16.4.

16.2.1 Regular case

We are concerned with (16.1), where Z is a square integrable mean-zero Lévy
process with RKHS H, (A, D(A)) is the generator of a C0-semigroup S on a
Hilbert space H and F : H �→ H , G : H �→ L (H S)(H, H ) are Lipschitz continuous
mappings. Below, An stands for the Yosida approximation of A; see appendix
section B.1. The following result is taken from Rusinek (2006a); see also Da Prato
and Zabczyk (1996).

Theorem 16.5 Assume that there is a constant ω > 0 such that, for all x, y ∈ H
and n ∈ N,

2〈An(x − y) + F(x) − F(y), x − y〉H + ‖G(x) − G(y)‖2
L (H S)(H,H )

≤ −ω |x − y|2H . (16.3)

Then there exists exactly one invariant measure μ for (16.1) and it is exponentially
mixing with exponent ω/2 and function c of linear growth.

Proof Let Z be the double-sided Lévy process corresponding to Z . Given n ∈ N,
t0 ∈ R and x ∈ H we consider the regularized problem

dX (t) = (
An X (t) + F(X (t))

)
dt + G(X (t)) dZ (t), t ≥ t0, X (t0) = x,

1 For the Ornstein–Uhlenbeck equation this is very simple.
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with a straightforward generalization of the stochastic integral. It is easy to show
that the regularization equation has a unique solution Xn(t) = Xn(t, t0, x) and that,
since An is a bounded linear operator, Xn is a strong solution, that is,

Xn(t) = x +
∫ t

t0

(
An Xn(s) + F(Xn(s))

)
ds +

∫ t

t0

G(Xn(s)) dZ (s).

Moreover, for each t ≥ t0, Xn(t) converges in L2(�,F, P; H ) to the unique (mild)
solution X (t, t0, x) of (16.1).

We divide the proof of Theorem 16.5 into three steps.
Step 1 This step consists of the proof of the following estimate:

E |X (t, t0, x)|2H ≤ C
(
1 + |x |2H

)
, ∀ t > t0, t0 ∈ R, ∀ x ∈ H. (16.4)

To show (16.4) we apply the Itô formula to the semimartingale Xn and the function
ψ(x) = |x |2H . By Lemma D.3,

E |Xn(t)|2H = |x |2H + E

∫ t

t0

{
2
〈
Xn(s), An Xn(s) + F(Xn(s))

〉
H

+ ‖G(Xn)‖2
L (H S)(U,H )

}
ds.

Note that

2〈An x + F(x), x〉H + ‖G(x)‖2
L (H S)(H,H )

≤ 2〈An x + F(x) − F(0), x〉H + ‖G(x) − G(0)‖2
L (H S)(H,H ) + I (x),

where

I (x) := 2|F(0)|H |x |H + 2‖G(x) − G(0)‖L (H S)(H,H )‖G(0)‖L (H S)(H,H )

+ ‖G(0)‖2
L (H S)(H,H ).

Clearly, for any ε > 0 there is a constant Cε such that

I (x) ≤ ε
(
‖G(x) − G(0)‖2

L (H S)(H,H ) + |x |2H
)

+ Cε.

Thus, since G is Lipschitz continuous, there is a constant C1 such that, for all n
and x ,

2〈An x + F(x), x〉H + ‖G(x)‖2
L (H S)(H,H ) ≤ −ω

2
|x |2H + C1.

Hence

E |Xn(t)|2H ≤ |x |2H − ω

2

∫ t

t0

E |Xn(s)|2H ds + C1(t − t0),
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and consequently, by Gronwall’s inequality,

E |Xn(t)|2H ≤ e−ω(t−t0)/2 (|x |2H + C1(t − t0)
)
.

Letting n → ∞ we obtain (16.4).
Step 2 Recall that X (t, t0, x) is the value at t of the solution to (16.2). We

will show that there is a constant K such that, for all x ∈ H , t0 < 0 and h > 0,

E |X (0, t0, x) − X (0, t0 − h, x)|2H ≤ K eωt0
(
1 + |x |2H

)
, (16.5)

E |X (0, t0, x) − X (0, t0, x)|2H ≤ K eωt0 |x − x̃ |2H . (16.6)

To do this, observe that Xn(t, t0 − h, x) = Xn (t, t0, Xn(t0, t0 − h, x)). Thus, by
Lemma D.3,

	n(t, t0, h, x) := E |Xn(t, t0, x) − Xn(t, t0 − h, x)|2H
satisfies

	n(t, t0, h, x) ≤ 	n(t0, t0, h, x) − ω

∫ t

t0

	n(s, t0, h, x) ds

and hence, by Gronwall’s inequality,

	n(t, t0, h, x) ≤ e−ω(t−t0)
E |Xn(t0, t0 − h, x) − x |2H .

Since (see Step 1) there is a constant C such that

E |Xn(t0, t0 − h, x)|2H ≤ C
(
1 + |x |2H

)
, ∀ t0, h, ∀ x,

we have

	n(t, t0, h, x) ≤ e−ω(t−t0)2C
(
1 + |x |2H

)
.

Letting n ↑ ∞ and t = t0 we obtain (16.5). In the same way one can show (16.6).
Step 3 We will show that the assumptions of Proposition 16.4 are satisfied. It

follows from (16.5) that X (0, t0, x) converges in L2(�,F, P; H ) as t0 ↓ −∞ to a
random variable X̃ . Therefore L (X (−t0, x)) = L (X (0, t0, x)) converges weakly
to μ := L (X̃ ). Now, for ψ ∈ Lip(H ), s ≥ t ≥ 0 and x, x̃ ∈ H ,

|Ptψ(x) − Psψ(x)|2H = ∣∣E(
ψ(X (t, x)) − ψ(X (s, x))

)∣∣2
H

≤ ‖ψ‖2
Lip E

∣∣X (0, −t, x) − X (0, −s, x)
∣∣2

and

|Ptψ(x) − Ptψ(x̃)|2H = ∣∣E(
ψ(X (t, x)) − ψ(X (t, x̃))

)∣∣2
H

≤ ‖ψ‖2
Lip E

∣∣X (0, −t, x) − X (0, −t, x̃)
∣∣2

.



16.2 Existence results 293

Hence, by (16.5),

|Ptψ(x) − Psψ(x)|2H ≤ K e−ωt
(
1 + |x |2H

) ‖ψ‖2
Lip

and, by (16.6),

|Ptψ(x) − Ptψ(x̃)|2H ≤ K e−ωt |x − x̃ |2H ‖ψ‖2
Lip.

�

The assumption that G is a Hilbert–Schmidt operator-valued mapping from the
RKHS of Z is rather restrictive. It is not satisfied by composition operators and
cylindrical processes on L2-spaces. However, it has some natural applications in
models of mathematical finance (see Theorems 20.19 and 20.20).

16.2.2 Non-Lipschitz case

We now consider a problem with additive noise,

dX = (AX + F(X )) dt + dZ , X (0) = X0, (16.7)

driven by a square integrable mean-zero Lévy process taking values in a Hilbert
space U . However, as in Chapter 10 we are dealing here with a general non-
Lipschitz drift F .

Let Z A be a solution to the linear problem

dY = AY dt + dZ , Y (0) = 0. (16.8)

Theorem 16.6 If the assumptions of Theorem 10.1 are satisfied and in addition

(i) the mappings A + ω1 and F + ω2 are dissipative with ω1 + ω2 = ω > 0,
(ii) sup

t≥0
E

(|Z A(t)|H + |F(Z A(t))|H
)

< ∞,

then there exists a unique invariant measure μ for (16.7) and it is exponentially
mixing with exponent ω and function c of linear growth.

Proof Given a càdlàg f : [0, ∞) �→ B and x ∈ H , consider the following deter-
ministic equation:

y(t) = S(t)x +
∫ t

0
S(t − s)F(y(s) + f (s−)) ds, t ≥ 0. (16.9)
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As in the proof of Theorem 10.14 we consider the approximate problem

d−

dt
yαβ(t) = (A + ω1)β yαβ + (F + ω2)α(yαβ(t) + f (t−))

− (ω1 + ω2)yαβ(t) − ω2 f (t−), t ≥ 0,

yαβ(0) = x .

Step 1 The first step consists of proving the estimate

|y(t, x)|H ≤ e−ωt |x |H +
∫ t

0
e−ω(t−s)(|F( f (s−))|H + γ | f (s−)|H

)
ds, (16.10)

for the solution y to (16.9), where γ = ω2 + |ω2|.
To show (16.10) note that by Proposition 10.1 and the elementary properties of

dissipative mappings (see Section 10.1),

d−

dt
|yαβ(t)|H

=
〈

d−

dt
yαβ(t),

yαβ(t)

|yαβ(t)|
〉

H

= 1

|yαβ(t)|H

〈
(A + ω1)β yαβ(t) + (F + ω2)α(yαβ(t) + f (t−)), yαβ(t)

〉
H

− ω1 + ω2

|yαβ(t)|H
〈yαβ(t), yαβ(t)〉H − ω2

|yαβ(t)|H
〈 f (t−), yαβ(t)〉H .

Thus

d−

dt
|yαβ(t)|H

≤ 1

|yαβ(t)|H

〈
(F + ω2)α(yαβ(t) + f (t−)) − (F + ω2)α( f (t−)), yαβ(t)

〉
H

+ 1

|yαβ(t)|H

〈
(F + ω2)α( f (t−)), yαβ(t)

〉
H

− (ω1 + ω2)|yαβ(t)|H − ω2

|yαβ(t)|H
〈 f (t−), yαβ(t)〉H

≤ −(ω1 + ω2)|yαβ(t)|H + |(F + ω2)α( f (t−))|H + ω2| f (t−)|H

≤ −(ω1 + ω2)|yαβ(t)|H + |(F + ω2)( f (t−))|H + ω2| f (t−)|H

≤ −(ω1 + ω2)|yαβ(t)|H + |F( f (t−)|H + (ω2 + |ω2|)| f (t−)|H .

Letting β → 0 and then α → 0 we arrive at (16.10).
Step 2 We show that if y(t, x), y(t, x̃) are solutions to (16.9) with initial

conditions x, x̃ ∈ H then

|y(t, x) − y(t, x̃)|H ≤ e−ωt |x − x̃ |H , t ≥ 0. (16.11)
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We can assume that x, x̃ ∈ B, where the space B appears in the formulation of
Theorem 10.14. By calculations similar to those in the Step 1 we obtain

d−

dt

∣∣yαβ(t, x) − yαβ(t, x̃)
∣∣

H ≤ −ω
∣∣yαβ(t, x) − yαβ(t, x̃)

∣∣
H ,

where yαβ(·, x) and yαβ(·, x̃) are solutions to the corresponding approximating
problems. Passing to the limits we obtain (16.11).

Step 3 Let Z be a double-sided Lévy process corresponding to Z . Fix an
x ∈ H and, for each a > 0, denote by Xa(t, x), t ≥ −a, the unique generalized
solution of the equation

dX = (AX + F(X )) dt + dZ , X (−a) = x .

Let

Z
a
A(t) :=

∫ t

−a
S(t − s) dZ (s), t ≥ −a.

For t ≥ −a ≥ −b we have Xb(t, x) = Xa
(
t, Xb(−a, x)

)
. But

Xa
(
t, Xb(−a, x)

) = Z
a
A(t) + y(t + a),

where y(s), s ≥ 0, is a generalized solution to

d−

ds
y(s) = Ay(s) + F(y(s) + f (s−)), y(0) = Xb(−a, x),

with

f (s) =
∫ −a+s

−a
S(−a + s − σ ) dZ (σ ), s ≥ 0.

By Step 2 ∣∣Xa(t, x) − Xb(t, x)
∣∣

H = ∣∣Xa(t, x) − Xa
(
t, Xb(−a, x)

)∣∣
H

≤ e−ω(t+a)(|x |H + ∣∣Xb(−a, x)
∣∣

H

)
and by Step 1

|Xb(−a, x)|H

≤ ∣∣Z
b
A(−a)

∣∣
H + e−ω(b+a)|x |H

+
∫ a+b

0
e−ω(a+b−σ )

∣∣∣∣F
(∫ −b+σ

−b
S(−b + σ − u) dZ (u)

)∣∣∣∣
H

dσ

+ γ

∫ a+b

0
e−ω(a+b−σ )

∣∣∣∣
∫ −b+σ

−b
S(−b + σ − u) dZ (u)

∣∣∣∣
H

dσ.
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Consequently,

E
∣∣Xa(0, x) − Xb(0, x)

∣∣
H

≤ e−ωa

(
2|x |H + E |Z A(b + a)|H

+
∫ b+a

0
e−ω(b+a−σ )

E
(|F(Z A(σ ))|H + γ |Z A(σ )|H

)
dσ

)

≤ e−ωa

[
2|x |H + sup

t≥0
E

(
ω + γ

ω
|Z A(t)|H + 1

ω
|F(Z A(t))|H

)]
≤ e−ωa (2|x |H + C) ,

where

C = sup
t≥0

E

(
ω + γ

ω
|Z A(t)|H + 1

ω
|F(Z A(t))|H

)
.

From the estimate above it is clear that Xa(0, x) converges in L1(�,F, P; H ) as
a → +∞ to some X̃ ∈ L1(�,F, P; H ). Let us denote byL(X (a, x)),L(Xa(0, x))
and L(X̃ ) the laws of the corresponding random elements. Then, in particular,
L(X (a, x)) = L(

Xa(0, x)
) ⇒ L(X̃ ) as a → +∞. From this it follows easily that

μ = L(X̃ ) is an invariant measure for (16.7).
In order to show the uniqueness of the invariant measure and the exponential

convergence, note that Pt (x, ·) = L(
Xt (0, x)

) = L(X (t, x)). Moreover, for s ≥
t ≥ 0,

|Ptφ(x) − Psφ(x)| = ∣∣E(
φ(X (t, x)) − φ(X (s, x))

)∣∣
= ∣∣E (

φ
(
Xt (0, x)

) − φ
(
Xs(0, x)

))∣∣
≤ ‖φ‖Lip E

∣∣Xt (0, x) − Xs(0, x)
∣∣

H

≤ ‖φ‖Lip e−ωt (2|x |H + C) .

In a similar way we can show that

|Ptφ(x) − Ptφ(x̃)| = |E φ(X (t, x)) − E φ(X (t, x̃)|
= ∣∣E (

φ
(
Xt (0, x)

) − φ
(
Xt (0, x̃)

))∣∣
≤ ‖φ‖Lip E

∣∣Xt (0, x) − Xt (0, x̃)
∣∣

H

≤ ‖φ‖Lip e−ωt |x − x̃ |H .

This, by means of Proposition 16.4, proves the desired result. �
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16.3 Invariant measures for the reaction–diffusion equation

As an application of Theorem 16.6 we will show the existence and uniqueness of
an invariant measure for the stochastic reaction–diffusion problem

dX (t, ξ ) = (
	X (t, ξ ) − X3(t, ξ ) + γ X (t, ξ ))

)
dt + dZ (t, ξ ),

X (t, ξ ) = 0, ξ ∈ ∂O, (16.12)

X (0, ξ ) = x(ξ ), ξ ∈ O,

where O is an open bounded subset of R
d , γ ∈ R and Z is a Lévy process in

L2 = L2(O). We consider (16.12) as an evolution equation on H = L2(O) with
F(x)(ξ ) = −x3(ξ ) + γ x(ξ ) and A equal to the Laplace operator 	 on L2(O) with
Dirichlet boundary conditions. Note that

〈	ψ, ψ〉L2(O) ≤ −CO|ψ |L2 , ψ ∈ D(	), (16.13)

〈F(ψ), ψ〉L2(O) ≤ γ |ψ |L2 , ψ ∈ D(F), (16.14)

where CO = (
ω−1

d �d (O)
)2/d

is the constant appearing in the Poincaré inequality
with p = 2; see Theorem 2.2 and Example B.26. We denote by 	p the generator
of the heat semigroup S = (S(t), t ≥ 0), with Dirichlet boundary conditions, on
L p := L p(O).

Theorem 16.7 Let Z = W + L, where W is a Wiener process and L is a Lévy
martingale. Assume that

(i) the process WA(t) = ∫ t
0 S(t − s) dW (s), t ≥ 0, has continuous trajectories

in L18 and supt≥0 E |WA(t)|3L18 < ∞,
(ii) L is a Lévy process in L2 with càdlàg trajectories in the domain of

(	18−κ I )α for some α > 0 and representation L(t) = ∫ t
0

∫
L2 xπ̂ (dt, dx),

where the intensity measure ν of π satisfies∫
L2(O)

(|x |3L18 + |x |L18

)
ν(dx) < ∞,

(iii) ω := C−1
O − γ > 0.

Then there is a unique invariant measure μ for (16.12) and it is exponentially
ergodic with exponent ω and function c of linear growth.

Proof We have to verify the hypotheses of Theorems 10.14 and 16.6 with
B = L6(O) and F(x)(ξ ) = −x3(ξ ) + γ x(ξ ). As in the proof of Theorem 10.15
we verify the assumptions of Theorem 10.14. Condition (i) of Theorem 16.6 fol-
lows from (16.13), (16.14), Example 10.8, Proposition 10.11 and Lemma 10.17.
We show below that part (ii) is a consequence of Proposition 6.7. To prove that
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supt≥0 E|F(L A(t))|L6 < ∞ we need to show that supt≥0 I (t) < ∞, where

I (t) := E |L A(t)|3L18 = E

∣∣∣∣
∫ t

0

∫
L2

S(t − s)xπ̂ (ds, dx)

∣∣∣∣
3

L18

.

By Proposition 6.7, there is a polynomial R such that

I (t) = R(I1(t), I2(t), I3(t)),

where

I j (t) =:
∫ t

0

∫
L2

|S(t − s)x | j
L18 ds ν(dx), j = 1, 2, 3.

For t > 1,

I j (t) = I j (1) +
∫ t

1

∫
L2

|S(s)x | j
L18 ds ν(dx)

≤ I j (1) +
∫ t

1

∫
L2

‖S(1)‖ j
L(L2,L18)|x | j

L2‖S(s − 1)‖ j
L(L2,L2) ds ν(dx).

From (16.13), ‖S(s)‖L(L2,L2) ≤ e−COs , s ≥ 0. By Theorem B.7, S(1) is a bounded
operator from L2 to L18. Therefore supt≥0 I j (t) < ∞, j = 1, 2, 3, as required.

�

Remark 16.8 If the jump measure of π satisfies
∫

L2 |x |W α,18(O)ν(dx) < ∞ then,
by Proposition 6.7, L is a Lévy process (and consequently càdlàg) in D (	18−κ I )α .

Example 16.9 Let O = [a, b] be a bounded interval in R, let W be a cylindrical
Wiener process on L2, or any Wiener process with RKHS contained in L2(a, b).
Assume that L(t) = ∑N

k=1 fk Lk , where the Lk are real-valued square integrable
Lévy martingales and { fk} ⊂ C1

c (a, b). Then the assumptions of Theorem 16.7 are
satisfied.



17
Lattice systems

In this chapter, the existence and the long-time behavior of solutions to systems of
equations on the lattice Z

d are investigated. The connection with Gibbs measures
is shown.

17.1 Introduction

Consider the following system of equations on the lattice Z
d :

dXk =
⎛
⎝∑

j∈Zd

ak, j X j + f (Xk)

⎞
⎠ dt + g(Xk) dLk + r (X ) dPk, k ∈ Z

d ,

(17.1)

where ak,l ∈ R for k, j ∈ Z
d , f : R �→ R, g : R �→ M(2 × 1) ≡ L(R2, R), r :

R �→ R and Lk , Pk are Lévy processes in R
2 and R, respectively. We assume

that, for each k ∈ Z
d , Lk = (Wk, Zk) where Wk , Zk and Pk are independent, Wk

is a real-valued Wiener processes with covariance q2
k = E W 2

k (1) and

E eiZk (t)z = e−tψk (z), E eiPk (t)z = e−tψ0
k (z).

Here

ψk(z) =
∫

R

(
1 − eizy − izy

)
νk(dy),

ψ0
k (z) =

∫
R

(
1 − eizy

)
μk(dy)

and
∫

R
|y|2νk(dy) < ∞, μk(R) < ∞. We will call (qk, νk, μk) the characteristics

of (Lk, Pk). Elements of the matrix (ak, j ) describe global interactions between the
sites of the lattice, and a primitive v(x) of f is the so-called potential of local
interactions.

299
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We are looking for solutions to (17.1) taking values in weighted l p-spaces.
Namely, given a sequence ρ = (ρk) of positive numbers, we denote by l p

ρ the
space of sequences x = (xk) of real numbers such that

|x |l p
ρ

=
(∑

k∈Zd

ρk x p
k

)1/p

< ∞.

Note that if ρ ≡ 1 then l2
ρ = l2 is the classical Hilbert space of sequences.

Denote by A the linear operator on l p
ρ defined by the matrix (ak, j ), that is,

(Ax)k :=
∞∑
j=1

ak, j x j , k ∈ Z
d , x ∈ l p

ρ . (17.2)

Let F be given by F(x)k := f (xk), k ∈ Z
d , x ∈ l p

ρ , let

G(x)[z]k := gk(xk)
(
z1

k, z2
k

)
, x ∈ l p

ρ , z = (
z1

k, z2
k

) ∈ (
R

2
)Z

d

, k ∈ Z
d ,

and let R(x)[z]k := rk(xk)z, x ∈ l p
ρ , z ∈ R. Finally, let L := (Lk), P := (Pk). We

will treat (17.1) as a stochastic evolution equation

dX = (AX + F(X )) dt + G(X ) dL + R(X ) dP, (17.3)

of the type investigated in Section 9.7.
The chapter is organized as follows. First we study the properties of the operator

A. Then we formulate existence results for f and g Lipschitz and also for f
monotone and g constant. Finally, we show the existence and exponential mixing
of invariant measures for (17.1) and discuss physical applications.

17.2 Global interactions

We will now show that, under rather general conditions on the matrix (ak, j ), the
corresponding operator A is bounded on an appropriate weighted space.

Theorem 17.1 Let ρ = (ρk) be a sequence of positive numbers. Assume that
supk∈Zd

∑
j∈Zd |ak, j | = α < ∞ and that there is a constant β > 0 such that∑

k

|ak, j |ρk ≤ βρ j , ∀ j ∈ Z
d .

Then, for any p ∈ (1, ∞), A ∈ L
(
l p
ρ , l p

ρ

)
with operator norm less than or equal to

α1/qβ1/p, where 1/p + 1/q = 1. In particular A ∈ L
(
l2
ρ, l2

ρ

)
, with operator norm

less than or equal to
√

αβ.
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Proof By the Hölder inequality,(∑
j

|ak, j ||x j |
)p

≤
(∑

j

(|ak, j |1/p|x j |
) |ak, j |1/q

)p

≤ α p/q
∑

j

|ak, j ||x j |p

and, consequently,

∑
k

ρk

∣∣∣∣∣∣
∑
j∈Zd

ak, j x j

∣∣∣∣∣∣
p

≤ α p/q
∑
k, j

ρk |ak, j ||x j |p ≤ α p/qβ
∑

j

ρ j |x j |p.

�

Corollary 17.2 If, for some α < ∞,

sup
k

∑
j

|ak,l | ≤ α and sup
j

∑
k

|ak, j | ≤ α (17.4)

then A ∈ L(l p, l p) with norm ≤ α.

Definition 17.3 The interactions ak, j have a bounded range if there are constants
R, M > 0 such that

ak, j = 0 if |k − j | > R, |ak, j | ≤ M for all k, j ∈ Z
d . (17.5)

Lemma 17.4 Assume (17.5) and that

ρk

ρ j
≤ M if |k − j | ≤ R,

∑
k∈Zd

ρk < ∞. (17.6)

Then A ∈ L
(
l p
ρ , l p

ρ

)
for every p ≥ 1.

Proof We show that the assumptions of Theorem 17.1 are satisfied. Note that

∑
k

|ak, j |ρk =
∑

k

|ak, j |ρk

ρ j
ρ j ≤ M

(∑
k

|ak, j |
)

ρ j ≤ βρ j ,

where β = M sup j

∑
k |ak, j |. �

Lemma 17.5 Condition (17.6) is satisfied for weights as follows:

either ρk := ρκ
k := e−κ|k| or ρk = ρ

κ,r
k = 1

1 + κ|k|r ,

κ > 0, r > d. (17.7)

Proof For the weight ρκ we have ρk/ρ j = e−κ|k|+κ| j |. Since κ(| j | − |k|) ≤
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κ| j − k|, ρk/ρ j ≤ eκ| j−k| ≤ eκ R for |k − j | ≤ R. For the weight ρκ,r ,

ρk

ρ j
= 1 + κ| j |r

1 + κ|k|r = 1 + κ (|k + j − k|)r

1 + κ|k|r ≤ 1 + κ (|k| + | j − k|)r

1 + κ|k|r

≤ 1 + κ2r−1(|k|r + | j − k|r )

1 + κ|k|r ≤ 1 + κ2r−1|k|r
1 + κ|k|r + 1 + κ2r−1 Rr

1 + κ|k|r
≤ 2r−1

(
1 + κ Rr

) + 1.
�

An operator A with important physical applications is

A = P − (1 + α)I, (17.8)

where α is a positive constant and P is a symmetric transition matrix. In particular,
of special interest are the operators A = �d − α I , where �d is the so-called
discrete Laplacian. To define �d consider the transition matrix Pd of a symmetric
random walk on a d-dimensional lattice Z

d with entries

p(k1,...,kd ),( j1,..., jd ) :=
{

(2d)−1 if
∑d

i=1 |ki − ji | = 1,

0 if
∑d

i=1 |ki − ji | > 1.

Then �d := Pd − I . It follows from the proposition below that if the matrix A
is of the form (17.8) then the operator A + α I is dissipative on l2, which is an
essential property required for the ergodicity of system (17.1).

Proposition 17.6 Let P be a symmetric transition matrix acting as a linear
operator on l2. Then 〈Px, x〉l2 ≤ |x |2l2 for all x ∈ l2.

Proof We will use the Frobenius–Perron theorem (see e.g. Encyclopedia of Math-
ematics 1987). It says that an arbitrary non-zero quadratic finite matrix P , with
non-negative entries, has a non-negative eigenvalue λ̂ greater than or equal to
the moduli of any of the remaining eigenvalues. Moreover, one can choose an
eigenvector x̂ , corresponding to λ̂, with non-negative coordinates.

Assume first that P = pi, j ∈ M(n × n) is a symmetric transition matrix. We
show that sup|x |Rn ≤1 〈Px, x〉Rn = 1. Let Px̂ = λ̂x̂ . Hence

∑
j pi j x̂ j = λ̂x̂i and

consequently, since P is stochastic,∑
i, j

pi, j x̂ j =
∑

j

x̂ j = λ̂
∑

i

x̂i .

Thus λ̂ = 1. But sup|x |Rn ≤1 〈Px, x〉Rn = λ̂, and the desired identity follows.
If P is an infinite matrix, fix a finite set 
 of coordinates and let x
 and P
 be

the restrictions of x and P to the set 
. Then〈
P
x
, x


〉
l2 =

∑
k, j∈


pk, j xk x j .
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Thus
〈
Px
, x


〉
l2 = 〈

P
x
, x

〉
l2 and consequently

〈
P
x
, x


〉
l2 ≤ ∣∣x


∣∣2
l2 . An

elementary approximation gives the result. �

Proposition 17.7 If A is given by (17.8) then 〈Ax, x〉l2 ≤ −α |x |2l2 .

Proof By Proposition 17.6,

sup
|x |l2 ≤1

〈Ax, x〉l2 = sup
|x |l2 ≤1

〈(P − (1 + α)I ) x, x〉l2 ≤ 1 − (α + 1) .

�

17.3 Regular case

In this section we consider the Lipschitz coefficients f , g and b.

17.3.1 Existence of solution to (17.1)

Theorem 17.8 Let ρ = (ρk) be as in (17.7). Assume that

(i) the matrix A = (ak, j ) of local interactions has a bounded range,
(ii) f , g and r are Lipschitz functions,

(iii) Zk and Pk are independent, with characteristics (qk, νk, μk) satisfying∑
k∈Zd

(
q2

k ρk +
∫

R

|y|2νρ

k (dy) + μk(R)

)
< ∞, (17.9)

where ν
ρ

k (
) = νk
(

/ρ

1/2
k

)
, 
 ∈ B(R), k ∈ Z

d .

Then for any x ∈ l2
ρ := l2

ρ(Zd ) there is a unique solution to (17.1) in l2
ρ satisfying

X (0) = x. Moreover, (17.1) defines a Feller family on l2
ρ .

Proof Note that W = (Wk), Z = (Zk) and P = (Pk) are independent Lévy pro-
cesses in l2

ρ . Moreover, Z is a square integrable martingale and P is a com-
pound Lévy process. These properties follow from Theorem 4.40 and (17.9) since
E |W (t)|2l2

ρ
= t

∑
k q2

k ρk < ∞. Next, let {δk} be the canonical basis of l2. Then

{ek}, ek = δkρ
−1/2
k , is an orthonormal basis of l2

ρ . We have Z (t) = ∑
k Zρ

k (t)ek

and P(t) = ∑
k Pρ

k (t)ek , where Zρ

k (t) = Zk(t)ρ1/2
k and Pρ

k (t) = Pk(t)ρ1/2
k . Then

E eiZρ
k (t)z = e−tψρ

k (z) and E eiPρ
k (t)z = e−tφρ

k (z), where

ψ
ρ

k (z) =
∫

R

(
1 − eizy − izy

)
ν

ρ

k (dy),

φ0
k (z) =

∫
R

(
1 − eizy

)
μ

ρ

k (dy), μ
ρ

k (
) = μk
(

/ρ

1/2
k

)
.
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By Lemmas 17.4 and 17.5, A is a bounded operator on l2
ρ and hence generates

a C0-semigroup on l2
ρ Thus the result follows from the (easy to prove) fact that

F : l2
ρ �→ l2

ρ and G, R : l2
ρ �→ L(l2

ρ, l2
ρ) are Lipschitz continuous. �

Using the same arguments one can show the following result.

Theorem 17.9 Assume that

(i) A = (ak, j ) is given by (17.8),
(ii) f , g and r are Lipschitz functions and f (0) = 0,

(iii) Lk and Pk are independent with characteristics (qk, νk, μk) satisfying∑
k∈Zd

(
q2

k +
∫

R

|y|2νk(dy) + μk(R)

)
< ∞. (17.10)

Then for any x ∈ l2 := l2(Zd ) there is a unique solution to (17.1) in l2 satisfying
X (0) = x. Moreover, (17.1) defines a Feller family on l2.

17.3.2 Ergodicity

Assume that r ≡ 0 and (17.9) holds. Then the RKHS of (W, L) is equal to HW ×
HZ , where

HW :=
{

(xk) ∈ l2
ρ :

∑
k

x2
k q−2

k < ∞
}

, 〈(xk), (yk)〉HW =
∑

k

xk ykq−2
k ,

HZ :=
{

(xk) ∈ l2
ρ :

∑
k

x2
k p−2

k < ∞
}

, 〈(xk), (yk)〉HW =
∑

k

xk yk p−2
k

and p2
k := ∫

{|y|≤1} |y|2νk(dy). Then

〈F(x) − F(y), x − y〉l2
ρ
+ ‖G(x) − G(y)‖2

L (H S)(H,l2
ρ )

=
∑

k

ρk
(
( f (xk) − f (yk)) (xk − yk) + 〈g(xk) − g(yk), (qk, pk)〉2

R2

)
.

By Theorem 16.5 we have the following.

Theorem 17.10

(i) Assume that the hypotheses of Theorem 17.8 are satisfied and that there is a
constant ω > 0 such that, for all x, y ∈ l2

ρ ,

〈A(x − y) − x − y〉l2
ρ
+ 〈F(x) − F(y), x − y〉L2

ρ

+ ‖G(x) − G(y)‖2
L (H S)(H,l2

ρ ) ≤ −ω|x − y|2l2
ρ
.
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Then there is a unique invariant measure μ for (17.1) considered on L2
ρ and

it is exponentially mixing with exponent ω/2.
(ii) Assume that the hypotheses of Theorem 17.9 are satisfied and that

ω = α − ‖ f ‖Lip − ‖g‖2
Lip

∑
k

(
q2

k + p2
k

)
> 0.

Then there is a unique invariant measure μ for (17.1) considered on L2 and
it is exponentially mixing with exponent ω/2.

17.4 Non-Lipschitz case

Assume that r ≡ 0 and g(x)(z1, z2) = z1 + z2.

Theorem 17.11 Assume that f (z) = f0(z) + f1(z), z ∈ R, where f0 is a Lip-
schitz continuous function and f1 is a decreasing function such that, for some
C > 0 and N ∈ N,

| f1(z)| ≤ C
(
1 + |z|N

)
, ∀ z ∈ R.

Assume that the matrix A = (ak, j ) of local interactions has a bounded range, that
the characteristics (qk, νk) satisfy (qk) ∈ l∞ and that∑

k∈Zd

∫
R

(|y| + |y|N 2)
ν

ρ

k (dy) < ∞, (17.11)

where ν
ρ

k (
) = νk
(

/ρ

1/2
k

)
, 
 ∈ B(R), k ∈ Z

d . Then for any x ∈ l2
ρ there is a

unique generalized solution to (17.1) in l2
ρ satisfying X (0) = x, and for any x ∈ l N

ρ

there is a unique càdlàg solution to (17.1) in l N
ρ . Moreover, (17.1) defines a Feller

family on l2
ρ and on l N

ρ .

Proof We have to check the assumptions of Theorem 10.14 with H = l2
ρ and B =

l N
ρ . By Example 10.7, the composition operator corresponding to f = f0 + f1 is

almost m-dissipative on H and B. By Lemmas 17.4 and 17.5, A is a bounded
operator on H and B. Since (qk) ∈ l∞, W takes values in any l p

ρ -space, p < ∞.
By (17.11) and Proposition 6.9, L is a Lévy process in l N 2

ρ and, as A is a bounded
operator,

Z A(t) =
∫ t

0
eA(t−s) d(W (s) + L(s)), t ≥ 0,

is càdlàg in l N 2

ρ and E
∫ T

0 |F(Z A(t))|B dt < ∞. �

As a consequence of Theorem 16.6 we have the following result.
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Theorem 17.12 Let the assumptions of Theorem 17.11 be satisfied and moreover
let the mappings A + ω1 and F + ω2 be dissipative on l2

ρ and l N
ρ with ω = ω1 +

ω2 > 0. Then there is a unique invariant measure for (17.1) and it is exponentially
mixing with exponent ω.

17.5 Kolmogorov’s formula

The following fact was first observed by A. N. Kolmogorov (1937).

Theorem 17.13 Let U ∈ C2
b (Rd ) be a function such that c := ∫

Rd eU (x) dx < ∞.
Then the unique invariant probability measure μ for the equation

dX = 1
2 DU (X ) dt + dW (17.12)

is of the form μ(dx) = c−1eU (x) dx.

Proof We give only a sketch of the proof. The equation

dX = F(X ) dt + dW, X (0) = x ∈ R
d ,

determines the following differential operator:

Lϕ(x) = 1
2 Tr Q D2ϕ(x) + 〈Dϕ(x), F(x)〉 .

It is not difficult to show (see e.g. Da Prato and Zabczyk 1996) that if φ is the
density of an invariant measure of the solution X to (17.12) on R

d then

L∗φ(x) = 0, x ∈ R
d . (17.13)

Conversely, if φ ∈ C2
b (Rd ) is a non-negative and integrable solution to the Focker–

Planck equation (17.13) then, after normalization, it is the density of an invariant
measure for X . It is therefore enough to check that the function φ := eU /c satisfies
(17.13). In fact,∫

Rd

eU 1
2

d∑
j=1

(
∂2φ

∂x2
j

+ 1
2

∂φ

∂x j

∂U

∂x j

)
dx

= − 1
2

∫
Rd

[
d∑

j=1

(
∂

∂x j
eU

)
∂φ

∂x j

]
dx + 1

2

∫
Rd

eU
d∑

j=1

∂φ

∂x j

∂U

∂x j
dx

= − 1
2

∫
Rd

(
d∑

j=1

eU ∂U

∂x j

∂φ

∂x j

)
dx + 1

2

∫
Rd

eU

(
d∑

j=1

∂φ

∂x j

∂U

∂x j

)
dx = 0,

as required. �
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Often (17.12) is called a gradient equation. Unfortunately the theorem is not
true for a larger class of (non-Gaussian) noise processes.

We need to generalize Kolmogorov’s result to infinite dimensions. There are
however some obstacles to doing so. In the infinite-dimensional case an analogue
of Lebesgue measure does not exist, and the concept of density loses its natural
meaning. Nevertheless, for some systems a generalization can be established.
Consider the equation

dX = (
AX + 1

2 DU (X )
)

dt + dW, (17.14)

in which A is a non-negative-definite unbounded operator. Formally, the operator
A is the gradient of a negative-definite form Ax = 1

2 D 〈Ax, x〉H . Moreover, if
H(x) := 〈Ax, x〉H + U (x) then Ax + 1

2 DU (x) = 1
2 DH(x), and (17.14) becomes

dX = 1
2 DH(X ) dt + dW.

Therefore, if dx denotes a (non-existing) infinite-dimensional analogue of
Lebesgue measure, the formula

μ(dx) = 1

c
exp{H(x)} dx = 1

c
exp{〈Lx, x〉H + U (x)} dx (17.15)

suggests how an invariant measure for (17.14) could be defined. To deal with the
dx term, denote by μ0 an invariant measure for the Ornstein–Uhlenbeck process

dY = AY dt + dW, Y (0) = x .

Since the elements of the spectrum of A have strictly negative real parts, such a
measure exists and is unique. Then, again formally, μ0(dx) = exp{〈Ax, x〉H } dx .
Consequently the measure (17.15) can be written as

μ(dx) = 1

C
exp{U (x)} μ0(dx),

with all terms well defined. This is a generalization of the Kolmogorov formula
to an infinite-dimensional situation. The fact that it defines an invariant measure
for (17.14) can be shown in several important cases. For more details we refer
the reader to Da Prato and Zabczyk (1996) and Zabczyk (1989). The formula also
provides a candidate for the Gibbs measure for some spin systems discussed in
the next chapter. In physics the procedure described above is sometimes called
renormalization.

17.6 Gibbs measures

This section is concerned with an application of the theory of stochastic evolution
equations to statistical mechanics. On the basis of work presented in Da Prato and
Zabczyk (1996) we sketch the proof of the existence of a Gibbs measure for a
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certain class of spin systems. We start with some motivation leading to the abstract
definition of a Gibbs measure.

Let Z
d be a lattice, and let M be a metric space. In applications M is ei-

ther a finite set, a compact manifold, the space R
d or a Hilbert space. We de-

note by F the family of all finite subsets of Z
d . A configuration is an arbitrary

function x defined on Z
d , with values in M . The set of all configurations is de-

noted by M. Thus x = (
xγ , γ ∈ Z

d
)

and M = MZ
d
. A potential (J�, � ∈ F)

is a family of real-valued functions, indexed by elements of � ∈ F , such that
if � = {γ 1, . . . , γ k} then J�(x) = f�(xγ 1 , . . . , xγ k ), x ∈ M, for some function
f� : R

k �→ R. A Hamiltonian H is a sum of potentials

H(x) =
∑
�∈F

J�(x), x ∈ M.

Let ν0 be a probability measure on M , and let ν(dx) = ∏
γ∈Zd ν0(dxγ ) be a mea-

sure on M. By the Gibbs measure we mean the probability measure μ(dx) =
C−1eH(x)ν(dx). The function eH is called the Gibbs density and C is called a nor-
malizing constant. Often the density has the form eβH, where the parameter β has
a physical interpretation as the inverse temperature.

In the so-called Ising model, M = {−1, 1},

J�(x) =
{

xk xl , for � = {k, l} and |k − l| = 1,

0, for the remaining configurations.

In this case ν0{−1} = ν0{1} = 1/2. Note that the Hamiltonian is not well defined
since for any x the sum

∑
�∈F J�(x) has an infinite number of components of

modulus 1. Its meaning can be given by the Dobrushin–Lanford–Ruelle (DLR)
equation; see Definition 17.15 below. Before we formulate this equation we will
recall without proof a fact from the theory of conditional distributions. Let ν1 and
ν2 be non-negative, not necessarily finite, measures defined on E1 and E2, and let g
be an arbitrary density with respect to ν1 × ν2 on E1 × E2. Define the conditional
density

g(x |y) := g(x, y)∫
E1

g(z, y)ν1(dz)
, (x, y) ∈ E1 × E2.

Theorem 17.14 If (X, Y ) is a random variable in E1 × E2 and μ = L(X, Y ) =
g(x, y)ν1(dx)ν2(dy) then

E (φ(X )|σ (Y )) =
∫

E1

φ(x)g(x |Y )ν1(dx).

In particular,∫
E

φ(x)μ(dx, dy) =
∫

E

(∫
E1

φ(z)g(z|y)ν1(dz)

)
μ(dx, dy).
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For 
 ∈ F and any x ∈ M write x = (
x
, y
c)

. Then for the Gibbs density we
have

gH(x) = gH

(
x
, y
c)

:= exp
{
H

(
x
, y
c)}

= exp

{ ∑
�⊂
c

J�

(
x
, y
c) +

∑
�∩
 �=∅

J�

(
x
, y
c)}

and, for the conditional density,

gH

(
x
|y
c) =

exp

{ ∑
�⊂
c

J�

(
x
, y
c) +

∑
�∩
 �=∅

J�

(
x
, y
c)}

∫
exp

{ ∑
�⊂
c

J�

(
z
, y
c) +

∑
�∩
 �=∅

J�

(
z
, y
c)}

ν1
(
dz


) ,

where ν1
(
dz


) = ∏
γ∈
 ν0(dzγ ). But if � ⊂ 
c then for x
, y
c

, z
c
we have

J�

(
x
, y
c) = J�

(
z
, y
c)

and consequently

gH

(
x
|y
c) =

exp

{ ∑
�∩
 �=∅

J�

(
x
, y
c)}

∫
exp

{ ∑
�∩
 �=∅

J�

(
z
, y
c)}

ν1
(
dz


) . (17.16)

The sums appearing above often have only a finite number of non-zero components.
Thus the conditional densities can be well defined even in the case when the
density of (X, Y ) is not well defined. The quantity appearing in (17.16) can be
interpreted as the conditional probability density for the occurrence in 
 of the
configuration x
 , if outside 
 one observes y
c

. This leads to the following rigorous
definition.

Definition 17.15 A Gibbs measure on the space M of configurations corre-
sponding to the potential (J�, � ∈ F) is any probability measure μ such that, for
any 
 = {γ1, . . . , γk} ∈ F and any bounded function φ of k variables, we have∫

M
φ(xγ1 , . . . , xγk )μ

(
dx
, dy
c)

=
∫
M

(∫
M


φ(zγ1 , . . . , zγk )gH

(
zγ1 , . . . , zγk

∣∣y
c)
ν1

(
dz


))
μ

(
dx
, dy
c)

.

The equality above is called the DLR equation.
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17.6.1 Gibbs measure for continuous spin systems

Assume that the configuration spaceM consists of all real-valued functions defined
on Z

d , and that the Hamiltonian operator is of the form

H(x) =
∑
k, j

ak, j xk x j +
∑

k

v(xk). (17.17)

The function v is the so-called potential of local interactions.
Assume that the interactions ak, j have a bounded range. The Gibbs measure

has the form

eH(x)
∏
γ∈Zd

dxγ = eH(x) dx,

where dx is a product of an infinite number of Lebesgue measures on R. The series
in H usually do not converge. However, the density appearing in the DLR equation
is well defined. Indeed, set

J�(x) =
⎧⎨
⎩

v(xγ ) , for � = {γ },
akj xk x j , for � = {k, j},
0, in the remaining cases.

If 
 = {γ1, . . . , γk} is finite then in the sum
∑

�∩
 �=∅ J�(x) there are only a finite
number of non-zero functions. Also, the measure ν1 is a product of a finite number
of Lebesgue measures.

Given a Hamiltonian (17.17) we look for Gibbs measures among the measures
on the weighted l2-space. To do this, consider the following infinite sequence of
equations:

dXk(t) =
(∑

k∈Zd

ak, j X j (t) + 1
2v′(X j (t))

)
dt + dWk(t),

Xk(0) = xk,

(17.18)

where v′ is the derivative of the real function v and
(
Wk, k ∈ Z

d
)

is a sequence of
independent real-valued standard Wiener processes.

Defining X (t) := (
Xk(t), k ∈ Z

d )
)
, W (t) := (

Wk(t), k ∈ Z
d
)

and taking into
account the formula for H, system (17.18) can be written formally as follows:

dX = 1
2 DH(X ) dt + dW.

According to our discussion on invariant measures for gradient systems in the
previous section, the invariant measure for (17.18) should be the required Gibbs
measure. This can be proved rigorously by considering an increasing sequence
of finite sets Mn ⊂ Z

d , covering Z
d , and exploiting the form of the Kolmogorov
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density together with the DLR equation. The following existence result from Da
Prato and Zabczyk (1996) follows from Theorem 17.12.

Theorem 17.16 Assume that the interactions ak, j have a finite range and that
the derivative v′ of the potential function can be decomposed as v′ = f0 + f1,
where f0 is a decreasing function such that, for some c0 > 0 and N ≥ 1, | f0(z)| ≤
c0

(
1 + |z|N

)
for z ∈ R and f1 satisfies the Lipschitz condition. Assume also that

the operator A + ηI is dissipative on l2 for some η > ‖ f1‖Lip. Then there is a
constant κ0 > 0 such that if κ ∈ (0, κ0) then in each space l2

ρκ and l2
ρκ,r , κ ∈ (0, κ0),

there is a unique invariant measure for (17.18) and it is exponentially mixing.



18
Stochastic Burgers equation

In this chapter, the existence of a solution to the so-called stochastic Burgers
system driven by a Wiener process is investigated. The existence of a solution to
the stochastic Burgers equation with an additive Lévy noise is shown as well.

18.1 Burgers system

We consider a stochastic variant of a model of turbulence introduced by Burgers
(1939). The general theory developed in this book cannot be applied here without
some modification. In fact our exposition is based on Twardowska and Zabczyk
(2004); see also Twardowska and Zabczyk (2006). However, we will limit our
considerations to the existence of local solutions only.

Let U = U (t) be the primary velocity of a fluid parallel to the walls of the
channel, let v = v(t, ξ ), t ≥ 0, ξ ∈ (0, 1), be the secondary velocity, of turbulent
motion, and let P be the exterior force. We denote the density of the fluid by ρ

and its viscosity by μ. We will write ν := μ/ρ.
The stochastic version of the Burgers system looks as follows:

dU (t)

dt
= P − νU (t) −

∫ 1

0
v2(t, ξ ) dξ, for t > 0, (18.1)

and, for {(t, ξ ) : t > 0, ξ ∈ (0, 1)},

∂v

∂t
(t, ξ ) = ν

∂2v

∂ξ 2
(t, ξ ) + U (t)v(t, ξ )

− ∂

∂ξ

(
v2(t, ξ )

) + g
(
v(t, ξ )

)∂2W(t, ξ )

∂t ∂ξ
. (18.2)

312
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The Burgers system is considered with the following initial and Dirichlet bound-
ary conditions:

U (0) = 0, v(0, ξ ) = v0(ξ ), ξ ∈ (0, 1), (18.3)

and

v(t, 0) = v(t, 1) = 0, t > 0. (18.4)

In (18.2), W(t, ξ ) is a Brownian sheet (see Remark 7.19), and thus

W (t, ξ ) = ∂W(t, ξ )

∂ξ

is a cylindrical Wiener process on L2 := L2(0, 1). Note that the system does not
satisfy the conditions of the general existence theorem 9.29. As in Chapter 9 we
have two solution concepts.

Definition 18.1 A weak solution of the system (18.1)–(18.4) is a pair (U (t), v(t))
of continuous adapted processes with values in R and L2, respectively, such that
(18.1) holds and, for any ϕ ∈ C∞

c (0, 1),

〈v(t), ϕ〉L2 = 〈v0, ϕ〉L2 +
∫ t

0

〈
ϕg (v(s)) , dW (s)

〉
L2

+
∫ t

0

(
U (s)〈v(s), ϕ〉L2 + ν

〈
v(s),

d2ϕ

dξ 2

〉
L2

+
〈
v2(s),

dϕ

dξ

〉
L2

)
ds.

To define the so-called mild solution we denote by (S(t), t ≥ 0) the classical heat
semigroup, given by

S(t)v =
∞∑

k=1

e−νπ2k2t 〈v, ek〉L2 ek, v ∈ L2, t > 0,

where ek(ξ ) = √
2/π sin(kπξ ). For more details see Example B.12. We need the

following lemma.

Lemma 18.2 The operators S(t), t > 0, can be extended linearly to the space
of all distributions of the form dv/dξ , v ∈ L1 := L1(0, 1), in such a way that
S(t)(dv/dξ ) ∈ L2 for all v ∈ L1 and∣∣∣∣S(t)

dv

dξ

∣∣∣∣
L2

≤ |v|L1

√
2π

(
k2

∑
k

e−2νπ2k2t

)1/2

, ∀ v ∈ L1.

Proof By Parseval’s identity,

|S(t)u|2L2 =
∞∑

k=1

e−2νπ2k2t 〈u, ek〉2
L2 .
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Let v ∈ L2 be an absolutely continuous function such that dv/dξ ∈ L2. Then∣∣∣∣S(t)
dv

dξ

∣∣∣∣2

L2

= 2

π

∞∑
k=1

e−2νπ2k2t

(∫ 1

0

dv

dξ
sin(kπξ ) dξ

)2

= 2

π

∞∑
k=1

e−2νπ2k2t (kπ )2

(∫ 1

0
v(ξ ) cos(kπξ ) dξ

)2

≤ 2π

( ∞∑
k=1

k2e−2νπ2k2t

) (∫ 1

0
|v(ξ )| dξ

)2

.

�

Definition 18.3 A mild solution to the Burgers system (18.1)–(18.4) is a pair
(U , v) of continuous adapted processes with values in R and L2, respectively, such
that (18.1) holds and

v(t) = S(t)v0 +
∫ t

0
U (s)S(t − s)v(s) ds

+
∫ t

0
S(t − s)

∂

∂ξ
v2(s) ds +

∫ t

0
S(t − s)g

(
v(s)

)
dW (s).

Owing to Lemma 18.2, all terms in the equation above have a well-
defined meaning. The following result can be proved using arguments from
Section 9.3.

Proposition 18.4 A process

X =
(

U

v

)

is a weak solution of (18.1)–(18.4) if and only if it is a mild solution.

18.2 Uniqueness and local existence of solutions

The theorem below ensures the uniqueness of a weak solution to the Burgers
system. However (see Proposition 18.6), only the local existence of a solution will
be established.

Theorem 18.5 System (18.1)–(18.4) has a unique weak solution.

We will divide the proof into that of two propositions.
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Proposition 18.6 For any T > 0 there exists a constant c such that, for every
t ≤ T and for every measurable bounded L1-valued mapping (v(s), s ∈ (0, t)),∫ t

0

∣∣∣∣S(σ )
∂

∂ξ
v(σ )

∣∣∣∣
L2

dσ ≤ c t1/4 sup
s≤t

|v(s)|L1 .

Proof Taking into account Lemma 18.2, we have to show that

∫ t

0

(∑
k

k2e−sk2

)1/2

ds = O
(
t1/4

)
as t ↓ 0.

To this end note that

h(t) =
∑

k

k2e−tk2 =
∫ ∞

0
e−trμ(dr ),

where μ(dr ) = ∑
k k2δ{k2}(dr ). Define

U (σ ) = μ
(
(0, σ ]

) =
∑
k2≤σ

k2.

Since 1 + 22 + · · · + k2 = 1
3 k(k + 1)

(
k + 1

2

)
, we have that U (σ y)/U (σ ) → y3/2

as σ → ∞. By the Tauberian theorem (see e.g. Feller 1971),

lim
t→0

h(t)

U (1/t)
= 
(5/2).

But U (1/t) 3t3/2 → 1 as t → 0 and therefore

h(t)

2
(5/2)t3/2
→ 1 as t → 0.

Since
∫ T

0 t−3/4 dt = 4T 1/4, the required inequality holds. �

Given p ≥ 1, T > 0, we denote by Hp
T the space of all continuous adapted

processes X = (U, v)T with values in
(
R, L2

)T
such that

‖X‖Hp
T

=
(

E sup
t∈[0,T ]

|U (t)|p

)1/p

+
(

E sup
t∈[0,T ]

|v(t)|p
L2

)1/p

.

Next, for n ∈ N define

B1(0, n) := [−n, n], B2(0, n) := {v ∈ L2 : |v|L2 ≤ n}, n = 1, 2, . . . ,

πn1(U ) :=
⎧⎨
⎩

U if |U | ≤ n,

nU

|U | if |U | > n,
πn2(v) :=

⎧⎨
⎩

v if |v|L2 ≤ n,
nv

|v|L2
if |v|L2 > n.
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The existence and uniqueness of local solutions to (18.1)–(18.4) are conse-
quences of the following proposition. For the existence of global solutions we
refer the reader to Twardowska and Zabczyk (2004).

Proposition 18.7 For any p > 4 and n = 1, 2, . . . , the system of equations

U (t) = e−νtU0 +
∫ t

0
e−ν(t−s)

(
P − |πn2v(s)|2L2

)
ds,

v(t) = S(t)v0 +
∫ t

0
πn1

(
U (s)

)
S(t − s)πn2v(s) ds

+
∫ t

0
S(t − s)

∂

∂ξ

(
πn2v(s)

)2
ds +

∫ t

0
S(t − s)g

(
v(s)

)
dW (s)

has a unique solution in Hp
T .

Proof Let us fix n and introduce the operators

I1(U, v) : =
∫ t

0
e−ν(t−s)

(
P − |πn2v(s)|2L2

)
ds,

I2(U, v) : =
∫ t

0
πn1

(
U (s)

)
S(t − s)πn2v(s) ds,

I3(v) : =
∫ t

0
S(t − s)

∂

∂ξ

(
πn2v(s)

)2
ds,

I4(v) : =
∫ t

0
S(t − s)g

(
v(s)

)
dW (s).

The result follows from the contraction principle in the space Hp
T . We show

only how to estimate the Lipschitz constant of the mapping I : Hp
T 
→ Hp

T given
by

I (Y )(t) =
∫ t

0
S(t − s)

∂

∂ξ

(
πn2Y (s)

)2
ds,

To do this, take two processes Y and Ỹ from Hp
T such that Y (0) = Ỹ (0) = v0. We

have ∣∣(πn2Y (σ ))2 − (πn2Ỹ (σ ))2
∣∣

L1

= ∣∣(πn2Y (σ ) + πn2Ỹ (σ ))(πn2Y (σ ) − πn2Ỹ (σ ))
∣∣

L1

≤ ∣∣πn2Y (σ ) + πn2Ỹ (σ )
∣∣

L2 |πn2Y (σ ) − πn2Ỹ (σ )|L2

≤ 2n
∣∣Y (σ ) − Ỹ (σ )

∣∣
L2 .
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Consequently, by Proposition 18.6,

sup
t≤T

∣∣I (Y )(t) − I (Ỹ )(t)
∣∣

L2

= sup
t≤T

∣∣∣∣
∫ t

0
S(t − σ )

∂

∂ξ

(
(πn2Y (σ ))2 − (πn2Ỹ (σ ))2

)
dσ

∣∣∣∣
L2

≤ C sup
t∈T

t1/4 sup
σ≤t

∣∣(πn2Y (σ ))2 − (πn2Ỹ (σ ))2
∣∣

L1

≤ 2nC sup
t≤T

t1/4 sup
σ≤t

|Y (s) − Ỹ (s)|L2

≤ 2nCT 1/4 sup
s≤T

|Y (s) − Ỹ (s)|L2 ,

which gives the required estimate. �

Remark 18.8 As noticed by Z. Brzeźniak (private communication), the proofs
of Lemma 18.2 and Proposition 18.6 are valid for operators more general than
second-order differential operators, for instance, for some fractional powers of the
Laplace operator.

18.3 Stochastic Burgers equation with additive noise

Given p ∈ [1, +∞] set L p := L p([0, 1],B([0, 1]), �1). Let us fix a finite time
interval [0, T ] and let Z = (Z (t), t ∈ [0, T ]) be a Lévy process taking values in a
Hilbert space U containing L2. We assume that Z is defined on a filtered probability
space (�,F, (Ft ), P).

Given v0 ∈ L2 we are concerned with the one-dimensional stochastic Burgers
problem

∂v

∂t
(t, ξ ) = ν

∂2v

∂ξ 2
(t, ξ ) + 1

2

∂v2

∂ξ
(t, ξ ) + ∂ Z

∂t
, ξ ∈ (0, 1), t ∈ [0, T ],

v(t, 0) = v(t, 1), t ∈ (0, T ],

v(0, ξ ) = v0(ξ ), ξ ∈ [0, 1].

Our first task is to present a rigorous definition of a weak solution. To this end,
denote by A the Laplace operator on L2 with Dirichlet boundary conditions (see
subsection 12.4.1). Recall that D(A) = W 2,2(0, 1) ∩ W 1,2

0 (0, 1). The space D(A)
is considered with a graph norm. Let V := W 1,2

0 (0, 1). Then D(A) ↪→ V ↪→ L2,
where the embeddings are continuous and dense. Let (D(A))∗ and V ∗ be the dual
spaces corresponding to D(A) and V , respectively, where the duality form is given
by the scalar product in L2. Thus

D(A) ↪→ V ↪→ L2 ≡ (L2)∗ ↪→ V ∗ ↪→ (D(A))∗ .
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We denote by 〈·, ·〉 the scalar product on L2 or the duality form on V ∗ × V and
(D(A))∗ × D(A).

Since for u ∈ V , u(ξ ) = ∫ ξ

0 (du(η)/dη) dη, the space V is embedded into
C([0, 1]) ⊂ L∞. For u, z ∈ C1([0, 1]) write

B(u, z)(ξ ) := 1
2

d(uz)

dξ
(ξ ), ξ ∈ [0, 1].

Lemma 18.9 Let p, q > 1 be such that 1/p + 1/q = 1/2. Then B can be
uniquely extended to a bounded linear mapping from L p × Lq to V ∗.

Proof Let φ ∈ V and u, z ∈ C1([0, 1]). Then

|〈B(u, z), φ〉| = 1
2

∣∣∣∣
∫ 1

0
u(ξ )z(ξ )

dφ

dξ
(ξ ) dξ

∣∣∣∣ ≤ 1
2 |uz|L2

∣∣∣∣dφ

dξ

∣∣∣∣
L2

≤ 1
2 |u|L p |z|Lq |φ|V .

�

Lemma 18.10 The Laplace operator A can be uniquely extended to a bounded
linear operator1 from V to V ∗ and from L2 into (D(A))∗.

Proof Let u ∈ D(A) and φ ∈ V . Then, integrating by parts, we obtain

|〈Au, φ〉| =
∣∣∣∣
∫ 1

0

du

dξ
(ξ )

dφ

dξ
(ξ ) dξ

∣∣∣∣ ≤ |u|V |φ|V ,

which proves the first claim. Since for u, φ ∈ D(A)

|〈Au, φ〉| = |〈u, Aφ〉| ≤ |u|L2 |Aφ|L2 ≤ |u|L2 |φ|D(A),

the second claim follows. �

Given a Banach space U write L2(0, T ; U ) := L2([0, T ],B([0, T ]), �1; U ).
From now on we assume that Z takes values in (D(A))∗.

Definition 18.11 A random element v : � 
→ L2(0, T ; L4) is a solution to the
Burgers problem if and only if, for each φ ∈ D(A), P-a.s.,

〈v(t), φ〉 = 〈v0, φ〉 +
∫ t

0

〈
ν Av(s) + B(v(s), v(s)), φ

〉
ds + 〈Z (t), φ〉 (18.5)

for �1-almost all t ∈ [0, T ].

By Lemmas 18.9 and 18.10, for every u ∈ L2(0, T ; L4) the mappings t 
→
B(u(t), u(t)) and t 
→ Au(t) belong to L2(0, T ; V ∗). Thus the assumption in the

1 This operator is also denoted by A.
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definition above that X has trajectories in L2(0, T ; L4) guarantees that all terms
on the right-hand side of (18.5) are well defined.

We will formulate a sufficient condition for the existence of a solution to the
Burgers problem in terms of the existence of a sufficiently regular solution Z A to
the linear problem

∂ Z A

∂t
(t, ξ ) = ν

∂2 Z A

∂ξ 2
(t, ξ ) + ∂ Z

∂t
, ξ ∈ (0, 1), t ∈ [0, T ],

Z A(t, 0) = Z (t, 1), t ∈ (0, T ],
Z A(0, ξ ) = 0, ξ ∈ [0, 1].

(18.6)

Definition 18.12 A random element Z A : � 
→ L2(0, T ; L2) is a solution to
(18.6) if, for every φ ∈ D(A), P-a.s.,

〈Z A(t), φ〉 =
∫ t

0
〈ν AZ A(s), φ〉 ds + 〈Z (t), φ〉

for �1-almost all t ∈ [0, T ].

Remark 18.13 Let A denote the Laplace operator on [0, 1] with Dirichlet bound-
ary conditions, and let S be the semigroup generated by ν A. It is easy to see that
S has a unique extension to a C0-semigroup of contractions on V ∗. Next, by the
Lévy–Khinchin decomposition, Z can be seen as a sum of a square integrable
martingale and a process with finite variation in V ∗. Thus (see subsection 8.6.2,
the Kotelenez inequality from subsection 9.4.1) the solution to (18.2) is a càdlàg
process in V ∗ given by

Z A(t) :=
∫ t

0
S(t − s) dZ (s), t ≥ 0.

We can now formulate our main existence result.

Theorem 18.14 Assume that there is a solution Z A to (18.6) with trajectories
in L4(0, T ; L2). Then for each v0 ∈ L2 there is a unique solution to the Burgers
problem.

Proof Note that v : � 
→ L2(0, T ; L4) is a solution to the Burgers problem if
and only if Y := v − Z A solves

dY = (ν AY + B(Y + Z A, Y + Z A)) dt, Y (0) = v0,

that is, if and only if for every φ ∈ D(A), P-a.s.,

〈Y (t), φ〉 = 〈Y (0), v0〉 +
∫ t

0

〈
ν AY (s) + B(Y (s) + Z A(s), Y (s) + Z A(s)), φ

〉
ds
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for �1-almost all t ∈ [0, T ]. Thus the theorem is a direct consequence of the fol-
lowing deterministic result from Brzeźniak (2006); see Proposition 3.13. �

Lemma 18.15 Assume that z ∈ L2(0, T, L4). Then for every v0 ∈ L2 there is a
unique y ∈ L2(0, T ; L4) such that, for any φ ∈ D(A), P-a.s.

〈y(t), φ〉 = 〈y(0), v0〉 +
∫ t

0

〈
ν Ay(s) + B(y(s) + z(s), y(s) + z(s)), φ

〉
ds

for �1-almost all t ∈ [0, T ].

For the proof of the lemma we refer the reader to Brzeźniak (2006). It is worth
noting that the claim in this paper is much stronger than that presented in our
lemma. Namely, it was shown that for every z ∈ L4(0, T ; L2), g ∈ L2(0, T ; V ∗)
and v0 ∈ L2 there is a unique solution y ∈ X := L∞(0, T ; L2) ∩ L2(0, T ; V ) ∩
W 1,2(0, T ; V ∗) to the problem

dy = (ν Ay + B(y, z) + B(z, y) + B(y, y) + g) dt, y(0) = v0. (18.7)

Moreover, it was shown that the mapping L2(0, T ; V ∗) × L2 � (g, x0) 
→ z ∈ X ,
where z is the solution to (18.7), is real analytic. This result was then applied to
the construction of the so-called random dynamical system associated with the
Burgers equation and to the investigation of its random attractors and asymptotic
compactness and the existence of invariant measures.

Example 18.16 Assume that Z = W + L + L̃ , where W is a Wiener process
with RKHS contained in L2, L is a square integrable martingale in L2 and L̃ is a
compound Poisson process in L4. Assume, moreover, that L(t)=∫ t

0

∫
L2 xπ̂ (ds, dx),

where the intensity measure ν of π satisfies∫
L2

|x | j
L2ν(dx) < ∞, j = 1, 2.

Then Z A = WA + L A + L̃ A. Clearly L̃ A is càdlàg in L4. By Theorem 12.17,
WA has continuous trajectories in C([0, 1]). To see that L A has trajectories in
L2(0, T ; L4) we use Proposition 6.7, as we did in the proof of Theorem 16.7.
Namely,

I (t) := E |L A(t)|2L4 = E

∣∣∣∣
∫ t

0

∫
L2

S(t − s)xπ̂ (ds, dx)

∣∣∣∣
2

L4

.

By Proposition 6.7, there is a polynomial R such that I (t) = R(I1(t), I2(t)), where

I j (t) =:
∫ t

0

∫
L2

|S(t − s)x | j
L4 ds ν(dx), j = 1, 2.
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We have

I j (t) =
∫ t

0

∫
L2

|S(s)x | j
L4 ds ν(dx)

≤
∫ t

0

∫
L2

‖S(s)‖ j
L(L2,L4)|x | j

L2 ds ν(dx).

By Theorem B.7, ‖S(s)‖L(L2,L4) ≤ Cs−1/8, s ∈ [0, T ], and hence

sup
t∈[0,T ]

I j (t) < ∞, j = 1, 2.

Summing up, Z A has trajectories in L2(0, T ; L4) and consequently for any v0 ∈ L2

there is a unique solution to the Burgers problem.

Remark 18.17 If Z is an impulsive white noise on L2 then Z A has trajectories
in L2(0, T ; L2) but not in L2(0, T ; L4).
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Environmental pollution model

In this chapter, following Kallianpur and Xiong (1995) we show how one can
model a process of environmental pollution using stochastic parabolic equations
driven by a Poisson measure.

19.1 Model

The chemical concentration X (t, ξ ) at time t at a location ξ ∈ O ⊂ R
d , in the

absence of random deposits, satisfies the following partial differential equation:

∂ X

∂t
(t, ξ ) = AX (t, ξ ) − αX (t, ξ ),

where A = δ� + ∑
i Vi∂/∂ξi , δ is the dispersion coefficient, V = (V1, . . . , Vd )

is the drift vector and α is the leakage rate. For physical reasons the equation is
considered with Neumann boundary conditions.

Assume now that chemicals are deposited at sites inO at random times τ1, τ2, . . .

and locations ξ1, ξ2, . . . with positive random magnitudes σ1, σ2, . . . Assume that
the time intervals τ1, τ2 − τ1, τ3 − τ3, . . . , the random magnitudes σ1, σ2, . . . and
the random locations ξ1, ξ2, . . . are independent random variables and that τ1,
τ2 − τ1, τ3 − τ3, . . . are exponentially distributed with exponent β. Then Z (t) =∑

τk≤t σkδξk is a compound Poisson process with values in the space of discrete
measures. The concentration X corresponding to the random input Z satisfies

dX (t) = (AX (t) − αX ) dt + dZ (t),
X (0) = x .

(19.1)

Let G be the Green function for A − α I . Then the solution to (19.1) is given by

X (t) = S(t)x +
∫ t

0
S(t − s) dZ (s) = S(t)x +

∑
τk≤t

σk S(t − τk)δξk ,

322



19.1 Model 323

where S(t)ψ(ξ ) = ∫
O G(t, ξ, η)ψ(η) dη. This leads to the following function-

valued process:

X (t, ξ ) =
∫
O
G(t, ξ, η)x(η) dη +

∑
τk≤t

σkG(t − τk, ξ, ξk).

Let π (ds, dξ, dσ ) be the Poisson random measure on [0, ∞) × O × [0, ∞), with
intensity ds dξ ν(dσ ). Then

X (t, ξ ) =
∫
O
G(t, ξ, η)x(η) dη +

∫ t

0

∫
O

∫ ∞

0
G(t − s, ξ, η)σπ (ds, dη, dσ )

= I0(t, ξ ) + I1(t, ξ ).

Let π̂ be the compensated measure. Assume that a := ∫ ∞
0 σν(dσ ) < ∞. Then,

for t ≥ 0 and x ∈ O, we have

I1(t, ξ ) = aS(t)χO(ξ ) +
∫ t

0

∫
O

∫ ∞

0
G(t − s, ξ, η)σ π̂ (ds, dη, dσ ).

We therefore have the following corollary to Theorem 12.11, or, in the case of
O = R

d , to Theorem 12.13.

Proposition 19.1 Let T < ∞. Assume that 1 ≤ p < 2/d + 1 and∫ ∞

0
|σ |pν(dσ ) < ∞.

Then, for each x ∈ L p(O)
(
x ∈ L p

ρ

)
, there exists a unique XT,p(XT,p,ρ) solution

to (19.1).

Different situations (see Kallianpur and Xiong 1995) can be considered with
similar results. Suppose, for instance, that factories are located at fixed sites
a1, a2, . . . , ar ∈ [0, l] and that the interval [0, l] represents a river. The factories
deposit chemicals with magnitudes σi , i = 1, 2, . . . , r , distributed uniformly in
the intervals (ai − εi , ai + εi ) ⊂ [0, l]. They pollute the river independently ac-
cording to Poisson processes with parameters λ1, . . . , λr . The distributions of σi ,
i = 1, . . . , r , are measures μ1, . . . , μr on R+. The corresponding Lévy process Z
is then function-valued:

Z (t, ξ ) =
r∑

k=1

∑
τ

j
k ≤t

σ
j

k χ(ak−εk ,ak+εk )(ξ ).
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Bond market models

Stochastic infinite-dimensional calculus and the theory of stochastic evolution
equations find an interesting application in the mathematical finance of bond mar-
kets. In this chapter, models proposed by Heath, Jarrow and Morton (1992), but
with Lévy noise, are investigated. The so-called HJM condition is derived, and a
generalized Heath, Jarrow and Morton equation is considered. The mean reversion
property of the solutions is established. The final part of the chapter is devoted to
the so-called consistency problem in the Gaussian case.

20.1 Forward curves and the HJM postulate

The basic concept in bond market theory is the forward rate function. Denote by
P(t, θ ), 0 ≤ t ≤ θ , the market price at time t of a bond paying the amount 1 at
time θ and by (R(t), t ≥ 0) the short-rate process offered by a bank. Functions
f (t, θ ), 0 ≤ t ≤ θ , defined by the relation

P(t, θ ) = exp

{
−
∫ θ

t
f (t, σ ) dσ

}
, t ≤ θ,

are called forward rate functions.
In Heath, Jarrow and Morton (1992) it was assumed that

d f (t, θ ) = α(t, θ ) dt + 〈σ (t, θ ), dW (t)〉, (20.1)

where W is a d-dimensional Wiener process with covariance Q. According to
the observed data, the (random) function f (t, θ ) is regular in θ for fixed t and
chaotic in t for fixed θ . The latter property is implied by the presence of W in the
representation, and the former is implied by the regular dependence of α(t, θ ) and
σ (t, θ ) on θ for fixed t .

324
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For practical implementation of bond market models it is useful to replace the
Wiener process W by a Lévy process Z defined on a filtered probability space
(�,F, (Ft ), P) and taking values in a possibly infinite-dimensional Hilbert space
(U, 〈·, ·〉U ). Thus we assume that the dynamics of the forward rate functions is
given by the equation

d f (t, θ ) = α(t, θ ) dt + 〈σ (t, θ ), dZ (t)〉U , t ≤ θ. (20.2)

For each θ ≥ 0 α(t, θ ) and σ (t, θ ) are predictable processes. We may extend
α, σ and P , putting

α(t, θ ) := 0, σ (t, θ ) := 0 for t ≥ θ (20.3)

and

P(t, θ ) := exp

{∫ t

θ

R(s) ds

}
for t ≥ θ. (20.4)

Let us note that if t ≤ θ then

f (t, θ ) = f (0, θ ) +
∫ t

0
α(s, θ ) ds +

∫ t

0
〈σ (s, θ ), dZ (s)〉U ,

and if θ ≤ t then

R(θ ) = f (0, θ ) +
∫ θ

0
α(s, θ ) ds +

∫ θ

0
〈σ (s, θ ), dZ (s)〉U = f (t, θ ). (20.5)

From now on we assume (20.2)–(20.4) and that the short rate is given by (20.5).
Let x be the initial capital V (0) of an investor and assume that she or he buys

π1(0), . . . , πN (0) bonds with maturities 0 < θ1 < θ2 < · · · < θN and puts the rest
π0(0) into a bank account. The random variables π1(0), . . . , πN (0) should be F0-
measurable. Assume in addition that the portfolio

π (t) := (π1(t), . . . , πN (t)) = (π1(0), . . . , πN (0))

is unchanged in the time interval [0, t1). Write

S0(t) := exp

{∫ t

0
R(s) ds

}
, Si (t) := P(t, θi ), t ≥ 0, i = 1, . . . , N .

Then

V (0) := x = π0(0)S0(0) + π1(0)S1(0) + · · · + πN (0)SN (0)

and the total capital V (t) of the investor at time t ≤ t1 is equal to

V (t) := π0(0)S0(t) + π1(0)S1(t) + · · · + πN (0)SN (t).

At time t1 the investor fixes a new portfolio

π (t1) = (π1(t1), . . . , πN (t1))
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of Ft1 -measurable random variables, which is constant for t ∈ (t1, t2]. This pro-
cedure can be repeated for consecutive intervals and in this way one arrives at
the concept of a simple self-financing strategy (π(t), t ≥ 0). We have the follow-
ing result involving so-called discounted capitals (V̂ (t), t ≥ 0) and discounted
prices (Ŝ(t), t ≥ 0). This lemma can be extended to a large family of predictable
processes π .

Lemma 20.1 Let

V̂ (t) := V (t)

S0(t)
, Ŝ(t) :=

(
S1(t)

S0(t)
, . . . ,

SN (t)

S0(t)

)
.

Then, for any simple self-financing strategy (π0(t), . . . , πN (t)),

V̂ (t) = V (0) +
∫ t

0
〈π (s), dŜ(s)〉. (20.6)

Proof It is enough to consider t ≤ t1. Then

V̂ (t) = π0(0) + π1(0)Ŝ1(t) + · · · + πN (0)ŜN (t).

Therefore

V̂ (t) − V̂ (0) = V̂ (t) − x

= π1(0)
(
Ŝ1(t) − Ŝ1(0)

)+ · · · + πN (0)
(
ŜN (t) − Ŝ1(0)

)
,

and the result follows. �

Let us identify the strategy π (t) with a measure-valued process

�(t) :=
N∑

j=1

δ{θ j }π j (t), t ≥ 0.

Let

P̂(t, θ ) := exp

{
−
∫ t

0
R(s) ds

}
P(t, θ ), t ≥ 0, (20.7)

be the discounted price of the bond. Then 〈π (t), Ŝ(t)〉 = (P̂(t), �(t)), where (ϕ, λ)
denotes the integral of the function ϕ with respect to the (not necessarily positive)
measure λ. Then (20.6) can be rewritten with a stochastic integral,

V̂ (t) = V (0) +
∫ t

0

(
dP̂(s), �(s)

)
, t ≥ 0. (20.8)

with respect to the infinite-dimensional process (P̂(t), t ≥ 0).
Let us assume that the process (P̂(t), t ≥ 0) evolves on the space H 1 :=

W 1,2(0, ∞,B((0, ∞)), ν) of absolutely continuous functions whose first deriva-
tive is square integrable with respect to a given non-negative measure ν. Then the
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dual space H 1∗ contains all measures of the form
∑N

j=1 γ jδ{θ j } as a dense subset.
We therefore adopt (20.8) as the definition of the discounted capital for a strategy
� that is an H 1∗-valued process stochastically integrable with respect to P̂ . For
more details we refer the reader to Filipović (2001) and Zabczyk (2001b).

Definition 20.2 A strategy � is called an arbitrage opportunity if V (0) = 0 and
for some t > 0 one has P(V (t) ≥ 0) = 1 and P(V (t) > 0) > 0.

It should be clear that in the above definition one can replace the capital V by
the discounted capital.

The fundamental theorem of asset-pricing theory from Delbaen and
Schachermayer (1994) states that under fairly general conditions there are no
arbitrage-opportunity strategies if and only if there exists a probability measure
P̂, equivalent to the initial one, P, such that (Ŝ(t), t ≥ 0) is a local martingale
on (�,F, P̂). Measures P̂ with these properties are called equivalent martingale
measures. In Heath, Jarrow and Morton (1992) the so-called HJM postulate was
introduced:

HJM postulate For each θ ∈ [0, T ] the process P̂(t, θ ), t ≤ θ , is a local mar-
tingale on (�,F, (Ft ), P̂) for some probability measure P̂ equivalent to P.

In applications of the theory one usually assumes that the measure P is a mar-
tingale measure. Note that if for each θ ≥ 0 the process (P̂(t, θ ), t ≥ 0) is a local
martingale then, under mild conditions on the strategy �, the corresponding dis-
counted capital is a local martingale (as a stochastic integral with respect to a local
martingale) and therefore � is not an arbitrage opportunity.

20.2 HJM condition

Let us recall (see Theorem 4.27) that E ei〈x,Z (t)〉U = e−tψ(x), x ∈ U , t ≥ 0, where

ψ(x) := −i〈a, x〉U + 1
2 〈Qx, x〉U + ψ0(x),

ψ0(x) :=
∫

U

(
1 − ei〈x,y〉U + i〈x, y〉U χ{|y|U ≤1}(y)

)
ν(dy), x ∈ U.

Moreover,

Z (t) = at + W (t) +
∫ t

0

∫
{|y|U ≤1}

y
(
π(ds, dy) − ds ν(dy)

)
+
∫ t

0

∫
{|y|U >1}

y π (ds, dy),
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where π is the Poisson random measure corresponding to Z . Under additional
conditions the process Z has exponential moments, its Laplace transform exists
and

E e−〈x,Z (t)〉U = e−tψ̃(x), x ∈ U,

where ψ̃ is given in Theorem 4.30. Then J := −ψ̃ is given by

J (x) := −〈a, x〉U + 1
2 〈Qx, x〉U + J0(x),

J0(x) :=
∫

U

(
e−〈x,y〉U − 1 + 〈x, y〉U χ{|y|U ≤1}

)
ν(dy).

(20.9)

Let b be the Laplace transform of the measure ν restricted to the complement of
the ball {y : |y|U ≤ 1}, that is,

b(x) :=
∫

{|y|U >1}
e−〈x, y〉U ν(dy),

and let B be the set of those x ∈ U for which the Laplace transform is finite. Thus
B = {x ∈ U : b(x) < ∞}. We intend now to prove a theorem from Jakubowski
and Zabczyk (2004, 2007), which states “if and only if” conditions under which
the discounted-price processes (20.7) are local martingales with respect to the
probability P. We will regard the coefficients α and σ in (20.2) as, respectively,
H = L2([0, T ])-valued and L(U, H )-valued predictable processes given by

α(t)(θ ) = α(t, θ ), θ ∈ [0, T ],

σ (t)x(θ ) = 〈σ (t, θ ), x〉U , x ∈ U, θ ∈ [0, T ].

For our purposes it is convenient to introduce the following condition on the jump
intensity measure ν:

∀ r > 0 the function b is bounded on {x ∈ B : |x |U ≤ r}. (20.10)

In the theorem below J : U 
→ R is given by (20.9).

Theorem 20.3 Assume that the predictable processes α and σ have bounded
trajectories and that (20.10) is satisfied.

(i) If the discounted-price processes given by (20.7) are local martingales then,
for all θ ≤ T ,∫ θ

t
σ (t, v) dv ∈ B, P -a.s. for almost all t ∈ [0, θ]. (20.11)

(ii) Assume (20.11). Then the discounted-price processes (20.7) are local
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martingales if and only if∫ θ

t
α(t, v) dv = J

(∫ θ

t
σ (t, v) dv

)
,

∀ θ ≤ T , P-a.s. for almost all t ∈ [0, θ ].

(20.12)

Remark 20.4 We call (20.12) the HJM condition. Let D be the derivative oper-
ator acting on functions defined on U . Note that the theorem says that under very
mild assumptions the discounted-price processes are local martingales if and only
if (20.12) holds or, equivalently, if and only if

α(t, θ ) = d

dθ
J

(∫ θ

t
σ (t, v) dv

)
=
〈

D J

(∫ θ

t
σ (t, v) dv

)
, σ (t, θ )

〉
U

.

Thus the dynamics of the forward-rate functions is given by

d f (t, θ ) =
〈

D J

(∫ θ

t
σ (t, v) dv

)
, σ (t, θ )

〉
U

dt + 〈σ (t, θ ), dZ (t)〉U .

Note that the drift term is completely determined by the diffusion term.

Remark 20.5 In the particular case where Z is a Wiener process with covariance
Q one arrives at the classical HJM condition∫ θ

t
α(t, v) dv = 1

2

〈
Q
∫ θ

t
σ (t, v) dv,

∫ θ

t
σ (t, v) dv

〉
U

introduced in Heath, Jarrow and Morton (1992). Clearly the condition above holds
if and only if

α(t, θ ) =
〈

Qσ (t, θ ),
∫ θ

t
σ (t, v) dv

〉
U

for every θ ≤ T , P-a.s. for almost all t ∈ [0, θ ].

Remark 20.6 Formulae similar to (20.12) were obtained in Björk et al. (1997),
Björk, Kabanov and Runggaldier (1997) and Eberlein and Raible (1999).

Proof of Theorem 20.3 Fix a time θ ≤ T . For t ∈ [0, T ] set

A(t, θ ) := 〈
χ[0,θ ], α(t)

〉
H =

∫ θ

0
α(t, η) dη =

∫ θ

t
α(t, η) dη,

�(t, θ ) := σ ∗(t)χ[0,θ ] =
∫ θ

t
σ (t, η) dη.
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Since θ is fixed, in the following calculations we omit θ and write A(t) and �(t).
Let

X (t) := 〈
χ[0,θ ], f (t)

〉
H =

∫ θ

0
f (t, η) dη.

Then

dX (t) = A(t) dt + 〈�(t), dZ (t)〉U

= A(t) dt + 〈�(t), a dt + dW (t)〉U

+
∫

U
χ{|y|U ≤1}(y)〈�(s), y〉U

(
π (dt, dy) − dt ν(dy)

)
+
∫

U
χ{|y|U >1}(y)〈�(s), y〉U π (ds, dy).

To apply the Itô formula to ψ(X (t)) for a given function ψ ∈ C2(R), denote by μX

the jump measure of the semimartingale X . We have �X (t) = 〈�(t), �Z (t)〉U .
Therefore

μX ([0, t], �) =
∑
s≤t

χ�

(〈
�(s), �Z (s)

〉
U

) =
∫ t

0

∫
U

χ�

(〈
�(s), y

〉
U

)
π (ds, dy),

and, more generally, for a non-negative predictable field ϕ(s, z), s ≥ 0, z ∈ R,∫ t

0

∫
R

ϕ(s, z) μX (ds, dz) =
∫ t

0

∫
U

ϕ
(
s, 〈�(s), y〉U

)
π (ds, dy).

Moreover, the quadratic-variation process of
∫ t

0 〈�(s), dW (s)〉U is equal to∫ t
0 〈Q�(s), �(s)〉U ds. Consequently, the Itô formula from Appendix D yields

ψ(X (t)) = ψ(X (0)) +
∫ t

0
ψ ′(X (s−)) dX (s)

+ 1
2

∫ t

0
ψ ′′(X (s))

〈
Q�(s), �(s)

〉
U

ds

+
∑
s≤t

(
ψ(X (s)) − ψ(X (s−)) − ψ ′(X (s−))�X (s)

)
=: ψ(X (0)) + I1(t) + I2(t) + I3(t).

We have

I1(t) = M1(t) +
∫ t

0
ψ ′(X (s−))

(
A(t) + 〈�(s), a〉U

)
ds

+
∫ t

0

∫
U

χ{|y|U >1}(y)ψ ′(X (s−))〈�(s), y〉U π (ds, dy),
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where M1 is a local martingale, since it is the sum of a Wiener integral and a
stochastic integral with respect to the compensated jump measure π̂ . Write

�(t)(y) := ψ
(
X (t−) + 〈�(t), y〉U

)− ψ(X (t−))

and

�(t)(y) := ψ ′(X (t−))〈�(t), y〉U .

Then

I3 =
∫ t

0

∫
R

(
ψ(X (s−) + z) − ψ(X (s−)) − ψ ′(X (s−))z

)
μX (ds, dz)

=
∫ t

0

∫
U

(
�(s)(y) − �(s)(y)

)
π (ds, dy).

Consequently,

ψ(X (t)) = ψ(X (0)) + M1(t)

+
∫ t

0
ψ ′(X (s−))

(
A(t) + 〈�(s), a〉U

)
ds

+ 1
2

∫ t

0
ψ ′′(X (s))〈Q�(s), �(s)〉U ds

+
∫ t

0

∫
U

(
�(s)(y) − �(s)(y)

)
π (ds, dy). (20.13)

The discounted prices are local martingales if (ψ(X (t)), t ≥ 0) is a local martingale
for ψ(x) = e−x , x ∈ R. Thus, there exists an increasing sequence (τn) of stopping
times such that the integrals∫ t

0

∫
U

χ[0,τn ](s)
(
�(s)(y) − �(s)(y)

)
π (ds, dy), n ∈ N,

are random variables with finite expectation. Let

ξn(t, y) := χ[0,τn ](t)
(
�(t)(y) − �(t)(y)

)
.

Then ∫ t

0

∫
U

ξn(s, y)+π (ds, dy) and
∫ t

0

∫
U

ξn(s, y)−π (ds, dy)

are also integrable random variables. Since the random fields ξ+
n , ξ−

n are pre-
dictable, we have

E

∫ t

0

∫
U

|ξn(s, y)|π (ds, dy) = E

∫ t

0

∫
U

|ξn(s, y)| ds ν(dy) < ∞.
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Consequently,

E

∫ t

0

∫
U

χ[0,τn ](s)χ{|y|U >1}
∣∣ψ(X (s−) + 〈�(s), y〉U

)− ψ(X (s−))
∣∣ ds ν(dy)

is finite, and hence

E

∫ t

0

∫
U

χ[0,τn ](s)e−X (s−)
∫

{|y|U >1}

∣∣e−〈�(s),y〉U − 1
∣∣ ν(dy) ds < ∞.

Hence, for each natural n, P-a.s.
∫ τn

0 b(�(s)) ds < ∞, and the first part of the
theorem follows.

To prove the second part, consider formula (20.13) with ψ(x) = e−x . Let �

and � be as in the proof of the first part. Note that if (20.10) holds then

J (t) :=
∫ t

0

∫
U

|�(s) − �(s)| ν(dz) ds < ∞.

Therefore ∫ t

0

∫
U

(
�(s)(y) − �(s)(y)

)
π (ds, dy)

=
∫ t

0

∫
U

(
�(s)(y) − �(s)(y)

)(
π (ds, dy) − ds ν(dy)

)
+
∫ t

0

∫
U

(
�(s)(y) − �(s)(y)

)
ds ν(dy).

Consequently, (20.13) can be rewritten as

e−X (t) = e−X (0) + M2(t) +
∫ t

0
ψ ′(X (s−))

(
A(s) − J (�(s))

)
ds,

where M2 is a local martingale. This finishes the proof of the theorem. �

20.3 HJMM equation

An important link between HJM modeling and stochastic partial differential equa-
tions is provided by the so-called Musiela parametrization. Assume that

d f (t, θ ) = α(t, θ ) dt + 〈σ (t, θ ), dZ (t)〉U ,

and for t ≥ 0, ξ ≥ 0 and u ∈ U define

r (t)(ξ ) := f (t, t + ξ ), a(t)(ξ ) := α(t, t + ξ ),

(b(t)u) (ξ ) := 〈σ (t, t + ξ ), u〉U .
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We will call r the forward curve. Next, let S(t)ϕ(ξ ) = ϕ(ξ + t) be the shift semi-
group. Then

r (t)(ξ ) = f (t, t + ξ )

= f (0, t + ξ ) +
∫ t

0
α(s, t + ξ ) ds +

∫ t

0

〈
σ (s, t + ξ ), dZ (s)

〉
U

= r (0)(t + ξ ) +
∫ t

0
a(s)(t − s + ξ ) ds +

∫ t

0
b(s)(t − s + ξ ) dZ (s)

= S(t)r (0)(ξ ) +
∫ t

0
S(t − s)a(s)(ξ ) ds +

∫ t

0
S(t − s)b(s)(ξ ) dZ (s).

Thus

r (t) = S(t)r (0) +
∫ t

0
S(t − s)a(s) ds +

∫ t

0
S(t − s)b(s) dZ (s)

is a mild solution to the equation

dr (t) =
(

∂

∂ξ
r (t) + a(t)

)
dt + b(t) dZ (t),

where ∂/∂ξ denotes the generator of (S(t), t ≥ 0). Identifying the L(U, R)-valued
process b(·)(ξ ) with the corresponding U -valued process (denoted also by b(·)(ξ ))
we note that if the HJM condition is satisfied then

dr (t)(ξ ) =
(

∂

∂ξ
r (t)(ξ ) +

〈
b(t)(ξ ), D J

(∫ ξ

0
b(t)(η) dη

)〉
U

)
dt

+ b(t)(ξ ) dZ (t)

= ∂

∂ξ

(
r (t)(ξ ) + J

(∫ ξ

0
b(t)(η) dη

))
dt + b(t)(ξ ) dZ (t). (20.14)

Let the volatility b depend on the forward curve r according to, say, b(t)(ξ ) =
G(t, r (t))(ξ ), and let

F(t, r )(ξ ) :=
〈
G(t, r (t))(ξ ), D J

(∫ ξ

0
G(t, r (t))(η) dη

)〉
U

= ∂

∂ξ
J

(∫ ξ

0
G(t, r (t))(η) dη

)
. (20.15)

Then the forward-curve process becomes a solution of the so-called Heath–
Jarrow–Morton–Musiela (HJMM) equation

dr (t)(ξ ) =
(

∂

∂ξ
r (t)(ξ ) + F(t, r (t))(ξ )

)
dt + G(t, r (t))(ξ ) dZ (t). (20.16)
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20.3.1 Existence of solutions

Following Peszat, Rusinek and Zabczyk (2007), we derive the existence of a solu-
tion to (20.16) from the general theorem 9.29. We assume that the driving noise Z
is a finite-dimensional, say R

d -valued, square integrable martingale. Thus U = R
d

and Z is a sum of a Wiener process and a compensated jump process, and therefore

J (z) = 1
2 〈Qz, z〉 +

∫
Rd

(
e−〈z,y〉 − 1 + 〈z, y〉) ν(dy), (20.17)

where Q is a symmetric non-negative-definite matrix and the jump measure ν

satisfies
∫

Rd |y|2ν(dy) < ∞. Here we denote by 〈·, ·〉 the scalar product on R
d and

by | · | the corresponding norm. We have the following elementary fact.

Lemma 20.7

(i) If z ∈ R
d is such that

∫
{|y|≥1} |y|e|z||y|ν(dy) < ∞ then J is differentiable at z

and

D J (z) = Qz +
∫

Rd

y
(
1 − e−〈z,y〉) ν(dy).

(ii) If z ∈ R
d is such that

∫
Rd |y|2e|z||y|ν(dy) < ∞ then J is twice differentiable

at z and

D2 J (z) = Q +
∫

Rd

y ⊗ y e−〈z,y〉ν(dy),

where y ⊗ y[v] = 〈y, v〉y, v ∈ R
d .

We assume that G is of composition type, that is,

G(t, r (t))(ξ )[z] = 〈g(t, ξ, r (t)(ξ )), z〉, t, ξ ∈ [0, +∞), z ∈ R
d , (20.18)

where g : [0, +∞) × [0, +∞) × R 
→ R
d . We identify G(t, ψ)(ξ ) with the vector

g(t, ξ, ψ(ξ )) in R
d .

Given γ > 0 we consider the equation on the state space Hγ := Hγ ⊕ {constant
functions}, where Hγ := L2

(
[0, +∞),B([0, +∞)), eγ ξ d ξ

)
. Note that Hγ ,

equipped with the scalar product 〈ψ + u, ϕ + v〉Hγ
:= 〈ψ, ϕ〉Hγ

+ uv, ψ, ϕ ∈ Hγ ,
u, v ∈ R, is a real separable Hilbert space.

Let S be the shift semigroup. Then, for ψ ∈ Hγ ,

|S(t)ψ)|2Hγ
=
∫ +∞

0
|ψ(ξ + t)|2eγ ξ dξ =

∫ +∞

t
|ψ(η)|2eγ (η−t) dη ≤ e−γ t |ψ |2Hγ

,

and hence the following lemma holds.

Lemma 20.8 S is a C0-semigroup on Hγ and Hγ . Moreover,

‖S(t)‖L(Hγ ,Hγ ) ≤ e−γ t/2, ‖S(t)‖L(Hγ ,Hγ ) = 1, t ≥ 0.
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By the Hölder inequality, for every γ > 0 the space Hγ is continuously em-
bedded into L1 := L1([0, +∞),B([0, +∞)), dξ ) and |ψ |L1 ≤ γ −1/2|ψ |Hγ

for all
ψ ∈ Hγ . We can formulate our first existence theorem.

Theorem 20.9 Let Z be an R
d -valued square integrable mean-zero Lévy process

with jump measure ν, and let G be given by (20.18). Assume that there are functions
g ∈ Hγ and h ∈ Hγ ∩ L∞ such that

(i)
∫

R
y2 exp {|g|L1 |y|} ν(dy) < ∞,

(ii) for all t, ξ ∈ [0, +∞) and u, v ∈ R

|g(t, ξ, u)| ≤ g(ξ ), |g(t, ξ, u) − g(t, ξ, v)| ≤ h(ξ )|u − v|.
Then, for each r0 ∈ Hγ (for each r0 ∈ Hγ ) there is a unique solution r to (20.16)
in Hγ (in Hγ ) satisfying r (0) = r0. Moreover, if the coefficient g does not depend
on t then (20.16) defines (time-homogeneous) Feller families on Hγ and on Hγ .

We note that this book is indeed concerned mainly with time-homogeneous
equations. Clearly (20.16) can be written as a time-homogeneous equation of
variables X = (r, t) on the state space Hγ × R. Therefore the theorem is a direct
consequence of Lemmas 20.7 and 20.8, Theorem 9.29 and the following lemma,
which will be useful elsewhere also (see the proof of Theorem 20.19 below). It
will be convenient to introduce the following notation:

K1(J, g) := sup
z : |z|≤|g|L1

|D J (z)| , K2(J, g) := sup
z : |z|≤|g|L1

∥∥D2 J (z)
∥∥

L(Rd ,Rd ) .

Clearly, if assumption (i) of Theorem 20.9 is satisfied then, by Lemma 20.7, J is
twice differentiable at an arbitrary z with |z| ≤ |g|L1 and Ki (J, g) < ∞, i = 1, 2.

Lemma 20.10 Under the assumptions of Theorem 20.9, for every t ≥ 0 we have
G(t, ·) : Hγ 
→ L (H S)(Rd , Hγ ) and F(t, ·) : Hγ 
→ Hγ . Moreover, the following
estimates hold.

(i) For all t ≥ 0 and ψ ∈ Hγ ,

|F(t, ψ)|2Hγ
+ ‖G(t, ψ)‖2

L (H S)(Rd ,Hγ ) ≤ (
K 2

1 (J, g) + 1
) |g|2Hγ

.

(ii) For all t ≤ 0 and ψ, ϕ ∈ Hγ ,

‖G(t, ψ) − G(t, ϕ)‖L (H S)(Rd ,Hγ ) ≤ |h|L∞ |ψ − ϕ|Hγ
,

|F(t, ψ) − F(t, ϕ)|Hγ
≤ K |ψ − ϕ|Hγ

,

where K := |h|L∞
(
2K2(J, g)|g|2Hγ

+ 2K1(J, g)
)1/2

.
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(iii) For all t ≥ 0 and ψ, ϕ ∈ Hγ ,

|F(t, ψ) − F(t, ϕ)|2Hγ
+ ‖G(t, ψ) − G(t, ϕ)‖2

L (H S)(Rd ,Hγ ) ≤ K̃ |ψ − ϕ|2Hγ
,

where K̃ := 2
(|h|2L∞ + |h|2Hγ

)(
1 + 2K2(J, g)|g|2Hγ

+ 2K1(J, g)
)
.

Proof Take t ≥ 0 and ψ ∈ Hγ . Then

‖G(t, ψ)‖2
L (H S)(Rd ,Hγ ) =

∫ ∞

0
|g(t, ξ, ψ(ξ ))|2eγ ξ dξ ≤ |g|2Hγ

.

Next, treating G(t, ψ)(η) as a vector in R
d ,∣∣∣∣

∫ ξ

0
G(t, ψ)(η) dη

∣∣∣∣ ≤
∫ ∞

0
|g(η)| dη = |g|L1 . (20.19)

Hence, by the first assumption of the theorem and Lemma 20.7, for every ξ > 0
we have that

∫ ξ

0 G(t, ψ)(η) dη belongs to the domain of the derivative of J ,∣∣∣∣D J

(∫ ξ

0
G(t, ψ)(η) dη

)∣∣∣∣ ≤ K1(J, g) < ∞,

and (i) follows.
To see the Lipschitz continuity note that, for ψ, ϕ ∈ Hγ and t ≥ 0,

‖G(t, ψ) − G(t, ϕ)‖2
L (H S)(Rd ,Hγ ) ≤

∫ ∞

0
|h(ξ )|2|ψ(ξ ) − ϕ(ξ )|2eγ ξ dξ.

Thus C(ψ, ϕ) := ‖G(t, ψ) − G(t, ϕ)‖2
L (H S)(Rd ,Hγ ) is estimated as⎧⎪⎪⎪⎨

⎪⎪⎪⎩
|h|2L∞|ψ − ϕ|2Hγ

if ψ, ϕ ∈ Hγ ,

h|2Hγ
|ψ − ϕ|2 if ψ, ϕ ∈ R,

2
(|h|2Hγ

+ |h|2L∞
)(|ψ |2Hγ

+ |ϕ|2) if ψ ∈ Hγ , ϕ ∈ R.

Since for ψ ∈ Hγ and ϕ ∈ R we have |ψ − ϕ|2Hγ
= |ψ |2Hγ

+ |ϕ|2,

C(ψ, ϕ) ≤
⎧⎨
⎩

|h|2L∞|ψ − ϕ|2Hγ
, if ψ, ϕ ∈ Hγ ,

2
(|h|2L∞ + |h|2Hγ

)|ψ − ϕ|2Hγ
, if ψ, ϕ ∈ Hγ .

We will now show the Lipschitz continuity of F . Let ψ, ϕ ∈ Hγ and t ≥ 0. Clearly

|F(t, ψ) − F(t, ϕ)|2Hγ
≤ 2(I1 + I2),

where

I1 :=
∫ ∞

0
|G(t, ψ)(ξ )|2

∣∣∣∣D J

(∫ ξ

0
G(t, ψ)(η) dη

)

− D J

(∫ ξ

0
G(t, ϕ)(η) dη

)∣∣∣∣
2

eγ ξ dξ
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and

I2 :=
∫ ∞

0
|G(t, ψ)(ξ ) − G(t, ϕ)(ξ )|2

∣∣∣∣D J

(∫ ξ

0
G(t, ϕ)(η) dη

)∣∣∣∣
2

eγ ξ dξ.

By (20.19),

I1 ≤ K2(J, g)
∫ ∞

0
|g(ξ )|2

(∫ ξ

0
|G(t, ψ)(η) − G(t, ϕ)(η)| dη

)2

eγ ξ dξ

≤ K2(J, g) |g|2Hγ

∫ ∞

0
|G(t, ψ)(η) − G(t, ϕ)(η)|2 dη

≤ K2(J, g) |g|2Hγ
‖G(t, ψ) − G(t, ϕ)‖2

L (H S)(Rd ,Hγ )

and

I2 ≤ K1(J, g) ‖G(t, ψ) − G(t, ϕ)‖2
L (H S)(Rd ,Hγ ).

�

Remark 20.11 Note that for any initial value r0 ∈ Hγ the solution to (20.16) is a
càdlàg process in Hγ . Indeed, the stochastic term

∫ t
0 S(t − s)G(s, r (s)) dZ (s) can

be written as
∫ t

0 S(t − s) dM(s), where M(t) = ∫ t
0 G(s, r (s)) dZ (s) is a square in-

tegrable martingale in Hγ . Since, by Lemma 20.8, S is a semigroup of contractions
on Hγ we use inference from the Kotelenez theorem; see Theorem 9.20. Next, if
Z is a Wiener process then by factorization one obtains the continuity of r in Hγ ;
see Theorem 11.8.

20.3.2 A special case

We restrict our attention to the special case of (20.16) for which Z is two-
dimensional and G is, as in subsection 20.3.1, of composition type. In fact we
assume that Z = (W, L) where W is a standard real-valued Wiener process and
L is an independent square integrable real-valued Lévy martingale with Laplace
exponent

log E e−zL(1) =
∫

R

(e−zy − 1 + zy)ν(dy),
∫

R

y2ν(dy) < ∞. (20.20)

Note that, using the notation from the previous subsection, d = 2 and

J (z1, z2) = 1
2 z2

1 +
∫

R

(
e−z2 y − 1 + z2 y

)
ν(dy). (20.21)

Therefore we are concerned with the following equation:

dr (t)(ξ ) =
(

∂

∂ξ
r (t)(ξ ) + F(r )(ξ )

)
dt + g1(t, ξ, r (t)(ξ )) dW (t)

+ g2(t, ξ, r (t)(ξ )) dL(t), (20.22)
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where gi : [0, +∞) × [0, +∞) × R 
→ R, i = 1, 2 and

F(t, ψ)(ξ ) = g1(t, ξ, ψ(ξ ))
∫ ξ

0
g1(t, η, ψ(η)) dη

+ g2(t, ξ, ψ(ξ ))
∫

R

y

(
1 − exp

{
−y

∫ ξ

0
g2(t, η, ψ(η)) dη

})
ν(dy).

Note that G(t, ψ)[z1, z2](ξ ) = g1(t, ξ, ψ(ξ ))z1 + g2(t, ξ, ψ(ξ ))z2.

Theorem 20.12 Assume that ν is supported in [−m, +∞) for some m ≥ 0 and
that g2(t, ξ, u) ≥ 0 for all t, ξ ≥ 0 and u ∈ R. Moreover, we assume that there
are functions g ∈ Hγ and h ∈ Hγ ∩ L∞ such that, for all t, ξ ∈ [0, +∞) and
u, v ∈ R,

|gi (t, ξ, u)| ≤ g(ξ ), |gi (t, ξ, u) − gi (t, ξ, v)| ≤ h(ξ ) |u − v|, i = 1, 2.

Then for each r0 ∈ Hγ (each r0 ∈ Hγ ) there is a unique solution r to (20.22) in
Hγ (in Hγ ) satisfying r (0) = r0. Moreover, if the coefficients gi do not depend on
t then (20.22) defines (time-homogeneous) Feller families on Hγ (on Hγ ).

Proof The proof follows the ideas of the proof of Theorem 20.9. Only the fact that
we do not assume that

∫
R

y2 exp{|g|L1 |y|}ν(dy) < ∞ needs to be explained. This
assumption is allowed since g2 is non-negative and ν has its support in [−m, +∞).
In fact we have the following version of Lemma 20.10. Its proof is left to the
reader. �

To formulate the result we need the following analogues of K1(J, g) and
K2(J, g). Let

J̃ (z) =
∫ +∞

−m

(
e−zy − 1 + zy

)
ν(dy),

and let

K̃ 1
(
J̃ , g

)
:= sup

0≤z≤|g|L1

∣∣ J̃ ′(z)
∣∣ , K2

(
J̃ , g

)
:= sup

0≤z≤|g|L1

∣∣ J̃ ′′(z)
∣∣ .

Note that K̃ i
(
J̃ , g2

)
< ∞, i = 1, 2.

Lemma 20.13 Under the assumptions of Theorem 20.12, for every t ≥ 0, G(t, ·) :
Hγ 
→ L (H S)(R2, Hγ ) and F(t, ·) : Hγ 
→ Hγ . Moreover, we have the
following.

(i) For all t ≥ 0 and ψ ∈ Hγ ,

|F(t, ψ)|2Hγ
+ ‖G(t, ψ)‖2

L (H S)(R2,Hγ ) ≤ 2|g|2Hγ

(
1 + |g|2L1 + K̃ 2

1( J̃ , g)
)
.
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(ii) For all t ≤ 0 and ψ, ϕ ∈ Hγ ,

‖G(t, ψ) − G(t, ϕ)‖L (H S)(R2,Hγ ) ≤ 2|h|L∞ |ψ − ϕ|Hγ
,

|F(t, ψ) − F(t, ϕ)|Hγ
≤ K |ψ − ϕ|Hγ

,

where K := |h|L∞
(
1 + |g|Hγ

+ 2K̃ 2
(
J̃ , g

)|g|2Hγ
+ 2K̃ 1

(
J̃ , g

))1/2
.

(iii) For all t ≥ 0 and ψ, ϕ ∈ Hγ ,

|F(t, ψ) − F(t, ϕ)|2Hγ
+ ‖G(t, ψ) − G(t, ϕ)‖2

L (H S)(R2,Hγ ) ≤ K̃ |ψ − ϕ|2Hγ
,

where

K̃ := 8
(|h|2L∞ + |h|2Hγ

)(
1 + |g|2Hγ

+ 2K̃ 2
(
J̃ , g

)|g|2Hγ
+ 2K̃ 1

(
J̃ , g

))
.

20.3.3 Positivity in the special case

We call a function ψ : [0, +∞) 
→ R non-negative if ψ(ξ ) ≥ 0 for almost all
ξ ≥ 0. Clearly, in all models, the forward-curve functions need to take non-negative
values. We present here sufficient conditions on the coefficient G and the noise
Z under which (20.16) preserves positivity, that is, for every non-negative initial
value r (0) the functions r (t), t ≥ 0, are non-negative.

We restrict our attention to the special case of (20.16) considered in subsec-
tion 20.3.2. To simplify the exposition we consider only time-independent coeffi-
cients gi , i = 1, 2.

Theorem 20.14 Assume that g1(ξ, 0) = 0 for ξ ∈ [0, ∞) and that one of the
following conditions holds:

(i) g = (g1, g2) satisfies the assumptions of Theorem 20.9, ν is supported on
[−m, M] for some m, M > 0 and |g2(ξ, u)| ≤ uM−1 ∧ m−1 for all ξ ≥ 0
and u ≥ 0;

(ii) ν is supported on [−m, +∞) for some m, g1 and g2 satisfy the assumptions
of Theorem 20.12 and 0 ≤ g2(ξ, u) ≤ um−1 for all ξ ≥ 0 and u ≥ 0.

Then (20.19) preserves positivity, that is, for every non-negative r (0) ∈ Hγ the
functions r (t), t ≥ 0, are non-negative.

By Theorems 20.9 and 20.12, for any r (0) ∈ Hγ there is a unique solution
(r (t), t ≥ 0) starting from r (0). Moreover, see Remark 20.11, r is a càdlàg pro-
cess in Hγ . In the proof we will use the following theorem from Milian (2002)
concerning the preserving of positivity by the equation

dX = (AX + F(t, X )) dt + B(t, X ) dW (20.23)
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driven by a Wiener process W taking values in a Hilbert space U . In its formulation,
the state space H is L2(O,B(O), ρ(ξ ) dξ ), whereO is an open domain in R

d and ρ

is a non-negative weight, A generates a C0-semigroup S on H and F : [0, +∞) ×
H 
→ H , B : [0, +∞) × H 
→ L (H S)(U, H ).

Theorem 20.15 (Milian) Assume the following.

(i) The semigroup S preserves positivity.
(ii) There is a constant C such that, for all t, s > 0 and x, y ∈ H,

|F(t, x) − F(s, y)| + ‖B(t, x) − B(s, y)‖L (H S)(U,H )

≤ C (|t − s| + |x − y|H ) .

(iii) For every t ≥ 0 and for all non-negative continuous x, f ∈ H satisfying
〈 f, x〉H = 0 one has 〈F(t, x), f 〉H ≥ 0 and 〈B(t, x)v, f 〉H = 0 for every
v ∈ U.

Then (20.23) preserves positivity.

Remark 20.16 The original theorem of Milian is a little more general. In partic-
ular, it covers also the case where W is a cylindrical Wiener process. Furthermore, it
shows that (iii) is necessary for preserving positivity. The assumption of Lipschitz
continuity in t can be easily replaced by that of uniform continuity.

The problem of preserving positivity and the so-called comparison princi-
ple have been studied by several authors; see e.g. Aubin and Da Prato (1990),
Goncharuk and Kotelenez (1998), Jachimiak (1996) and Kotelenez (1992b).

Proof of Theorem 20.14 First of all note that the semigroup S preserves posi-
tivity. Let D(x)(ξ ) = g2(ξ, x(ξ )) and let us approximate L by a sequence (Ln) of
processes satisfying |�Ln(t)| ≥ 1/n, t ≥ 0, n ∈ N. We assume that Ln converges
P-a.s. to L uniformly on each compact time interval. The existence of such a se-
quence follows from the Lévy–Khinchin decomposition. Let rn be the solution to
the problem

dr =
(

∂

∂ξ
r + F(r )

)
dt + B(r ) dW (t) + D(r ) dLn, rn(0) = r (0). (20.24)

Since rn converges to r it is sufficient to show that (20.24) preserves positivity.
To do this note that Ln has only isolated jumps. Between the jumps positivity is
preserved by Theorem 20.15, as the driving process is Wiener. Assume that the
solution is positive until the jump at time τ . Then

rn(τ )(ξ ) = rn(τ−)(ξ ) + g2(ξ, rn(τ−)(ξ ))(Ln(τ ) − Ln(τ−)).
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Hence if (i) holds then

rn(τ−)(ξ ) + g2(ξ, rn(τ−)(ξ )) (Ln(τ ) − Ln(τ−))

≥ rn(τ−)(ξ ) − (m ∨ M) |g2(ξ, rn(τ−)(ξ ))| ≥ 0

and if (ii) holds then

rn(τ−)(ξ ) + g2(ξ, rn(τ−)(ξ ))(Ln(τ ) − Ln(τ−))

≥ rn(τ−)(ξ ) − mg2(ξ, rn(τ−)(ξ )) ≥ 0,

and the result follows. �

Example 20.17 Let Z = (W, L) be as in Theorem 20.14, and let the jump
measure ν of L be supported on [−m, +∞) for a certain m > 0. Let gi (ξ, u) =
hi (ξ )vi (u), i = 1, 2. Assume that:

(i) the vi , i = 1, 2, are bounded and Lipschitz continuous and the hi , i = 1, 2,
are bounded and belong to Hγ ;

(ii) v1(0) = 0, h2 and v2 are non-negative and 0 ≤ v2(u) ≤ u/(m|h2|L∞) for
u ≥ 0.

Then the assumptions of Theorem 20.14 are satisfies and (20.22) defines Feller-
family-preserving positivity.

An important example of a jump measure supported on [0, +∞) is given below.

Example 20.18 Given α > 0 let ν(dξ ) = χ{ξ>0}ξ−1−βe−αξ . Then there is a
constant c = c(α, β) such that, for z > 0,

J ′(z) =
{

c
(
α−1+β − (z + α)−1+β

)
if 0 < β < 1,

c
(
(z + α)−1+β − α−1+β

)
if 1 < β < 2.

20.3.4 Invariant measures

We will now consider the long-time behavior of the time-homogeneous HJM equa-
tion. Thus we assume that the coefficients G and F in (20.16) are time independent.
As a direct consequence of Lemmas 20.8 and 20.10 and Theorem 16.5 we have
the following result. For more details, see Rusinek (2006b).

Theorem 20.19 Let G and F satisfy the assumptions of Theorem 20.9 for func-
tions g and h. Let K be as in Lemma 20.10. If ω := γ − |h|2L∞ − 2K 2 > 0 then,
for any C ≥ 0, there is a unique invariant measure for (20.16), considered on
Hγ + C, and it is exponentially mixing with exponent ω/2 and function c of linear
growth.
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A similar result can be stated for (20.22), as follows.

Theorem 20.20 Let G and F satisfy the assumptions of Theorem 20.12 for
functions g and h. Let K be as in Lemma 20.13. If ω := γ − 4|h|2L∞ − 2K 2 > 0
then, for any C ≥ 0, there is a unique invariant measure for (20.22), considered
on Hγ + C, and it is exponentially mixing with exponent ω/2 and function c of
linear growth.

20.4 Linear volatility

As in subsection 20.3.2 concerning a special case, we assume that Z = (W, L),
where W is a standard Wiener process in R and L is a real-valued Lévy martingale
with Laplace transform (20.20). Moreover we assume that the volatility G is a
linear function of r , that is,

G(t, ψ)[z1, z2](ξ ) = g1(t)ψ(ξ )z1 + g2(t)ψ(ξ )z2, z1, z2 ∈ R, ξ, t ≥ 0.

Here g1 and g2 are predictable random processes independent of ξ . Then (20.22)
becomes

dr (t)(ξ ) =
(

∂

∂ξ
r (t)(ξ ) + F(t, r )(ξ )

)
dt + g1(t)r (t)(ξ ) dW (t)

+ g2(t)r (t)(ξ ) dL(t), (20.25)

where

F(t, ψ)(ξ ) = g2
1(t)ψ(ξ )

∫ ξ

0
ψ(η) dη

+ g2(t)ψ(ξ )
∫

R

y

(
1 − exp

{
−yg2(t)

∫ ξ

0
ψ(η) dη

})
ν(dy).

We will always assume that r0 is a non-negative function. Let u(t)(ξ ) =∫ ξ

0 r (t)(η) dη be a primitive of r (t). Then

du(t)(ξ ) =
(

∂

∂ξ
u(t)(ξ ) + 1

2 (g1(t)u(t)(ξ )2 + J̃ (g2(t)u(t))

)
dt

+ g1(t)u(t) dW (t) + g2(t)u(t)(ξ ) dL(t), (20.26)

where

J̃ (z) :=
∫

R

(
e−zy − 1 + zu

)
ν(dy). (20.27)

We assume that the jump measure ν of L satisfies
∫

R
|y|2ν(dy) < ∞.



20.4 Linear volatility 343

20.4.1 Pure jump case

Assume that g1 ≡ 0. To simplify, we assume also that g2 ≡ 1. Then

du(t)(ξ ) =
(

∂

∂ξ
u(t)(ξ ) + J̃ (u(t)(ξ ))

)
dt + u(t)(ξ ) dL(t). (20.28)

To ensure positivity we assume that ν is supported on [−1, +∞).
In order to solve (20.28) and consequently the HJMM equation for r we first

solve the following auxiliary problem:

dv(t) = J̃ (v(t)) dt + v(t) dL(t), v(0) = ξ. (20.29)

Clearly J̃ : [0, +∞) 
→ R is Lipschitz continuous if its derivative is bounded. This
is guaranteed by the assumptions that

ν has support in [0, +∞) and
∫ ∞

0
yν(dy) < ∞. (20.30)

Proposition 20.21 Assume (20.30). Then we have the following.

(i) For each non-negative ξ ≥ 0 there is a unique non-negative solution
(v(t)(ξ ), t ≥ 0) to (20.29). Moreover, for each t, v(t)(ξ ) depends
continuously on ξ , P-a.s.

(ii) There exists a version of v differentiable in ξ , and

∂

∂ξ
v(t)(ξ ) = exp

{∫ t

0
J̃ ′(v(s)(ξ )) ds

}
A(t) (20.31)

where A is a positive càdlàg process.

Proof By Protter (2005), Theorem 37, p. 308, the unique solution to (20.29)
depends continuously on ξ . Since J̃ ′(z) = ∫

[0,∞) y2e−zyν(dy), z ≥ 0, is locally
Lipschitz, by Protter (2005), Theorem 39, the solution v is differentiable in ξ and
vξ (t)(ξ ) = (∂/∂ξ )v(t)(ξ ) satisfies

dvξ (t)(ξ ) = J̃ ′ (v(t−)(ξ )) vξ (t−)(ξ ) dt + vξ (t−)(ξ ) dL(t) = vξ (t−)(ξ ) dX (t),

where

X (t) = L(t) +
∫ t

0
J̃ ′ (v(s−)(ξ )) ds.

By Doléan’s formula (see e.g. Protter 2005),

vξ (t)(ξ ) = eX (t)
∏
s≤t

(1 + �X (s)) e−�X (s).
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Since �X (s) = �L(s) and
∫ t

0 J̃ ′ (vξ (s−)(ξ )
)

ds = ∫ t
0 J̃ ′ (vξ (s)(ξ )

)
ds,

vξ (t)(ξ ) = exp

{∫ t

0
J̃ ′ (v(s)(ξ )) ds

}
eL(t)

∏
s≤t

(1 + �L(s)) e−�L(s).

�

Proposition 20.22 Assume (20.30). Let v(t)(ξ ), t ≥ 0, ξ ≥ 0, be the solution to
(20.29). Then

u(t)(ξ ) = v(t)(u0(t + ξ )), t ≥ 0, ξ ≥ 0,

is the unique solution to (20.28).

Proof We claim that

dv(t)(u0(t + ξ )) =
(

∂

∂ξ
v(t)(u0(t + ξ )) + J̃

(
v(t)(u0(t + ξ ))

))
dt

+ v(t)(u0(t + ξ )) dL(t).

Let ψ : [0, +∞) × [0, +∞) 
→ R be a differentiable function of both variables.
Given ξ > 0 consider the process (v(t)(ψ(t, ξ )), t ≥ 0). Then, for any partition
0 = t0 < t1 < · · · < tN = t ,

v(t)(ψ(t, ξ )) − v(0)(ψ(0, ξ )) = I1 + I2,

where

I1 :=
∑

n

(
v(tn+1)(ψ(tn+1, ξ )) − v(tn+1)(ψ(tn, ξ ))

)
,

I2 :=
∑

n

(
v(tn+1)(ψ(tn, ξ )) − v(tn)(ψ(tn, ξ ))

)
.

But

I1 =
∑

n

[
vξ (tn+1)

(
ψ(tn+1, ξ )

+ ε̃(ψ(tn, ξ ) − ψ(tn+1, ξ ))(ψ(tn+1, ξ ) − ψ(tn, ξ ))
)]

=
∑

n

(
vξ (tn+1)(ψ(tn+1, ξ ) + ε̃(ψ(tn, ξ ) − ψ(tn+1, ξ ))

)
× ψ ′ (tn + ˜η(tn+1 − tn), ξ ) (tn+1 − tn),

where ε̃ and η̃ are such that |ε̃| ≤ 1 and |η̃| ≤ 1. Taking into account the continuous
dependence of vξ on the second variable (see Proposition 20.21) we obtain I1 →∫ t

0 vξ (s)(ψ(s, ξ ))ψ1(s, ξ ) ds as n ↑ ∞. Since v satisfies (20.29),

I2 =
∑

n

(∫ tn+1

tn

J (v(s−)(ψ(tn+1, ξ )) ds +
∫ tn+1

tn

v(s−)(ψ(tn, ξ ))dL(s)

)
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and therefore

I2 →
∫ t

0
J (v(s−)(ψ(s, ξ )) ds +

∫ t

0
v(s−)(ψ(s, ξ )) dL(s).

�

Corollary 20.23 For any non-negative r0, the unique solution r to (20.28) is
given by

r (t)(ξ ) = ∂

∂ξ
u(t)(ξ ) = ∂

∂ξ
v(t)(u0(t + ξ )) = vξ (t)(u0(t + ξ ))r0(t + ξ ),

where vξ has the representation (20.31).

20.4.2 Gaussian case

This subsection is concerned with the Gaussian case. Namely, we assume that the
jump in (20.25) vanishes, and consequently L = W is a standard Brownian motion.
To shorten the notation we write g1(t) = h(t). We assume that h is a predictable
process satisfying E

∫ T
0 h2(t) dt < ∞, ∀ T > 0. Therefore (20.25) becomes

dr (t)(ξ ) =
(

∂

∂ξ
r (t)(ξ ) + h2(t)r (t)(ξ )

∫ ξ

0
r (t)(η) dη

)
dt

+ h(t)r (t)(ξ ) dW (t), (20.32)

r (0)(ξ ) = r0(ξ ).

We assume that r0 is a non-negative function. Set

Mh(t) := exp

{
− 1

2

∫ t

0
h2(s) ds +

∫ t

0
h(s) dW (s)

}
.

The theorem below shows that (20.32) can be solved explicitly. However, the
solution may blow up in a finite time.

Theorem 20.24 The unique solution to (20.32) is given by

r (t)(ξ ) = ∂

∂ξ

[(∫ t+ξ

0
r0(η) dη

)−1

− 1
2

∫ t

0
h2(s)Mh(s) ds

]−1

Mh(t). (20.33)

Proof Let us denote by u(t) the primitive of r (t) given by u(t)(ξ ) := ∫ ξ

0 r (t)(η) dη.
Then r (t)(ξ ) = ∂u(t)(ξ )/∂ξ and consequently we have the following equation for
u:

d
∂u

∂ξ
=
(

∂2u

∂ξ 2
+ h2 ∂u

∂ξ
u

)
dt + h

∂u

∂ξ
dW

= ∂

∂ξ

[(
∂u

∂ξ
+ 1

2 h2u2

)
dt + hu dW

]
.
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Hence,

du(t)(ξ ) =
(

∂u

∂ξ
(t)(ξ ) + 1

2 h2(t)u2(t)(ξ )

)
dt + h(t)u(t)(ξ ) dW (t),

u(0)(ξ ) =
∫ ξ

0
r0(η) dη.

In order to solve this equation we use ideas from the previous subsection. Namely,
u(t)(ξ ) = v(t)(u(0)(t + ξ )), where v(t)(ξ ) is the unique solution to the stochastic
Bernoulli problem

dv(t)(ξ ) = 1
2 h2(t)v2(t)(ξ ) dt + h(t)v(t)(ξ ) dW (t), v(0)(ξ ) = ξ.

Let us fix ξ . We can solve the equation using the substitution z(s) = 1/v(s)(ξ ). By
Itô’s formula,

dz(s) =
(

− 1

v2(s)
1
2 h2(s)v2(s) + 1

2 2
1

v3(s)
h(s)v2(s)

)
ds − 1

v2(s)
h(s)v(s) dW (s)

= h2(s)
(− 1

2 + z(s)
)

ds − h(s)z(s) dW (s).

To solve the equation we use the variation-of-constants formula. Thus, we look for
a solution in the form z(s) = c(s)z0(s), where z0 is a solution to the homogeneous
equation

dz0(s) = h2(s)z0(s) ds − h(s)z0(s) dW (s).

Then

dz = d(cz0) = c′z0 ds + c dz0 = c′z0 ds + h2z ds − hz dW.

This leads to the condition

c′(s) = − 1
2 h2(s)

1

z0(s)
.

Clearly, for z0 we can take

z0(s) = exp

{
1
2

∫ s

0
h2(η) dη −

∫ s

0
h(η) dW (η)

}
= 1

Mh(s)
.

Taking into account the initial-value condition z(0) = 1/ξ we obtain

z(s) =
(

ξ−1 − 1
2

∫ s

0
h2(η)Mh(η) dη

)
1

Mh(s)
,

which gives the desired formula. �
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Corollary 20.25 As a direct consequence of (20.33), the set D of all (t, ξ ) for
which the solution blows up is given by

D =
{

(t, ξ ) : 1
2

∫ t

0
h2(s)Mh(s) ds =

(∫ t+ξ

0
r0(η) dη

)−1
}

.

Since r0 ≥ 0, the processes t 
→ ( ∫ t+ξ

0 r0(η) dη
)−1

, where ξ ≥ 0 is fixed, and ξ 
→( ∫ t+ξ

0 r0(η) dη
)−1

, where t ≥ 0 is fixed, have decreasing trajectories. Clearly, the
process 1

2

∫ t
0 h2(s)Mh(s) ds, t ≥ 0, is increasing and starts from 0. Therefore, if∫∞

0 r0(η) dη = +∞ and P
( ∫∞

0 h2(s) ds > 0
) = 1 then, with probability 1, for any

ξ there is a time t such that (t, ξ ) ∈ D.

Let φ : R 
→ R be a bounded non-negative Lipschitz function satisfying φ(1) �=
0, φ(0) = 0 and

m(φ) := sup
x �=0

|φ(x)|2
|x | < ∞. (20.34)

Let X be a solution to the equation

dX = φ(X ) dW, X (0) = 1.

Note that X is not identically 0 as φ(1) �= 0. Clearly, X = Mh for a non-negative
process

h(t) = φ(X (t))

X (t)
, t ≥ 0.

From (20.34), P-a.s. h2(s)Mh(s) ≤ |φ(X (s))|2/X (s) ≤ m(φ), t ≥ 0. Hence,∣∣∣∣ 1
2

∫ t

0
h2(s)Mh(s) ds

∣∣∣∣ ≤ 1
2 tm(φ)

and we have the following consequence of Theorem 20.24.

Theorem 20.26 Let T > 0. Then, for each non-negative initial value r0 ∈ L1 :=
L1([0, +∞),B([0, +∞), dξ ) satisfying |ψ |L1 < 2/T m(φ), the process r given by
(20.33) has trajectories P-a.s. in C([0, T ); L1) and is a unique strong solution
to (20.32) on the open interval [0, T ). Additionally, if r0 ∈ Cn

b ([0, +∞)) then
r ∈ C

(
[0, T ); Cn

b ([0, +∞)
)
, P-a.s.

20.5 BGM equation

The Brace–Ga↪tarek–Musiela (BGM) equation, which we will now deduce, is
also of importance. For derivation and analysis it is convenient to introduce the
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integrated volatility

σ̃ (t, ξ ) :=
∫ ξ

0
b(t, u) du .

In our exposition we follow Jakubowski, Niewe↪gl�owski and Zabczyk (2006). In
the new notation one can rewrite (20.14) in the following transparent way:

dr (t, ξ ) = ∂

∂ξ

[(
r (t, ξ ) + J (σ̃ (t, ξ ))

)
dt + 〈σ̃ (t, ξ ), dZ〉U

]
. (20.35)

Instead of starting from (20.35), however, Brace, Ga↪tarek and Musiela proposed
to base modeling on the so-called LIBOR rates L(t, s, θ ), 0 ≤ t ≤ s ≤ θ , defined
in terms of bond prices P and forward curves f by the relation

1 + (θ − s)L(t, s, θ ) = P(t, s)

P(t, θ )
= exp

{∫ θ

s
f (t, u) du

}
.

Recall that r (t, u) = f (t, t + u). For fixed δ > 0, (in practice δ is equal to three
months), we set

L(t, ξ ) := L(t, t + ξ, t + ξ + δ) = 1

δ

(
exp

{∫ ξ+δ

ξ

r (t, u) du

}
− 1

)
, ξ > 0.

We can deduce from (20.35) a stochastic equation for L(t, ξ ), t ≥ 0, ξ ≥ 0. To do
this, we introduce the process

Y (t, ξ ) :=
∫ ξ+δ

ξ

r (t, u) du, t ≥ 0, x ≥ 0.

In the following calculations we use the Itô formula as in the proof of Theorem 20.3.
For more details see Jakubowski and Zabczyk (2004). To shorten the notation,
given a function g we write

∇δg(t−, ξ ) := g(t−, ξ + δ) − g(t−, ξ ).

From (20.35),

dY (t, ξ ) =
∫ ξ+δ

ξ

dr (t, u) du

= (∇δr (t−, ξ ) + ∇δ J (σ̃ (t−, ξ )
)

dt + 〈∇δσ̃ (t−, ξ ), dZ (t)
〉
U
. (20.36)

It is also clear that

∂

∂ξ
L(t, ξ ) = δ−1eY (t,ξ )∇δr (t, ξ ). (20.37)

By the Itô formula,

deY (t,ξ ) = eY (t−,ξ ) dY (t, ξ ) + 1
2 eY (t−,ξ )

〈
Q∇δσ̃ (t−, ξ ), ∇δσ̃ (t−, ξ )

〉
U

dt

+ �eY (t,ξ ) − eY (t−,ξ )�Y (t−, ξ ).
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Inserting (20.37) we obtain

e−Y (t−,ξ ) dY (t, ξ )

= (∇δr (t−, ξ ) + ∇δ J (σ̃ (t−, ξ ))
)

dt + 〈∇δσ̃ (t−, ξ ), dZ (t)
〉
U

+
∫

U

(
exp {〈∇δσ̃ (t−, ξ ), η〉U } − 1 − 〈∇δσ̃ (t−, ξ ), η〉U

)
π (dt, dη),

and hence, by (20.37),

dL(t, ξ ) = ∂

∂ξ
L(t−, ξ ) + 1

2δ(1 + δL(t−, ξ ))

×
[(∇δ J (σ̃ (t−, ξ )) + 1

2

〈
Q∇δσ̃ (t−, ξ ), ∇δσ̃ (t−, ξ )

〉
U

)
dt

+ 〈∇δσ̃ (t−, ξ ), dZ (t)〉U

+
∫

U

(
exp {〈∇δσ̃ (t−, ξ ), η〉U } − 1 − 〈∇δσ̃ (t−, ξ ), η〉)π (dt, dη)

]
.

Postulating some dependence of the volatility σ̃ on the LIBOR rate L , we arrive
at the BGM equation in a general form, which at the moment is not tractable, with
the exception of some particular cases.

In the original paper Brace, Ga↪tarek and Musiela (1997), the authors assumed
that a = 0, μ ≡ 0. Moreover, the Wiener process W was one-dimensional. The
authors also imposed a log-normality assumption, that there exists a function
γ (ξ ), ξ ≥ 0, such that

1

δ
(1 + δL(t, ξ )) ∇δσ̃ (ξ ) = L(t, ξ )γ (ξ ),

and arrived at the classical BGM equation

dL(t, ξ ) =
(

∂

∂ξ
L(t, ξ ) + 〈

Qσ̃ (L(t), ξ ), γ (ξ )
〉
L(t, ξ )

+ δL2(t, ξ )

1 + δL(t, ξ )

〈
Qγ (ξ ), γ (ξ )

〉)
dt + L(t, ξ )

〈
γ (ξ ), dW (t)

〉
(20.38)

where

σ̃ (L , ξ ) = 0, ξ ∈ [0, δ],

σ̃ (L , ξ ) =
[ξ/δ]∑
k=0

δL(ξ − kδ)

1 + δL(x − kδ)
γ (ξ − kδ), ξ ≥ 0.

In Brace, Gata↪rek and Musiela (1997) the following theorem was shown.
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Theorem 20.27 Assume that∫ ∞

0

(
ξ |γ ′(ξ )|2 + |γ (ξ )|) dξ < ∞, sup

0≤ξ≤δ

∞∑
k=0

|γ ′(ξ + kδ)| < ∞.

Then we have the following.

(i) Equation (20.38) has a unique solution in the space of continuous functions
having a finite limit at infinity. If the initial function is non-negative then the
solution is also non-negative.

(ii) There exist invariant measures for (20.38) concentrated on functions having
a fixed limit at infinity.

The existence of an invariant measure is a mathematical equivalent of the so-
called mean-reversion property. Interest rates tend to drop when they are too high
and tend to rise when they are too low.

20.6 Consistency problem

Let K be a parameterized family of functions {z(λ, ξ ) : λ ∈ �, ξ ≥ 0}.
Definition 20.28 The model (20.16) is said to be consistent with K if and only
if the set K is invariant for (20.16); that is, for any initial condition r0 ∈ K , the
solution r (t), t ≥ 0, evolves in K : r (t) ∈ K for all t ≥ 0.

Assume that (20.16) is used as a model of the time evolution of the forward curve
and that for a curve fitting one applies a statistical procedure that uses functions
from a given set K . Then the minimal requirement that the set and equation should
satisfy is that of consistency. The following families K are used in practice:

(i) the Nelson–Siegel family

z(λ, ξ ) = λ1 + λ2e−λ4ξ + λ3ξe−λ4ξ , (λ1, λ2, λ3, λ4) ∈ � ⊂ R
4;

(ii) the degenerate Nelson–Siegel family

z(λ, ξ ) = λ1 + λ3ξ, (λ1, λ3) ∈ � ⊂ R
2;

(iii) the augmented Nelson–Siegel family

z(λ, ξ ) = λ1 + λ2e−aξ + λ3ξe−aξ + λ4e−2aξ , (λ1, λ2, λ3, λ4) ∈ � ⊂ R
4.

To solve the consistency problem one has to find conditions on the set K and
(20.16) which imply the consistency of the model. The question whether for a given
equation there exists a set K of smooth functions z(λ, ·) parameterized by λ from
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a finite-dimensional set � for which consistency holds is of equal importance.
Problems of this nature were introduced in Björk and Christensen (1999) and
intensively studied by Björk and his collaborators. Important contributions were
made by Filipović (2001). These authors adapted an approach based on differential
geometry. It is clear that the consistency problem can be formulated equivalently as
an invariance problem, of finding conditions under which a given set K is invariant
for the flow defined by the equation. In fact, following Jachimiak (1996), Zabczyk
(2000) and Nakayama (2004a, b), we present below a solution of the consistency
problem based on the so-called support theorem.

Consider the evolution equation

dX = (
AX + F(X )

)
dt + B(X ) dW (t), X (0) = x ∈ H, (20.39)

driven by a cylindrical Wiener process in U . Denote by X x (t) the value at t of the
solution to (20.39) starting at time 0 from x .

Define the Wong–Zakai correction term

B̃(x) := 1
2

∑
j

Db j (x)
[
b j (x)

]
, x ∈ H, (20.40)

where D is the gradient operator, b j (x) := B(x)e j and {e j } is an orthonormal basis
of U . Given a locally square integrable function u : [0, ∞) 
→ U , denote by yx,u

the solution to the controlled equation

dy

dt
(t) = Ay(t) + F(y(t)) − B̃(y(t)) + B(y(t))u(t), y(0) = x ∈ H.

(20.41)

Definition 20.29 A closed set K ⊂ H is said to be invariant for (20.41) if
yx,u(t) ∈ K for all t ≥ 0, x ∈ K and a locally square integrable U -valued function
u.

20.6.1 Equations with additive noise

We consider first the invariance of a closed set K with respect to (20.39) with
a state-independent linear operator B ∈ L(U, H ). Thus we are dealing with the
equation

dX = (AX + F(X )) dt + B dW (t), X (0) = x ∈ H. (20.42)

Since the correction term vanishes, the system (20.41) becomes

dy

dt
(t) = Ay(t) + F(y(t)) + Bu(t), y(0) = x ∈ H. (20.43)
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To ensure the existence of a continuous solution we will impose (see Theorem 11.5)
the following condition:

∃ α ∈ (0, 1/2) :
∫ T

0
t−α‖S(t)B‖2

L (H S)(U,H ) dt < ∞, ∀ T > 0. (20.44)

The following result comes from Zabczyk (2000).

Theorem 20.30 Assume that A generates a C0-semigroup on a Hilbert space
H, F is a Lipschitz transformation from H into H, and (20.44) holds. Then a
closed set K ⊂ H is invariant for (20.42) if and only if it is invariant for (20.43).

Proof Write

Z (t) :=
∫ t

0
S(t − r )B dW (r ), t ≥ 0.

Condition (20.44) guarantees that Z has continuous paths. Fix a time T > 0.
Clearly Z is a Gaussian random element in C([0, T ]; H ). It follows from Da Prato
and Zabczyk (1996), p. 141, that the support of its law L(Z ) on C([0, T ]; H ) is
identical with the closure in C([0, T ]; H ) of the set ST of all functions

f (t) =
∫ t

0
S(t − r )Bu(r ) dr t ∈ [0, T ], u ∈ L2(U ),

where L2(U ) := L2([0, T ],B([0, T ]), dt ; U ). Let c be the Lipschitz constant of F
and let M = supt∈[0,T ] ‖S(t)‖L(H,H ). For an arbitrary u ∈ L2(U ),

X x (t) − yx,u(t) =
∫ t

0
S(t − r )

(
F(X x (r )) − F(yx,u(r ))

)
dr

+ Z (t) −
∫ t

0
S(t − r )Bu(r ) dr.

Hence ∣∣X x (t) − yx,u(t)
∣∣ ≤ cM

∫ t

0

∣∣X x (r ) − yx,u(r )
∣∣
U

dr

+ sup
t∈[0,T ]

∣∣∣∣Z (t) −
∫ t

0
S(t − r )Bu(r ) dr

∣∣∣∣
H

.

By Gronwall’s lemma, for all t ∈ [0, T ],∣∣X x (t) − yx,u(t)
∣∣

H ≤ ecMT sup
t∈[0,T ]

∣∣∣∣Z (t) −
∫ t

0
S(t − r )Bu(r ) dr

∣∣∣∣
H

. (20.45)

Assume that K is invariant for (20.42) and let u ∈ L2(U ). It follows from the
description of the support of the process Z that, for an arbitrary δ > 0,

P

(
sup

t∈[0,T ]

∣∣∣∣Z (t) −
∫ t

0
S(t − r )Bu(r ) dr

∣∣∣∣
U

< δ

)
> 0.



20.6 Consistency problem 353

From P (X x (t) ∈ K ) = 1 for all t ∈ [0, T ] and from (20.45), we obtain dist (yx,u(t),
K ) ≤ ecMT δ. Since δ is an arbitrary positive number, we have the desired conclu-
sion, yx,u(t) ∈ K for all t ∈ [0, T ].

Conversely, assume that K is invariant for (20.43). Since the lawL(Z ) is tight in
C([0, T ]; H ) for arbitrary δ > 0 and ε > 0 there exists a finite number of functions
u1, . . . , uN ∈ L2(U ) such that

P

(
∃ n ∈ {1, . . . , N } : sup

t∈[0,T ]

∣∣∣∣Z (t) −
∫ t

0
S(t − r )Bun(r ) dr

∣∣∣∣
H

< δ

)
> 1 − ε.

Consequently, by (20.45),

P

(
∃ n ∈ {1, . . . , N } : sup

t∈[0,T ]

∣∣X x (t) − yx,un (t)
∣∣

H ≤ eT cMδ

)
> 1 − ε.

This easily implies the result. �

Remark 20.31 Instead of (20.44) one can require that the semigroup S is a
generalized contraction; see Theorem 9.20.

As a corollary one can obtain the following proposition. For a complete proof
we refer the reader to Zabczyk (2000), where some applications to non-linear
systems with state dependent diffusion operator B are also given.

Proposition 20.32 There exists a finite-dimensional linear space K ⊂ H in-
variant for

dX = (AX + σ0) dt +
d∑

j=1

σ j dW j ,

where σ0, σ1, . . . , σd ∈ H if and only if σ0, σ1, . . . , σd ∈ D(A) and there exist σ j ∈
D(A), j = d + 1, . . . , D < +∞, such that, for some real numbers γk j , k, j =
0, 1, . . . , D,

Aσk =
D∑

j=0

γk jσ j , k = 0, 1, . . . , D.

In the particular case of the bond market, we have A = d/dξ and the functions
σk should satisfy the system of linear differential equations

dσk

dξ
(ξ ) =

D∑
j=0

γk jσ j (ξ ), k = 0, . . . , D, ξ ≥ 0.

Therefore, by Jordan decomposition, the functions σk , k = 0, 1, . . . , d , are linear
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combinations of products of polynomials and exponentials,

ξ keαξ cos βξ, ξ keαξ sin βξ, k = 0, 1, . . . , β, α ∈ R.

Note that the Nelson–Siegel families are of that form.

20.6.2 Equations with a general diffusion operator

The following result of T. Nakayama (2004a, b) contains as special cases results
of Jachimiak (1996) and Zabczyk (2000). The factorization techniques used by
Nakayama are similar to those in Tessitore and Zabczyk (2001a, 2006). Recall that
B̃ is the correction term given by (20.40).

Theorem 20.33 Let K ⊂ H be a closed subset and assume that the transforma-
tions F and B̃ from H into H, and the transformation B from H into the space of
Hilbert-Schmidt operators from U to H, are Lipschitz continuous. The following
three conditions are equivalent.

(i) K is invariant for (20.39).
(ii) K is invariant for (20.41).

(iii) For every x ∈ K and u ∈ U,

lim inf
t↓0

1

t
dist

(
S(t)x + t(F(x) − B̃(x) + B(x)u), K

) = 0, (20.46)

where dist (a, K ) denotes the distance from a to K .

Remark 20.34 One can show that if K ⊂ D(A) then condition (20.46) is equiv-
alent to

lim inf
t↓0

1

t
dist

(
x + t(A(x) + F(x) − B̃(x) + B(x)u), K

) = 0.

The following important result established by Filipović (2001) contains Propo-
sition 20.32 as a special case. We denote by Tx K the tangent space to K at x .

Theorem 20.35 Let K ⊂ H be an n-dimensional closed C1-submanifold. Then
K is invariant for (20.42) if and only if K ⊂ D(A) and

Ax + F(x) − B̃(x) ∈ Tx K , B(x)U ⊂ Tx K , ∀ x ∈ K .
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In this appendix, basic facts on linear operators on Hilbert spaces are gathered. Some details
on nuclear and Hilbert–Schmidt operators are given.

A.1 Bounded operators

We start from some elementary facts about Hilbert spaces. Let {en} be an orthonormal
basis of a Hilbert space U with scalar product 〈·, ·〉U and norm | · |U . Thus |en |U = 1 and
〈en, em〉U = 0 for n, m = 1, 2, . . . , n �= m, and, for all x ∈ U ,

x =
∑

n

〈x, en〉U en, x ∈ U,

where the series converges in U . The Parseval identity holds:

〈x, y〉U =
∑

n

〈x, en〉U 〈y, en〉U , x, y ∈ U.

In this appendix U, H, V are real separable Hilbert spaces. We denote by L(U, H ) the
space of all bounded (i.e. continuous) linear operators from U to H . The space L(U, H ) is
equipped with the operator norm

‖R‖L(U,H ) := sup
x∈U, x �=0

|Rx |H

|x |U , R ∈ L(U, H );

we say that R ∈ L(U, H ) is a compact operator if it transforms any bounded subset of U
into a set whose closure is compact, that is, into a relatively compact set. We denote by
K (U, H ) the space of all compact operators from U to H . It can be shown that K (U, H ) is
a closed subspace of L(U, H ).

Given R ∈ L(U, H ) we denote by R∗ ∈ L(H, U ) the adjoint operator. It is uniquely
determined by the following property:

〈R∗h, x〉U = 〈h, Rx〉H , ∀ h ∈ H, ∀ x ∈ U.

We write L(U ) instead of L(U, U ). The operator R ∈ L(U ) is symmetric or self-adjoint
if R∗ = R; a symmetric operator R ∈ L(U ) is non-negative-definite if 〈Rx, x〉U ≥ 0 for
every x ∈ U .

355
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In this book we use the fact that for any non-negative-definite symmetric compact
operator R ∈ L(U ) there exists an orthonormal basis {en} consisting of eigenvectors of R,
i.e. Ren = γnen . Moreover, γn ≥ 0, n ∈ N, and γn → 0 as n → ∞. For the proof see e.g.
Yosida (1965).

A.2 Nuclear and Hilbert–Schmidt operators

Definition A.1 A linear operator R ∈ L(U, H ) is called nuclear or trace class if it can
be represented in the form

Ru =
∑

k

bk〈u, ak〉U , u ∈ U,

where {ak} ⊂ U and {bk} ⊂ H are such that
∑

k |ak |U |bk |H < ∞.

We denote by L1(U, H ) the space of all nuclear operators from U to H . It is a separable
Banach space with the nuclear norm

‖R‖1 := inf

{∑
k

|ak |U |bk |H : Ru =
∑

k

bk〈u, ak〉U

}
.

We write L1(H ) instead of L1(H, H ).

Definition A.2 A linear operator R ∈ L(U, H ) is called Hilbert–Schmidt if∑
k

|Rek |2H < ∞

for any (or equivalently for a certain) orthonormal basis {ek}.
The space of all Hilbert–Schmidt operators L (H S)(U, H ) acting from U into H is a

separable Hilbert space with scalar product

〈S, R〉L(H S)(U,H ) :=
∑

k

〈Sek, Rek〉H .

Denote by ‖ · ‖(H S) or ‖ · ‖L(H S)(U,H ) the corresponding (Hilbert–Schmidt) norm. We write
L (H S)(H ) instead of L (H S)(H, H ). Let S ∈ L (H S)(U, H ), and let {ek} be an orthonormal
basis of U and { f j } an orthonormal basis of H . Then∑

k

|Sek |2H =
∑
k, j

〈Sek, f j 〉2
H =

∑
k, j

〈ek, S∗ f j 〉2
U =

∑
j

|S∗ f j |2U .

Hence we have the following result.

Proposition A.3 The Hilbert–Schmidt norm does not depend on the choice of orthonor-
mal basis forU. Moreover, S ∈ L (H S)(U, H ) if and only if S∗ ∈ L (H S)(H, U) and‖S‖L(H S)(U,H )

= ‖S∗‖L(H S)(H,U ).

The following proposition gathers basic properties of the spaces of nuclear operators.

Proposition A.4

(i) If S ∈ L1(U, H ) and T ∈ L(H, V ) then T S ∈ L1(U, V ) and

‖T S‖1 ≤ ‖S‖1‖T ‖L(H,V ). (A.1)
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(ii) If S ∈ L(U, H ) and T ∈ L1(H, V ) then T S ∈ L1(U, V ) and

‖T S‖1 ≤ ‖S‖L(U,H ) ‖T ‖1.

Proof To show (i) assume that Su = ∑
k bk〈u, ak〉U , where∑

k

|bk |H |ak |U < ∞.

Hence

T Su =
∑

k

T bk〈u, ak〉U ,

where ∑
k

|T bk |V |ak |U ≤ ‖T ‖L(H,V )

∑
k

|ak |U |bk |V < ∞.

This proves (A.1). In order to show (ii) assume that T h = ∑
k bk〈h, ak〉H . Thus

T Su =
∑

k

bk〈Su, ak〉H =
∑

k

bk〈u, S∗ak〉U

and, consequently,

‖T S‖1 ≤
∑

k

|bk |V |S∗ak |U ≤ ‖S∗‖
∑

k

|bk |V |ak |H

≤ ‖S‖L(U,H )

∑
k

|bk |V |ak |H < ∞.

�

If R ∈ L1(H ) and {e j } is an orthonormal basis of H , then we define the trace Tr R of R
by the formula

Tr R :=
∑

j

〈Re j , e j 〉H .

If Rh = ∑
k〈h, ak〉H bk then

∑
j

∣∣〈Re j , e j 〉H

∣∣ =
∑

j

∣∣∣ ∑
k

〈e j , ak〉H 〈bk, e j 〉H

∣∣∣
≤

∑
k

(∑
j

∣∣〈e j , ak〉H

∣∣ ∣∣〈bk, e j 〉H

∣∣)

≤
∑

k

(∑
j

〈e j , ak〉2
H

)1/2 (∑
j

〈bk, e j 〉2
H

)1/2

≤
∑

k

|ak |H |bk |H ≤ ‖R‖1.
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Hence the series defining Tr R is absolutely convergent. Moreover,

Tr R =
∑

j

∑
k

〈e j , ak〉H 〈e j , bk〉H

=
∑

k

∑
j

〈e j , ak〉H 〈e j , bk〉H =
∑

k

〈ak, bk〉H ,

and consequently Tr R does not depend on the choice of basis.

Proposition A.5

(i) If S : U �→ H and T : H �→ U are bounded linear operators and either S or T is
nuclear then T S ∈ L1(U ) and Tr T S = Tr ST .

(ii) If S, T ∈ L (H S)(H ) then ST ∈ L1(H ), ‖ST ‖1 ≤ ‖S‖(H S)‖T ‖(H S) and Tr S T = Tr T S.

Proof Assume that T ∈ L1(H, U ). Then

T h =
∑

k

bk〈h, ak〉H , bk ∈ U, ak ∈ H.

Hence

T Su =
∑

k

bk〈Su, ak〉H =
∑

k

bk〈u, S∗ak〉U .

Consequently, for any orthonormal bases {e j } of U and { fl} of H ,∑
j

〈T Se j , e j 〉U =
∑

j

∑
k

〈bk, e j 〉U 〈e j , S∗ak〉U

=
∑

k

〈bk, S∗ak〉U =
∑

k

〈Sbk, ak〉H

=
∑

k

∑
l

〈Sbk, fl〉H 〈ak, fl〉H =
∑

l

〈ST fl , fl〉H .

In order to show (ii) note that, for any orthonormal basis { fk} of H ,

T h =
∑

k

〈T h, fk〉H fk =
∑

k

〈h, T ∗ fk〉H fk .

Hence

ST h =
∑

k

〈h, T ∗ fk〉H S fk (A.2)

and, consequently,

‖ST ‖1 ≤
∑

k

|T ∗ fk |H |S fk |H ≤
(∑

k

|T ∗ fk |2H
)1/2 (∑

k

|S fk |2H
)1/2

≤ ‖T ∗‖(H S)‖S‖(H S) = ‖T ‖(H S)‖S‖(H S).

Moreover, by (A.2) and the Parseval identity,

Tr S T =
∑

k

〈S fk, T ∗ fk〉H =
∑

k

〈T S fk, fk〉 = Tr T S.

�
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Recall that K (U, H ) denotes the space of all compact operators from U to H .

Proposition A.6 We have L1(U, H ) ⊂ L (H S)(U, H ) ⊂ K (U, H ).

Proof Let R ∈ L1(U, H ); then R = ∑
k bk ⊗ ak , where {ak} ⊂ U and {bk} ⊂ H are such

that
∑

k |ak |U |bk |H < ∞ and b ⊗ a(u) = b〈a, u〉U . Let {en} be an orthonormal basis of U .
Then

∑
n

|Ren |2H =
∑

n

∣∣∣∣∣
∑

k

bk〈ak, en〉U

∣∣∣∣∣
2

H

≤
∑

n

∑
k,l

∣∣〈bk, bl〉H

∥∥〈ak, en〉U

∥∥〈al , en〉U

∣∣

≤
∑
k, j

|bk |H |bl |H

(∑
n

〈ak, en〉2
U

)1/2 (∑
n

〈al , en〉2
U

)1/2

≤
(∑

k

|bk |H |ak |U
)2

,

which proves the first inclusion. The second follows from the following facts: that the
Hilbert–Schmidt norm is stronger than the operator norm, that K (U, H ) is a closed set of
L(U, H ), that each R ∈ L (H S)(U, H ) can be approximated in L (H S)(U, H ) by the sequence
of finite-rank operators

Tn :=
∑
k≤n

fk ⊗ T ∗ fk, n ∈ N,

where { fk} is an orthonormal basis of H , and that finite-rank operators are
compact. �

A.3 Nuclear and Hilbert–Schmidt operators on L2-spaces

Let μi be a σ -finite measure on a measurable space (Ei , Ei ), i = 1, 2. In this section we
will assume that U := L2(E1, E1, μ1) and H := L2(E2, E2, μ2). We write E := E1 × E2,
E := E1 × E2, μ := μ1 × μ2. Our first result characterizes the class of Hilbert–Schmidt
operators from U to H .

Proposition A.7 An operator R belongs to L (H S)(U, H ) if and only if there is a K ∈
L2(E, E, μ) such that

Rψ(ξ ) =
∫

E1

K (η, ξ )ψ(η)μ1(dη), ψ ∈ U, ξ ∈ E2. (A.3)

Moreover,

‖R‖2
L(H S)(U,H ) =

∫
E1

∫
E2

|K (η, ξ )|2μ1(dη)μ2(dξ ).
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Proof Let {en} be an orthonormal basis of L2(E1, E1, μ1), and let R be given by (A.3).
Then, by the Parseval identity,

∑
n

|Ren |2H =
∑

n

∫
E2

(∫
E1

K (η, ξ )en(η)μ1(dη)

)2

μ2(dξ )

=
∫

E2

∫
E1

|K (η, ξ )|2μ1(dη)μ2(dξ ).

Assume now that R ∈ L (H S)(U, H ). Let {en} be an orthonormal basis of L2(E1, E1, μ1),
and let { fk} be an orthonormal basis of L2(E2, E2, μ2). Define the kernel K by

K (η, ξ ) :=
∑
n,k

〈Ren, fk〉H en(η) fk(ξ ), η ∈ E1, ξ ∈ E2.

Note that the series converges in L2(E, E, μ) and that∫
E1

∫
E2

|K (η, ξ )|2μ1(dη)μ2(dξ ) =
∑
n,k

〈Ren, fk〉2
H = ‖R‖2

L(H S)(U,H ).

Finally,∫
E1

K (η, ξ )ψ(η)μ1(dη) =
∑
n,k

〈Ren, fk〉H 〈ψ, en〉 fk(ξ ) = Rψ(ξ ), ξ ∈ E2.

�

We pass now to a result useful in the construction of covariance operators of Lévy
processes (see Section 4.9 on square integrable Lévy processes). Recall that a continuous
function q : O × O �→ R is non-negative-definite if, for any M ∈ N, v j ∈ R, j = 1, . . . , M ,
and ξ j ∈ O, j = 1, . . . , M ,

M∑
i, j=1

q(ξi , ξ j )viv j ≥ 0.

Moreover, q is called symmetric if q(η, ξ ) = q(ξ, η) for all ξ, η ∈ O.

Theorem A.8 LetO be a bounded closed subset of R
d , let q be a symmetric non-negative-

definite continuous function on O × O and let U := L2(O,B(O), �d ). Then the operator
Q : U �→ U given by

Qψ(ξ ) =
∫
O

q(η, ξ )ψ(η) dη, ψ ∈ U, ξ ∈ O,

is nuclear, symmetric and non-negative-definite.

Proof We show first that Q is non-negative-definite. To this end it suffices to prove that∫
O

∫
O

q(η, ξ )ψ(ξ )ψ(η) dξ dη ≥ 0 (A.4)

for every continuous function ψ . Let ϕ ∈ U . Then there is a sequence {ψn} of continuous
functions such that

|ϕ − ψn |2U =
∫
O

|ϕ(ξ ) − ψn(ξ )|2 dξ → 0 as n → ∞.
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Moreover,

In :=
∣∣∣∣
∫
O

∫
O

q(η, ξ )ϕ(ξ )ϕ(η) dξ dη −
∫
O

∫
O

q(η, ξ )ψn(ξ )ψn(η) dξ dη

∣∣∣∣
≤

(∫
O

∫
O

q2(ξ, η) dξ dη

)1/2 (∫
O

∫
O

(
ϕ(ξ )ϕ(η) − ψn(ξ )ψn(η)

)2
dξ dη

)1/2

.

Let Ũ := L2(O × O, B(O × O), dξ dη). Since

ϕ(ξ )ϕ(η) − ψn(ξ )ψn(η) = (
ϕ(ξ ) − ψn(ξ )

)
ϕ(η) + ψn(ξ )

(
ϕ(η) − ψn(η)

)
,

we have

In ≤ |q|Ũ
(∫

O

∫
O

ϕ2(η)
(
ϕ(ξ ) − ψn(ξ )

)2
dξ dη

)1/2

+ |q|Ũ
(∫

O

∫
O

ψ2
n (ξ )

(
ϕ(η) − ψn(η)

)2
dξ dη

)1/2

≤ |q|Ũ
(|ϕ|U

∣∣ϕ − ψn

∣∣
U

+ ∣∣ψn

∣∣
U

∣∣ϕ − ψn

∣∣
U

) → 0.

Thus if (A.4) holds for continuous functions then it holds for all ϕ ∈ U . Assume that ψ ∈ U
is continuous. Let ε > 0. Then there is a disjoint finite partition A1, . . . , AM ofO and points
ξ1, . . . , ξM such that each Ai is measurable, ξi ∈ Ai , i = 1, . . . , M , and, for ξ ∈ Ai , η ∈ A j ,
i, j = 1, . . . , M ,

|q(η, ξ ) − q(ξ j , ξi )| ≤ ε, |ψ(ξ ) − ψ(ξi )| ≤ ε.

Since q is non-negative-definite,

M∑
i, j=1

q(ξi , ξ j )ψ(ξi )ψ(ξ j )�d (Ai )�d (A j ) ≥ 0.

Note that

J =
∣∣∣∣∣
∫
O

∫
O

q(η, ξ )ψ(ξ )ψ(η) dξ dη −
M∑

i, j=1

q(ξi , ξ j )ψ(ξi )ψ(ξ j )�d (Ai )�d (A j )

∣∣∣∣∣
=

∣∣∣∣∣∣∣
M∑

i, j=1

∫∫
Ai ×A j

(
q(η, ξ )ψ(ξ )ψ(η) − q(ξi , ξ j )ψ(ξi )ψ(ξ j )

)
dξ dη

∣∣∣∣∣∣∣
≤

M∑
i, j=1

�d (Ai )�d (A j ) sup
η∈Ai
ξ∈A j

∣∣q(η, ξ )ψ(ξ )ψ(η) − q(ξi , ξ j )ψ(ξi )ψ(ξ j )
∣∣.
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Let ‖ · ‖∞ be the supremum norm on C(O) and on C(O × O). Then

sup
η∈Ai
ξ∈A j

∣∣q(η, ξ )ψ(ξ )ψ(η) − q(ξi , ξ j )ψ(ξi )ψ(ξ j )
∣∣

≤ sup
η∈Ai
ξ∈A j

∣∣q(η, ξ )ψ(ξi )ψ(ξ j ) − q(η, ξ )ψ(ξ )ψ(η)
∣∣

+ sup
η∈Ai
ξ∈A j

∣∣q(η, ξ ) − q(ξi , ξ j )
∣∣ ‖ψ‖2

∞

≤ ‖q‖∞ sup
η∈Ai
ξ∈A j

∣∣ψ(ξ )ψ(η) − ψ(ξi )ψ(ξ j )
∣∣ + ε‖ψ‖2

∞

≤ ‖q‖∞

⎛
⎜⎝sup

ξ∈Ai
η∈A j

∣∣ψ(ξ ) − ψ(ξi )
∣∣|ψ(η)| + sup

ξ∈Ai
η∈A j

|ψ(ξi )|
∣∣ψ(η) − ψ(ξ j )

∣∣
⎞
⎟⎠ + ε‖ψ‖2

∞

≤ 2ε‖q‖∞‖ψ‖∞ + ε‖ψ‖2
∞.

Therefore

J ≤ ε
(
2‖q‖∞ ‖ψ‖∞ + ‖ψ‖2

∞
) (

M∑
i=1

�d (Ai )

) (
M∑

j=1

�d (A j )

)

≤ ε
(
2‖q‖∞ ‖ψ‖∞ + ‖ψ‖2

∞
)
�d (O)2

and since ε > 0 is arbitrary we have (A.4).

Now we show that Q is a compact operator. Note that

|Qψ(ξ )| =
∣∣∣∣
∫
O

q(η, ξ )ψ(η) dη

∣∣∣∣ ≤
(∫

O
q2(η, ξ ) dη

)1/2 (∫
O

ψ2(η) dη

)1/2

≤ ‖q‖∞ �d (O)1/2 |ψ |U , ξ ∈ O,

and

∣∣Qψ(ξ ) − Qψ
(
ξ̃
)∣∣ ≤

∫
O

∣∣q(η, ξ ) − q
(
η, ξ̃

)∣∣|ψ(η)| dη

≤
(

sup
η∈O

∣∣q(η, ξ ) − q
(
η, ξ̃

)∣∣) �d (O)1/2 |ψ |U .

Thus Q transforms the unit ball in U into a set of uniformly bounded and equicontinuous
functions and hence into a relatively compact set in C(O) and, in particular, into a relatively
compact set in U .

Since Q is a symmetric compact operator, there is an orthonormal basis {en} of U
consisting of eigenvectors of Q. Let {γn} be the corresponding sequence of eigenvalues.
Since Q is non-negative-definite we have γ j ≥ 0, j = 1, 2 . . . Since Qen = γnen , we obtain
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en ∈ C(O), n = 1, 2, . . . , provided that γn �= 0. Obviously, without loss of generality we
may assume that γn > 0, n = 1, 2 . . . Write

qN (η, ξ ) :=
N∑

j=1

γ j e j (η)e j (ξ ), ξ, η ∈ O,

QN ψ(ξ ) :=
∫
O

qN (η, ξ )ψ(η) dη, ξ ∈ O ψ ∈ U.

Clearly QN is a symmetric operator with continuous kernel qN . Moreover,

(Q − QN )ψ =
∑
j>N

γ j 〈ψ, e j 〉U e j , ψ ∈ U.

Thus the operator Q − QN is non-negative-definite, that is,∫
O

∫
O

(q(η, ξ ) − qN (η, ξ ))ψ(η)ψ(ξ ) dξ dη ≥ 0, ψ ∈ U.

It follows that kN (η, η) := q(η, η) − qN (η, η) ≥ 0 for η ∈ O. Indeed if, for some η̃ ∈ O,
kN (η̃, η̃) = −ε < 0 then there is an r > 0 such that kN (η, ξ ) ≤ −ε/2 for η, ξ ∈ O with
|η − η̃| < r and |ξ − η̃| < r . Let ψ be a continuous non-negative function such that ψ(η̃) >

0 and ψ(η) = 0 for η ∈ O : |η̃ − η| ≥ r . Then∫
O

∫
O

kN (η, ξ )ψ(ξ )ψ(η) dη dξ < ∞,

which leads to a contradiction. Eventually, we have kN (η, η) ≥ 0 forη ∈ O and, in particular,
for every non-negative integer N ,

N∑
j=1

γ j e
2
j (η) ≤ q(η, η), η ∈ O.

Hence

N∑
j=1

γ j =
N∑

j=1

γ j

∫
O

e2
j (η) dη ≤

∫
O

q(η, η) dη < ∞

and, consequently,
∑

j γ j < ∞. As a by-product we have shown that the series∑
γnen(ξ )en(η) converges uniformly and absolutely on the set O × O and that

q(η, ξ ) =
∑

n

γnen(η)en(ξ ), ξ, η, ∈ O, Tr Q =
∫
O

q(η, η) dη.

�

A.4 Images of linear operators

We present here an important result due to Douglas (1966) on the comparison of the
images of two linear operators. We assume that E1, E2, E are Hilbert spaces and that
A1 ∈ L(E1, E), A2 ∈ L(E2, E) are bounded linear operators. For the proof of the result we
refer the reader to Douglas (1966) or Da Prato and Zabczyk (1992a). For a version in Banach
spaces see Zabczyk (1995). We denote by A−1

i , i = 1, 2, the pseudo-inverse operators.
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Theorem A.9 (Douglas)

(i) A1(E1) ⊂ A2(E2) if and only if there is a constant c > 0 such that∣∣A∗
1x

∣∣
E1

≤ c
∣∣A∗

2x
∣∣

E2
for every x ∈ E.

(ii) If
∣∣A∗

1x
∣∣

E1
= ∣∣A∗

2x
∣∣

E2
for every x ∈ E then A1(E1) = A2(E2) and∣∣A−1

1 x
∣∣

E1
= ∣∣A−1

2 x
∣∣

E2
for every x ∈ E.



Appendix B C0-semigroups

In this appendix, basic results on C0-semigroups, introduced at the beginning of Chapter 9,
are gathered. Examples of important specific generators and semigroups are provided.

B.1 Generation theorems

Let A be a closed, densely defined, linear operator on a Banach space B. The resolvent set
of A is the set ρ(A) of all α ∈ C such that α I − A is invertible. The inverse (α I − A)−1 is a
bounded operator also denoted by R(α). The family of operators (α I − A)−1, α ∈ ρ(A), is
called the resolvent of A. The following classical characterization is due to E. Hille and K.
Yosida. For its proof we refer the reader to Davies (1980), Engel and Nagel (2000), Pazy
(1983) or Yosida (1965).

Theorem B.1 (Hille–Yosida)

(i) A densely defined closed operator A generates a C0-semigroup S such that, for some
ω and M > 0, |S(t)z|B ≤ eωt M |z|B for all z ∈ B and t ≥ 0 if and only if
(ω, ∞) ⊂ ρ(A) and

‖Rm(α)‖L(B,B) ≤ M

(α − ω)m
, ∀ m ∈ N, ∀ α > ω. (B.1)

Moreover, if (B.1) holds then

R(α) =
∫ ∞

0
e−αt S(t) dt, α > ω,

and S(t)z = limα→∞ et Aα z, where Aα := α (αR(α) − I ), α > ω.
(ii) If, for some z ∈ B, Aαz converges as α tends to infinity then z ∈ D(A) and

lim
α→∞

Aαz = Az.

The operators (Aα) appearing in the theorem above are called the Yosida approximations
of A.

Let us now recall the classical concept of the adjoint operator. Namely if A is a densely
defined linear operator A on a Hilbert space V then y ∈ D(A∗) if and only if the linear

365
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functional that associates with z ∈ D(A) the value 〈y, Az〉V has a continuous extension to
the whole V . In this case there exists a unique element w such that 〈w, z〉V = 〈y, Az〉V for
all z ∈ D(A), and we may define A∗ y = w. The operator A∗ with domain D(A∗) is called
the operator adjoint to A.

The following result is a consequence of the Hille–Yosida theorem.

Theorem B.2 A closed densely defined linear operator A on a Hilbert space H generates
a C0-semigroup S satisfying ‖S(t)‖L(H,H ) ≤ eωt for all t > 0 if and only if

〈Az, z〉H ≤ ω|z|2H , ∀ z ∈ D(A),

〈A∗ y, y〉H ≤ ω|y|2H , ∀ y ∈ D(A∗).

Let us recall that an operator (A, D(A)) on a Hilbert space V is self-adjoint if D(A) =
D(A∗) and A = A∗. If in addition 〈Az, z〉V ≤ 0 for all z ∈ D(A) then A is called negative-
definite.

Let us assume that A is a negative-definite operator on a Hilbert space V , and define

H :=
(

D
(
(−A)1/2

)
V

)
.

Then H with the scalar product〈(
x
y

)
,

(
u
v

)〉
H

:= 〈
(−A)1/2x, (−A)1/2u

〉
V

+ 〈y, v〉V

is a real separable Hilbert space. Let

A :=
(

0 I
A 0

)
, D(A) :=

(
D(A)

D
(
(−A)1/2

)) .

Lemma B.3 If (A, D(A)) is a negative-definite operator on V then (A, D(A)) and
(A, D(A)) are generators of C0-semigroups of contractions on V and H respectively.

The lemma is a consequence of Theorem B.2. We will derive it from the following
important generation theorem, due to G. Lumer and R. S. Phillips.

Theorem B.4 (Lumer–Phillips) Let (T, D(T )) be a linear operator on a Hilbert space
U. Assume that T is densely defined, that is, D(T ) = U, and that it is dissipative, that
is, 〈T x, x〉U ≤ 0 for every x ∈ D(T ). Moreover, assume that for some λ > 0 the image
Im (λI − T ) is equal to U. Then (T, D(T )) generates a C0-semigroup of contractions
on U.

For the proof of the Lumer–Phillips theorem we refer the reader to e.g. Pazy (1983),
p. 13.

Proof of Lemma B.3 We consider only the more difficult case of the operator (A, D(A))
and show that the assumptions of the Lumer–Phillips theorem are satisfied. The domain
D(A) is dense in H since D((−A)1/2) is dense in V . In order to show that A is dissipative,
we fix

z =
(

x
y

)
∈

(
D(A)

D
(
(−A)1/2

)) = D(A).
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Then

〈Az, z〉H =
〈(

y
Ax

)
,

(
x
y

)〉
H

= 〈
(−A)1/2 y, (−A)1/2 x

〉
V

+ 〈Ax, y〉V = 0.

We now show that Im (I − A) = H . To do this we need to show that for all x ∈ D
(
(−A)1/2

)
and y ∈ V there are u ∈ D(A) and v ∈ D

(
(−A)1/2

)
such that

(I − A)

(
u
v

)
=

(
x
y

)
,

that is, u − v = x and −Au + v = y. Equivalently, (I − A)u = x + y and v = u − x .
Since A is negative-definite, I − A is invertible. Thus the above equality holds for u =
(I − A)−1 (x + y) and v = u − x = (I − A)−1 (x + y) − x .

B.1.1 Bounded perturbation of a generator

Assume that (A, D(A)) generates a C0-semigroup S on a Banach space B. Let G be a
possibly unbounded linear operator on B. It is of great interest to find conditions under
which A + G generates a C0-semigroup or, equivalently, the problem

dy

dt
= (A + G)y(t), y(0) = y0 (B.2)

is well posed on B. Here we restrict our attention to the simplest case, where G is bounded.
For more information on the theory of perturbations of C0-generators we refer the reader
to Davies (1980), Engel and Nagel (2000) or Pazy (1983).

Theorem B.5 Assume that (A, D(A)) generates a C0-semigroup S satisfying ‖S(t)‖L(B,B)

≤ Meωt for all t ≥ 0, for some M ≥ 1 and ω ∈ R. If G ∈ L(B, B) then the operator
C := A + G with domain D(C) = D(A) generates a C0-semigroup T satisfying

‖T (t)‖L(B,B) ≤ Me(ω+M‖G‖L(B,B))t , t ≥ 0. (B.3)

Proof Below, we merely sketch the proof. For more details we refer the reader to Davies
(1980). Write

T (t)z :=
∞∑

k=0

Ik(t)z, t ≥ 0, z ∈ B, (B.4)

where I0(t) := S(t) and

Ik+1(t) :=
∫ t

0
S(t − s)G Ik(s) ds.

It is easy to verify that the series converges in the operator norm on L(B, B) and that (B.3)
holds. By a standard calculation, (T (t), t ≥ 0) forms a semigroup. It is strongly continuous
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since, for every z ∈ B,

lim sup
t↓0

|T (t)z − z|B

≤ lim
t↓0

{
|S(t)z − z|B + Meωt |z|B

∞∑
k=1

(
t M ‖G‖L(B,B)

)n

n!

}
= 0.

We now show that C is the generator of T . To this end note that, for every z ∈ B,

lim
t↓0

∣∣∣∣ T (t)z − z

t
− S(t)z − z

t
− Gz

∣∣∣∣
B

≤ lim
t↓0

∣∣∣∣1

t

∫ t

0
S(t − s)GS(s)z ds − Gz

∣∣∣∣
B

+ lim
t↓0

Meωt

t
|z|B

∞∑
k=2

(
t M ‖G‖L(B,B)

)k

k!
= 0.

Hence if Z denotes the generator of T then z ∈ D(Z ) if and only if z ∈ D(A). Moreover,
for z ∈ D(A), Zz = Az + Gz. �

As a consequence of (B.4),

T (t)z = S(t)z +
∫ t

0
S(t − s)GT (s)z ds.

In other words, to solve (B.2) one needs to solve

y(t) = S(t)y(0) +
∫ t

0
S(t − s)Gy(s) ds.

The equation above is a version of the so-called variation-of-constants formula. This formula
is introduced in Section 9.1.

B.1.2 Analytic semigroups and fractional powers

An important class of semigroups is formed by the so-called analytic semigroups; see the
definition below. For an equivalent definition see e.g. Engel and Nagel (2000).

Definition B.6 A C0-semigroup on a Banach space B is analytic if, for every t > 0,
S(t)(B) ⊂ D(A) and supt∈(0,1] ‖t AS(t)‖L(B,B) < ∞.

To study the regularity properties of solutions to equations with a linear part A that is
the generator of an analytic semigroup S on a Banach space B, it is convenient to introduce
the concept of fractional powers of A. For simplicity we assume that (0, ∞) is contained
in the resolvent set of A and that there are ε > 0 and M < ∞ such that

‖(λ − A)−1‖L(B,B) ≤ M

ε + λ
, ∀ λ > 0. (B.5)

For γ ∈ (0, 1) we define (−A)−γ by the formula

(−A)−γ = 1 − e−2π iγ

2π i

∫ ∞

0
λ−γ (λ − A)−1 dλ.
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Then one can show that (−A)−γ is a bounded invertible operator and define (−A)γ as the
inverse of (−A)−γ . It is known (see e.g. Davies 1980, Engel and Nagel 2000, Pazy 1983 or
Yosida 1965) that, for all t > 0 and γ ∈ (0, 1), the range S(t)(B) is contained in the domain
D((−A)γ ) and that

sup
t∈(0,T ]

t‖(−A)γ S(t)‖L(B,B) < ∞, ∀ T < ∞.

To define fractional powers one can also use the concept of subordination.

B.1.3 Generators obtained by subordination

Let (S(t), t ≥ 0) be a C0-semigroup generated on a Hilbert space H by an operator A, and
let (μt ) be a convolution semigroup of measures on [0, +∞) (see Definition 4.2). One may
easily check that the formula

S̃(t) =
∫ ∞

0
S(s) μt (ds), t ≥ 0, (B.6)

defines a C0-semigroup on H as well. Assume that

μ̃t (r ) :=
∫ ∞

0
e−rsμt (ds), r > 0,

is the Laplace transforms of μt . Then, by Theorem 4.31, μ̃t (r ) = e−tψ̃(r ) for some function
ψ̃ . Since formally S(t) = et A, t ≥ 0, it follows that, also formally,

S̃(t) =
∫ ∞

0
e−s(−A)μt (ds) = e−tψ̃(−A), t > 0. (B.7)

Consequently, −ψ̃(−A) is a candidate for the generator of
(̃
S(t), t ≥ 0

)
. In particular, if

ψ̃(λ) = λβ for some β > 0 then formula (B.6) defines a semigroup with generator Ã =
−(−A)β . Taking into account that there exists an explicit formula for the density of the
subordinator with β = 1/2, one obtains an explicit formula for the semigroup generated by
−(−A)1/2.

The procedure above can be made precise in many important cases; see Yosida (1965).
For instance, if A is the negative definite generator of a semigroup (S(t), t ≥ 0), then its
fractional power Ã = −(−A)β generates a C0-semigroup defined by (B.6).

B.2 Parabolic semigroups

We use the notation of Chapter 2. Namely, A is an elliptic differential operator of order 2m
on R

d or on a bounded domain O ⊂ R
d . In the case of a bounded domain, A is considered

together with a system of boundary operators Bj , j = 1, . . . , m. We will assume that all
conditions on O, the coefficients of A and the set of boundary operators {Bj } formulated
in Section 2.5 are satisfied.
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Given p ∈ (1, ∞), define

D(Ap) = {
ψ ∈ W 2m,p(O) : Bjψ = 0 on ∂O for j = 1, . . . , m

}
,

Apψ = Aψ for ψ ∈ D(Ap)

in the case of a bounded domain, and D(Ap) = W 2m,p(Rd ), Apψ = Aψ for ψ ∈ D(Ap) in
the case of R

d . Then Ap is the infinitesimal generator of an analytic C0-semigroup Sp on
L p = L p(O) or on L p = L p(Rd ), respectively (see Tanabe 1979, Theorem 3.8.2). Let G be
the Green function introduced in Section 2.5. Then (see (2.3) in Section 2.5)

Sp(t)ψ(ξ ) =
∫
D
G(t, ξ, η)ψ(η) dη, t ∈ (0, ∞) , (B.8)

where D is either O or R
d .

Formula (B.8) also defines a C0-semigroup S1 on L1. Clearly Sq (t) = Sp(t) on L p ∩ Lq

for all q, p. Thus it will cause no confusion if we omit the subscript. Finally, by the Aronson
estimates, for all t > 0 and ψ ∈ L p , S(t)ψ is a function with bounded and continuous
derivatives up to order 2m. In Theorem B.9 below we will show that S is a C0-semigroup
on the weighted spaces L p

ρ , Cρ , Lp
ρ and Cρ introduced in Section 2.3. To this end we will

need the following results, of independent interest.

Theorem B.7 Let ρ ∈ R, 1 ≤ p ≤ q < ∞, and let T < ∞. Then:

S(t) : L p
ρ �→ Lq

ρ, t > 0, sup
t∈(0,T ]

t (d/2m)(1/p−1/q)‖S(t)‖L(L p
ρ ,Lq

ρ ) < ∞, (B.9)

S(t) : Cρ �→ Cρ, t ≥ 0, sup
t∈[0,T ]

‖S(t)‖L(Cρ ,Cρ ) < ∞, (B.10)

S(t) : L p
ρ �→ Cρ, t > 0, sup

t∈(0,T ]
td/2mp‖S(t)‖L(L p

ρ ,Cρ ) < ∞. (B.11)

Proof Let gm be the function defined by (2.5) in Section 2.5. Let us observe first that for
each K2 > 0 there exists a constant K such that, for all t ≤ T and η ∈ R

d ,

∫
Rd

gm(K2t, |ξ − η|)ϑρ(ξ ) dξ ≤ Kϑρ(η). (B.12)

To this end let us fix T ∈ (0, ∞) and ρ ∈ R. Note that there is a constant C1 < ∞ such that

∀ ξ, η ∈ R
d , −ρ |ξ | + ρ |η| − 1

2

( |ξ − η|2m

K2T

)1/(2m−1)

≤ C1. (B.13)

Obviously there is a constant C2 ∈ (0, ∞), such that

∀ η ∈ R
d , C−1

2 e−ρ|η| ≤ ϑρ(η) ≤ C2e−ρ|η|.
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Hence, for all η ∈ R
d and t ∈ (0, T ],∫

Rd
gm(K2t, |ξ − η|)ϑρ(ξ ) dξ

≤ C2 K −d/2m
2

∫
Rd

t−d/2m exp

{
−ρ|ξ | −

( |ξ − η|2m

K2t

)1/(2m−1)
}

dξ

≤ C2
2 K −d/2m

2 ϑρ(η)
∫

Rd
t−d/2m exp

{
−1

2

( |η − ξ |2m

K2t

)1/(2m−1)

−ρ|ξ | + ρ|η| − 1

2

( |ξ − η|2m

K2T

)1/(2m−1)
}

dξ

≤ C2
2 K −d/2m

2 ϑρ(η)
∫

Rd
t−d/2m exp

{
−1

2

( |η − ξ |2m

K2t

)1/(2m−1)
}

dξ eC1

≤ C2
2 K −d/2m

2 eC1 C3 ϑρ(η),

where

C3 =
∫

Rd
t−d/2m exp

{
−1

2

( |η − ξ |2m

K2t

)1/(2m−1)
}

dξ

=
∫

Rd
exp

{
−1

2

( |ξ |2m

K2

)1/(m−1)
}

dξ.

We can now proceed to prove (B.9). Assume that 1 ≤ p ≤ q < ∞ and take ψ ∈ L p
ρ and

t > 0. By Theorem 2.6 and the Jensen inequality (for the convex function x �→ |x |p),

|S(t)ψ |q
Lq

ρ
=

∫
Rd

∣∣∣∣
∫

Rd
G(t, ξ, η)ψ(η) dη

∣∣∣∣q

ϑq
ρ (ξ ) dξ

≤ K q
1

∫
Rd

∣∣∣∣
∫

Rd
gm

(
K2t, |ξ − η|)|ψ(η)| dη

∣∣∣∣q

ϑq
ρ (ξ ) dξ

≤ K3

∫
Rd

∣∣∣∣
∫

Rd
gm

(
K2t, |ξ − η|)|ψ(η)|p dη

∣∣∣∣q/p

ϑq
ρ (ξ ) dξ,

where

K3 := K q
1

∣∣∣∣
∫

Rd
gm(K2t, |η|) dη

∣∣∣∣q−1

.

Applying the Jensen inequality again we obtain∣∣∣∣
∫

Rd
gm

(
K2t, |ξ − η|)|ψ(η)|p dη

∣∣∣∣q/p

=
∣∣∣∣
∫

Rd
gm

(
K2t, |ξ − η|)ϑ−p

ρ (η)|ψ(η)|pϑ p
ρ (η) dη

∣∣∣∣q/p

≤ |ψ |q−p

L p
ρ

∫
Rd

gq/p
m

(
K2t, |ξ − η|)ϑ−q

ρ (η)|ψ(η)|pϑ p
ρ (η) dη.
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Note that there are constants K4 and K5 independent of t and ξ, η such that

gq/p
m

(
K2t, |ξ − η|) ≤ K4t−dq/2mp+d/2mgm

(
K5t, |ξ − η|).

Next, using the equivalence of ϑq
ρ and ϑqρ and estimate (B.12) we can find a constant K6

such that ∫
Rd

gq/p
m

(
K5t, |ξ − η|)ϑq

ρ (ξ ) dξ ≤ K6t−dq/2mp+d/2mϑq
ρ (η).

Summing up, we obtain

|S(t)ψ |q
Lq

ρ
≤ K7t−dq/2mp+d/2m |ψ |q

L p
ρ
,

which gives (B.9).

Let ψ ∈ Cρ . Then

|S(t)ψ(ξ )| ≤ K1

∫
Rd

gm

(
K2t, |ξ − η|)|ψ(η)| dη

≤ C1

∫
Rd

gm

(
K2t, |ξ − η|)|ψ(η)|ϑρ(η)ϑ−ρ(η) dη

≤ C1|ψ |Cρ

∫
Rd

gm

(
K2t, |ξ − η|)ϑ−ρ(η) dη

≤ C2|ψ |Cρ
ϑ−ρ(ξ ).

Consequently,

∃ C < ∞ : ∀ t ∈ (0, T ], ∀ ψ ∈ Cρ, sup
ξ∈Rd

|S(t)ψ(ξ )|ϑρ(ξ ) ≤ C |ψ |Cρ
. (B.14)

What is left to prove is the continuity of S(t)ψ(ξ ) with respect to ξ . It is easy to see
that S(t) : C∞

c (Rd ) �→ Cρ , where C∞
c (Rd ) denotes the space of all infinitely differentiable

functions with compact supports. Thus, since C∞
c (Rd ) is dense in Cρ , (B.10) follows from

(B.14).

We now show (B.11). Again using the Aronson estimates, we obtain

|S(t)ψ(ξ )|p ≤
(

K1

∫
Rd

gm

(
K2t, |ξ − η|)|ψ(η)| dη

)p

≤ K p
1

(∫
Rd

gm

(
K2t, |ξ − η|)|ψ(η)|p dη

) (∫
Rd

gm(K2t, |ξ |) dξ

)p−1

≤ K3

∫
Rd

gm

(
K2t, |ξ − η|)|ψ(η)|p dη.

Thus

sup
ξ∈Rd

∣∣S(t)ψ(ξ )
∣∣ϑρ(ξ ) ≤ C(t) |ψ |L p

ρ
,

where

C(t) := sup
ξ,η∈Rd

K 1/p
3 g1/p

m

(
K2t, |ξ − η|)ϑρ(ξ )ϑ−ρ(η).

Taking into account (B.13) we obtain supt∈(0,T ] td/2mp C(t) < ∞, and (B.11) follows. �
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Remark B.8 The proof of Theorem B.7 is based only on (B.12) and the Aronson esti-
mates. It is easy to check that the polynomial weights {θρ} satisfy the following analogue
of (B.12):

∀ ρ ∈ R
d , ∀ T > 0, ∃ C > 0: ∀ η ∈ R

d ,∫
Rd

gm

(
K2t, |ξ − η|)θρ(ξ ) dξ ≤ C θρ(η).

Thus one can easily obtain a polynomial version of Theorem B.7 by replacing in the spaces
L p

ρ and Cρ (B.9)–(B.11) by Lp
ρ and Cρ .

Now note that for any bounded domain O one has

sup
t>0,ξ∈O

∫
O

gm

(
K2t, |ξ − η|) dξ ≤

∫
Rd

gm(K2, |η|) dη < ∞.

For a bounded domain O the estimate above can play the role of (B.12) in the proof of an
analogue of Theorem B.7. In fact the family S corresponding to the Green function for the
system A, {Bj } considered on a bounded domain O has the following properties: for all
1 ≤ p ≤ q < ∞ and for all T < ∞ and t > 0,

S(t) : L p �→ Lq , sup
t∈(0,T ]

t (d/2m)(1/p−1/q)‖S(t)‖L(L p ,Lq ) < ∞, (B.15)

S(t) : Cb �→ Cb, sup
t∈[0,T ]

‖S(t)‖L(Cb ,Cb ) < ∞, (B.16)

S(t) : L p �→ Cb, sup
t∈(0,T ]

td/2mp‖S(t)‖L(L p ,Cb ) < ∞, (B.17)

where L p := L p(O) and Cb := Cb(O).

Theorem B.9

(i) For all p ∈ [1, ∞) and ρ ∈ R, S is a C0-semigroup on the spaces L p
ρ and Lp

ρ .
(ii) For every ρ ∈ R, S is a C0-semigroup on Cρ and Cρ .

Proof We will restrict our attention to the exponential weights. The proof in the case of
polynomial weights is similar. Let H = L p

ρ or H = Cρ for certain ρ ∈ R and p ∈ [1, ∞).
By Theorem B.7, (S(t), t ≥ 0) is a family of bounded linear operators on H and,

∀ T < ∞, sup
t∈[0,T ]

‖S(t)‖L(H,H ) < ∞. (B.18)

We need to show strong continuity, that is, for every ψ ∈ H ,

lim
t→0

|S(t)ψ − ψ |H = 0. (B.19)

Taking into account (B.18) it is sufficient to verify (B.19) for ψ from an arbitrary dense
subspace H0 of H . For H0 we can take Cc(Rd ). Thus the proof of the theorem is complete
if we can show that, for every ψ ∈ Cc(Rd ) and M > 0,

lim
t→0

sup
ξ∈O

|S(t)ψ(ξ ) − ψ(ξ )|eM |ξ | = 0.

To do this we fix a ψ ∈ Cc(Rd ) and M . Since ψ ∈ C2M , (B.10) yields

C := sup
t∈[0,1]

sup
ξ∈Rd

e2M |ξ ||S(t)ψ(ξ )| < ∞,

and consequently |S(t)ψ(ξ )|eM |ξ | ≤ Ce−M |ξ | for all t ∈ (0, 1] and ξ ∈ R
d .
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Let ε > 0. Then there is an R > 0 such that ψ(ξ ) = 0 for ξ satisfying |ξ | ≥ R
and eM |ξ ||S(t)ψ(ξ )| ≤ ε for all ξ ∈ O : |ξ | ≥ R. Thus, for all ξ : |ξ | ≥ R and t ∈
(0, 1], |S(t)ψ(ξ ) − ψ(ξ )|eM |ξ | ≤ ε. What is left is to show that, on every compact set
K ⊂ R

d ,

lim
t→0

sup
ξ∈K

|S(t)ψ(ξ ) − ψ(ξ )| = 0.

For the proof see Arima (1964), p. 241. �

Remark B.10 One can show that a second-order operator A generates a C0-semigroup
on a weighted space L2(Rd ,B(Rd ), ϑ(ξ ) dξ ) if and only if

∃ C < ∞ : ∀ ξ ∈ R
d , A∗ϑ(ξ ) ≤ Cϑ(ξ ).

For details see Da Prato and Zabczyk (1996). Thus weights of the types ξ �→ e±|ξ |2 are not
admissible.

B.3 Semigroups for classical equations

Here are some examples of specific semigroups often used in applications.

Example B.11 (Transport equation) Let H = L2(0, ∞), and let A0 = ∂/∂ξ . Thus (B.1)
has the form

∂y

∂t
(t, ξ ) = ∂y

∂ξ
(t, ξ ), y(0, ξ ) = z(ξ ), ξ ≥ 0. (B.20)

Denote by D0 the set of all z ∈ L2(0, ∞) that have continuous first derivative at each ξ ≥ 0.
Then the solution y is given by the formula

y(t, ξ ) = z(t + ξ ), t, ξ ≥ 0, (B.21)

and the semigroup has the form (S(t)z)(ξ ) = z(t + ξ ), t, ξ ≥ 0, z ∈ L2(0, ∞). Note that if
z ∈ L2(0, ∞) is not differentiable at some point then y as given by (B.21) does not satisfy
(B.20) for all t ≥ 0 and ξ ≥ 0. This is the reason that y is only a generalized solution.
Sometimes for the transport semigroups one writes S(t) = et∂/∂ξ , t ≥ 0.

Example B.12 (Heat equation) Let H = L2(0, 1), and let A0 = ∂2/∂ξ 2. More precisely
we are concerned with the equation

∂y

∂t
(t, ξ ) = ∂2 y

∂ξ 2
(t, ξ ), y(0, ξ ) = z(ξ ), ξ ∈ (0, 1), (B.22)

together with the Dirichlet boundary condition

y(t, 0) = y(t, 1) = 0, t ≥ 0. (B.23)

Note that we are using the general framework introduced at the beginning of Section B.2,
withA = ∂2/∂ξ 2, B1u(ξ ) = u(0) and B2u(ξ ) = u(1). Using the Fourier method we are able,
however, to solve the problem (B.22), (B.23) explicitly. Namely, we look for a solution in
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the form

y(t, ξ ) =
∞∑

n=1

yn(t)
√

2 sin(πnξ ), t ≥ 0, ξ ∈ [0, 1].

Note that the functions {en}, where en(ξ ) = √
2 sin(πnξ ), form an orthonormal basis in

L2(0, 1); they are classical solutions of

∂2en

∂ξ 2
= −π2n2en, en(0) = 0 = en(1).

Since

∂y

∂t
(t, ξ ) =

∞∑
n=1

y′
n(t)

√
2 sin(πnξ ),

∂2 y

∂ξ 2
(t, ξ ) = −

∞∑
n=1

yn(t)π 2n2
√

2 sin(πnξ ),

we have

y(t, ξ ) = S(t)z(ξ ) =
∞∑

n=1

e−π2n2 t 〈z, en〉L2(0,1)en(ξ ). (B.24)

This formula defines a C0-semigroup (S(t), t ≥ 0) on L2(0, 1) and the generalized solution
y. Its generator is the second-order differential operator d2/dξ 2 with domain W 2,2(0, 1) ∩
W 1,2

0 (0, 1) (see Section 2.2 on Sobolev spaces). Clearly the generator of a heat semigroup
is a self-adjoint negative-definite operator on L2(0, 1).

Example B.13 (Wave equation) Consider now the problem

∂2u

∂t2
(t, ξ ) = ∂2u

∂ξ 2
(t, ξ ), t ≥ 0, ξ ∈ (0, 1),

u(0, ξ ) = u0(ξ ),
∂u

∂ξ
(0, ξ ) = v0(ξ ), ξ ∈ (0, 1),

u(t, 0) = u(t, 1) = 0, t ≥ 0,

(B.25)

which is known as the wave equation or vibrating string equation. We write the first equation
of (B.25) in the form

∂u

∂t
(t, ξ ) = v(t, ξ ),

∂v

∂t
(t, ξ ) = ∂2u

∂ξ 2
(t, ξ ).

Let en(ξ ) = √
2 sin(πnξ ), n ∈ N, be eigenvectors of the Laplace operator � = ∂2/∂ξ 2 with

Dirichlet boundary conditions. These functions have appeared already in our derivation of
the solution of the heat equation on the interval (0, 1).

As in the case of the heat equation, we are able find an explicit formula for the wave semi-
group and hence a solution to (B.25). Namely, we look for a solution y(t) = (u(t), v(t))T,
t ≥ 0, of the form

u(t) =
∞∑

n=1

un(t)en, v(t) =
∞∑

n=1

vn(t)en, t ≥ 0.
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In the same way as for the heat equation one arrives at the sequence of ordinary equations

u′
n(t) = vn(t), v′

n(t) = −π 2n2un(t), t ≥ 0, n = 1, 2, . . . ,

which can be solved explicitly to give

u(t, ξ ) =
√

2
∞∑

n=1

(
un(0) cos(πnt) sin(πnt) + vn(0)

nπ
sin(πnt) sin(πnξ )

)
,

v(t, x) =
√

2
∞∑

n=1

( − nπun(0) sin(πnt) sin(πnt) + vn(0) cos(πnt) sin(πnξ )
)
,

and the semigroup (S(t), t ≥ 0) corresponding to the wave equation is given by

S(t)

(
u
v

)
=

(
u(t)
v(t)

)
. (B.26)

Below, we derive from Lemma B.3 the existence of the semigroup S corresponding to
the wave equation. First we have to specify the space on which S is defined. To this end,
define H 1

0 and H−1 as the spaces of all sequences x = ∑∞
n=1 xnen satisfying

|x |2
H1

0
:= π 2

∞∑
n=1

n2x2
n < ∞ and |x |2H−1 := 1

π 2

∞∑
n=1

x2
n

n2
< ∞,

respectively. Clearly, H 1
0 and H−1 are Hilbert spaces. In fact H 1

0 is equal to W 1,2
0 (0, 1). On

H−1 we define the Laplace operator by

�x =
∞∑

n=1

π2n2xnen .

Then�with domain H 1
0 is a self-adjoint negative definite operator. Moreover, D((−�)1/2)=

L2(0, 1). By Lemma B.3 the operator

A :=
(

0 I
� 0

)
, D(A) =

(
H 1

0

L2(0, 1)

)

generates a C0-semigroup on the Hilbert space H = (
L2(0, 1), H−1

)T
. Note that this semi-

group is given by (B.26). Using the same arguments we can show that S given by (B.26) is
a C0-semigroup on

(
H 1

0 , L2(0, 1)
)T

.

B.4 Semigroups for non-local operators

Generators such as differential operators raised to fractional powers are non-local. The
semigroups generated by them are, however, important examples of transition semigroups
of Markovian processes.

Definition B.14 Let P = (Pt ) be a transition semigroup on a measurable space (E, E).
A σ -finite measure λ on (E, E) is said to be ω-excessive for P if, for all t ≥ 0 and � ∈ E ,∫

E
Ptχ�(ξ )λ(dξ ) ≤ eωtλ(�).

Let L p(dλ) := L p(E, E, λ). The following result is taken from Zabczyk (2001a).
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Proposition B.15 If λ is an excessive measure then, for all p > 1 and t > 0, Pt has an
extension from Bb(E) ∩ L p(dλ) to L p(dλ) and, for the extension,

‖Pt‖L(L p (dλ),L p (dλ)) ≤ eωt/p, t ≥ 0.

Let 〈·, ·〉 be the scalar product on R
d , and let | · | be the corresponding norm. Assume

that (Pt ) is the transition semigroup on Bb(Rd ) corresponding to the Lévy process with
characteristic (a, Q, ν). Thus

Ptϕ(ξ ) =
∫

Rd
ϕ(ξ + η)μt (dη), (B.27)

where ∫
Rd

ei〈ξ,η〉μt (dη) = e−tψ(ξ ),

and

ψ(ξ ) = −i〈a, ξ〉U + 1
2 〈Qξ, ξ〉U

+
∫

U

(
1 − ei〈ξ,η〉U + χ{|η|U <1}(η)i〈ξ, η〉U

)
ν(dη).

The following theorems from Zabczyk (2001a) hold.

Theorem B.16 If, for some γ > 0,∫
{|ξ |>1}

eγ |ξ | ν(dξ ) < ∞ (B.28)

then P has an extension to L p(dλγ ) := L p(Rd ,B(Rd ), dλγ ), where λγ (dξ ) := e−γ |ξ | dξ .
Moreover, for large enough ω > 0,

‖Pt‖L(L p (dλγ ),L p (dλγ )) ≤ eωt/p, ∀ t ≥ 0.

Theorem B.17 Let r > d and p > 1. If∫
{|ξ |>1}

|ξ |r ν(dξ ) < ∞ (B.29)

then, for κ sufficiently large, (Pt ) has an extension to the space L p(dλr,κ ) := L p(Rd ,B(Rd ),
dλr,κ ), where

λr,κ (dξ ) := 1

1 + κ|ξ |r dξ.

Moreover, for large enough ω > 0,

‖Pt‖L(L p (dλr,κ ),L p (dλr,κ )) ≤ eωt/p, ∀ t ≥ 0.

Conditions (B.28) and (B.29) are trivially satisfied if the jump measure ν is concentrated
on bounded sets; thus they are satisfied for all processes X with only bounded jumps. Note
that for a fixed r > d the spaces L2(dλr,κ ), κ > 0, are isomorphic. The condition r > d is
equivalent to the requirement that the measure λr,κ is finite.
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For the proofs of the theorems above we need the following proposition, which is an
easy corollary to Theorem 5.3.

Proposition B.18 The semigroup (Pt ) given by (B.27) is strongly continuous on C0(Rd ).
Moreover, C2

0 (Rd ) is contained in the domain D(A) of the generator A of (Pt ), and

Aϕ(ξ ) = 〈a, Dϕ(ξ )〉 + 1
2 Tr Q D2ϕ(ξ )

+
∫

{|η|≤1}

(
ϕ(ξ + η) − ϕ(ξ ) − 〈Dϕ(ξ ), η〉)ν(dη)

+
∫

{|η|>1}

(
ϕ(ξ + η) − ϕ(ξ )

)
ν(dη), ϕ ∈ C2

0 (Rd ), ξ ∈ R
d .

Finally, C2
0 (Rd ) is invariant for (Pt ).

Given a measure λ and a function ϕ, write (λ, ϕ) := ∫
Rd ϕ(ξ )λ(dξ ). Assume that ω ≥ 0.

We need also the following characterization of excessive measures for (Pt ).

Proposition B.19 A finite measure λ is ω-excessive for (Pt ) if and only if, for any non-
negative function ϕ ∈ C2

0 (Rd ),

(λ, Aϕ) ≤ ω (λ, ϕ) . (B.30)

Proof Ifλ isω-excessive andϕ ∈ D(A),ϕ ≥ 0, then (λ, Ptϕ) ≤ eωt (λ, ϕ) or, equivalently,(
λ,

1

t

(
e−ωt Ptϕ − ϕ

)) ≤ 0, ∀ t > 0.

Therefore

(λ, Aϕ) =
(

λ, lim
t↓0

1

t

(
e−ωt Ptϕ − ϕ

)) ≤ 0,

which proves (B.30). However, if ϕ ≥ 0 and ϕ ∈ C2
0 (Rd ) then Psϕ ∈ C2

0 (Rd ), Psϕ ≥ 0 for
s ≥ 0 and

e−ωt Ptϕ = ϕ +
∫ t

0
e−ωs(A − ω)Psϕ ds.

If (B.30) holds and ϕ ∈ C2
0 (Rd ) then

(
λ, e−ωt Ptϕ − ϕ

) =
∫ t

0
e−ωs (λ, Ps(A − ω)ϕ) ds

=
∫ t

0
e−ωs (λ, (A − ω)Psϕ) ds ≤ 0,

because (B.30) holds also for Psϕ and (λ, Psϕ) ≥ 0. We have proved that if (B.30) holds then
(λ, Ptϕ) ≤ eωt (λ, ϕ) for every non-negative ϕ ∈ C2

0 (Rd ). By approximation, (λ, Ptχ�) ≤
eωt (λ, χ�) for all � ∈ B(Rd ). �

Clearly, in order to prove Theorems B.16 and B.17 it is sufficient to show that for ω large
enough the measures λγ and λr,κ are ω-excessive. To do this we give sufficient conditions
for ω-excessivness in the following four cases.
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(i) Translation: Q = 0, ν = 0.
(ii) Wiener process: a = 0, ν = 0.

(iii) Large jumps: a = 0, Q = 0, ν finite.
(iv) Small jumps: a = 0, Q = 0, ν concentrated on {η : |η| ≤ 1}.
Note that our infinite divisible family μt is of the form

μt = μ1
t ∗ μ2

t ∗ μ3
t ∗ μ4

t , t ≥ 0,

where μ
j
t , j = 1, 2, 3, 4, are the convolution semigroups of measures corresponding to

cases (i), (ii), (iii) and (iv). Note that if a measure λ is ω j -excessive for the semigroups
(P j

t ) defined by (μ j
t ), j = 1, 2, 3, 4, then λ is ω(= ω1 + ω2 + ω3 + ω4)-excessive for the

semigroup determined by (μt ). Therefore we can restrict our considerations to the specific
cases listed above.

In the following formulations we denote by q the maximal eigenvalue of Q.

Theorem B.20 The measure λγ is ω-excessive for (Pt ) if, in cases (i), (ii), (iii) and (iv),
respectively,

(i) γ |a| ≤ ω, (ii) 1
2 γ 2q ≤ ω, (iii)

∫
Rd

(eγ |η| − 1)ν(dη) ≤ ω,

(iv) 1
2 γ 2

∫
{|η|≤1}

eγ |η||η|2ν(dη) ≤ ω.

Conditions for the ω-excessivness of the measures λr,κ are more involved. To formulate
them it is convenient to introduce the following family of functions:

ψr (z) = sup
α≥0

(α + z)r − αr

1 + αr
, r > 1, z ≥ 0.

Note that

sup
α≥0

(α + z)r − αr

1 + καr
= κ−1/rψr

(
zκ1/r

)
, ∀ κ > 0, ∀ r > 1.

In addition, if r > 1 is a non-negative integer then

ψr (z) = sup
α≥0

∑r−1
j=0

(r
j

)
α j zr− j

1 + αr ≤ ψr (1) max
k=1,...,r

zk . (B.31)

Theorem B.21 The measure λr,κ is ω-excessive for (Pt ) if, in cases (i), (ii), (iii) and (iv),
respectively,

(i) κ1−1/rψr (t |a|κ1/r ) ≤ eωt − 1, t ≥ 0,
(ii) 1

2 κ2/r (r − 1)2(1−1/r )(r + 2)q ≤ ω,

(iii) κ1−1/r

∫
Rd

ψr (|η|κ1/r )ν(dη) ≤ ω,

(iv) κ2r 2

(
sup
α>0

α2(r−1)

(1 + καr )2

) ∫
{|η|≤1}

(
κ1−1/rψr

(|η|κ1/r
) + 1

)|η|2ν(dη) ≤ ω.

If r > 1 is a natural number then, by (B.31), conditions (i), (iii) and (iv) may be
simplified. In particular, (i) holds if

κ (k−1)/r+1|a|(k!)1/k ≤ ω, k = 1, 2, . . . , r.
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Taking into account (B.31) we obtain

ψr

(|η|κ1/r
) ≤ ψr (1) max

k=1,...,r

(|η|κ1/r
)

and therefore, instead of (iii) and (iv), simpler inequalities can be stated.
We proceed to the proofs of Theorems B.20 and B.21. We will prove the theorems

simultaneously by considering the four cases separately.

Proof for case (i) We use the definition of excessiveness. Since

−γ |η − at | + γ |η| ≤ γ |a|t ≤ ωt, t ≥ 0, η ∈ R
d ,

Theorem B.20(i) follows. In the case of Theorem B.21 it is sufficient to show that

1

1 + κ|η − at |r ≤ eωt

1 + κ|η|r , η ∈ R
d , t ≥ 0,

or

κ
(|η|r − |η − at |r )
1 + κ|η − at |r ≤ eωt − 1, η ∈ R

d , t ≥ 0.

But

sup
η∈Rd

|η|r − |η − at |r
1 + κ|η − at |r = sup

η∈Rd

|η − at |r − |η|r
1 + κ|η|r

= sup
α>0

(α + |at |)r − αr

1 + καr

and so the result holds. �
In the proofs of the remaining cases we will use Propositions B.18 and B.19. We denote

by A∗ the formal adjoint of A, given by

A∗ϕ(ξ ) = −〈a, Dϕ(ξ )〉 + 1
2 Tr Q D2ϕ(ξ )

+
∫

{|η|≤1}

(
ϕ(ξ − η) − ϕ(ξ ) + 〈Dϕ(ξ ), η〉)ν(dη)

+
∫

{|η|>1}

(
ϕ(ξ − η) − ϕ(ξ )

)
ν(dη).

Denote the weights by G(ξ ) = g(|ξ |). If we show that, away from a set of Lebesgue
measure 0,

A∗G ≤ ωG (B.32)

then ω-excessiveness follows easily using integration by parts.

Proof for case (ii) We have

Tr D2G(ξ ) =
(

g′′(|ξ |)
|ξ |2 − g′(|ξ |)

|ξ |3
)

〈Qξ, ξ〉 + g′(|ξ |)
|ξ | Tr Q for ξ �= 0.

So (B.32) is equivalent to

1
2

(
g′′(|ξ |) − g′(|ξ |)

|ξ |
) 〈Qξ, ξ〉

|ξ |2 + 1
2

g′(|ξ |)
|ξ | Tr Q − ωg(|ξ |) ≤ 0,

∀ ξ ∈ R
d , ξ �= 0.

(B.33)
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In the case of Theorem B.20, g′(u) = −γ e−γ u and g′′(u) = γ 2e−γ u and so (B.33) becomes

1
2

(
γ 2 + γ

u

) 〈Qξ, ξ〉
|ξ |2 − 1

2

γ

u
Tr Q ≤ ω for u = |ξ | > 0.

Since

q = sup
ξ �=0

〈Qξ, ξ〉
|ξ |2 ≤ Tr Q,

it is therefore enough that 1
2 γ 2q ≤ ω, as required.

In the case of Theorem B.21 we assume that d > 1, as the case d = 1 can be treated in
a similar way. Note that

g′(u) = − κrur−1

(1 + κur )2
, g′′(u) = 2

κ2r 2u2r−2

(1 + κur )3
− κr (r − 1)ur−2

(1 + κur )2
, u > 0,

and that (B.33) holds if

1
2

(
2

κ2r 2u2r−2

(1 + κur )3
− κr (r − 2)ur−2

(1 + κur )2

) 〈Qξ, ξ〉
|ξ |2 ≤ ω2

1 + κur

for u = |ξ | > 0, that is, if

1
2

(
2κ2r 2u2r−2 − κ2r (r − 2)u2r−2

)
q ≤ ω2(1 + κur )2, u > 0.

Rearranging, the condition for (B.33) to hold is that

1
2 κ2r (r + 2)q

u2r−2

(1 + κur )2
≤ ω2, u > 0. (B.34)

Taking into account that the left-hand side of (B.34) attains its maximum at u = (r − 1)/κ ,
the required inequality holds. �

Proof for case (iii) We consider only the more complicated situation in Theorem B.21.
Notice that the operator A∗ is of the form

A∗G(ξ ) =
∫

Rd

(
G(ξ − η) − G(ξ )

)
ν(dη), ξ ∈ R

d ,

and the left-hand side of (B.32) is equal to∫
Rd

(
1

1 + κ|ξ − η|r − 1

1 + κ|ξ |r
)

ν(dη)

= κ

∫
Rd

|ξ |r − |ξ − η|r
(1 + κ|ξ − η|r )(1 + κ|ξ |r )

ν(dη), ξ ∈ R
d .

Since

sup
ξ∈Rd

|ξ |r − |ξ − η|r
1 + κ|ξ − η|r = sup

ξ∈Rd

|ξ − η|r − |ξ |r
1 + κ|ξ |r

= ψr (|η|) = κ−1/rψr

(|η|κ1/r
)
,

the result follows. �
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Proof for case (iv) By Taylor’s formula,

G(ξ − η) = G(ξ ) − 〈DG(ξ ), η〉 + 1
2 〈D2G(ξ − vηη)η, η〉, vη ∈ [0, 1],

and the inequality (B.32) becomes

1
2

∫
{|η|≤1}

〈
D2G(ξ − vηη)η, η

〉
ν(dη) ≤ ωG(ξ ), ξ ∈ R

d . (B.35)

But

D2G(ξ ) =
(

g′′(|ξ |) − g′(|ξ |)
|ξ |

)
ξ ⊗ ξ

|ξ |2 + g′(|ξ |)
|ξ | , ξ ∈ R

d .

In the case of Theorem B.20, g′(u) = −γ e−γ u and g′′(u) = γ 2e−γ u . Therefore

D2G(ξ ) = e−γ |ξ |
(

− γ

|ξ | + γ 2

|ξ |2 (ξ ⊗ ξ ) + γ
ξ ⊗ ξ

|ξ |3
)

, ξ ∈ R
d ,

and, for z = ξ − vηη,〈
D2G(z)

G(ξ )
η, η

〉

≤ eγ (|ξ |−|z|
(

γ 2

〈
z ⊗ z

|z|2 η, η

〉
+ γ

〈(
− 1

|z| I + z ⊗ z

|z|3
)

η, η

〉)

≤ eγ |y|γ 2

〈
z ⊗ z

|z|2 η, η

〉
≤ eγ |η|γ 2|η|2,

so the result follows.

It remains to consider the case of Theorem B.21. If d > 1 then, for u = |ξ |,

g′(u) = − κrur−1

(1 + κur )2
, g′′(u) = 2

κ2r 2u2r−2

(1 + κur )3
− κr (r − 1)ur−2

(1 + κur )2

and

D2G(ξ ) = κr |ξ |r−2

(1 + κ|ξ |r )2

(
−I − ξ ⊗ ξ

|ξ |2 (r − 2) + ξ ⊗ ξ

|ξ |2
2κr |ξ |r

1 + κ|ξ |r
)

.

However, for arbitrary r > 1 and ξ ∈ R
d ,

−I − ξ ⊗ ξ

|ξ |2 (r − 2) ≤ 0

and (B.35) holds provided that

1
2

∫
{|η|≤1}

2(κr )2|z|2r−2

(1 + κ|z|r )3

〈z, y〉2

|z|2 ν(dη) ≤ ω. (B.36)

In (B.36), z = ξ − vηη is from Taylor’s formula and vη ∈ [0, 1]. Elementary estimates lead
to the required result. The case of d = 1 can be treated in a similar way. �

Thus the proofs of Theorems B.20 and B.21 are complete.
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B.5 Fractional powers of the heat semigroup

Let S be the heat semigroup generated by the Laplace operator � on O with Dirichlet
or Neumann boundary conditions. Consider the semigroup Sγ generated by the fractional
operator −(−�)γ . By (B.6),

Sγ (t) =
∫ ∞

0
S(s)μγ

t (ds),

where (μγ
t ) is the convolution semigroup of measures on [0, +∞) such that

μ̃t (r ) =
∫ +∞

0
e−rξμt (dξ ) = exp{−tr γ }, t, r > 0.

Since the Fourier transform of each μ
γ
t is integrable, μ

γ
t is absolutely continuous with

respect to Lebesgue measure. Let us denote by φ
γ
t the density of μ

γ
t .

Lemma B.22 The family (φγ
t ) has the following scaling property: φ

γ
t (s) = t−1/γ φ

γ

1

×(st−1/γ ) for t, s > 0.

Proof We have∫ +∞

0
e−rs t−1/γ φ

γ

1 (st−1/γ ) ds =
∫ +∞

0
exp

{−r t1/γ u
}

φ
γ

1 (u) du = exp {−tr γ }.

�

Let G be the Green function for � on O. Then

Sγ (t)ψ(ξ ) =
∫
O
Gγ (t − s, ξ, η)ψ(η) dη,

where

Gγ (t, ξ, η) =
∫ +∞

0
G(s, ξ, η)φγ

t (s) ds =
∫ +∞

0
G(t1/γ u, ξ, η)φγ

1 (u) du.

The following lemma plays an important role in Section 12.5, which deals with applications
to equations driven by a fractional Laplace operator.

Lemma B.23 Let p > 1. Then there is a constant C such that, for all t > 0, ξ ∈ O,∫
O

∣∣Gγ (t, η, ξ )
∣∣p

dη ≤ Ct (d/2γ )(1−p).

Proof Taking into account Lemma B.22 and the fact that φγ

1 is the density of a probability
measure we obtain∫

O

∣∣Gγ (s, η, ξ )
∣∣p

dη ≤
∫
O

∫ +∞

0

∣∣G(
t1/γ u, η, ξ

)∣∣p
φ

γ

1 (u) du dη.

Since (see Aronson 1967) the Aronson-type estimates hold for the Laplace operator uni-
formly on each time interval, one obtains∫

O

∣∣G(
t1/γ u, η, ξ

)∣∣p
dη ≤ K1

∫
Rd

(
t1/γ u

)−dp/2
exp

{
− p|ξ − η|2

K2t1/γ u

}
dη

≤ K3

(
t1/γ u

)−d(p−1)/2
.
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Thus the proof is complete if we can show that

∫ +∞

0
u−d(p−1)/2φ

γ

1 (u) du < ∞.

In fact, for all α > 0,

∫ +∞

0

φ
γ

1 (u)

uα
du < ∞.

This follows from Feller (1971), Chapter XIII, Section 6. For, let X be a random variable
with density φ := φ

γ

1 . Then

∫ +∞

0

φ(u)

uα
du = E X−α = E

∫ X−α

0
ds = E

∫ +∞

0
χ[0,X−α ] ds

=
∫ +∞

0
P

(
X−α ≥ s

)
ds =

∫ +∞

0
P

(
X ≤ s−α

)
ds

=
∫ 1

0
P

(
X ≤ s−α

)
ds +

∫ ∞

1
P

(
X ≤ s−α

)
ds =: I1 + I2.

It is clear that I1 < ∞. In order to estimate I2, note that

I2 = α

∫ 1

0
P (X ≤ r )

dr

r 1+α
.

Since (see Feller 1971) er−α
P (X ≤ r ) → 0 as r → 0, we have I2 < ∞. �

Remark B.24 The same estimates can be obtained (with the same arguments) for the
fractional Laplace operator on R

d .

B.6 Proof of Lemma 10.17

We have to show that there is a constant cp such that〈
Apψ, ψ∗〉 ≤ cp|ψ |L p , ∀ ψ ∈ D(Ap), ψ∗ ∈ ∂|ψ |L p . (B.37)

If ψ �= 0 then ∂|ψ |L p consists of one element,

ψ∗(ξ ) = |ψ |p/q
L p sgn ψ(ξ )|ψ(ξ )|p−1 = |ψ |p/q

L p ψ(ξ )|ψ(ξ )|p−2, ξ ∈ O,

where q is such that 1/p + 1/q = 1. If ψ = 0 then ∂|ψ |L p is equal to the unit ball in Lq (O).
Assume first that p = 2k + 2 for some k ∈ N. Then

|ψ |p/q
〈
Apψ, ψ∗〉 = I1 + I2 + I3,
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where

I1 :=
∫
O

d∑
i, j=1

(ψ(ξ ))2k+1 ai, j (ξ )
∂2ψ

∂ξi∂ξ j
(ξ ) dξ,

I2 :=
∫
O

(ψ(ξ ))2k+1
d∑

i=1

bi (ξ )
∂ψ

∂ξi
(ξ ) dξ,

I3 :=
∫
O

(ψ(ξ ))2k+1 c(ξ ) dξ.

Assume that ψ ∈ C2
c (O). Then, integrating by parts, we obtain I1 = I1,1 + I1,2, where

I1,1 := −
∫
O

d∑
i, j=1

(ψ(ξ ))2k+1 ai, j (ξ )
∂ψ

∂ξi
(ξ )

∂ψ

∂ξ j
(ξ ) dξ,

I1,2 := − (2k + 1)
∫
O

(ψ(ξ ))2k
d∑

i, j=1

ai, j (ξ )
∂ψ

∂ξi
(ξ )

∂ψ

∂ξ j
(ξ ) dξ

≤ − (2k + 1) δ

∫
O

d∑
j=1

(
∂ψ

∂ξ j
(ξ )ψ k(ξ )

)2

dξ.

Note that

I1,1 + I2 =
∫
O

d∑
j=1

b̃ j (ξ )
∂ψ

∂ξ j
(ξ )ψ2k+1(ξ ) dξ,

where

b̃ j (ξ ) := b j (ξ ) −
d∑

i=1

∂ai, j

∂ξi
(ξ ).

Hence, for any ε > 0,

I1 + I2 + I3 ≤ −(2k + 1)
∫
O

(ψ(ξ ))2k
d∑

i, j=1

ai, j (ξ )
∂ψ

∂ξi
(ξ )

∂ψ

∂ξ j
(ξ ) dξ

+ 1

2ε2
max

j

∥∥b̃ j

∥∥
∞

∫
O

d∑
j=1

∂ψ

∂ξ j
(ξ )ψ2k+1(ξ ) dξ

+ ε2d

2
max

j

∥∥b̃
∥∥

∞

∫
O

|ψ(ξ )|p dξ + ||c||∞
∫
O

|ψ(ξ )|p dξ

≤
(

−(2k + 1)δ + 1

2ε2
max

j

∥∥b̃ j

∥∥
∞

) ∫
O

|ψ(ξ )|2k
d∑

j=1

∣∣∣∣ ∂ψ

∂ξ j
(ξ )

∣∣∣∣2

dξ

+
(

dε2

2
max

j

∥∥b̃ j

∥∥
∞ + ||c||∞

) ∫
O

|ψ(ξ )|p dξ.
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Choosing ε such that

−(2k + 1)δ + 1

2ε2
max

j
‖b̃ j‖∞ < 0

we find that, for some cp > 0,

〈Aψ, ψ∗〉 ≤ cp|ψ |−p/q L p|ψ |p
L p = cp|ψ |L p , (B.38)

as required. If ψ ∈ W 2,p(O) vanishes on ∂O then there is a sequence (ψn) ⊂ D(Ap) of
C2

0 (O) functions converging to ψ in the graph norm of A. Taking into account that (B.38)
holds for all ψn , (B.38) holds for ψ .

To obtain (B.37) for any p, note that for p = 2k + 2 there is an ωp such that

‖S(t)‖L(L p ,L p ) ≤ eωp t , t ≥ 0. (B.39)

By the Riesz–Thorin theorem, (B.39) holds for all p ≥ 2 (with appropriate ωp). But (B.39)
implies that the operator Ap − ωp I is dissipative, and so the proof is complete. �

Remark B.25 Under some assumptions, we have that ‖S(t)‖L(L2,L2) ≤ eωt , t ≥ 0, with
a negative ω. Moreover, given A and ω ∈ R we can find an α such that the semigroup
T = (T (t)) generated by A − λI satisfies ‖T (t)‖ ≤ eωt .

Indeed, we have

〈Aψ, ψ〉 ≤ −δ

∫
O

∣∣∣∣∂ψ

∂ξi
(ξ )

∣∣∣∣2

dξ +
∫
O

ψ(ξ )
d∑

j=1

b̃ j (ξ )
∂ψ

∂ξ j
(ξ ) dξ

+
∫
O

c(ξ )ψ2(ξ ) dξ,

where

b̃ j (ξ ) := b j (ξ ) −
d∑

i=1

∂ai, j

∂ξi
(ξ ).

By the Poincaré inequality,

∫
O

|ψ(ξ )|2 dξ ≤ CO

∫
O

d∑
j=1

∣∣∣∣ ∂ψ

∂ξ j
(ξ )

∣∣∣∣2

dξ, ∀ ψ ∈ W 1,2
0 (O),

where CO is a constant depending on the volume of O and d.
If the partial derivatives ∂ai, j/∂ξi , i, j = 1, . . . , d, are bounded then

∫
O

ψ(ξ )
d∑

j=1

b̃ j (ξ )
∂ψ

∂ξ j
(ξ ) dξ ≤ max

j

∥∥b̃ j

∥∥
∞

∫
O

d∑
j=1

∣∣∣∣ ∂ψ

∂ξ j
(ξ )

∣∣∣∣ |ψ(ξ )| dξ

≤ 1
2 max

j

∥∥b̃ j

∥∥
∞

(
d∑

j=1

∫
O

(
∂ψ

∂ξ j
(ξ )

)2

dξ + d
∫
O

|ψ(ξ )|2dξ

)
.
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Consequently, provided that −δ + 1
2 max j ‖b̃ j‖∞ = −δ̃ < 0,

〈Aψ, ψ〉 ≤ −δ̃ |Dψ |2L2 +
(

sup
ξ∈O

c(ξ ) + 1
2 d max

j

∥∥b̃ j

∥∥
∞

)
|ψ |2L2

≤
(

1

CO

(−δ + 1
2

∥∥b̃
∥∥

∞
) + sup

ξ∈O
c(ξ ) + 1

2 d max
j

∥∥b̃ j

∥∥
∞

)
|ψ |2L2 .

Example B.26 Assume that c ≡ 0 ≡ b j and that ai, j are constants. Then

〈Aψ, ψ〉 ≤ − δ

CO
|ψ |2L2 .



Appendix C Regularization of Markov processes

Let (Pt ) be the transition semigroup of a Markov process (X (t), t ∈ [0, T ]) on a complete
separable metric space (E, ρ). We denote by B(x, r ) the ball in E with center at x and
radius r . We now prove Theorem 3.23. The proof follows Gikhman and Skorokhod (1974),
Vol. I, and is based on some lemmas. Define

αt (r ) := sup
s≤t

sup
x∈E

Ps(x, Bc(x, r )).

Lemma C.1 Condition (3.3) in Theorem 3.23 holds if and only if

lim
t→0

αt (r ) = 0, ∀ r > 0. (C.1)

Proof If, for all t ≤ δ, supx∈E Pt (x, Bc(x, r )) ≤ ε then also αt (r ) ≤ ε; so the equivalence
follows. �

Lemma C.2 If, for all x ∈ E and r > 0, limh→0 Ph(x, Bc(x, r )) = 0 then for all s ∈
[0, T ) we have

lim
t↓s

P
(
ρ(X (s), X (t)) ≥ r

) = 0.

Proof By the Markov property for s ≤ t ≤ T , one has

P
(
ρ(X (s), X (t)) > r

) = E Pt−s

(
X (s), Bc(X (s), r )

)
,

and the result follows from the Lebesgue dominated convergence theorem. �

For every sequence (xn) in a metric space E and any r > 0 define the number or (xn)
of r-oscillations of (xn) as the supremum of those natural numbers k for which there exist
n0 < n1 < n2 < · · · < nk such that ρ

(
xn j , xn j−1

) ≥ r for j = 1, 2, . . . , k.

Lemma C.3 A sequence (xn) satisfies the Cauchy condition if and only if, for each r > 0,
or (xn) < ∞.

Proof Assume that, for each r > 0, or (xn) < ∞ but (xn) is not a Cauchy sequence.
Then there exist an r > 0 and an increasing sequence (mk) of natural numbers such that
ρ
(
xm2k , xm2k−1

) ≥ r . Now construct an infinite subsequence (xm̄k ) such that ρ
(
xm̄k , xm̄k−1

) ≥
r/2. The new subsequence consists of the two first elements xm1 , xm2 of the sequence

(
xmk

)
and one element from each pair xm2k , xm2k−1 , k = 2, 3, . . .

388
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Since ρ
(
xm2k , xm2k−1

) ≥ r , for any element a ∈ E either ρ
(
xm2k , a

) ≥ r/2 or
ρ
(
xm2k−1 , a

) ≥ r/2. Thus if the elements xm̄1 , . . . , xm̄k have already been selected and each
m̄ j is either m2 j or m2 j−1, j = 1, 2, . . . , k, then we select from the pair xm2k+2 , xm2k+1

that element which is at a distance at least r/2 from xm̄k . Consequently, or/2(xn) = ∞, a
contradiction.

If (xn) is Cauchy then for each r > 0 there is an N such that ρ(xn, xm) < r for all
n, m ≥ N . So, if ρ

(
xn j , xn j−1

) ≥ r , n j−1 < n j , j = 1, . . . , k, then nk−1 < N ; therefore
or (xn) < N . �

Lemma C.4 Let 0 ≤ s ≤ t1 < t2 < · · · < tn ≤ t < T , and let Am, m = 1, 2, . . . , be the
event that the number of r-oscillations in the sequence X (t1), . . . , X (tn) is at least m. Then

P (Am) ≤ (2αt−s(r/4))m , m = 1, 2, . . . (C.2)

Proof
Step 1 We show first that the result is true for m = 1. We can assume that s = 0. It is

clear that

A1 = (
A1 ∩ {

ρ(X (0), X (t)) < r/4
}) ∪ (

A1 ∩ {
ρ(X (0), X (t)) ≥ r/4

})
and that

P
(

A1 ∩ {
ρ(X (0), X (t)) ≥ r/4

}) ≤ P
(
ρ(X (0), X (t)) ≥ r/4

) ≤ αt (r/4).

Note that

A1 ∩ {
ρ(X (0), X (t)) < r/4

}
⊂

n⋃
l=1

{
ρ(X (0), X (t j )) < r/2, j = 1, 2, . . . , l − 1

}
∩ {

ρ(X (0), X (t)) < r/4
}

⊂
n⋃

l=1

{
ρ(X (0), X (t j )) < r/2, j = 1, 2, . . . , l − 1,

and ρ(X (0), X (tl )) ≥ r/2
} ∩ {

ρ(X (0), X (t)) < r/4
}
.

Therefore

J = P
(

A1 ∩ {
ρ(X (0), X (t)) < r/4

})
≤

n∑
l=1

E

l−1∏
j=1

χB(X (0),r/2)(X (t j ))χBc(X (0),r/2)(X (tl ))χB(X (0),r/4)(X (t)).

If ρ(X (0), X (tl )) ≥ r/2 and ρ(X (0), X (t)) < r/4 then ρ(X (tl ), X (t)) ≥ r/4. Consequently,

J ≤
n∑

l=1

E

l−1∏
j=1

χB(X (0),r/2)(X (t j ))χBc (X (0),r/2)(X (tl ))χBc(X (tl ),r/4)(X (t))

and, by the Markov property, J is less than or equal to

n∑
l=1

E

l−1∏
j=1

χB(X (0),r/2)(X (t j ))χBc (X (0),r/2)(X (tl ))Pt−tl (X (tl ), Bc(X (tl ), r/4))

≤ αt (r/4) P
(
ρ(X (0), X (tl )) ≥ r/2 for some l = 1, 2, . . . , n

) ≤ αt (r/4).
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Step 2 We can now show that the result is true for m ≥ 1. Let Mk be the number of
r -oscillations in the sequence X (t1), . . . , X (tk), and let τm := inf{k : Mk = m}. Then

Am =
n⋃

k=1

{τm = k} and Am+1 =
n⋃

k=1

{τm = k} ∩ Am+1.

But

{τm = k} ∩ Am+1 ⊆ {τm = k} ∩ Ak,n
1 ,

where Ak,n
1 is the event that in the sequence X (tk), X (tk+1), . . . , X (tn) there is at least one

r -oscillation. By the Markov property,

P
({τm = k} ∩ Ak,n

1

) = E χ{τm=k}P
(

Ak,n
1

∣∣ Ftk

)
≤ P (τm = k) 2αtn−tk (r/4).

Consequently, P(Am+1) ≤ 2αt−s(r/4) P(Am) and, by an obvious induction argument, (C.2)
follows. �

Proof of Theorem 3.23 Let Q be a countable dense subset of [0, T ] containing 0 and T . We
show that, for each r > 0, the number or (X (t), t ∈ Q) of r -oscillations in {X (t), t ∈ Q} is
finite. Let (Qn) be an increasing sequence of finite subsets of Q such that

⋃
n Qn = Q. Let

m be a natural number such that 2αT/m(r/4) < 1. Then, for each n, the probability that the
number of r -oscillations in the sequence

Qn ∩
[

j − 1

m
T,

j

m
T

]
, j = 1, . . . , m,

is at least k can be estimated as
(
2αT/m(r/4)

)k
. This easily implies that, for each r > 0,

or (X (t), t ∈ Q) < ∞ with probability 1. Let �0 consist of all ω ∈ � such that, for all r > 0,
or (X (t, ω), t ∈ Q) is finite. We define a modification X̂ of X by putting

X̂ (t, ω) = X (t, ω) for t ∈ Q and ω ∈ �

and

X̂ (t, ω) = lim
s↓t
s∈Q

X̂ (s, ω) for t ∈ [0, T ] ∩ Qc.

It follows from Lemma C.3 that X̂ (t, ω), t ∈ (0, T ], is right-continuous with left limits. By
Lemma C.2 the process X̂ is a modification of X . �



Appendix D Itô formulae

In this appendix, Itô formulae for finite-dimensional and infinite-dimensional semimartin-
gales are presented.

D.1 Main results

For the proof of the following result see Métivier (1982), Theorem 27.1. Below, �Y (t) :=
Y (t) − Y (t−).

Theorem D.1 Assume that X = M + A is an R
d -valued semimartingale with martingale

and bounded-variation parts M and A, respectively. Then, for every ψ ∈ C2(Rd ), ψ(X ) is
a local semimartingale and, for all t ≥ 0, P-a.s.,

ψ(X (t)) = ψ(X (0)) +
d∑

i=1

∫ t

0

∂ψ

∂ξi
(X (s−)) dXi (s)

+ 1
2

d∑
i, j=1

∫ t

0

∂2ψ

∂ξi∂ξ j
(X (s−)) d[[Mi , M j ]]s +

∑
s≤t

(�ψ(X )(s) − Y (s)) ,

where

Y (s) :=
d∑

i=1

∂ψ

∂ξi
(X (s−)) �Xi (s) − 1

2

d∑
i, j=1

∂2ψ

∂ξi∂ξ j
(X (s−)) �Xi (s) �X j (s).

The formula can be rewritten in terms of the so-called continuous part [[Mi , Mi ]]c of the
square bracket [[Mi , Mi ]]:

[[Mi , Mi ]]
c
t := [[Mi , Mi ]]t −

∑
s≤t

�[[Mi , Mi ]]s .

391
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Namely,

ψ(X (t)) = ψ(X (0)) +
d∑

i=1

∫ t

0

∂ψ

∂ξi
(X (s−)) dXi (s)

+ 1
2

d∑
i, j=1

∫ t

0

∂2ψ

∂ξi∂ξ j
(X (s−)) d[[Mi , M j ]]c

s

+
∑
s≤t

(
�ψ(X )(s) −

d∑
i=1

∂ψ

∂ξi
(X (s−)) �Xi (s)

)
.

If

π ((0, t], �) :=
∑
s≤t

χ�(�X (s))

is the jump measure of X then

ψ(X (t)) = ψ(X (0)) +
d∑

i=1

∫ t

0

∂ψ

∂ξi
(X (s−)) dXi (s)

+ 1
2

d∑
i, j=1

∫ t

0

∂ψ

∂ξi∂ξ j
(X (s−)) d[[Mi , M j ]]c

s

+
∫ t

0

∫
Rd

(
ψ(X (s−) + y) − ψ(X (s−)) −

d∑
i=1

yi
∂ψ

∂ξi
(X (s−))

)
π (ds, dy).

The next results deal with the Itô formula for Hilbert-valued semimartingales (see
Métivier 1982, Theorem 27.2) and require some notation to be defined. We denote by
H⊗̂H the space H ⊗ H completed with respect to the Hilbert–Schmidt norm. Clearly,
L(H⊗̂H, R) ≡ L (H S)(H, H ). Let {en} be an orthonormal basis of H . Then Mk = 〈M, ek〉H

and (see Section 8.1),

[[[[M, M]]]]s :=
∑
i, j

ek ⊗ e j [[Mk, M j ]]s,

where on the left-hand side the square brackets of Theorem 3.48 have been doubled (cf.
(8.2)). Next,

[[[[M, M]]]]c
t :=

∑
i, j

ek ⊗ e j

(
[[Mk, M j ]]t −

∑
s≤t

�Mk(s)M j (s)
)
.

Theorem D.2 Assume that X = M + A is a semimartingale taking values in a Hilbert
space H. Let ψ : H 	→ R be of class C2. Assume that, for each x ∈ H, D2ψ(x) ∈
L (H S)(H, H ) and the mapping

H � x 	→ D2ψ(x) ∈ L (H S)(H, H ) ∼= L(H⊗̂H, R)
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is uniformly continuous on any bounded subset of H. Then ψ(X ) is a local semimartingale
and, for all t ≥ 0, P-a.s.,

ψ(X (t)) = ψ(X (0)) +
∫ t

0

〈
Dψ(X (s−)), dX (s)

〉
H

+ 1
2

∫ t

0
D2ψ(X (s−)) d [[[[M, M]]]]s

+
∑
s≤t

(
�(ψ X )(s) − 〈Dψ(X (s−)), �X (s)〉H − Y (s)

)
where

Y (s) := 1
2 D2ψ(X (s−)) �X (s) ⊗ �X (s).

We also have

ψ(X (t)) = ψ(X (0)) +
∫ t

0

〈
Dψ(X (s−)), dX (s)

〉
H

+ 1
2

∫ t

0
D2ψ(X (s−)) d [[[[M, M]]]]c

s

+
∑
s≤t

(
�(ψ X )(s) − 〈Dψ(X (s−)), �X (s)〉H

)
.

D.2 An application

Let Z be a square integrable Lévy martingale in R
d with covariance equal to the identity

matrix.

Lemma D.3 Let a and b be predictable R- and R
d -valued processes satisfying

E

∫ T

0

(|a(t)|2 + |b(t)|2) dt < ∞, ∀ T > 0.

Then, for any x ∈ R, the process

X (t) = x +
∫ t

0
a(s) ds +

∫ t

0
〈b(s), dZ (s)〉

is square integrable and

E X 2(t) = x2 + E

∫ t

0
X (s)a(s) ds + E

∫ t

0
|b(s)|2 ds.

Proof The lemma follows from the Itô formula for ψ(x) = |x |2. Indeed, we have

ψ(X (s−) + y) − ψ(X (s−)) − 〈Dψ(X (s−)), y〉 = |y|2.
�



Appendix E Lévy–Khinchin formula
on [0, +∞)

This appendix is devoted to the proof of Theorem 4.31. Let B be the Banach space of con-
tinuous functions on [0, +∞) having finite limits at +∞. If (λt ) is a convolution semigroup
of measures on [0, +∞) then the formula

Pt f (ξ ) =
∫ +∞

0
f (ξ + η)λt (dη), f ∈ B, ξ ≥ 0,

defines a C0-semigroup of linear operators on B. By the Hille–Yosida theorem, Pt f =
limα→+∞ Pα

t f , f ∈ B, where

Pα
t f (ξ ) :=

∫ +∞

0
f (ξ + η) λα

t (dη), f ∈ B, ξ ≥ 0,

λα
t := e−αt

+∞∑
n=0

(αt)n

n!
(γα)∗n,

γα := α

∫ +∞

0
e−αtλt dt, α > 0.

Note that (λα
t ) is the convolution semigroup of measures corresponding to the compound

Poisson family with intensityα and jump measureγα . Since convergence holds for all f ∈ B,
it holds in particular for f (ξ ) = e−rξ , ξ ≥ 0, r ≥ 0. Consequently, taking ξ = 0 we obtain

lim
α↑+∞

∫ +∞

0
e−rη λα

t (dη) =
∫ +∞

0
e−rη λt (dη), ∀ r ≥ 0.

However, ∫ +∞

0
e−rη λα

t (dη) = exp

{
−tα

∫ +∞

0
(1 − e−rη) γα(dη)

}
.

Thus for the Laplace transform we have λ̃t (r ) = e−tψ̃(r ), where

ψ̃(r ) = lim
α→+∞

ψ̃α(r ),

ψ̃α(r ) :=
∫ +∞

0
(1 − e−rη) να(dη) and να := αγα, α > 0.
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Let

ϕ(η) :=
{

η if 0 ≤ η ≤ 1,

1 if η ≥ 1.

Then

ψ̃α(r ) =
∫ +∞

0

1 − e−rη

ϕ(η)
ν̃α(dη),

where ν̃α(dη) = ϕ(η)να(dη), α > 0, is a family of measures on (0, +∞) with uniformly
bounded masses. Consequently, for a sequence αk ↑ +∞, (̃ναk ) converges weakly to a
measure ν̃ concentrated on [0, +∞]. But

lim
η→0

1 − e−rη

ϕ(η)
= r, lim

η→+∞
1 − e−rη

ϕ(η)
= 1

and

lim
α→+∞

ψ̃α(r ) =
∫

[0,+∞]

1 − e−rη

ϕ(η)
ν̃(dη)

= r ν̃({0}) +
∫

(0,+∞)

1 − e−rη

ϕ(η)
ν̃(dη) + ν̃({+∞}).

Since the λt are probability measures, ν̃({+∞}) = 0. Thus the measure

ν(dη) := 1

ϕ(η)
ν̃(dη)

has the required properties and the result has been proved in one direction. To prove suffi-
ciency is easy and is left to the reader. For more details, refer to Zabczyk (2003).



Appendix F Proof of Lemma 4.24

Let A be a Borel set separated from 0. Following Gikhman and Skorokhod (1974), Vol. II, we
will show that (L A(t), t ≥ 0) and (L(t) − L A(t), t ≥ 0) are independent Lévy processes.

Assume that A is an open set. Let 0 = t0 < t1 < · · · < tn = t be a partition, and let

δ := max{(tk+1 − tk), k = 0, 1, . . . , n − 1}.
Given k = 0, 1, . . . , n, define

Zk := χA

(
L(tk+1) − L(tk)

)(
L(tk+1) − L(tk)

)
,

Yk := (
L(tk+1) − L(tk)

) − Zk .

Since A is open, we have, P-a.s., as n → ∞ and δ → 0,

L A(t) = lim
n

n−1∑
k=0

Zk, L(t) − L A(t) = lim
n

n−1∑
k=0

Yk .

Consequently, for all x, y ∈ U ,

E exp
{
i〈x, L A(t)〉U + i〈y, L(t) − L A(t)〉U

}
= lim

n
E exp

{
i

n−1∑
k=0

〈x, Zk〉U + i
n−1∑
k=0

〈y, Yk〉U

}

= lim
n

E exp

{
i

n−1∑
k=0

(〈x, Zk〉U + 〈y, Yk〉U

)}

= lim
n

n−1∏
k=0

E exp
{
i〈x, Zk〉U + i〈y, Yk〉U

}
.

Define

γ :=
n−1∏
k=0

E ei〈x,Zk 〉U +i〈y,Yk 〉U −
n−1∏
k=0

E ei〈x,Zk 〉U E ei〈y,Yk 〉U .

Using |ab − cd| ≤ |a − c| + |b − d| for a, b, c, d ∈ C such that |a| ≤ 1, |b| ≤ 1, |c| ≤ 1,
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|d| ≤ 1, we obtain

|γ | ≤
n−1∑
k=0

∣∣E ei〈x,Zk 〉U +i〈y,Yk 〉U − E ei〈x,Zk 〉U E ei〈y,Yk 〉U
∣∣ .

Since 〈x, Zk〉U 〈y, Yk〉U = 0,

ei〈x,Zk 〉U +i〈y,Yk 〉U = ei〈x,Zk 〉U + ei〈y,Yk 〉U − 1,

and therefore

|γ | ≤
n−1∑
k=0

∣∣E ei〈x,Zk 〉U + E ei〈y,Yk 〉U − 1 − E ei〈x,Zk 〉U E ei〈y,Yk 〉U
∣∣

≤
n−1∑
k=0

∣∣E ei〈x,Zk 〉U − 1
∣∣ ∣∣E ei〈y,Yk 〉U − 1

∣∣
≤ 2 sup

k

∣∣E ei〈y,Yk 〉U − 1
∣∣ ∞∑

j=0

P
(|Z j |U > 0

)
.

The stochastic continuity of L implies stochastic uniform continuity on [0, t] and, conse-
quently,

sup
k

∣∣E ei〈y,Yk 〉U − 1
∣∣ → 0 as n → ∞.

But P
(|Z j |U > 0

) = P
(
πA(t j+1) − πA(t j ) ≥ 1

)
. Since πA is a Poisson process with inten-

sity ν(A), it follows easily that

lim
n

n−1∑
j=0

P
(
πA(t j+1) − πA(t j ) ≥ 1

) = tν(A).

Therefore |γ | → 0 as n → ∞ and

E exp
{
i〈x, L A(t)〉U + i〈y, L(t) − L A(t)〉U

} = E exp
{
i〈x, L A(t)〉U

}
× E exp

{
i〈y, L(t) − L A(t)〉U

}
. (F.1)

Now assume that A is an arbitrary Borel set separated from 0. If A = ⋃∞
n=1 An , where

A1, A2, . . . are disjoint Borel sets, then

L A(t) =
∞∑

n=1

L An (t).

Consequently if (F.1) holds for disjoint sets An , then it holds also for their union. In addition,
if (F.1) holds for A and A ∩ B(0, r ) = ∅ then it holds also for Ac ∩ B(0, r ). By the Dynkin
theorem on λ-π systems, (F.1) holds for every Borel A such that A ∩ B(0, r ) = ∅ for some
positive r . Now let 0 = t0 ≤ t1 < · · · < tm = t . To complete the proof we have to show that
the two vector random variables(

L A(t1), . . . , L A(tm)
)
,

(
L(t1) − L A(t1), . . . , L(tm) − L A(tm)

)
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are independent. Since the process with components L A(t), L(t) − L A(t), t ≥ 0, has
independent increments, we have

E exp

{
i

m−1∑
k=0

〈
xk, L A(tk+1)−L A(tk)

〉
U

+ i
m−1∑
k=0

〈
yk, L(tk+1)−L(tk)−(

L A(tk+1)−L A(tk)
)〉

U

}

=
m−1∏
k=0

E exp
{
i
〈
xk, L A(tk+1) − L A(tk)

〉
U

}

×
m−1∏
k=0

E exp
{
i
〈
yk, L(tk+1) − L(tk) − (

L A(tk+1) − L A(tk)
)〉

U

}
.

Consequently, the random variables

L A(t1), L A(t2) − L A(t1), . . . , L A(tm) − L A(tm−1),(
L(t1) − L A(t1), . . . , L(tm) − L(tm−1) − (L A(tm) − L A(tm−1))

)
are independent, and by an easy inductive argument the required independence follows.



List of symbols

General

Z, N, Z+ all integers, positive integers, non-negative integers
Q, Q+ rational, non-negative-rational numbers
C, R, R+ complex, real, non-negative-real numbers
δx Dirac δ-measure at a point x
δn,m Kronecker symbol
⇒ weak convergence or implication
χA indicator function of a set A
�d Lebesgue measure on R

d

σ d
t surface measure on the sphere in R

d with center at 0
and radius t

#A cardinality of a (usually finite) set A
dim V dimension of V
[x] integer part of a real number x
a ∧ b, a ∨ b min{a, b}, max{a, b}
a+, a− a ∨ 0, (−a) ∨ 0
X (t−) left limit of a function (process) X at t
μ ∗ λ convolution of measures or functions
⊗ product of measures, or (see p. 107) tensor product on

a Hilbert space
‖ · ‖∞ supremum norm; see p. 13
‖ · ‖Lip smallest Lipschitz constant; see p. 16
B(E) σ -field of Borel subsets of E
PI , P σ -fields of predictable sets; see p. 21
(Ft ) filtration; see p. 21

(Ft+),
(F X

t

)
, F X

t , F X
t+ see pp. 21–22
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400 List of symbols

Spaces of functions or processes

Bb(E) space of bounded measurable functions
Cb(E) space of bounded continuous functions
UCb(U ) space of uniformly continuous bounded functions
C0(Rd ) space of continuous functions vanishing (i.e. having

limit 0) at infinity
C∞

0 (Rd ) space of infinitely differentiable functions vanishing at
infinity with all derivatives

Cn
c (O) space of compactly supported functions having

continuous derivatives up to order n
Cγ (O) space of Hölder continuous functions; see p. 14
Cn+γ (O) see p. 14
C∞

b (O) space of functions with bounded derivatives
W n,p(O) Sobolev space; see p. 13
W n,p

0 (O) see p. 14
S(Rd ), S(Rd ; C) space of tempered distributions; see p. 240
L2

(s)(R
d , μ; C) see p. 253

DD(θ, p), DN (θ, p) real interpolation spaces; see p. 277
L p(S,S, λ) space of p-integrable functions
L p

ρ , Lp
ρ weighted L p-spaces; see p. 15

Cρ , Cρ space of weighted continuous functions; see p. 15
Lip(E), Lip(p, S, λ) space of Lipschitz functions; see p. 16
M2(U ) space of càdlàg square integrable martingales taking

values in a Hilbert space U
M2 M2(R)
Mloc(B), M2

loc(B) space of local, local square integrable, martingales;
see p. 36

BV see p. 36
L2

M,T (H ) space of admissible integrands; see p. 114

L2
H,T see p. 122

Lp
μ,T see p. 128

Lp
π̂ ,T (L p) see subsection 8.8.1

Lp
W,T (L p) see subsection 8.8.2

RU,0(H, L p) see p. 130
R(H, L p), R(H, L p) see subsection 8.8.2
H usually reproducing kernel Hilbert space



List of symbols 401

Functions, processes and distributions

L(X ) law (distribution) of a random element X ; see p. 21
N (m, Q) normal distribution; see p. 28
P(a) Poisson distribution; see p. 41
G Green function or fundamental solution
gm see p. 19
g see p. 181
ϑρ , θρ see p. 15
� Poisson process, see p. 42
π π -number or Poisson random measure
π̂ compensated Poisson random measure
W Wiener process
W usually a Brownian sheet; see p. 99
Ẑ compensated process; see e.g. p. 48
Pt transition semigroup; see p. 7
P(t, 
) transition function; see p. 6
〈·, ·〉 scalar product on R

d


 Euler 
-function or (see p. 248) covariance
λ, μ, ν usually measures
M usually a martingale
L , Z usually Lévy processes
Z usually a Lévy sheet; see p. 103

Spaces of operators

M(n × m) space of matriices of dimension n × m
M+

s (n × n) space of symmetric non-negative-definite matrices
V ∗ adjoint space
L(U, H ) space of bounded (i.e. continuous) linear operators; see

p. 355
L(U ) L(U, U )
K (U, H ) space of compact linear operators; see p. 355
L1(U, H ) space of nuclear operators; see p. 356
L1(U ) L1(U, U )
L+

1 (U ) space of nuclear symmetric positive-definite operators
L (H S)(U, H ) space of Hilbert–Schmidt operators; see p. 356
L (H S)(U ) L (H S)(U, U )



402 List of symbols

Operators

N f composition operator; see p. 16
D Fréchet derivative (i.e. gradient) operator
� Laplace operator, or �X (t) = X (t) − X (t−)
�D Laplace operator with Dirichlet boundary conditions;

see p. 279
�N Laplace operator with Neumann boundary conditions;

see p. 279
DB,γ boundary operator; see p. 273
F Fourier transform; see p. 231

λ̃ Laplace transform of λ; see p. 59
Tr trace operator; see p. 357
A∗ adjoint operator; see p. 355
A−1 inverse or pseudo-inverse of A; see p. 92
D(A) domain of an operator A
ρ(A) resolvent set of an operator A; see p. 365
R(α) resolvent of A; see p. 365
S(t), t ≥ 0 C0-semigroup; see Appendix B
∂| · |B subdifferential; see p. 179
E X mathematical expectation of a random element X ; see

e.g. p. 24
E (X |Ft ) conditional expectation; see p. 24
〈〈M, M〉〉 angle bracket (predictable variation process) of a

martingale M ; see p. 35
[[M, M]] quadratic variation of a martingale M ; see p. 36
〈〈〈〈M, M〉〉〉〉 operator angle bracket of a martingale; see p. 109
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39, Lecture Notes in Mathematics, vol. 1847, 173–198.

Applebaum, D. and Wu, J. L. (2000). Stochastic partial differential equations driven by
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Dalang, R. C. and Sanz-Solé, M. (2006). Hölder–Sobolev regularity of the solution to the

stochastic wave equation in dimension 3, preprint.
Daniell, P. J. (1918). Integrals in an infinite number of dimensions, Ann. Math. 20, 281–288.
Da Prato, G. and Gatarek, D. (1995). Stochastic Burgers equation with correlated noise,

Stochastics Stochastics Rep. 52, 29–41.
Da Prato, G. and Giusti, E. (1967). Equazioni di Schrödinger e delle onde par l’operatore

di Laplace iterato in L p(Rn), Ann. Mat. Pura Appl. 76, 378–397.
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Lévy noise, private communication.
Jakubowski, J. and Zabczyk, J. (2004). HJM condition for models with Lévy noise, IM PAN
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Millet, A. and Sanz-Solé, M. (1999). A stochastic wave equation in two space dimensions:
smoothness of the law, Ann. Probab. 27, 803–844.
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Birkhäuser), pp. 259–268.

Sato, K. I. (1999). Lévy Processes and Infinite Divisible Distributions (Cambridge, Cam-
bridge University Press).

Seidler, J. and Sobukawa, T. (2003). Exponential integrability of stochastic convolutions,
J. London Math. Soc. 67, 245–258.

Sharpe, M. (1988). General Theory of Markov Processes, Pure and Applied Mathematics
Series (Boston MA, Academic Press).

Sinestrari, E. (1976). Accretive differential operators, Boll. Un. Mat. It. B 13, 19–31.
Slucky, E. E. (1937). Alcuni proposizioni sulla teoria delle funzioni aleatorie, Giorn. Ist.

Ital. Attuari 8, 183–199.
Solonnikov, V. A. (1965). On boundary value problems for linear parabolic systems of

differential equations of general form, Trudy Mat. Inst. Steklov 83, 3–162, in Russian.
Solonnikov, V. A. (1969). On the Green matrices for parabolic boundary value problems,

Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov (LOMI) 14, 256–287, in
Russian.

Sowers, R. (1994). Multi-dimensional reaction–diffusion equations with white noise bound-
ary perturbations, Ann. Probab. 22, 2071–2121.

Srivastava, S. M. (1998). A Course on Borel Sets (New York, Springer).
Steinhaus, H. (1922). Les probabilités dénombrables et leur rapport à la théorie de la mesure,
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Fernique theorem, 30
filtered probability space, 21
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Fortet–Mourier norm, 288

forward curve, 333
forward rate function, 324
Fourier transform, 231
Fubini stochastic theorem, 119
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non-negative-definite, 71, 360
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random process, 28–31
random variable, 28–31
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generator

of arbitrary Lévy process, 80
of compound Poisson, 78
of Wiener process, 79

geometric distribution, 41
Gibbs

density, 308
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gradient equation, 307
Green function, 17–19

Haar system, 45
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equation, 333
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operator, 356
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Kolmogorov–Loeve–Chentsov theorem, 26
Kotelenez inequality, 156
Kruglov theorem, 39
Kuratowski–Ryll-Nardzewski theorem,
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Lévy
measure, 11, 45, 56
semigroup, 8, 75–82
sheet, 100, 103

Lévy process
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Lévy–Ciesielski construction, 45
Lévy–Khinchin

decomposition, 53
formula, 56

Lévy–Ottaviani inequality, 23
Laplace operator, 220, 221, 230

discrete, 302
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Laplace transform, 59
Laplacian, see Laplace operator,

302
law, see distribution
LIBOR rates, 348
local martingale, 28
Lumer–Phillips theorem, 366

m-dissipative mapping, 180
mapping

almost m-dissipative, 180
dissipative, 180
m-dissipative, 180
maximal dissipative, see m-dissipative

Markov
chain, 4
property, 167

Markov time, see stopping time
martingale, 28
martingale covariance, 107, 111
maximal dissipative mapping, 180
mean, 67
mean-reversion property, 350
measure

equivalent martingale, 327
Gibbs, 308, 309
ω-excessive, 376

modification, 21
Musiela parametrization, 332

Nagy theorem, see dilation theorem
Nelson–Siegel family, 350

augmented, 350
degenerate, 350

Nemytskii operator, see composition
operator

Neumann boundary conditions, 221
norm

Fortet–Mourier, 288
graph, 149, 196
Hilbert–Schmidt, 356
nuclear, 356
operator, 355

normalizing constant, 308
nuclear space, 241

ω-excessive measure, 376
operator

adjoint, 355, 366
compact, 355
convolution, 191, 248
fractional power of, 368
Hilbert–Schmidt, 356
Laplace, 230

Dirichlet boundary conditions, 220
Neumann boundary conditions, 221

Liouville–Riemann, 190, 193
negative-definite, 366
non-negative-definite, 355
norm, 355
nuclear, 356
self-adjoint, 355, 366

orthonormal basis, 356

Parseval identity, 355
path, 3
π and λ systems, 20
Poincaré inequality, 14
Poisson

process, 40–44
random measure, 47, 83

compensated, 47, 83
stationary, 84
stochastic integral, 85–87

Poisson distribution, 41
polarization, 37
Polish space, 4
portfolio, 325
positive-definite mapping, 160
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modification, 22
process, 21

predictable variation process, see angle bracket
process

adapted, 21
càdlàg, 26
Cauchy, 11
compensated, 48
compound Poisson, 9, 45
continuous, 26
continuous in probability, 26
E-valued, 21
general Markov, 27
Lévy, 38

in S′(Rd ), 241
Ornstein–Uhlenbeck, 183
spatially homogeneous, stationary, 247

Markov, 27
mean-square continuous, 26
measurable, 21
of finite variation, 28
of jumps, 39
of mean zero, 25
predictable, 21
right-continuous, 26
square integrable, 25
stochastically continuous, 26
Wiener

in S′(Rd ), 242
in Hilbert space, 50

with independent increments, 38

quadratic variation, 36

Radon measure, 105
radonifying

norm, 135
operator, 135

random element, see random variable
random variable, 21

integrable, 23
of mean zero, 24
square integrable, 24

reaction–diffusion equation, 187
renormalization, 307
reproducing kernel Hilbert space (RKHS),

91–95
resolvent, 365

self-financing strategy, 326
semigroup

analytic, 368
Feller, 170
of contractions, 156, 181
property, 5
spatially homogeneous, 76
translation-invariant, 76

semimartingale, 28, 36
shift semigroup, 333
Skorokhod embedding theorem, 5
Sobolev spaces, 13–14
solution

fundamental, 232
generalized, 139
mild, 140, 142, 183, 314
weak, 141, 149, 313

space, real-interpolation, 277
spatial correlation, 70
spectral measure, 248
stable families

of order β ∈ (0, 1), 60
of order β ∈ (1, 2), 61

state space, 3
stochastic process, 21
stochastic convolution, 155
stopping time, 22
subdifferential, 179
submartingale, 31
subordinators, 59
supermartingale, 31
supremum norm, 13
symmetric Cauchy family, 61
system of Dirichlet conditions, 17

tempered distributions, 240
theorem

Aronson, 18
Bochner, 72
Borel isomorphism, 4
Carathéodory, 23
Courrège, 8
De Acosta, 39
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dilation, 160
Doob regularity, 33
Doob–Meyer, 35
Douglas, 364
Dynkin π–λ, 20
Fernique, 30
Frobenius–Perron, 302



Index 419

Hille–Yosida, 365
Itô–Nisio, 23
Kinney, 27
Kolmogorov, 22
Kruglov, 39
Krylov–Bogolyubov, 288
Kuratowski–Ryll-Nardzewski, 114
Lumer–Phillips, 366
Skorokhod embedding, 5
Tauberian, 315
Tortrat, 74
Ulam, 23

Tortrat theorem, 74
trace, 357
trace operator, 8
trajectory, 3, 5
transition

function, 3
probability, 3, 6, 10
semigroup, 7

translation operator, 84
translations on S′(Rd ), 246
two-sided exponentially tempered stable

coordinates, 64

Ulam theorem, 23
uniform integrable sequence, 25
uniform motion, 78
usual conditions, 22

variation-of-constants formula, 140
volatility, 333

Wong–Zakai correction term, 351
weighted spaces, 15
weights

exponential, 15
polynomial, 15

white noise
discrete-time, 4
Gaussian space–time, 98
impulsive, 100–105

Wiener
process, 44

cylindrical, 97
standard, 44
with respect to filtration, 44

Yosida approximation, 180, 184, 365
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